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Abstract

We establish the mean convergence for multiple ergodic averages with iterates given by distinct fractional powers
of primes and related multiple recurrence results. A consequence of our main result is that every set of integers with
positive upper density contains patterns of the form {m,m + [p&], m + [ pZ] }, where a, b are positive nonintegers
and p, denotes the nth prime, a property that fails if g or b is a natural number. Our approach is based on a recent
criterion for joint ergodicity of collections of sequences, and the bulk of the proof is devoted to obtaining good
seminorm estimates for the related multiple ergodic averages. The input needed from number theory are upper
bounds for the number of prime k-tuples that follow from elementary sieve theory estimates and equidistribution
results of fractional powers of primes in the circle.
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1. Introduction and main results
1.1. Introduction

Given an ergodic measure preserving system (X, u, T) and functions f, g € L*(u), it was shown in [6]
that for distinct a, b € R, \ Z, we have

N

1 a b
lim — » T rvle = - 1
NgnmN§ f g fdu- [ gdu (1

n=1

in L2(u).! An immediate consequence of this limit formula is that for every (not necessarily ergodic)
measure preserving system and measurable set A, we have

N
1 a b
im — § —[n¢] -1 4y > 3
A}mlo I u(AnT ANT A) > u(A)°. 2)

n=1

Examples of periodic systems show that equations (1) and (2) fail if either a or b is an integer greater
than 1. Using the Furstenberg correspondence principle [10, 11], it is easy to deduce from equation (2)
that every set of integers with positive upper density contains patterns of the form

{m,m+ [n°],m + [n"]}

for some m,n € N.

The main goal of this article is to establish similar convergence and multiple recurrence results, and
deduce related combinatorial consequences, when in the previous statements we replace the variable
n with the nth prime number p,,. For instance, we show in Theorem 1.1 that if a, b € R, are distinct
nonintegers, then

1 a b
im — (Pl ¢ . plpnly = .
lim N E TPnlf.T g—/fd,u /gdy 3)

in L2 (). We also prove more general statements of this sort involving two or more linearly independent
polynomials with fractional exponents evaluated at primes (related results for fractional powers of
integers were previously established in [4, 6, 26]).

If a, b € N are natural numbers, then equation (3) fails because of obvious congruence obstructions.
On the other hand, using the method in [9], it can be shown that if a, b € N are distinct, then equation (3)
does hold under the additional assumption that the system is totally ergodic; see also [19, 20] for related
work regarding polynomials in R[#] evaluated at primes. The main idea in the proof of these results is to
show that the difference of a modification of the averages in equation (3) and the averages equation (1)
converges to 0 in L?(yu). This comparison method works well when a, b are positive integers since, in
this case, one can bound this difference by the Gowers uniformity norm of the modified von Mangoldt
function Ay (see [9, Lemma 3.5] for the precise statement), which is known by [14] to converge to 0
as N — oo. Unfortunately, if a, b are not integers, this comparison step breaks down, since it requires
a uniformity property for Ay in which some of the averaging parameters lie in very short intervals,
a property that is currently not known. An alternative approach for establishing equation (3) is given

IThroughout, with (X, u, T'), we mean a probability space (X, X, u) together with an invertible, measurable and measure-
preserving 7 : X — X. The system is ergodic if the only 7-invariant sets in X" have measure O or 1. If f € L™ (u), withT" f,
we denote the composition f o T", where T :==T o---0oT.
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by the argument used in [6] to prove equation (1). It uses the theory of characteristic factors that
originates from [16] and eventually reduces the problem to an equidistribution result on nilmanifolds.
This method is also blocked since we are unable to establish the needed equidistribution properties on
general nilmanifolds.?

Our approach is quite different and is based on a recent result of the author from [8] (see Theorem 2. 1
below); it implies that in order to verify equation (3), it suffices to obtain suitable seminorm estimates
and equidistribution results on the circle (versus the general nilmanifold that the method of characteristic
factors requires). The needed equidistribution property follows from [2] (see Theorem 2.2 below), and
the bulk of this article is devoted to the rather tricky proof of the seminorm estimates (see Theorem 1.4
below).

1.2. Main results

To facilitate discussion, we use the following definition from [&].

Definition. We say that the collection of sequences by, ..., bs: N — Z is jointly ergodic if, for every
ergodic system (X, u, T) and functions f, ..., fr € L*(u), we have

N —o0

N
1 bi(n) be(n) 4, _
thZT‘ fioo T g = | fdu-...- | frdu

n=1

in L?(p).

For instance, the identities in equations (1) and (3) are equivalent to the joint ergodicity of the pairs
of sequences {[1n%], [n”]} and {[p2], [p2]} when a, b € R, are distinct nonintegers.

We will establish joint ergodicity properties involving the class of fractional polynomials that we
define next.

Definition. A polynomial with real exponents is a function a: R, — R of the form a(¢) = ;‘=1 a jtd-f ,
where @; e Randd; €R,, j=1,...,r.1fdy,...,d, € Ry \ Z, we call it a fractional polynomial.

The following is the main result of this article:

Theorem 1.1. Let ay, . .., ap be linearly independent’ fractional polynomials. Then the collection of
sequences [a1(pn)], ..., [ac(pn)] is jointly ergodic.

In particular, this applies to the collection of sequences [n¢!],..., [n‘], where c{,...,ce € Ry \Z
are distinct. We remark also that the linear independence assumption is necessary for joint ergodicity.
Indeed, suppose thatay, . . ., ag is a collection of linearly depended sequences. Then cya;+- - -+ceap =0
for some cy,...,c, € R not all of them 0. After multiplying by an appropriate constant, we can
assume that at least one of the cy,...,c, is not an integer and max;=1, . ¢ |c;| < 1/(10f). Then
cilai(n)] +---+celae(n)] € [-1/10,1/10] for all n € N, and this easily implies that the collection
[ai(n)],...,[ar(n)] is not good for equidistribution (see definition in Section 2) and hence not jointly
ergodic.

Using standard methods, we immediately deduce from Theorem 1.1 the following multiple recurrence
result:

Corollary 1.2. Let ay, ..., a¢ be linearly independent fractional polynomials. Then for every system
(X, u, T) and measurable set A, we have

N
1
lim — Z u(AN 7-lapdlgn...n T—[a{f(pn)]A) > (,u(A))M.
N—o N
n=1
2For polynomials with integer degrees, the needed equidistribution property can be verified using a comparison method that

again breaks down when the degrees are fractional.
3Henceforth, when we say ‘linearly independent’, we mean linearly independent over R.
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Using the Furstenberg correspondence principle [10, 11], we deduce the following combinatorial
consequence:

Corollary 1.3. Let ay, . . ., a¢ be linearly independent fractional polynomials. Then for every subset A
of N, we have*

N

liminf 2, AN A=l -0 (A= lae(pa)}) = (d0)

Hence, every set of integers with positive upper density contains patterns of the form {m,m +
[ai(pn)].....m+ [ac(pn)]} for some m,n € N.

An essential tool in the proof of our main result is the following statement that is of independent
interest since it covers a larger class of collections of fractional polynomials (not necessarily linearly
independent) evaluated at primes. See Section 2 for the definition of the seminorms || - ||s.

Theorem 1.4. Suppose that the fractional polynomials a, .. .,ar and their pairwise differences are
nonzero. Then there exists s € N such that for every ergodic system (X, u, T) and functions fi, ..., fr €
L () with || fi|ls = 0 for some i € {1,...,€}, we have

N
lim — Z rlatpa)l g . placeal g, — @

N—ooo N
n=1

in L*>(p).

Remark. It seems likely that with some additional effort the techniques of this article can cover the more
general case of Hardy field functions aj, ..., a, such that the functions and their differences belong to
the set {a: Ry — R: t**¢ < a(t) < t**1=% for some k € Z, and & > 0}. Using the equidistribution
result in [3] and the argument in Section 2, this would immediately give a corresponding strengthening
of Theorem 1.1. We opted not to deal with these more general statements because the added technical
complexity would obscure the main ideas of the proof of Theorem 1.4.

The proof of Theorem 1.4 crucially uses the fact that the iterates ay, . .., a, have ‘fractional power
growth’, and our argument fails for iterates with ‘integer power growth’. Similar results that cover the
case of polynomials with integer or real coefficients were obtained in [9, 29] and [19], respectively, and
depend on deep properties of the von Mangoldt function from [13] and [14], but these results and their
proofs do not appear to be useful for our purposes. Instead, we rely on some softer number theory input
that follows from standard sieve theory techniques (see Section 3.2) and an argument that is fine-tuned
for the case of fractional polynomials (but fails for polynomials with integer exponents). This argument
eventually enables us to bound the averages in equation (4) with averages involving iterates given by
multivariate polynomials with real coefficients evaluated at the integers, a case that was essentially
handled in [23].

1.3. Limitations of our techniques and open problems

We expect that the following generalisation of Theorem 1.1 holds:

Problem. Let ay,...,ar be functions from a Hardy field with polynomial growth such that every
nontrivial linear combination b of them satisfies |b(t) — p(t)|/logt — oo for all p € Z[t]. Then the
collection of sequences [a1(pn)], ..., [ae(pn)] is jointly ergodic.

4For A c N, we let d(A) := limsupp _,o |Anl\[,N”.
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By Theorem 2.1, it suffices to show that the collection [a(p,)], ..., [ar(pn)] is good for equidis-
tribution and seminorm estimates. Although the needed equidistribution property has been proved in
[3, Theorem 3.1], the seminorm estimates that extend Theorem 1.4 seem hard to establish. Our argu-
ment breaks down when some of the functions, or their differences, are close to integral powers of ¢: for
example, when they are ¥ log? or ¥ /loglogt for some k € N. In both cases, the vdC-operation (see
Section 5.2) leads to sequences of sublinear growth for which we can no longer establish Lemma 4.1, in
the first case because the estimate equation (20) fails and in the second case because in equation (22),
the length of the interval in the average is too short for Corollary 3.4 to be applicable.

