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SOLVABILITY OF SOME ABEL-TYPE INTEGRAL EQUATIONS
INVOLVING THE GAUSS HYPERGEOMETRIC FUNCTION AS
KERNELS IN THE SPACES OF SUMMABLE FUNCTIONS

R. K. RAINA!, H. M. SRIVASTAVAZ, A. A. KILBAS? and M. SAIGO*

(Received 30 May 1998)

Abstract

This paper is devoted to the study of the solvability of certain one- and multidimensional
Abel-type integral equations involving the Gauss hypergeometric function as their kernels
in the space of summable functions. The multidimensional equations are considered over
certain pyramidal domains and the results obtained are used to present the multidimensional
pyramidal analogues of generalized fractional calculus operators and their properties.

1. Introduction

One-dimensional Abel-type integral equations involving the Gauss hypergeometric
function F(a, b;c; z) [5, Section 2.1] as kernel have been studied by many authors
(12, 3,6,9-14,20], [26, Section 35.1], [27, 28]; see also [29]). Such equations arise in
the boundary value problems for the Euler-Darboux equation with boundary conditions
involving generalized fractional integro-differential operators ({7, 16-19,21-23,25,
28,31,33]). One such multidimensional integral equation of non-convolution type
was investigated in [4, Section 4.6.2]. In the above papers, the integral operators
of the equations considered were represented as compositions of simpler fractional
integral operators with power weights. On the basis of these representations and the
known properties of fractional calculus operators, the sufficient conditions for the
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solvability of the integral equations were given and their inversion formulas were
obtained in some function spaces.

The investigation of the necessary and sufficient conditions for the solvability of
the above equations is more difficult. This problem is closely connected with the
characterization of the images of the corresponding integral operators. The classical
Tamarkin’s statement [26, Section 2.2] on the solvability of the Abel-type integral
equation in the space L,(a, b) of summable functions is known. A similar result
for the multidimensional Abel-type integral equations over pyramidal domains was
proved in [8]. Multidimensional type fractional calculus operators were also studied
in [15] and [32].

The present paper is devoted to the investigation of the aforementioned results for
certain one- and multidimensional integral equations with the Gauss hypergeometric
function as their kernels. The one-dimensional equation happens to be the equation
which was first considered in [20], and the multidimensional one is taken over a
pyramidal domain in R”. Section 2 contains some preliminary information. Sections 3
to 5 deal with the solvability of one-dimensional Abel-type integral equations in the
space of summable functions. The criterion for solvability of multidimensional Abel-
type integral equations over pyramidal domains in the space of summable functions
is given in Section 6. Section 7 is devoted to the discussion of the conditions of
solvability of such multidimensional Abel-type integral equations. On the basis of the
results in Sections 6 and 7, the generalized fractional integral and differential operators
are introduced and their properties are investigated systematically in Section 8.

2. Preliminaries

Let N be the set of positive integers and Ng = N U {0}. Also let R and C be the
sets of real and complex numbers, respectively. For z € C and n € Ny, we denote by
(2), the Pochhammer symbol [5, Section 2.2.1] defined by

I'(z+n)
I'(z)

where I'(z) is the Gamma function [5, Section 1.1]. In terms of this relation, the
Gauss hypergeometric function F(a, b; ¢;z) is defined by
oo

(@)n(b), 2"
F(a,b;c;z) =,F\(a,b;c;2) = <
o ,g () n!

@o=1, @Qn=2z+1D)---(z+n-1)= zeCneNy, (@1

(a,b,ceC |zl <1), (22)

with the corresponding analytic continuation

e I'(c) o c—b-1 —a
F(a,b,c;z) = —F(b)r(c— b),/; 7 (1 =1 (1 —tz)de 2.3)
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forz € C(Jarg(l —z)] < ;2 # 1) and 0 < Re (b) < Re(c) (see [5, 2.1 (2) and
2.1 (10)]). When z = 1, we have the Gauss summation theorem [5, 2.3 (9)]:

_ ' e)r(c—a—>b)

Fa bie )= ore—b

(Re(c—a—b)>0; ¢c#0,—-1,-2,...). (24)

The asymptotic behaviour of F(a, b; c; z) at infinity is given by ([12, (5.6)] and [5,
239D

Fla,bic;) =Mz %+ 2z P+ 0 (27 )+ 0(z*") (2> o), (2.5)

when a — b is not an integer, with the addition of log z near z™* or near z~* in the case
of integer a — b. We shall also use the relations [5, 2.4 (2), 2.4 (3), 2.1 (22)]:

