Canad. Math. Bull. Vol. 55 (3), 2012 pp. 537-547
http://dx.doi.org/10.4153/CMB-2011-101-4 GQ%
(© Canadian Mathematical Society 2011

Asymptotic Properties of Solutions to
Semilinear Equations Involving
Multiple Critical Exponents

Dongsheng Kang

Abstract. In this paper, we investigate a semilinear elliptic equation that involves multiple Hardy-type
terms and critical Hardy—Sobolev exponents. By the Moser iteration method and analytic techniques,
the asymptotic properties of its nontrivial solutions at the singular points are investigated.

1 Introduction

In this paper, we study the following elliptic problem:

‘u|pl
Q
(1.1) Z|x—a|2 Z\x—w re
u=0, xe€odf,

where Q € RN(N > 3) is a bounded domain with the smooth boundary 09, §; € €,

0<t;<2,pi=2%(t) =200y < = (%52)%,i = 1,2... .k, k > 2. Note

that 7 is the best Hardy constant, 2*(¢;) are the critical Hardy—Sobolev exponents,

and 2%(0) = 2* = f is the critical Sobolev exponent. We work in the space

H}(£2), the completion of C§°(€2) with respect to the norm |ul| := ([, |Vu|? dx)/%.
The energy functional corresponding to (L.I]) is defined as follows:

. k 1 |u] Pi
f<”>:=2/Q<'V”'2_;|xH—u¢|2) Zpl/lxifzi“

Then J € C'(H}(92), R). The function u € H}(£2) is said to be a solution of if

k
, i i wv Zyuy B
(J'(u),v) == /Q(vuw— ;Zl ( roert ‘x_&_'ti ))dx_o, Vv € HY(Q).

It is clear that singularity occurs in the problem (L.I)). Furthermore, problem (L))
is related to the Caffarelli-Kohn—Nirenberg inequality [4]):

F; 2 2
(1.2) (/ de) ! SCM/ de, YueCy RM),
] i

Ry % — f‘bp ry Jx — &
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which is also referred to as the Hardy—Sobolev inequality, where ¢ € RN, a < \/Ii,
a<b<a+1l,p=pab) = % is the critical Hardy—Sobolev exponent
and C,, > 0 is a constant depending on a and b. Note that (.2]) has another form:

playt) 2/p(a,t) Vil
(1.3) (/ 14 dx> gc/ WV e e cEmY),
RN R

lx — & Ry X — &%

where a < /i, 2*a < t < 2(a+ 1), and p(a,t) := N( tz)a Furthermore, the
following Hardy inequality holds [6}[11]]:

juf? I / Vuf? .
1.4 M < dx, Yue CERY).
(L4 / = 0 S (TR aP J e g o (R

According to (L2)—~(TA) for all ¢ € RN, 0 <t < 2and 2*(t) := p(0,) = 2N=D,
the following Hardy and Hardy—Sobolev inequalities hold:

2 1
(1.5) / dexg f/ |Vul*dx, Yuec CSO(IR{N)7
ry [x =] K Jry
2%(1) 2/2%(t)
(1.6) (/ 14 tdx) gc/ IVuPdx, YueCERY).
ry [x = ¢ RN

Forall u < j1,0 <t < 2and ¢ € RV, by and (L.8), the following best
Hardy-Sobolev constant is well defined:

. S (V0] = |x 5\2 ) dx
S,u.t = eDl.zl(I]g;’)\{()} [u]* 2/2%(1)
! (S =gy )

RN [x—¢Jf

where D"*(R") is the completion of C5°(R) with respect to ( [ [Vu|? dx)'/2. The
constant S, is crucial for the study of the problems as (L.I) and its minimizers were
investigated in [6,[15].