Finally, we remark that although the reduction offered by Theorem 2.1 is very helpful when dealing
with averages with independent iterates, as is the case in equation (3), it does not offer any help when
the iterates are linearly dependent, which is the case for the averages

N

] a a

NZ T[pn]f.Tz[pn]g’ (5)
n=1

where a € R, is not an integer. We do expect the L (u)-limit of the averages in equation (5) to be equal
to the L2()-limit of the averages - X1, T" f - T?"g, but this remains a challenging open problem?;
see Problem 27 in [7].

1.4. Notation

With N, we denote the set of positive integers, and with Z,, the set of nonnegative integers. With P, we

denote the set of prime numbers. With R, we denote the set of nonnegative real numbers. For t € R,

we let e(r) := e2™ If x € R,, when there is no danger for confusion, with [x], we denote both the

integer part of x and the set {1,..., [x]}. We denote with R(z) the real part of the complex number z.
Let a: N — C be a bounded sequence. If A is a nonempty finite subset of N, we let

Enecaa(n) := ! Z a(n).

|A| neA
If a, b: R, — R are functions, we write

o a(t) < b(¢)if limy_ e a(z)/b(t) =0;

o a(t) ~ b(t) if lim;— 400 a(t)/b(2) exists and is nonzero;

o Acp..co(t) <ey,...er Bey.....c, (t) if there exist ty = to(c1,...,c¢) € Ryand C =C(cy,...,c¢) >0
such that |A¢,, ¢, (1)| < C|Bq,,...c, ()| forall > 1.

,,,,,,,,,,

We use the same notation for sequences a,b: N — R.

Throughout, we let Ly := [¢VI°¢V] N e N.

We say that a sequence (cy (7)), where h € [Lx]%, n € [N], N € N, is bounded if there exists
C>0 such that [cy 5 (n)| < Cforall h € [Ly]*, n € [N], N e N.

2. Proof strategy

Our argument depends upon a convenient criterion for joint ergodicity that was established recently in
[8] (and was motivated by work in [24, 25]). To state it, we need to review the definition of the ergodic
seminorms from [16].

5Although the method of Theorem 2.4 does give good seminorm bounds for the averages in equation (5), the needed equidis-
tribution properties on nilmanifolds present serious difficulties.
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Definition. For a given ergodic system (X, u, T) and function f € L*®(u), we define || - |5 inductively

as follows:
Wi =| [ s
; 1
PAMLENI 7 29
115 = ]}gnwﬁz_}lllf-T"flls . seN.

It was shown in [16], via successive uses of the mean ergodic theorem, that for every s € N, the
above limit exists, and || - ||s defines an increasing sequence of seminorms on L* ().

Definition. We say that the collection of sequences by, ...,bp: N — Zis:

1. Good for seminorm estimates, if for every ergodic system (X, u,T), there exists s € N such that if
fiseoo, fe € L=(u) and || finlls = O for some m € {1,..., ¢}, then

Jim Buepn 700 fi o TP £, =0 ©)

in L2(u).5
2. Good for equidistribution, if for all t, . .., t, € [0, 1), not all of them 0, we have

}\;iinooEne[N] e(bi(n)ty +---+be(n)te) =0.

We remark that any collection of nonconstant integer polynomial sequences with pairwise noncon-
stant differences is known to be good for seminorm estimates [23], and examples of periodic systems
show that no such collection is good for equidistribution (unless £ = 1 and b (¢) = +¢ + k). On the other
hand, a collection of linearly independent fractional polynomials is known to be good both for seminorm
estimates [6, Theorem 2.9] and equidistribution (follows from [22, Theorem 3.4] and [8, Lemma 6.2]).

A crucial ingredient used in the proof of our main result is the following result that gives convenient
necessary and sufficient conditions for joint ergodicity of a collection of sequences (see also [5] for an
extension of this result for sequences by, ..., b¢: Nf — 2).

Theorem 2.1 ([8]). The sequences by, ...,be: N — Z are jointly ergodic if and only if they are good
for equidistribution and seminorm estimates.

Remark. The proof of this result uses ‘soft’ tools from ergodic theory and avoids deeper tools like
the Host-Kra theory of characteristic factors (see [17, Chapter 21] for a detailed description) and
equidistribution results on nilmanifolds.

In view of this result, in order to establish Theorem 1.1, it suffices to show that a collection of
linearly independent fractional polynomials evaluated at primes is good for seminorm estimates and
equidistribution. The good equidistribution property is a consequence of the following result [2, Theorem
2.1]:

Theorem 2.2 ([2]). If a(t) is a nonzero fractional polynomial, then the sequence (a(py)) is equidis-
tributed(mod 1).

Using the previous result and [8, Lemma 6.2], we immediately deduce the following:

Corollary 2.3. If ay,...,ac are linearly independent fractional polynomials, then the collection of
sequences [a1(pn)], ..., ae(pn)] is good for equidistribution.

We let A’: N — R, be the following slight modification of the von Mangoldt function: A’(n) :=
log(n) if n is a prime number and 0 otherwise. To establish that the collection [a;(pn)], ..., [ar(pn)]

SIn practice, s can often be chosen independently of the system, and equation (6) can be established with m = € (note that
Property (i) with m = € in equation (6) is a stronger property than Property (i) as stated).
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is good for seminorm estimates, it suffices to prove the following result (the case wy (n) := A’(n),
N,n € N, implies Theorem 1.4 in a standard way; see, for example, [9, Lemma 2.1]):

Theorem 2.4. Suppose that the fractional polynomials a, . ..,ae and their pairwise differences are
nonzero. Then there exists s € N such that the following holds: If (X, u,T) is an ergodic system and
fis ..o, fe € L=(u) are such that || f;||s = O for some i € {1,...,{}, then for every 1-bounded sequence
(en (n)), we have

dim By way (n) - T OIf e f = 0 (7)

in L*(u), where wy (n) := A’(n) - cn(n), n € [N], N € N.
Remarks.

o The sequence (cy (7)) is not essential in order to deduce Theorem 1.4. It is used because it helps us
absorb error terms that often appear in our argument.

o Our proof shows that the place of the sequence (A’(n)) can take any nonnegative sequence (b(n))
that satisfies properties () and (if) of Corollary 3.4 and the estimate b(n) < n® for every £ > 0.

To prove Theorem 2.4, we use an induction argument, similar to the polynomial exhaustion technique
(PET-induction) introduced in [1], which is based on variants of the van der Corput inequality stated
immediately after Lemma 3.5. The fact that the weight sequence (wpy (n)) is unbounded forces us to
apply Lemma 3.5 in the form given in equation (15) with Ly € N that satisfy Ly > (log N)* for every
A > 0. On the other hand, since we have to take care of some error terms that are of the order Lg /N¢
for arbitrary a, B > 0, we are also forced to take Ly < N¢ for every a > 0 in order for these errors to

be negligible. These two estimates are satisfied for example when Ly = [¢ V2N ], N € N, which is the
value of Ly that we use henceforth.

During the course of the PET-induction argument, we have to keep close track of the additional
parameters Ay, . .., hj that arise after each application of Lemma 3.5 in the form given in equation (15).
This is why we prove a more general variant of Theorem 2.4 that is stated in Theorem 3.1 and involves
fractional polynomials with coefficients depending on finitely many parameters. It turns out that the
most laborious part of its proof is the base case of the induction where all iterates have sublinear growth.
This case is dealt with in three steps. First, in Lemma 4.1, we use a change of variables argument and
the number theory input from Corollary 3.4 to reduce matters to the case where the weight sequence
(wp (n)) is bounded. Next, in Lemma 4.2, we use another change of variables argument and Lemma
3.5 to successively ‘eliminate’ the sequences aj, . . ., a¢, and, after £-iterations, we get an upper bound
that involves iterates given by the integer parts of polynomials in several variables with real coefficients.
Finally, in Lemma 4.3, we show that averages with such iterates obey good seminorm bounds. This
last step is carried out by adapting an argument from [23] to our setup; this is done by another PET-
induction, which this time uses Lemma 3.5 in the form given in equation (16). In Sections 4.1 and 5.1,
the reader will find examples that explain how these arguments work in some model cases that contain
the essential ideas of the general arguments.

To conclude this section, we remark that to prove Theorem 1.1, it suffices to prove Theorem 2.4; the
remaining sections are devoted to this task.

3. Seminorm estimates — some preparation
3.1. A more general statement

To prove Theorem 2.4, it will be convenient to establish a technically more complicated statement that
is better suited for a PET-induction argument. We state it in this subsection.
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Throughout, the sequence Ly is chosen to satisfy (log N)* < Ly < N¢ for all A,a > 0; so we can
take, for example,

Ly :=[eV°¢N], NeN.

With R[zq, ..., ], we denote the set of polynomials with real coefficients in k-variables.

Definition. We say that a: ZX xR, — R is a polynomial with real exponents and k-parameters if it has
the form

a(h,t) =) pj(h)t®
j=0

forsomer e N,0=dy<d; <---<d, €eRy,and pg,...,pr €R[ty,...,tx]. Ifdy,....,d, e R \Z,
we call it a fractional polynomial with k-parameters. If p; is nonzero for some j € {1,...,r}, we say
that a(h,t) is nonconstant. We define the fractional degree of a(h,t) to be the maximum exponent
d; for which the polynomial p; is nonzero and denote it by f-deg(a). We call the integer part of its
fractional degree the (integral) degree of a(h, t) and denote it by deg(a). We also let deg(0) := —1.

For example, the fractional polynomial with 1-parameter 421 + (h*V2+h)1% has fractional degree
0.5 and degree 0.

Definition. We say that a collection ay, . . ., a, of polynomials with real exponents and k-parameters is

nice if

1. f-deg(a;) < f-deg(a;) fori=2,...,¢, and

2. the functions ay, . . . ar and the functions a; — a», . .., a; — ay are nonconstant in the variable ¢ (and
as a consequence they have positive fractional degree).

Given a sequence u: N — C, we let (Apu)(n) :==u(n+h) -u(n), h,n e N;and if h = (hy, ..., hx),
we let (Ap)(u(n)) == (Ap, -+ Ap,)(u(n)), hy, ..., hi,n € N. For example, (A g, pn,)) (u(n)) = u(n +
hi+hy)-u(n+hy)-u(ln+hy) - -u(n), hy,hy,n € N.