I'(c) : A=l c—h—1
F(a, b;c;x) = Fm/ s T =) F(a, b, A;sx)ds; (2.6)
- 0
1
F(a,b,c;x) = F_()\%_A—)/ ML =)0 —sx) “Fla—d, b A;sx)
- 0
x F(a’,b—k;c—k;x(l_s))ds; Q@7
1 —sx
F(a,b;c;x):(l—x)'“F(a,c—b;c;xil). (2.8)

Let Q = [a, B] be a finite interval of the real axis R. We denote by AC(Q2) the
space of absolutely continuous functions on €. It is known from [26, Section 1.1]
that A C(£2) coincides with the space of primitives of Lebesgue summable functions
on 2, that is,

x B
f&x) e AC(S) 4=>f(x)=c+/ o(t) dt (f |(p(t)|dt<oo). (2.9)

We denote by R” (n € N) the n-dimensional Euclidean space. Letx = (x;, ... ,x,) €
R”and t = (¢, ... ,t,) € R". Then we define

n
xX-t= Zxktk.
k=1

In particular, for1 = (1,...,1)

x-1=l~x=ixk
k=1

and

x>t means x; >1,...,X, > Iy,
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and similarly for the inequality symbols <, 2 and £. We denote by R”. and R” the
subsets of R” defined by R} = {x e R” : x > 0} and R” = {x ¢ R" : x < 0},
respectively. Let

k=(k|,... ,k,.)GNS_:_N()X"'XNO (k,eNo(l=l, ,n))

be multi-index with k! = k;!-.-k,!and |k| = k; +--- + k,. Forx € R*, k € Nj and
a=(a,...,a,) € RY,let

L]

= x)g - Eadyyy XT =027,
= o an (2.10)
' = e
@b e 4 T@=T@)- T

Let A = |la;j«|| (ajx € R) be a matrix of order n x n with its determinant |[A| =
detA = 1, a; = (a;y, ..., a;,) be its line vectors, and let a; be the elements of the
inverse matrix A ~!. We shall also use the notation [26, Section 28.4]:

A-x=(a-x,...,a,-x), (A-x)=(a,-x)% - --(a, x). (2.11)
Forb=(b,,... ,b,) €eR", ¢ = (c,...,c,) € R" and r € R, we denote by
A, B)={teR":A-b-t)20,c-t+r 20} (2.12)

the n-dimensional bounded pyramid in R* with its vertex at the point b, with its base
on the hyperplane ¢ - ¢t + r = 0 and with lateral faces situated on the hyperplanes

a-b-t)=0 (G=1,...,n).
In particular, if A = E = ||§;]] is aunitmatrixand¢ =1 = (1,... ,1) and r =0,
then (2.12) is the simplest model pyramid

Exb)={teR":t<bh, 1-120). (2.13)

Fora = (@1,...,2,), B=B1,-.. .Yy = W1s...,) € RPand x =
(xi, ... ,Xx,) € R", we denote by Fle, 8;y; x] the function

Fle,B;y;x]1 =[] Fle;, B ¥5 %) (2.14)
j=1
Ifa=(a,...,a,) e R",b=(b,...,b)eR, ceR andx = (x,,...,x,) € R",
then the Lauricella multiple hypergeometric series is defined by [30, p. 33]
Fg@a.b;c;x) = Fy(ar, ... ,an, by, ... bascixy, .0, Xp)

(3 Py k! k!

= i (@), - - - (@n)e, (b)), - - - (Ba)s, x_f‘ i (2.15)
ky.... k,=0

(max{|x;|, ..., |x.)} < 1). When n =2, FP(a,, as, by, bs; ¢; x1, x,) coincides with
the Appell double hypergeometric series F3(a,, a;, by, by; ¢; x4, x3) (see [30, p. 23]).
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3. Solution of the one-dimensional Abel-type
hypergeometric integral equation

We consider the integral equation:

a8 _ x—a)™
(e20) = S0 (a0 (i 222 ) oty

=fx) (x>a) (3.1)
witha, B € R'and y € R. (0 < y < 1). This equation generalizes the classical
Abel equation {26, Section 2], which is obtained from (3.1) in the special case when

«a = 0. The equation (3.1) was first investigated in [20] with @, 8 and y being replaced
by o + B, —n and a, respectively, and its solution was obtained in the form:

1 d « [ _

(p(x)=I'(l—-—y)E|:(x—a) L(x—-t)"
x F(—a,1+ﬂ—y;1 —y;x——t)f(t)dt]. (3.2)

x—a

Formally, such a solution can be found in the following way. If we suppose that
(3.1) is solvable, then replacing x by ¢ and ¢ by 1, and multiplying both sides of the
resulting equation by

—t
(x—t)"’F(—a,l+ﬂ—y;l—y;x )
x_

and then integrating over (a, x), we have

/x(x —t)YF (—a, 1+8—-y;1— y;%) (t—a)*dt

f(z—r)’ 'F(a Biyi e )<p(r)dr
—F(y)/ x -0 ”F( a,14+8—y;1— y, )f(t)dt (3.3)

Interchanging the order of integration in the left-hand side of (3.3) and making the
change of variables t = t + (1 — s)(x — 1), we rewrite the left-hand side of (3.3) in
the form:

x ] _ -a
(x — a)"'/ (o(t)dr/ sV =)t (1 — sx t)
a 0 X —a

L =5 x-1)/(x —a) _ L x=
xF(a,ﬂ,y, l—s(x—r)/(x—a))F< a,1+8—-y;1 ys

1:) ds,
—-a
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which, in view of (2.7), yields
B(y,1 —y)(x —a)“’f (O 1+8-y:1; ——) p(r)dr
=)L = y)(x - a)'“f o(r)dr.

Therefore, (3.3) is rewritten as follows:

f¢(z)dz—l(f(1—“)af(x-t) VF( @, 1+8— y,l-—y, — )f(t)dt (3.4)

From (3.4) we obtain the solution ¢(x) of (3.1) in the form (3.2).

REMARK 1. Itis directly checked that the above result remains valid for the equation
obtained from (3.1) by replacing (x — a) by (x — k) with h < q, that is, if the integral
equation:

. (x =)
(1ste) o) = X_FTB—/ (x =0y 'F(a B:v: _h)«)(t)dt
= f(x) (x >a) (3.5)

withe, B € R', y € R} (0 <y < 1)and & £ a is solvable, then its solution ¢(x) is
given by :

1 d .
0 = 5y ax [P

x fx(x - t)"’F(—a, 148 -yl — y;j:T—;)f(t)dt]. (3.6)

4. Solvability of the one-dimensional Abel-type
hypergeometric integral equation

To obtain the solvability conditions of (3.1), we put

FrLEP ) =7 P )

_ (x=a) e
“Td-y )/(x " F<a1+ﬁ yil y, — >f(l‘)dt. 4.1)

The following preliminary assertion holds true.
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LEMMA 1. Let f (t) € L (a,b), a, B € R',0 < y < 1. Let further

f =0t - a)*) (t > a) 4.2)
with i > max{0, 8 —a} — 1, and
f@=0(b-1") (t > b) 4.3)

withv > y — 2. Thenfy"ﬁ(x) € L(a, b).

PROOF. Using (4.1) and interchanging the order of integration, we have

b
/afa’f'ﬂ(X)dx = F(l /f (1) dt
f(x a)"(x—t)”’F( a, 1+8-y;1 )’, )dx (4.4)
To evaluate the inner integral, we make the change of variable 1 = (b — x)/(b— 1)

and apply (2.7) by puttinga = -, b=2+ -y, c=2—-y,ad = —aand A = 1.
Thus we obtain

’ x —1
/ (""“)a(x")_yF(-av1+ﬂ—y;1—y; )dx
t X —a
_(b—arb-n'"7
= —

b—1t
F(—a,2+ﬂ—y;2—y;—>. (4.5)
b—a
Then, according to (2.8), we find that

b b
/ freP(xyde = f Freb(t)dt, (4.6)

a

where

Fy,a.ﬂ(t) —_ r(z;_y)'(t _ a)a(b _ t)l—VF (—-a ﬂ 2 y,—L)f(t)

From (2.5) and (4.2) we obtain the following asymptotic behaviour of F;**(¢) near
t=a:

FIrPwy = o(t—a)*)+ 0((t —a)****?) (1 - a)

in the case of noninteger @ — 8, and with the addition of log(r — a) for integer @ — B.
Equation (4.3) gives the asymptotics near ¢t = b:

FIZPy=0((b—0"*""") (x - b).
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So fr.* 4 (x) is integrable on (a, b) and according to (4.6) we have

r

”ﬁ(x),dx E —

r(z /(t—a)"(b—t) -

p(_a, _ﬂ;z_y;_t—_;).lf(t)[dz<oo. “.7

X

Hence f2;*?(x) € L(a, b). This completes the proof of Lemma 1.