In this paper we always set

(1.7) pr= > o, vie=VE—VE—m, 1<i<k

>0, 1<i<k

The elliptic operator L is defined on H}(€2) as:

e Z"" =

According to the Hardy inequality, L is a positive operator if u* < fi.
The following assumptions are needed in this paper:

(Hy) k>2, p'<p 0<t;<2 i=12,...,k
(Hs) e, &L#E, i,j=12,....k i#].
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It should be mentioned that the singular elliptic problems involving the Hardy—
Sobolev inequality were studied extensively, and many important results were ob-
tained providing good insight into these problems; see for example [TJ4HT0JT3HI6J19)
20] and the references therein. In particular, the problem (I.I) was studied by Kang
and Li [[14], and the existence of the positive solutions to (L.I]) was established by
the concentration compactness principle [17,[18] and Mountain-Pass theorem [2,13]].
In a recent paper [5]], a singular problem involving a critical Sobolev exponent and
multiple Hardy-type terms was studied by Cao and Han, the existence of nontrivial
solutions was established by the variational methods, and the asymptotic properties
of solutions were proved by applying a result of Smets [19, Theorem 2.3] and the
Moser iteration method.

The study of the problem (I.I) is motivated by its various applications. See for
example [8] for the physical applications of this kind of problems. The mathematical
interest lies in the fact that there are multiple nonlinear terms with critical exponents
in (I) (The exponent is critical in the sense of the weighted Sobolev embeddings).
The multiple critical phenomena and the singularities in (LT)) cause more difficulties
for its investigation and thus make (IJ) attractive and challenging.

In this paper, we prove the asymptotic properties of nontrivial solutions to (L)
by an argument different than [5]. We first establish a crucial L? estimating result
(see (2I1) below). Then we improve the integrability of solutions to (LI by the
Moser iteration methods and finally get the desired results. These asymptotic prop-
erties are crucial for the further study of (I.1)), and to the best of our knowledge, the
conclusions are new.

The main results of this paper are summarized in the following theorems.

Theorem 1.1 Suppose that (J1) and [F0) hold and p;, € (0, ) for some iy €
{1,2,...,k}. Assume that u(x) € H} () is a solution of the problem (L1)). Then there
exist positive constants C and p small enough such that B,(&;,) C 2 and

(=T
|u(x)‘ SC‘X—&O’ v " ) vxEB/)(fio)\{gio}'
Theorem 1.2 Suppose that (F{})) and ([0) hold, w;, € (0,f1) for some iy €

{1,2,...,k}, and u(x) € HL(RQ) is a positive solution of the problem ([LI). Assume
that either y; = 0 for 1 <i < k,i # iy, or

(363) 3 Kfiw > 0.

1<i<k, iio

Then there exist positive constants p small enough and C, such that B,(&;,) C Q and
~ (i)
u(@x) > Clx—&| VTV Y x e B(6) \ {6 )
Theorem 1.3 Suppose that (JC,) and (FC)) hold, and —oco < p;, < 0 for some iy €
{1,2,...,k}. Assume that u(x) € H () is a solution of the problem (L1)). Then there

exists a constant p > 0 small enough such that B,(&;,) C Q and u(x) € L*°(B,(&;,)),
that is, u(x) has no singularity at the point &;,.
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Remark 1.4 Note that (J(3) is weaker than the condition y; > 0,1 < i < k,
i # 1ip, and depends on the location of the singular points &; and the values of
wi, 1 < i < k,i # ip. According to Theorems[[.IHL.3} the singularities of solu-
tions to the problem (L) are caused by the Hardy-type terms y; u/|x — &1?, pi > 0.
The Hardy-type terms y; u/|x — &|?, p; < 0, and the critical Hardy-Sobolev terms
|u|?~2u/|x — &', do not cause the singularity of solutions.

This paper is organized as follows. In Section 2, Theorem [[]is proved. In Sec-
tion 3, Theorems[[.2]and [[3are verified. In the following argument, L1(2, |x — £|*)
is the usual weighted L1((2) space with the weight |x — £|* and H} (£, |x — &|*) is
the weighted H{ (€2) space with the weight |x — £|®. Then O(¢') denotes the quantity
satisfying |O(e")|/e" < C, o(¢") means |o(¢")|/e' — 0ase — 0, o(1) is a generic in-
finitesimal value and the quantity O, (¢') means that there exist constants C;,C; > 0
such that C1e" < O4(g") < C,e" as € small. In the following argument, we always
denote the positive constants as C and omit dx in integrals for convenience.