Theorem 3.1. For k € Z.,£ € N, let ay,...,ap: N x N — R be a nice collection of fractional
polynomials with k-parameters and (cn p(n)) be a 1-bounded sequence. Then there exists s € N such
that the following holds: If (X, u,T) is a system and fn p1,- .., fNne € LY(u), h € [Ln]* N €N,
are 1-bounded functions with fy p1 = f1, h € N¥,N e Nand || fills = O, then

=0, 3
L2 (p)

4
Ene(N] WN,@(”L) . l_[T[ai(ﬁ’")]fN,ﬁ,i
i=1

Mim Epefry 1«

where wy () := (ApA")(n) - ey p(n), h € [Ln]*,n e [N],N eN.

Remark. Our argument also works if ApA’(n) is replaced by other expressions involving A’: for
example, when k = 0, one can use the expression ]_[;Z 1 AN (n+c;), wherecy, . . ., ¢, are distinct integers.

If in Theorem 3.1, we take k = 0, then we get Theorem 2.4 using an argument that we describe next.

Proof of Theorem 2.4 assuming Theorem 3.1. Let ay,...,ar and wy (n) be as in Theorem 2.4. Since
the assumptions of Theorem 2.4 are symmetric with respect to the sequences aj, ..., a, it suffices to
show that there exists s € N such that if || f1[|s = O, then equation (7) holds.

If a; has maximal fractional degree within the family ay,...ac, then if we take k = 0 and all
functions to be independent of N in Theorem 3.1, we get that the conclusion of Theorem 2.4 holds.
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Otherwise, we can assume that a, is the function with the highest fractional degree and, as a consequence,
f-deg(a;) < f-deg(ac). It suffices to show that

¢
Jim Epepvywa(n)- / Ino DT[ai(n)]ﬁ du =0,
where
[ —
Sno = EnE[N]WN(n) 'l_lT[ai(n)]fi, N e N.
i=1

Note that since fi, ..., fr and ¢y are 1-bounded, we have
limsup||fn o, < lim EneinjA'(n) =1,
N —o0 N—co

(the last identity follows from the prime number theorem, but we only need the much simpler upper
bound) hence, we can assume that fx o is 1-bounded for every N € N.

After composing with 7-[4 ("] ysing the Cauchy-Schwarz inequality, and the identity [x] — [y] =
[x — y] + e for some e € {0, 1}, we are reduced to showing that

£-1
; . [ai(n)—a¢(n)]+ei(n) ¢ pl-ae(n)]+es(n) —
A}lgloo Eneinvywi (n) l_[T fi-T fno 0,
i=l L2(u)
for some e(n),...,e,—1(n) € {0,1}, n € N. Next, we would like to replace the error sequences
ei,...,ep—1 with constant sequences. To this end, we use Lemma 3.6 for [ a singleton, J := [N], X :=

L®(u), Ay (ny,...,np) := ]—Ifz_ll T f; - T™™ fno,n1,...,0¢ €Z,and b; == [a; —ael,i=1,...,0—1,
be = [—ar]. We get that it suffices to show that

¢
tim |[B,eny 2y (n) - [ [0 gn il =0, ©)
N >0 izl L)
where
a,:==a;—ae, i=1,....,0-1, a,:=-ac

for some 1-bounded sequence (zy (1)), where gy ; =T fi,i=1,....,6 -1, gn¢e =T fno, N €N,

for some constants €1, . . ., €, € {0, 1}. Note that the family ai, e, aé isnice,and gy 1 =T fi, N € N,
so Theorem 3.1 applies (for £ = 0 and all but one of the functions independent of N) and gives that
there exists s € N so that if || f[|s = O, then equation (9) holds. This completes the proof. O

We will prove Theorem 3.1 in Sections 4 and 5 using a PET-induction technique. The first section
covers the base case of the induction where all the iterates have sublinear growth, and the subsequent
section contains the proof of the induction step. Before moving into the details, we gather some basic
tools that will be used in the argument.

3.2. Feedback from number theory

The next statement is well known and can be proved using elementary sieve theory methods (see, for
example, [15, Theorem 5.7] or [18, Theorem 6.7]).
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Theorem 3.2. Let P be the set of prime numbers. For all k € N, there exist Cy > 0 such that for all
distinct hy, ..., hiy € Nandall N € N, we have

N
€[N]l:n+hy,....n+hg €P} <Cr®i(hy,..., ) ————,
{n € [N]:n+h n+hi € P} < C O (hy k) (og N)F
where
1\-k vp(hi,..., h
Gl he) = (1--) (pM) (10)
peP p p
and v, (hi, ..., hi) denotes the number of congruence classesmod p that are occupied by hy, . . ., hg.
We remark that although ®; = 1, the expression & (4y,..., ki) is not bounded in hy,. .., by if
k > 2, and this causes some problems for us. Asymptotics for averages of powers of G (&1, . .., hi) are

given in [12] and [21, Theorem 1.1] using elementary but somewhat elaborate arguments. These results
are not immediately applicable for our purposes, since we need to understand the behavior of & on thin
subsets of Z¥: for instance, when k = 4, we need to understand the averages of ®4(0, a1, hy, hy + hy).
Luckily, we only need to get upper bounds for these averages, and this can be done rather easily, as we will
see shortly (a similar argument was used in [28] to handle averages over r of ®; (0,r,2r, ..., (k—1)r)).

Definition. Let ¢ € N, and for h € N’, let Cube(h) € N be defined by
cube(h) 1= (€ M) eeqo,1y¢s

where € - h is the inner product of € and 4.
If S is a subset of N’ we define

S* :={h € S: cube(h) has distinct coordinates}.
For instance, when ¢ = 3, we have
cube(hl, /’12, h3) = (0, /’11, /’lz, h3, hl + hz, hl + h3, h2 + h3, /’l1 + /’l2 + h3),

and ([N]?)* consists of all triples (h1, ha, h3) € [N]? with distinct coordinates that in addition satisfy
hi # h; + hy for all distinct i, j, k € {1,2,3}. Since the complement of ([N19)* in [N] is contained on
the zero set of finitely many (at most 3¢) linear forms, we get that there exists K, > 0 such that

I[NTE\ (IN19)*| < K¢ N©7 (11)

for every N € N.

Proposition 3.3. For every € € N, there exists C¢ > 0 such that
2
Eﬁe[N]f((%‘" (cube(h)))” < C¢

forall N € N, where ®,¢ (cube(h)) is as in equation (10).

Remark. If we use kth powers instead of squares, we get similar upper bounds (which also depend on
k), but we will not need this.

Proof. In the following argument, whenever we write p, we assume that p is a prime number.
Let h € [N]¢. Note that if v, (cube(h)) = 2¢, then

(1 ~ l)—zf(l ~ vp(cube(h))

)31,
P )
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and if v, (cube(h)) < 2¢, then for ay := 2*" — 2, we have

N e RO A

where we use that ﬁ < e forx € [0, %]. Note also that if v, (cube(h)) < 2¢, then there exist distinct
€, €’ € {0, 1}¢ such that p|(e — €’) - h, in which case we have that p € P(h), where

Py= |J  {peP:plle—€)-h}, heN

€,€'€{0,1} €, %€’

We deduce from the above facts and equation (10) that
G, (cube(h)) < e Zrerw) (12)
By [27, Lemma E.1], we have for some b, ¢, > 0O that

1 1 ce 1 ce
¢ Zperm 5 < b, Z (ogp)* _ by Z M) (13)

perwy P el exe plie—enn P

Moreover, we get for some d¢, e, > 0 that
1 ce 1 ce Nt
Z ( Z (log p) )Sd[Z(ng) N e N (14)
¢ —.. p P P
he[N]¢ pl(e-€)h p
for all N € N, where to get the first estimate, we used the fact that for some d, > 0, we have

/ N’
lhe [N pl(e—€)-hl < d57

for all N € N, and to get the second estimate, we used that » (10gp¢ < 00.

If we take squares in equation (12), sum over all & € [N ][ and then use equations (13) and (14), we
get the asserted estimate. O

From this we deduce the following estimate that is a crucial ingredient used in the proof of
Theorem 2.4:

Corollary 3.4. Let £ € N. Then for every A > 1, there exist Ca ¢(h) > 0, h € N and D 4 ¢ > 0 such that
1. forall N eN, h=(hy,...,he) € (Nf)*,c e N, such that c + hy + - - - + hy < N4, we have

Enein] (ApA)(n+c) < Cae(h);

2. Eﬁe[H]zf(CA,g(ﬁ))z < Dgaforevery He N.

Remark. We will use this result in the proof of Lemma 4.1 for values of ¢ that are larger than N and
smaller than N for some A > 0 (the choice of A depends on the situation).

Proof. Since A’ is supported on primes and ¢ + hy + - - - + hy < N4, we have that

D7 (ApA)(n+c) < [{n € [N]: ntc+cube(h) € P} - (log(N + N*)Z,
ne[N]
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where n + ¢ is a vector with 2¢ coordinates, all equal to 7 + ¢. Note that for 4 € (N’)*, we can apply
Theorem 3.2, and we get that there exists D4 ¢ > 0 such that for every N € N, the last expression is
bounded by

D a.¢ ®,¢(cube(h)) N.

If we let Ca ¢ (h) := D ¢ ®,c(cube(h)) and h € N’ and use Proposition 3.3, we get that properties (i)
and (i7) hold. o

3.3. Two elementary lemmas

We will use the following inner product space variant of a classical elementary estimate of van der
Corput (see [22, Lemma 3.1]):

Lemma 3.5. Let N € N and (u(n)),e[n| be vectors in some inner product space. Then for all H € [N],

we have
2 hyg (1
[Baciny )| <+ Bnepplla(ml? +4Bnepu (1 - 1) B (5 ) (n+ h),u(m)).

We will apply the previous lemma in the following two cases, depending on the range of the shift
parameter / (the first case will be used when the relevant sequences are not necessarily bounded).

1. fMy = 1+max,,e[N]||uN(n)||2,N € Nand Ly aresuchthat My < Ly < MLN,thenforH =Ly,
we have

2
”Ene[N] MN(YL)” < 4EBne[in] Ene[N]<MN(I’l +h),un(n))|+on (1), (15)

where for every fixed N € N, the sequence (up (n)) is either defined on the larger interval [N + Ly |
or extended to be zero outside the interval [/N]. In all the cases where we will apply this estimate,

we have My < (log N)* for some A > 0, and we take Ly = [¢ V¢V ], N € N.
2. If the sequence (up (n)) is bounded, then we have

. 2 . .
hmsup”Ene[N]uN(n)H < 4 limsupEpeg) limsup (Byen{un (n+ h), un (n))|, (16)
N >0 H—o0 N —o00
where for every fixed N € N, the sequence (up (n)) is either defined on the larger interval [N + H|

or extended to be zero outside the interval [N].

We will also make frequent use of the following simple lemma, or variants of it, to replace error
sequences that take finitely many integer values with constant sequences.

Lemma 3.6. For f,{ € N, there exists Cr ¢ > 0 such that the following holds: Let (X, ||-||) be a normed
space and F be a finite subset of Z with |[F| = f, k € N, and I ¢ N¥, J c N be finite. For h € I, consider

sequences Ap: 7t > X, bih,oosbep:J > Z wp:J —>C andeyp,...,een: J — F. Then there
exist sequences Wy : J — C, h € I, with HW&”LW(]) < ||Wﬁ||L°0(J) and constants €, . ..,e¢ € F, such
that

P> watn) - Anbiatn + e, benn) +eenm)| <

hel neJ

Cr.e Z “ Z Wﬁ(n) . Ah(bl,ﬁ(n) +€q,... ,b[,h(n) + Eg)“.

hel neJ
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Remark. Often, when this estimate is used, the sequence Ay, is defined only on a subset of 7¢ . and we
assume that it is extended to be zero at the elements where it is not defined.

Proof. The expression on the left-hand side is bounded by

S S| 3 wn)- Anr0) + €1 B () 4 ) -1, )]

j=1 hel nel

where for t = f, the sets E 1,hs - - - » B¢ form a partition of N into sets (possibly empty) on which all
the sequences ey j, . . ., e¢,;, are constant (and the constants do not depend on /). If the maximum of the
summands over j occurs for some jo € [¢], then there exist €;,...,€, € F such that for all n € E; 5,
we have e; ,(n) = ¢, i € [{], h € I. Hence, the last sum is bounded by

ZZ H Z Wﬁ(”) . Ah(bl,ﬁ(n) +€p,.. .,b[’h(n) +E[)|

hel  nel

)

where W, (n) == wi(n) - 1g,

(n),nelJ,hel O

We will use the previous lemma to handle some error sequences that occur when we use the Taylor
expansion in order to perform some approximations and when we replace the sum (or the difference) of
the integer parts of sequences with the corresponding integer part of their sum (or the difference), and
vice versa. For instance, if e;(n),...e¢(n) € (=1,1), n € [N], we have

[Eneiny wn) - Afar(n) + b1 (n) +e1(m)], ..., [ac(n) + be(n) + ec(m)])]| <
4 [Eneny w(n) - Allar ()] + [bi(m)] + €1, ..., [ae(m)] + [be(m)] +€)|

for some €1, ..., € {~1,0,1,2} and w: [N] — C with [|W||z~[n] < |[W||L~[n]- Often the constants
€1, . . . , € make no difference for our argument and can be ignored.

4. Seminorm estimates — sublinear case

The goal of this section is to establish Theorem 3.1 in the case where all the iterates have fractional
degree smaller than 1; see Proposition 4.4 below.

4.1. An example

We explain in some detail how the proof of Theorem 3.1 works when k = 1,£ = 2 and a;(h,t) :=
p1(W°3 + g1 (W%, ar(h, 1) == pa(h)t% + g2(h)t"', h € N, t € R,. We assume that p; # 0 and
ay,az,dy; — ap are nonzero.

We also assume that the sequence of weights (wx ,(n)) is defined by

wn.p(n) =N ) -N(n+h) -cyp(n), helLy],ne[N],N €N,

where (cn 5 (n)) is a 1-bounded sequence.
Our aim is to show that there exists s € N such that if || fi ||s = O, then

=0.

2
. 0.5 . 0.1
Enetvy wi,n(n) - ]_[ pleinrainl g
' L2 (p)

i=1

A Ecio
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Step 1. Our first goal is to use the number theory feedback of Section 3.2 to reduce matters to showing
mean convergence to zero for some other averages with bounded weights wy j (this step corresponds
to Lemma 4.1 below). We let

p(h) := [max{|p1|(h), |p2|(h), 1q11(h), |g2|(M)}°] + 1, heN.

Note that p is not a polynomial, but this will not bother us. After splitting the average over [N] into
subintervals, we see (this reduction will be explained in more detail in the proof of Lemma 4.1) that it
suffices to show mean convergence to zero for

Enelrn]

s

2
. 0.5, . 0.1
EneIN,h Enleln,h WN,h(nl) : l_[ T[p' () +qi (l)m, ]fi
[ L2 ()

i=1

where

Iv g = [NSp(B)],  Jpn = [(%)2 (ﬁ)Z) nelyn helly], NeN.

For convenience, we write

Joh = (knpsknn+1lonl, nelyp hel[Ly], NeN

for some ky p, lnn € N.
Note that for fixed n, h € N, when n; ranges in J,,_p, the value of p; (h)n(l)'5 ranges in an interval of

length at most 1; the same property holds for the values of pz(h)n(l)'s, q1 (h)n(l)'l, qz(h)n?'l. Hence, for
ny € Jy n, we have

n

p(h)

0.1 _ Pi(h)

0.2
pi(W + gyt = o ) e, i=12,

n+ai(h)

where e (h,n,n1), ea(h,n,n;) are bounded by 2 for all ny € J, p, n € Iy p, h € [Ly], N € N. Using
Lemma 3.6, and since replacing f; with TN f;,i = 1,2, where €] v, €2, v take finitely many values for
N € N, does not introduce changes to our argument, we can ignore these error terms. We are thus left
with showing convergence to zero for

1 80 00y 07]
Bncty, W.n(n) - 1_[ U5 ma () (Gii) |
i=1

Enelrn]

)

L2 (p)

where forn € [Iy 5], h € [Ly], N € N, we let
W (1) =By ies, WN.n(11) = Byt ) A (1 + knp) - N(ny+ kg + h) - ey n(n +knn). (17)
From the definition of &, 5, ln.n, LN, we get that there exists No = No(p) € N such that

knp+h <1, forallne [N** N3p(h)], he[Ly]. N> No.

Using Corollary 3.4 (with £ = 1, A =3, ¢ = knn, N = I, 1), we see that there exist D > 0 and C(h),
h € N, such that for the above-mentioned values of n, h, N, we can write

W n(n) = C(h) - zy 1 (n),
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where (zx_n(n)) is 1-bounded and
Epery(C(R)* < D

for every N € N.

We use this estimate, apply the Cauchy-Schwarz inequality and keep in mind that the part of the
intervals I , that intersects the interval [ N*] is negligible for our averages. We deduce that it suffices
to show convergence to zero for
2

Enelrn]

k]

2
pi(h) . _n_10.2
Bueny v () - | | TLF0 a0 G2
[ L2(p)

i=1

where the sequence (zy (n)) is 1-bounded. We write n = n’p(h) + s for some n’ € [N°°] and
s € [p(h)]. For convenience, we also rename n’ as n and use Lemma 3.6 to treat finite valued error
sequences that are introduced when we approximate g; (h)(n + s/p(h))%2 with ¢;(h)n®2,i = 1,2. We
get that it suffices to show convergence to zero for

b 2

. . 0.2, ,.
Benos) Tns () - | [ TP ses(h)]
i=1

Eneln1Eselp(m)

L2 (p)

where (zn n.s(n)) is some other 1-bounded sequence and e;(h, s) := s%, i = 1,2. After replacing

the average Ec[,(n)] With maxge[p(n)], We are left with dealing with the averages

2 2
E,cinosyann(n) - ]_[ TP (Wntai(n2+ein ()] 1

i=1

EnelLn]

L2(p)

for some other 1-bounded sequence (zy p(n)) and arbitrary sequences of real numbers
(e1,n (h)), (ea,n (h)) (which will be eliminated later, so their particular form is not important).

Step 2. Our next goal is to reduce matters to showing mean convergence to zero for averages with
iterates given by polynomials in several variables and real coefficients (this step corresponds to Lemma
4.2 below). After using equation (15) for the average over n, we are left with showing convergence to
zero for

2
) ) 02,
Eh,hle[LN] Ene[N(’j] CN.h.hy (n) - / I—[T[Pz(h)(n+h1)+ql(h)(n+h1) +€L,N(h)]f‘l.,
i=1

2
l—l T[Pi(h)"+tIi(h)n0‘2+ei,N(h)]?i dul,

i=1

where (cy p,5,(n)) is a 1-bounded sequence. We compose with T~ P2 (n+ar(yn®2+ezy (h)] (and not
with 7-[P1(n+ai ()n2+ein (W] pecause we want the highest fractional degree iterate to be applied to
the function f), use that (n + h;)%2 can for our purposes be replaced with n°-2, ignore errors that take
finitely many values using Lemma 3.6 and use the Cauchy-Schwarz inequality. We are left with showing
convergence to zero for

EnE[N0<5] cN.hp (1) ,T[(Pl’PZ)(h)’H'(QI’q2)(h)"0'2+e3,N(h)](T[Pl(h)hl]fl ?1)

E | :
h,h€[Ly] L2(0)

where (cn 5.5, (1)) is some other 1-bounded sequence and the sequence (e3, n (/1)) takes arbitrary real
values.
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We consider two cases. Suppose first that p; = p,. Then by assumption, g; — g2 # 0. Repeating the
argument used in Step 1, we are left with showing convergence to zero for

Epenoi) CN hp (n) - THO- @) Wmrean T plphl g7 )

Bmetin

h.h€[Ly] 12()
for some other 1-bounded sequence of complex numbers (cn p,p, (1)) and (es n (h)) arbitrary se-
quence of real numbers. Using as above equation (15) for the average over n, composing with
7~ l(@1=g2) (Wn+ean (W] and then using the Cauchy-Schwarz inequality and Lemma 3.6 to treat errors,
we are left with showing mean convergence to zero for

EhhyhyelLa] CN hhy () - T[(41—42)(h)h2+1’1(h)hllfl . T[(ql—qz)(h)hz]?l . T[Pl(h)hl]?l
for some 1-bounded sequence of complex numbers (cn x4, (1))-
If p1 # p2, we apply equation (15) for the average over n, compose with the transformation

T~ 1(P1=p2) (Mn+(q1=42) (Wn"*+esn (] and use the Cauchy-Schwarz inequality and Lemma 3.6 to treat
errors. We are left with showing mean convergence to zero for

EhhyhyelLn] CN Jk ny (1) ,T[(Pl—l"'2)(h)h2+l71(h)hllfl . T[(Pl—liz)(h)hz]71 . T[m(h)h‘]71

for some other 1-bounded sequence of complex numbers (¢, n 1, 1, (1)).