2 Proof of Theorem 1.1]

We follow the Moser iteration argument.
Suppose that p;, € (0, ). Without loss of generality, we may assume &, = 0 €
RYN. Let u € H}(£2) be a solution of (L) and define the function

v(x) = o ue) = [V (), x € Q\ {8, i=1,2,...,k}.

Then direct calculation shows that v(x) solves the equation

Pig—2 '
(2.1) — div(|x| 0 Vv) = %7; + 0y zﬂivz
P 1<i<k, i | |x = &i

oY e
PP = &

1<i<k, iio

Since & # &, = O0foralli = 1,2,... k,i # ip, we can choose R > 0 small enough
such that

1
R < Emin{|§i|, 1<i<ki#ip}.

Note that |x — &| = O;(1) > R > |x|, Vx € Br(0),i # iy. Let n € C5°(Br(0)) be a
cut-off function and set ¢ = w2~ where s, n > 1, and v, = min{|v|, n}. Note
that

(2.2) /\x|_2”"0VVV¢:2/|x|_2”‘077vvfl(s_1)Van+/\x|_2”"0n2vﬁ(s_l)|Vv|2
0 Q 0

+ 2(s— 1)/ x| =202 y2 67D |y, 2,
Q
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By the Cauchy inequality we get
1
(2.3) ‘2/ |x|_2”‘0nvvi(s_1)V77Vv’ = / |x| = o nv? 2(s=1) |Vv|2
Q
+2/ |x|_2V’U|V77|2 2 25 1.

Multiplying (Z0)) by ¢ and from I)-(Z3), we have

(2.4) /|x|72w0n2‘vv|2vi(571)+4($_ 1)/ |x|72u,-0,r]2‘vvn|2vi(sfl)
Q 0
2|4| Pig 42— 1)
< 2vi 292261 n Py,
C/ |x| 0 an '|'C‘/Q |x|p,-01/i0+ti0

2.2 2(s—1) 2101 pia2(s—1)
i C Z (/ 772VV +/ 77|,V,| Y )
o [x[Polx = &GI2 0 Jo [x|PPolx — &l

1<i<k, iio

2 pi 2
<C/ |x| 2u;, Vn|2 2(5 1)+C/ n |V| 0V,
2.2.2(s—1)

o P
oy ([T PP
‘x‘lvxo QW)

1<i<k, 17£1

(s—1)

From (1.2)) it follows that

(2 5) ( w) %< C/ |X|_2(a+yi°)|V(77VVS_1)|2.
o [x[Tr0r ) g "

Takea =0,b = ;f' and p = p; in (Z.5). Then we have

( [pvvy [P

(2.6) e

2
)“ gc/ x| %o |V (npwi DA, 1<i<k
Q

From (2.4)—-(2.9) it follows that

k

|77VV;_1|pi % —2y; —1y|2
(2.7) Z( o W) SC o |x| 0|V(77va1 )|

i=1
§Cs/|x| Wi | 22 2(s 1) +Cs/ v

Piyy 2(5 1)

Pt
+ CSZ/ |x‘P1VxU+t1

71|2

T
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Fori =1,2,...,k, by the Holder inequality we have
: — — . i—2
(2.8) /nZIVI"‘Vi“ v ( v, 1I"’) p(/ [v]P )"pi
Q |x|PiVi0+ti — a |x|PiV10+t1 Ba(0) ‘xlp;muﬂi ’
(2.9) v P ( |77v1fff1|"") 5(/ Il i
Q |x|2”’o g [Pt Bg(0)