Step 3. In Step 2, we were led to show mean convergence to zero for averages with iterates given
by nonconstant polynomials with real coefficients in several variables that have pairwise nonconstant
differences. For such averages, one can argue as in [23] to show that there exists s € N such that if
Il fills = O, then we have mean convergence to zero. For more details, see the proof of Lemma 4.3 below.
This achieves our goal.

4.2. Reduction to averages with bounded weights and change of variables

Our first goal is to prove the following result that allows us to restrict to the case where the weights
wn ., are 1-bounded and also allows us to perform the substitution n - n'/<.

Lemma 4.1. For k € Z,,{ € N, let ay,...,a¢ be a nice collection of fractional polynomials with k-
parameters and suppose that d := f-deg(ay) € (0, 1). Then the following holds: If (X, u,T) is a system,
SN s IN e €L (1), B € NK N € N, are 1-bounded functions, a > 0, and

wn.n(n) = (ApA)(n) - ey n(n) or wyp(n):=cynp(n), he [Ly]%, ne [N, N €N,

where (cn,n(n)) is a 1-bounded sequence, then there exist a 1-bounded sequence (zn p(n)) and
sequences of real numbers (e1 n(h)), ..., (e¢,n(h)), such that

I3
Enena whn(m) - | [ 7148 fy
i=1

Eperyir

L%(p)
¢

. 1/d .
E,c[nad) v n(n) - HT[%(E»" )+ei N (@]fN,ﬁ,i
i=1

+on(1), (18)
L% ()

Eperrnix

where on (1) is a quantity that converges to 0 when N — co and all other parameters remain fixed.

Remark. It is important that the function a; has sublinear growth; our argument would not work if a;
had linear or larger than linear growth.

Proof. We cover the case where wy ,(n) = (ApA")(n) - cn n(n); the case where wy x(n) = cny n(n)
is similar (in fact, easier).
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By assumption, we have that a;(h,t) := Z;:O pi,j(ﬁ)tdf, i=1,...,0,where 0 =dy <d| <...<
dr=d < 1land p;; € R[t1,...,t;] with py . # 0. We let

M@:b%mhm@ﬁﬂﬂ,ﬁeW.

For h € [Ly]*, after partitioning [ N“] into subintervals, we deduce that it suffices to get an upper
bound for the averages

4
EWEIN‘E E:u elnn wNvﬁ(nl) ’ l_[ rla (h’nl)]fN’ﬁ,i

i=1

Eperrnix

b}

L2 ()

where

Ing = [N“Up()],  dop = [(%)1’ (ﬁ)‘l’) nelyp hellyl, NeN,

and for D: N — Cand fixed N € N, n € Iy j,, h € [Ly]*, we let

. ,_ 1
B e, D) = Nelin al Z D(ny). (19)

- n E-In,h

Note that an application of the mean value theorem gives

1 (N“p(hy)a-' 1 N
|Jn,n] < E( P )1) =7 , nelyp helly]*, NeN. (20)
p(h)a N1

For’ convenience, we write

Jnn = ks knp +lop), nelyp he[Ly]*, NeN

for some k, 4,1, € N. Note that fori = 1,...,¢, j =1,...,r and fixed n, h, when n| ranges on J,, j,

the values of p; ; (ﬁ)nfj belong to an interval of length 1. Hence, fori = 1,..., ¢, we can write
ai(hm) = ai(h, (n/p(W)) + € (hn.my),

where €;(h,n,n) is bounded by r forallny € J, p,n € Iy p, h € [LN]k, N e N.

The terms €;(h, n,n;) can be easily taken care by using Lemma 3.6 and appropriately modifying
(cn,n(n)) to another bounded sequence of weights. We deduce that it suffices to get an upper bound for
the averages

¢
- A Ydy|se:
EQG[LN]]‘ EnEIN,h 111,\l,h (n) Wi n(n) - l_[ rlai(h,(n/p(h) )]+El'NfN,ﬁ,i , Q21
- i=1 L2(p)
where I]’V’h = [NaTd, N%p(h)], N € N (the indicator introduces a negligible oy (1) term),
€1,N, - - ., €, N take finitely many values for N € N, and forn € [Iy p],h € [LN]", N € N, we let
WN (1) =By ey WL (1) (22)

We used that Ly, A’(N) < N¢ for all & > 0 to justify that inserting the indicator 1 17, ,, only introduces
an oy (1) term, which is fine for our purposes. -

7We crucially used here that fractional polynomials do not grow too slowly. The estimate would fail if, for example, for £ = 1,
we started with a; (¢) :=logz.
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Using that (cn,5(n)) is 1-bounded, ((ApA’)(n)) is nonnegative and equations (19) and (20), we
deduce that

Wna ()| < d™"Eueg,y, (ApA) (1) =d™" - Epyepr, ) (ApA) (n1 + ki ). (23)
From the definition of /,, ;, and the mean value theorem, we have that

1
na~!
lph 2 —, neN

d(p(h))a

Since Ly < N® forevery & > Oand k5, < n'/4, itfollows thatif A > 1 —forexample, if A := 15 +1

— then there exists No = No(d, p) € N such that forall N > Noand alln € I}, ., h € [Ln]1%, we have

A
kn,ﬁ < ln,h'

Hence,® there exists Ny = N;(d, k, p) € N such that for all N > N;, we have for all n € II’V n and
h=(hy,...,h) € [Ly]* that

A
kn,ﬁ+hl+"'+hkﬁln’h'

We will combine this with the identity

ApA)m = [] N+e-n,

ec{0,1}k

the estimate equation (23) and Corollary 3.4 (with £ := k, ¢ := ky p, N = [ p, A = ﬁ +1). We

deduce that there exist C = C(d, k) > 0 and Cyx(h) > 0, h € N¥, such that for all large enough N
(depending only on d, k, p), forevery n € In p, h € ([LN]")*, we can write

Wn.n(n) = Cax(h) - zn n(n), (24)

where (zn,5,(n)) is 1-bounded and

Eperonit (Cax(h)* < C (25)

for every N € N.
Note that since Ly > (log N)X for every K > 0 and A’(n) < logn, for every n € N, we have that
MaXye[ry 1%,ne[N] (Wn.rn(n))? < Ly. Using this, and since by equation (11), we have that LLkl[LN]k \
- - N

([L~ 15| <k ﬁ, we deduce that we can redefine C (%) on the complement of ([ Ly ]¥)* so that for all

large enough N (depending on d, k, p), equation (24) holds for all n € I p, h € [Ln]¥, and equation
(25) also holds (for some larger constant C’ in place of C).

We now use equations (24) and (25) and the Cauchy-Schwarz inequality to bound the averages in
equation (21). We can also remove the indicator 1 I, (n) since it has a negligible effect on our averages.

We deduce that it suffices to get an upper bound for the averages

y 2

X 1/d X
Enelw,g ZN,Q(”) . 1—[ 7 lai(h,(n/p(R)) )]+61,NfN’ﬁ’t.

i=1

Eperyir

L2 (p)

8In the process of deriving this estimate, we crucially used that sublinear fractional polynomials are not too close to linear
ones. The estimate would fail if, for example, for £ = 1, we started with a; (¢) :=t/log?.
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Note that since the weights and functions are bounded, it suffices to get an upper bound for the previous
expression, ignoring the square. For € [Ly]¥, we can express n € In,nasn=n'p(h) + s for some
n’ € [N“]orn’ =0ands € [p(h)]. After renaming n’ as n for convenience, we are led to upper-
bounding the averages

¢
a; n+s 1/d €
Eneirn ¥Bselpm|[Enenvad) N s (n) - nTl i nes/p () D ven £ (26)
=1 L2(p)
for some 1-bounded sequence (zn p,s(n)). Note that if u € (0,1) and ¢ € R[zq,...,#], then an

application of the mean value theorem shows that for every & > 0, we have

lim sup lg(h)((n+c)* —n")| =0.
N—=00 c10,1],he[Ly ]k ,n>N*

It follows that in equation (26), when computing a; (h, (n+s/p(h))'/¢), we can replace n+s/p(h) with
n in the nonlinear monomials; this will lead to some error sequences that are 1-bounded for large enough
N and can be handled by appealing to Lemma 3.6 (and redefining the sequence zy 5 (n)). With this in

Pi.r (h)

mind, it follows that in equation (26), we can replace a; (h, (n+s/p(h))"/4) with a;(h, n"/?) + O

Hence, it suffices to get an upper bound for the averages

4
. 1/d .
EnE[N“d] ZN,Q(”) . 1—[ rlai(h.nt/¥)+e; v (ﬁ,s)]fN&J

i=1

s

L2 (p)

Epeirn1%Bselpn)]

where e; n (h,s) := p;z%)s+e,-,;\;,i= 1,...,0and €]y, ..., € N take finitely many values for N € N.

After replacing the average Esc(pn)] With maxge(p,n)], we are led to the asserted upper bound in
equation (18). m]

4.3. Reduction to averages with polynomial iterates

For the purposes of the next lemma, it will be convenient to slightly enlarge the class of polynomials
with real exponents that we work with to include those with fractional degree equal to 1.

Lemma 4.2. Let k € Z,,¢ € Nand ay,...,as: Nk X N — R be a nice collection of polynomials
with real exponents and k-parameters of fractional degree at most 1. Then there exist l,r € N and
nonconstant polynomials Py, ..., P, € R[t1,...,tkw], With pairwise nonconstant differences, such
that the following holds: If (X, u,T) is a system and fn p.1,..., fnne € L¥(u), h € NK,N e N, are
1-bounded functions, then for every a > 0, sequences of real numbers (e n(h)),...,(e¢,n(h)) and
1-bounded sequence of complex numbers (cn p(n)), we have

4
Ene[na] CN,Q(”) . HT[ai(ﬁ,nHei,N(@]fN’hJ
i=1

Eperryix

L2 ()

-
EEIE[LN]",EZE[LN]’ “/ 1_[ T[Pi(h k)] +€ N FN,ﬁl,i dul+on (1), (7)
i=0

where Py = 0, FN»ﬁlsi € {fN’ﬁl’l’?N,ﬁl,l}fori =0,...,r, hl € [LN]k,N e N, €O, N»>---s€E N take
finitely many values for N € N, and oy (1) is a quantity that converges to O when N — oo and all other
parameters remain fixed.

Proof. We first reduce to the case where ¢; y () = 0fori = 1,...,¢. To do this, we replace [a;(h, n) +
e; N (h)] with [a;(h,n)] + [e; n (h)]; this introduces some error sequences on the exponents that take
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finitely many values. To treat the error sequences, we use Lemma 3.6, redefine the weight (cy (7)) and
introduce some sequences €;_y, . .., €¢,y that take finitely many values for N € N. Next, we compose
with 7-letv (W]1=€.n and we are left with upper-bounding the expression

I3
E,e[na] CN,@(”) . 1_[ T[ai(ﬁ,n)](T[e.',N (@]_[EI,N(@]+Ei,N—El,NfN’h’i)
i=1

Eperrnix

L2 (u)

If we rename for i = 2, . . ., £ the functions 7'l¢-N (W1-leLn (W ]+€n=€n SN, h,i @S fn i, we are reduced
to bounding equation (27) when e; ;(h) =0fori=1,...,¢.

We will prove the statement by induction on £ € N. For ¢ = 1, the argument is similar to the one used
in the inductive step, so we only summarise it briefly (for more details; see Steps 1-3 below). We first
use Lemma 4.1, and we are led to upper-bounding the averages

EEE[LN]" EnE[N“] CN,Q(”) . T[Pl(ﬁ)n+q| (ﬁ,n)]fN’ﬁ,1

L2(w)’

where p; # 0 and ¢, is a polynomial with real exponents and f-deg(q;) < 1. We then apply equation
(15) for the average over n, compose with 7-[P1(mai(bm] yse that gy (b, n + hiy1) — q1(h,n) is
negligible for the range of parameters we are interested in and use Lemma 3.6 to treat the finite valued
error sequences that arise. We get an upper bound by the averages

Eﬁe[LN]k,the[LN]"/T[pl(@th]JreNfN,h,l '7N,@,1 dul,

where €y takes finitely many values for N € N. This proves equation (27) (with £ =r = 1).

Suppose that £ > 2 and the statement holds for all nice collections of £ — 1 polynomials with real
exponents and finitely many parameters.

We have that a;(h,t) := Z;:] pi,j(ﬁ)tdf, i=1,...,6,where 0 < d;y <---<d, =d <1 and
pi,j € R[t1,...,t;]. Furthermore, we can assume that the polynomial p1 , is nonzero, and hence the
fractional degree of a; is d.

Step I (Linearising the highest-order term). If the fractional degree of a; is 1, then we proceed to Step
2. If not, then Lemma 4.1 (for wy » := ¢y p) applies, and we get an estimate of the form equation (18).
Hence, to get an estimate of the form equation (27), it suffices to get a similar estimate for the averages

bl

L2 (p)

4
EnE[N“dJ enp(n) - l_[T[ai(ﬁ,n)]‘FEi,N(h)fN’h’i

i=1

Eperryix

where (¢ (7)) is another 1-bounded sequence, (e n (4)), ..., (e¢,n (h)) are sequences of real num-
bers and

r—1 d
ai(h,t) = pi,(h)t+qi(h,t), where gq;(h,t):= Zpi,j(@ﬁj, i=1,...,¢. (28)
j=1

After composing with 77¢1.~¥ (B and redefining the functions fy i, 7 =2,...,{, we are reduced to the
case where e; y(h) = 0 fori = 1,...,£. So we only treat this case henceforth. We also remark that
since the collection ay, . . ., ag is nice, and @ (h, 1) = a;(h,t'/?),i = 1,..., ¢, the collection d, . . ., d¢

is also nice.
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Step 2 (Reduction of ¢ via vdC). Applying equation (15) for the average over n, we get that it suffices
to obtain an upper bound for the following averages:

E(phyary ety 1641 Bne[Naday

4 1
/ HT[ai(ﬁ’n+hk+])]fN,ﬁ,i l_[T[ai(ﬁJl)]fN,h’i dul.
i=1 i=1

We compose with T-la@m] andfori=1,...,¢, we replace the differences [d;(h,n + hgs1)] —
[a1(h,n)], [Gi(h,n)] — [@1(h,n)] with [@;(h,n+ his1) — d1(h,n)], [@;(h,n) —da(h,n)], respectively.
To do so, we have to introduce some error sequences that take values on a finite subset of N. We use
Lemma 3.6 to treat the errors that arise, and we are left with upper-bounding averages of the form

E(ﬁ,hkn YE[Ly 1%+ E,c [Nad]

£
/ [ris @ -awniay g, .
i=1

I3
1_[ T[di(h’n)_dl(h’n)]+6i,’N?N,ﬁ,i dul,
i=1

where €; y, el.’, No b= 1,...,¢ take finitely many values for N € N. Note that the fractional degree of
q1,- - -, qe is strictly smaller than 1. It follows from this and the mean value theorem that

lim max lqi(h,t + his1) = qi(h, 1) = 0. (29)
N—oco (h,hy)e[Ly ¥ ie{l,....} ~ — =

Using equations (28) and (29) and then Lemma 3.6, we get that it suffices to get an upper bound for the
averages

E sy el 141 Bne[Nad ] €N b by, (1) - /(T“’"’@hk*‘]“‘*Nfzv,g,l )

14

[Tt wmbes fy i dis
i=2

where €] n, ..., €, n take finitely many values for N € N,
bi(ﬁ’ t) = (pi,r _Pl,r)(@ r+ (611 - 511)(@ t)s i= 2’ .. 95’

N i € L¥(1),i =2, ..., ¢ are 1-bounded functions and (¢ j n., (1)) is a 1-bounded sequence.
Without loss of generality, we can assume that b, has maximal fractional degree within the collection
by, ..., by (note that some of the polynomials p; , — p;, may vanish). We compose with T~ [be(h.m)]
and apply Lemma 3.6 to treat finite-valued error sequences that we get when we replace differences of
integer parts with the integer part of the corresponding differences. After using the Cauchy-Schwarz
inequality, we deduce that it suffices to get an upper bound for the following averages:

-1

[ ] bi(h,n))+€ \ F
EnE[N“d]cN,ﬁ,hkn (I’l) T[ «(m)] "NfN,ﬁ,th,i
i=1

). Go
L2(p)

Ehpielin] (EﬁE[LN]k

where EI,,N’ R et’,_l,N take finitely many values for N € N,

bi(h,t) := (pir — pes) (W) t+(qi —qe)(hit), i=1,...,6-1,
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and

fNN,@,th,l = T[Pl,r(ﬁ)hk+l]+61,NfN’ﬂ’l '7N,Q,l’ (31)

where €]y takes finitely many values for N € N.
Note that our assumptions imply that by, ..., b,—1, thought of as a collection of polynomials with
real exponents and (k + 1)-parameters, is nice.

Step 3 (Applying the induction hypothesis). Using the induction hypothesis for the expression in
equation (30) that is inside the parentheses, and the fact that by, . . ., b,_; do not depend on the parameter
hi+1, we get that there exist /,7 € N and nonconstant polynomials Py,..., P, € R[t1,..., k] with
pairwise nonconstant differences, such that the averages in equation (30) are bounded by an o (1) term
plus a constant Ci g4, ,....q, (note that bi,..., Eg,l are determined by ay, ..., ag) times the expression

.....

-
Pi(h )] +e!
E(ﬁphkn)E[LN]k”,EZE[LNJI|/ HT[ (h 72)]+E"NFN,ﬁ|,hk+l,i dul,
i=0

where Py := 0, Fn p g, € {fN,@,hk“,],fN,ﬁ,th,]} fori =0,...,r, b, € [Ly]X, hesr € [Ly],
N eNandg] p,---,€. 5 take finitely many values for N € N.
Using equation (31) and Lemma 3.6, we can bound this expression by a constant C, times the

following average:

r(h) i 1+€5 7
E(ﬁl,hk+|)€[LN]k+],ﬁ2€[LN]l)/ vaﬁ],] .T[Pl, (,1) k ]J+EO‘NfN,h1,1’

r

]_[ (T[Pi (B L)+ prr (B ) hiet 146y GN,ﬁ, N TN T[Pi () i GN,E] S ,r+i) dﬂ),
i=1
where fori = 1,...,2r, we have Gy p, y,.i € {fN,hl,l’?N,ﬁl,l}’ﬁl € [Ln]%, hise1 € [LN], N €N,
and e[.’ ~»i=0,...,2r take finitely many values for N € N. Since the polynomial p; - is nonzero and the
polynomials Py, ..., P, with k +[ variables are nonconstant and have nonconstant pairwise differences,
the same holds for the 27 + 1 polynomials with k+[+1 variables p1,,- (k) hi+1, P; (@1 yhy)+p1r (B his,
Pi(hy,h,),i=1,...,r. This completes the proof. O

4.4. Averages with polynomial iterates

Lemma 4.1 and Lemma 4.2 show that in the case of iterates with sublinear growth, to get good seminorm
estimates for the averages in Theorem 3.1, it suffices to study averages with iterates given by polynomials
inR[tq,..., 1] for some k € N. This is the context of the next result.