Taking R small and 1 < s < max{%, i=1,2,...,k}, by @4)—-(Z3) we have

[y P\ o _
Z( Q ‘x|pxl’xg+[1 <C Q|x| 2IIXO|V77|2V2V2(S Uv

which implies that

s—1|pi\ %
(2.10) / |77VV | bi /|x‘_2V‘U|V77|2 2 25 1)’ 1<i<k

‘x|p,u,0+tl
Choose s = P’ in (Z.10). Then
|77Wﬂ |P' o |v|Pi (pi— 2w +1; .
< pi Wiy +ti 2 < < X
/ ‘x|p,u,0+t, - ¢ Q |x|Ptho+ti |x| 0 |V'I”‘ ) 1 ST k
Note that (p; — 2)v;, +t; > 0. We can choose € C3°(Bg(0)) such that
P 0 77 0
|x| P2t T2 < C, Vax € Bg(0).

Consequently,

iy
7 ! 2v; 2
(J, ") " < [ g <€ [ iovr <c

Taking n — 0o, we deduce that

2
(2.11) v e LT (Bg(0), [x| " Pty i =1,2,... k

Now let ) be a cut-off function in Bgy,(0) C Q, such that0 <n < 1,|Vn| < 4/r
in Bg;,(0) and n = 1in Bg(0). Fori = 1,2,...,k, set

p! 5 . _20i
-2 PSS
Direct calculation shows p; < p;, 7; < N. From the Holder inequality it follows that

(2.12) / |x| o

= 2v;,0; — (pivi, +1)(6; — 1).

j =

V’I’}|2 2 25 1)

2;
e[ L
B Brwr(0) [X[7 Bray(0) [X[P0TH

5i—1

2%;
< Cr*2</ |VV15171|W) 5
= BRH’(O) |x‘piljiu+tx )
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. _ . 9)g: _ i —1
013 /levl’*vi“ b (/ | mr)oﬂ-(/ onlimb i
Q |x‘ pivigtti - B (0) |x|p1on +ti Bar (0) |x|Pin‘0 +i ’
1|2 Ui

_ _ —1
(2.14) e e ([ ) ( [l Iy
o x0T N\ X7 Broy(0) |X[PTi0

Take R + r small and n — oo. From (2.7) and (2.11)—(2.14)) it follows that

26; R
i 5:
5—1

26;
=1

( ) k |V|Pr5 % i [ 1 i |V|ﬁ,‘$ % i

s (5[, i) ) ceser (S, ) )
= by 1P = N b [P

Without loss of generality we may assume p; = min{p;|i = 1,2,...,k}. Choose

s:Xj,X:pl/ﬁl,andr:pj,j > 1. Note that foralli = 1,2,...,k,
x>1, pix=piX™" pix<pi, BixX) <pix’”', pivip+t2 <N.

Take R, p small enough such that R + p < 1 and the measure |Bg,(0)| < 1. For any
r = p’, j > 1, by the Holder inequality we deduce that

P 7o
(2.16) (/ 7) fix
Brar(0) X[ P70
1

(/ ‘V‘Pin*I ) pix}” (/ 1 ) ﬁixﬁ];
Bray(0) [X[P70" Bra,(0) [X[P0"

‘V‘pixf’l e
( B (0) |x|""”"0+’f) ’
R+r

Note that the following elementary inequality holds:

_ Pix

IN

IN

(2.17) a +b" <(a+b)", Vab>0,7>1.

From (2.16]) and (2.17)) it follows that

k By 2 1 k e 1
) By 2
2w (S, i) ) < (5, b))
e ; B (0) | X[P 0T B ; B, (0) ||V
k P ]
|V|P1X > 2)(]7_1
(R, ) )
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Employing (215) and (ZI8) recursively, we have

" i
( |V|P1Xj) o < R%( [v|PX ) PR
Br(0) B Ba(0) X770
v k N
SR (N([ M
- By, ¥[P

i=1 Ripl (0

j j j
PVigth S L Sh L s
< R nd CciEa¥ X X p X!

() )
=\ 0 [P '

Since x > 1, we have y/ — o0 as j — oo. Furthermore, the infinite sums in the
right-hand side of the last inequality all converge. Taking j — oo, we conclude that
v € L*(Bgr(0)). [ |

3 Proofs of Theorems and

We first establish the following strong maximum principle.