Lemma 4.3. Let k,r € N and Py,...,P, € R[ty,...,tx] be nonconstant polynomials with pairwise
nonconstant differences. Then there exists s € N such that the following holds: If (X, u,T) is an ergodic
systemand fi, ..., f, € L®(u) are such that || fi||s = Ofor somei € {1,...,r}, thenforevery 1-bounded
sequence (cn (h)), we have

r

]\}ii)nmEhe[N]k en(h) - HT[Pi@]fi -0

i=1
in L*>(p).

Proof. The argument is similar to the one used to prove [23, Theorem 1], where the case of polynomials
with integer coefficients and cp (k) := 1 is covered, so we only sketch the points in the argument
where one has to deviate slightly because of minor technical complications. The proof proceeds by
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induction on a certain vector, called the weight, that is associated to each polynomial family Py, ..., P,
inR[ty,..., 1]

The inductive step is carried out by using a variant of Lemma 3.5 in the form used in equation (16)
that concerns averages over [N]¥ (see [23, Lemma 4] for the precise statement). The argument applies
verbatim in our case; the only change is that we need at various instances to replace the differences of
the integer part of polynomials with the integer part of their differences; we do this with the help of
Lemma 3.6, and the use of the constants (¢ (/1)) facilitates this task.

The base case of the induction is the case where all the polynomials are linear with respect to all
variables involved. This case is covered using another induction, this time on the number r of linear
functions. The inductive step is proved using [23, Lemma 4]. The only difference in our case, versus the
argument used in [23, Proposition 5], appears in the proof of the estimate

25+l

li]IVn supEpepnelle - THOIFIT < CLUlfIE, (32

for some Cr, > 0, where f,g € L*(u) and L(h) = Zle ajh; for some k € Nand ai,...,ar € R.
To obtain this bound, we first use Lemma 3.6 to show that it suffices to replace [Z§:1 ajh;] with

Z;;l [ejh;], and we remark that the set

{([arm], ..., [axhel): (hi,. .., he) € NF}

has bounded multiplicity and positive density (as a subset of N¥). It follows that there exists C; > 0
such that

k b s k . s
lim sup By, ey e llg - T2 1M fI2 < ¢ lim sup B g - TR

N—ooo
By [23, Lemma 8], the last expression is bounded by a constant multiple of || f |||?jr+]1 Combining the
above, we get that equation (32) holds. Finally, the base case of the induction (of the linear case) is when
r = 1 and P; = L is linear. To cover this case, we again use [23, Lemma 4] and reduce matters to the
task of obtaining an upper bound for the expression

/? . TL(ﬁ)fd/,t|.

lim sup By, ¢y 1%
N —o0 -

By the s = 1 case of equation (32) (recall that || f]|; = | / f dul), we get an upper bound by Cy || f |||§ for
some Cr, > 0. This completes the proof. O

4.5. Proof of Theorem 3.1 in the sublinear case

We are now ready to combine the ingredients of the previous subsections to complete the goal of this
section, which is to prove the following result:

Proposition 4.4. Theorem 3.1 holds in the case where all ay,...,ap have fractional degree smaller
than one.

Proof. Combining Lemma 4.1 and Lemma 4.2 (for fy 5,1 := fi, N € N,k € N¥), we get that there
exist k,r € N and nonconstant polynomials Py,...,P, € R[¢q,..., ], with pairwise nonconstant
differences, such that the averages in equation (8) are bounded by an oy (1) term plus a constant
multiple of

Eperyix

/ l_] TP (W ]+e N Fip dyl,
i=0
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where Py := 0, Fop,....Frp € {fl,?l}, h e N¥ and the sequences €y v, - - ., € N take values on a
finite subset S of Z for N € N. Since the limsup as N — oo of the previous average is bounded by

Z lim sup Ehe (Ln ]k / 1_[ TIPi]+e g d,u|)
€)yenns ErES,FO ..... F,AG{f],TI} N—eo
it suffices to show that for all fixed €, ..., € Zand Fy, ..., F, € {fl,fl}, we have

Nim Eperry - & dﬂ) =

The last average is equal to
-
EQE[LN]" cN (ﬁ) . / 1_[ T[Pi(ﬁ)+6i]Fi d'u
i=0

for some 1-bounded sequence (¢ (h)). The result now follows from Lemma 4.3. O

5. Seminorm estimates — induction step

The goal of this section is to finish the proof of Theorem 3.1 using a PET-induction argument. The basis
of the induction was covered in the previous section, and the induction step will be carried out in this
section.

5.1. An example

To better illustrate our method, we first explain the details in a simple case. We take £ = 2 and
ai(t) =13, ay(t) = ' ++"'1, t € R,. Then {ay,as} is a nice family, and our aim is to show that if
Il fills = O for some s € N, then

. 1.5 1.5, 1.1
dim Byepyywi (n) TV T = 0,

where wy (n) = A’(n) - ¢y (n) for some 1-bounded sequence (cy (n)).

We start by using equation (15), compose with T‘["l's’“"l'l], use Lemma 3.6 to dispose the error
sequence that arises when we replace the difference of integer parts with the integer part of the difference
and use the Cauchy-Schwarz inequality. We deduce that it suffices to prove convergence to zero of the
averages

T[(n+h1)l'57nl'57n

i
T[(n+hl)"5+(n+h|)"l—nl's—nl'llf2 . T[—nl'l]?l

Ehle[LN]) Ene(N] WN by (1) -

L)

where wy p, (1) := (Ap,A")(n) - cn n, (n) for some 1-bounded sequence (cn i, (7). Using the mean
value theorem and Lemma 3.6, we get that for the range of h;,n we are working with, we can replace
(n+hy)'> —n'S with 1.5 h1n% and (n + hy)'' = n'-! with 1.1 h;n%!, which for notational simplicity
we replace with ;1% and hn®!, respectively. We thus arrive at the problem of proving convergence
to zero of the averages

_all 0.5 01 l] —_
Epe(n] Wy (n) - T 40000 g pUnn® et ) pl=nt g

Eme[LN]| TIPS
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h n().5+hln().l

Performing one more time the previous operation (we compose with 77! I after applying

equation (15)), we arrive in a similar fashion at the following averages:

l.]_thO.l]f . T[_nLl_han.S_(h]+h2)n0.1]7 .
1 1

Ehl,hze[LN]| Ene[N]WN ki (1) - T

T[_nl,l_h]nO.l]Fl . T[_nl.l_han.S_han,l]fl

L2(p)’

where Wy p,, 0, (1) == (Ap, p,A) (1) - CN by, 0y (1) for some 1-bounded sequence (¢ p,,h, (1)). Af-
ter one more iteration of the previous operation (this time we compose with the transformation
Tl +hn®+hin®'] gter applying equation (15)), we arrive at the averages

EnE[N] WA g ouhis (n) . T[(h]_hz_h3)n0'l+hln0‘5]f1 ) T[_(h2+h3)n()‘1]?l~

Eny hy,hselLn]

T[_h3n().l+hln().517l .T[_h3”0'ljfl . Tl(hl_hz)n().l+hln().51‘?l . T[_h2n().ljfl . T[hln().SJf]

L2(p)’

where Wi p s (1) = (A hyhyA)(M) © CNobyhyhy (1) for some 1-bounded sequence
(¢N ,hy,ho,hy (n)). We have now reduced to the case of fractional polynomials with 3-parameters and
fractional degree smaller than 1. This case was dealt in the previous section, where we showed in Propo-
sition 4.4 that there exists s € N such thatiif || f||s = O, then the last averages converge to zero as N — oo,

5.2. The van der Corput operation and reduction of type

In this subsection, we define the type of a family of polynomials with real exponents and finitely many
parameters and the van der Corput operation that reduces the type.

Definition. We say that two polynomials a, b with real exponents and finitely many parameters are
equivalent, and write a = b, if the (integral) degree of a — b is strictly smaller than the degree of a and
b.°

We define the type of a family ay,...,a, of polynomials with real exponents and finitely many
parameters to be the vector that consists of the maximal degree d of the family (in the first coordinate)
and the number of nonequivalent classes of degree d, d — 1,.. ., O in the other coordinates (we ignore
polynomials that are identically 0).

We order the set of all possible types lexicographically, meaning (d, ky, . . ., ko) > (d’, k;, e, k(’))
if and only if in the first instance where the two vectors disagree, the coordinate of the first vector is
larger than the coordinate of the second vector.

We caution the reader that 12> 2 25 + (2! (but > = 25 + 1), Also, if a1 (h, 1) = ht*> + h2t*!,
ar(h,t) = ht*3, az(h,t) = ht*>> + W22V + ht'S ag(h,t) = 193, then a; # aa, ar # a3, a; = as and the
family ay, as, as, as has type (2,2,0,1).

Recall that Ly = [eVI°¢V ], N e N. We introduce a class of sequences that often occur as errors that
can be eliminated using Lemma 3.6.

Definition. We say that ¢: N* x R, — R is negligible if

lim max le(h,t)| = 0.
N> pe[Ly]k,1e[VN,N]

If a(?) is a fractional polynomial, then a(t + ¢) is also a fractional polynomial modulo negligible
terms. This is the context of the next lemma, which is proved in a more general form that is better suited
for our purposes.

9We do not choose to identify functions with the same fractional degree because if we did so, then the vdC operation that will
be described shortly would not necessarily lead to families with smaller type (see the example given after the relevant definition).

https://doi.org/10.1017/fms.2022.35 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2022.35

26 Nikos Frantzikinakis

Lemma 5.1. Let a(h,t) be a polynomial with real exponents and k-parameters and degree d. Then
modulo negligible terms, a(h, t + hi+1) is a polynomial with real exponents and (k + 1)-parameters. In
fact, we have

a(h,t+ hier) = a(h, hier, 1) + e(h, hi, 1), (33)

where (below a') denotes the jth derivative of a with respect to the variable 1)
d hj )
a(h, b, 1) 1= Y —4aW (1) (34)
h L)) n
j:

and e: N**1 x R — R is negligible.
Proof. Using the Taylor expansion of a(k, t), we get that equation (33) holds with
d+1
el hans) = s @ ()

for some &, p,,,,r € [£, 1+ his1]. Since the fractional degree of a is d + ¢ for some ¢ € (0, 1), we have

A
max |€(b, hk+lat)| < IIYC
(i) €[Ly ¥ te[VN,N] N7

for some A > 0 that depends on d and the maximum degree of the coefficient polynomials of a (A, t).
Since Ly < N? for every € > 0, it follows that

lim max le(h, hrs1,1)| =0,
N= (h,hy)e[Ly 15 te[VN,N]

completing the proof. O

For example, if a(h, t) = ht? for some a € (2, 3), then modulo negligible terms (in the sense defined
above), we have that d@(h, ¢ + hy) is equal to ht® + ah ht®™' + @h%ht“‘z.