Lemma 3.1 ([12]]) Suppose thatT >2—N, u € C*(Q\{0}), u > 0inQ\ {0}, and
—div(|x|"Vu) > 0.

Then for any p > 0 such that B,(0) C € we have

u(x) > |rr‘lin u(x), VxeB,(0)\{0}.
x|=p

Proof of Theorem[I.2] If u € H}(R) is a solution of the problem (L)), a standard
elliptic regularity argument shows that

(31) ue CZ(Q \ {515627 s 75/(}) N CI(Q \ {517527 . aﬁk})'

Suppose that 0 < p;, < fi for someig € {1,2,...,k} and u € H} () is a positive
solution of (I.1]). Define

v(x) = |x — &, |"oulx), i, = VIt — /B — -

Thenv € HL (L, |x—&,|72"0). Forallx € Q\{&, i = 1,2,...,k}, direct calculation
shows that v satisfies

k
ypi—1
(3.2) —div(jx — &,| "0 Vy) =
e ;|x—fio|p’ olx = &l
i v
+ ( ) .
1<i§i#io e — &I/ |x — &, [0
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Choose p > 0 small enough such that
Bop(&iy) CON{& [ 1 <i < ki F#ip}.
(1) Assume p; =0, 1 <i <k, i+# iy By (3.2) we have that

(3.3) —div(jx — &[0 V) > 0, Vx € Byy(&,) \ {&}-
(ii) Assume that .
> o
1<i<k, iz#io 1€ — &l

By the continuity argument, we can choose p > 0 small enough such that

> 5 f&'z >0, Vx€Byl&,).
1<i<k, iiy
By (B2)) we also have
(3.4) — div(jx — &,| 70 Vv) >0, Vx e B,(&,)\ {&,}-
Note that —2v;, > 2 — N. From (B.I)-(34) and Lemma[3.1]it follows that
v(x) > Cy:= min v(x), Vxe&B,(&,)\{&,}>0.

X—&ig |=P
ConsequenﬂY7 M(X) Z CZ |x - fio I_Vi07 Vx € Bp(giu) \ {giu}' u

Proof of Theorem[L.3] Suppose that y;, < 0and u € Hj(f) is a solution of (1))
For any p > 0 small enough that B,(&) € Q, let n € C§°(B,(&1)) be a cut-off
function and set ¢ = n*uu2~Y, where s, n > 1, and u, = min{|u|, n}. Since
& # &, for i # iy, we can choose R > 0 small enough such that

| . .
R< Em1n{|§if§,'0|,1 <i<ki#io}.

Note that |[x — &| = O;(1) > R > |x — &, |, Vx € Br(&,),i # ip. Multiplying (L)
by ¢ and arguing as in and (2.3)), we have

(3.5) /HZIVuIZuﬁ(S*”+4(sf1)/n2|vun|2ui(s71>
@ 0

2,2.2(s—1)
— n-uu,
< nz‘vu‘2u2(s 1) _ i /
/Q " "o =&

+ 4(s — 1)/ 772|Vun\2u,21(571)
0

51)

Piy
Vil 25 DENpS /77 |ul
<c [ 1o Z FEaT

2..2,,2(s—1)
N utu;,
+C E /
1<i< \x—§1|2
i<k, i

u2(571)

<C/(\V |2+ ) 2(s— 1)+CZ/ 772|u|p' n
< n 1/[ u — =
@ e — &'
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By (1.6 and (3.3]) we get

k 2

(3.6) }:( @ﬂ?ﬂ§)ﬁ

i1 Q |X - gio

pi ui(sfl)

k 2
_ n*|u
< Cs/(|V77|2+772)u2ufl(5 D+ Cs E /7
Q — Jo  |x—&l

From and arguing as in the proof of Theorem [T we finally have that

n . ,
ue€ L (Br(&,), lx— &™), i=1,2,..k

and furthermore, u € L*°(B,(&;,)). The details are omitted for simplicity. [ |
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