Next we define an operation that we later show preserves nice families of polynomials and reduces
their type.

Definition. Let A = {ay, ..., as} be a family of polynomials with real exponents and k-parameters and
a € A. We define a new family of polynomials with real exponents and (k + 1)-parameters vdC(.A, a)
as follows: We start with the family

{G@i(h, his1,t) —a(h,t), aj(h,t) —a(h,t),i=1,...,(},

where fori = 1, ..., ¢, the polynomial with real exponents and (k + 1)-parameters d; is as in equation
(34) (so it is equal to a;(h,t + hrs+1) modulo negligible terms), and we remove all functions that are
constant in the variable ¢.

Suppose for example that we start with the nice family
A= {115 15 11 1S 412y
The type of this family is (1, 3,0), and the family vdC (A, t'-> +¢!2) is
12+ 1509, =112 4 6" £ 150699, 1.5095 + 1.20192, 112, =112 4 41
{
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(note that the first and fourth functions can be identified, and the same holds for the second and the fifth),
which is also nice and has smaller type, namely (1,2, 1). We remark that if we had chosen to identify
functions that have the same fractional degree, then the original family would have type (1, 1,0) and
the family vdC(A, ' + ¢!-?) would have larger type, namely (1,2, 1).

Lemma5.2. Let A = {ay, ..., as} be anice family of polynomials with real exponents and k-parameters
such that f-deg(ay) > 1. Then there exists a € A such that the family vdC(A, a), ordered so that the first
function is d, — a, is nice and has smaller type. Furthermore, if A consists of fractional polynomials
with k-parameters, then vdC(A, a) consists of fractional polynomials with (k + 1)-parameters.

Proof. We first remark that if A consists of fractional polynomials with k-parameters and a is any
fractional polynomial with k-parameters, then equation (34) implies that vdC(.A, a) consists of fractional
polynomials with (k + 1)-parameters.

Fori = 1,...,¢, let @; be the polynomial with real exponents and (k + 1)-parameters given by
equation (34). We choose a € A as follows:

1. Ifay, ..., ar donothave the same fractional degree, we let a;, be a function in the family {a>, . .., as}
that has minimal (positive) fractional degree and set a = a;,.

2. Ifay,...,ae have the same fractional degree, we letip € {1,...,{} be so that @; — a;, has maximal
degree within the family @; — as,...,d; — as and set a = a;,.

Claim 1. The family vdC(.A, a) is nice.

By construction, all functions in vdC(.A, a) are nonconstant (we have removed constant functions).
We first show that independently of the choice of a, the difference of @; —a with a function in vdC( A4, a)
is always nonconstant (in the variable ?); in the process, we also show that f-deg(d; — a) > 0. Suppose
that such a difference has the form @; — a; for some i € {1,...,¢}. It follows from Lemma 5.1 that d;
contains the term Ay ai (1), which depends nontrivially on the parameter /4 (note also thatay, ..., ay
do not depend on this parameter). It follows from this and our assumption f-deg(a;) > 1 that

f-deg(d — a;) > f-deg(a}) = f-deg(a;) —1>0, i=1,....¢.

It remains to cover the case where the difference of @; — a with a function in vdC(.A, a) has the form
ay —d; forsomei € {2,...,¢}. Then using Lemma 5.1 and our assumption that .4 is nice, we get

f-deg(d, — a;) = f-deg(ay —a;) >0, i=2,...,¢.

Next we show that @; — a has maximal fractional degree within the family vdC(.A, a). Suppose first
that we are in Case (i). Since f-deg(a;,) < f-deg(a;), we have that @, — a;, has the same fractional
degree as a;, which by assumption has maximal fractional degree within the family {aj,...,a,}. We
deduce that d; — a;, has maximal fractional degree within the family vdC(.A, a). Suppose now that we
are in Case (i7) and leti € {1, ..., ¢}. Since a; — a;, = (a; — d1) + (d| — a;,) and by the choice of ip we
have f-deg(d; — a;,) > f-deg(d; — a;), we deduce that

f-deg(d) — a;,) = f-deg(a; —a;,), i=1,....¢. (35)
Moreover, note that d@; — a;, = (d; — a;) + (a; — a;,) and
f-deg(d; — a;,) > f-deg(d — a;) = f-deg(a;) — 1 > f-deg(a;) — 1 = f-deg(d; — a;), (36)

where the two identities follow from Lemma 5.1, and the first estimate follows from the choice of iy and
the second since the family A is nice. We deduce from equations (35) and (36) that

f-deg(d, — a;,) = f-deg(d; —a;)), i=1,...,¢. 37
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Combining equations (35) and (37), we get that @ — a;, has maximal fractional degree within the family
vdC(A,a).

Claim 2. The family vdC(A, a) has smaller type.

Using Lemma 5.1 and the definition of the degree, it is easy to verify that if for some i € {1,...,¢},
we have a; # a;,, then deg(a; —a;,) = deg(d; —a;,) = deg(a;) and a; — a;, = d; —a;,, whileif a; = a;,,
then deg(a; —a;,) < deg(a;) and deg(d; —a;,) < deg(a;). Using these facts, we easily get the following:

If we are in Case (i), we have that the type of 4 has the form (d, kg, ...,k;,0,...,0), where
I = deg(a;,), ki = 1, and d > 1. Then the type of vdC(A,a) is (d,kq,....k; — 1) if [ = 0, and
(dykg,....kj—1,kj—1,..., ko) for some kg, ..., k;—1 € Z,if I > 1.

If we are in Case (ii), we have that the type of A has the form (d, kg4,0,...,0), where d > 1

and kg; > 1. Then for every a € A, the type of vdC(A,a) is (d, kg — 1,kg-1 ..., ko) for some
k(), ey kd—l S Z+.

In both cases, the type of the family vdC(\A, a) is smaller than the type of the family .A, completing
the proof of Claim 2. O

5.3. Proof of Theorem 3.1

We will now use a PET-induction technique to prove Theorem 3.1. The base case of the induction
was covered in the previous section, and the inductive step will be proved using equation (15) and
Lemma 5.2.

Proof of Theorem 3.1. Our goal is to show that there exists s € N such that if fy 1 = f1, h €
[Ly1*,N €N, || fills = 0 and all other functions below are assumed to be 1-bounded, then

4
Enein) wi,n(n) - l_[T[“"@’"”fN,@,i
i=1

=0,
L% ()

Jim By epry ik

where wy ,(n) = (ApA")(n) - ey p(n), h € [Ly]%,n € [N],N € N and the sequence (en,n(n)) is
1-bounded.

We prove this using induction on the type of the nice family of fractional polynomials A4 :=
{a1,...,a,} with finitely many parameters. If f-deg(a1) < 1 (then also f-deg(a;) < 1for j =2,...,0),
then the result follows from Proposition 4.4.

Suppose that the family A := {ay,...,ar} has type (d,kq,..., ko), where d > 1, kg > 1,
ka-1,...,ko € Z,, and the statement holds for all families of fractional polynomials with finitely
many parameters and type strictly smaller than (d, kg, . . ., ko). Since deg(a;) > 1 and a; is a fractional
polynomial, we have that f-deg(a;) > 1.

By Lemma 5.2, there exists a € A such that the family vdC(A, a), ordered so that the first function is
a1 —a (where @ is as in equation (34)), consists of fractional polynomials with finitely many parameters
and satisfies the following:

vdC(A,a) isnice and has type strictly smaller than (d, kg, ..., ko). (38)
We use equation (15) for the average E, c[n], compose with T-1a(tm] and then use the Cauchy-

Schwarz inequality. We get that it suffices to show the following (recall that (A ,u)(n) = u(n+h)-u(n)):

Sim B i) el 11| [B

N1 (Dhwn ) () - l_lT a;i(h,n+his1)]-[a(h, n)Jf it

1—[ rlaimi-latom]F
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We replace the differences of integer parts on the iterates with the integer part of their differences and
also replace a; (1, n+ hy41) with d; (h, his1, n), where d; is associated to a ; by equation (34) of Lemma
5.1. To make these substitutions, we introduce some error sequences that take finitely many values; as
usual, these sequences can be handled after we apply Lemma 3.6 (which applies without a problem
since the values of 7 that are smaller than VN contribute negligibly in the average). After completing
these maneuvers, we see that it suffices to show the following:

2

M B e oo [Enetn) Wa g () - [ TR gy =0,
=1 L2(p)

where €] n, . .., €, take finitely many values for N € N,
W (B, hie1,1) = (A (nne) N) () - N 1y (1)
for some 1-bounded sequence (¢ p,n,,, (7)) and

bi(h, hisr,t) = d;i(h, t + hgy) —a(h,t), i=1,...,¢,
bf+[(ﬁahk+]’t) = al‘(&’t)_a(ﬁ’t)’ l= 1""’€

and gn h.hy,,,i are 1-bounded functions in L™ (u) such that gn p,ny,,,1 = f1 forall (h, hiyr) € [LN]k“,
N € N. We compose with 7~V inside the L?(u)-norm and set Ay j.ny..i = TSN "N gy ppe s
i=1,...,2¢ (then hn p ny,,,1 = f1). We get that it suffices to show that

20
Sim By elzn 1640 |[BrelN] W i (1) - [ [ eIy oy, 0. (39
=1 L2 ()

Finally, we can remove all functions associated with iterates that do not depend on the variable n
(note that by Lemma 5.2, the function b; is not one of them), and thus we arrive at an average with
iterates given by the family vdC(.A, a), ordered so that the first function is @; — a. By the choice of q,
we have that equation (38) holds. Hence, the induction hypothesis applies for this family and gives that
there exists s € N such that if || fi[|s = O, then equation (39) holds. This completes the induction step
and the proof. O
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