THEOREM 2. The Abel-type integral equation (3.1) withreal a, B and 0 < y < 1
is solvable in L((a, b) if and only if

o *(x) € AC(la, b]) and f,,"fﬂ(a) (4.8)
Under these condmons, (3.1) has a unique solution given by (3.2).

PROOF. To prove the necessity part, let (3.1) be solvable in L, (a, b). Then all steps
described above are true in which the change of the order of integration in (3.3) is
justified by Fubini’s theorem. Thus (3.4) is valid. Hence (4.8) follows from (3.4) if
we take (2.9) into account. To prove the sufficiency part, let the conditions in (4.8)
hold true. Then

(7t @) = 2528 € LGa, b,

in view of (4.6) and (4.7). Therefore, the function given by (3.2) exists almost
everywhere and belongs to L (a, ). We show that it is a solution of (3.1). Substituting
¢(x) from (3.2) into the left-hand side of (3.1) and denoting the resulting expression
by g(x), we have

el R A G
) (x—1) ﬂy,

This is an integral equation of the form (3.1) involving the prescribed function
(FL=#(x)Y. Itis certainly solvable, and so by (3.2) we have

) (Frrw)di=gm. @9

(rrerw) = f,(l—’—)‘—f— [(x —a°

f(x—t) ”F(—a1+ﬂ yl—y, - )g(t)dt}

= (220 w) | (4.10)
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where g2:%? (x) is expressed similarly to (4.1). This shows that £/;*?(x) and g7 (x)
differ by a constant k, that is, f5;**(x) — gZ*#(x) = k. But f2;*#(a) = 0 by
hypothesis and g} ;" #(a) = 0, because (4.9) is a solvable equation. Hence & = 0 and
therefore

(x —a)*

l — —
t [[w=orr (ma+p -yt = 2D 0 - g0 =

This is an equation of the form (3.1) and the uniqueness of its solution leads to the
result f (t) = g(¢). The proof of Theorem 2 is thus completed.

REMARK 2. By replacing x —a by x — k (h £ a), (4.1) takes the form:
fER ) =TT

l(jzl_h)a /(x“’) ’F( o, 1l+B—y;1 y, — >f(t)dt 4.11)

Then, in accordance with Remark 1 in Section 3, the following statements are valid,
where each can be proved along the lines of our proofs of Lemma 1 and Theorem 2.

LEMMA 3. Let f(t) € L\(a,b), a, B € R',0 < y < 1. Let further
fO=0(t-n*) (- h (4.12)
with u > —1 for h < a and u > max[0, 8 — «] — 1 for h = a, and
f@=o0(k-1n (t > b) (4.13)
withv > y — 2. Then f7%#(x) € Li(a, b).

THEOREM 4. The Abel-type integral equation (3.5) withreal ¢, 8,0 <y < | and
h < a is solvable in L (a, b) if and only if

froP(x) e AC(la, b)) and f1%P(a)=0. (4.14)

Under these conditions, (3.5) has a unique solution given by (3.6).

S. Sufficient conditions for the solvability of the one-dimensional
Abel-type hypergeometric integral equation

The criterion for the solvability of the Abel-type hypergeometric integral equation
(3.1) is obtained in Theorem 2 in terms of the auxiliary function f,;* b (x). The result
below gives simple sufficient conditions in terms of the function f (x) itself. To prove
such a result, we need the following assertion.
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LEMMA 5. Let f (x) € AC(la, b]) and let a, B, y € R! such that
O<y<l, y—a—-1<B<l+a and y<l+a. (5.1)

Then f1;**(x) € AC(la, b)) and

yaﬂ F(l +a— ﬂ) PRV S|
) = Fr2Q+ae—-y)ra-4) G @
y x4 (x—a)a f(x t)l YE (__a 1+ﬂ ¥; 2— y )f (t)dt (5 2)
r2-y) Tx—

PROOF. Since, by hypothesis, f (¢) € AC([a, b]), and in view of (2.9), f (t) is
representable in the form:

f@=fa+ / f'(m)dr. (5.3)

Substituting this relation into (4.1), we have

y.a.B (x / _ v (_ X—t)
[P x) = T f(a) x=—H7F|-a,1+8-y;l Vi, dt
(x — a)" y
+—_F(1— )f(x—t) F( o, 1+ y,l—y, — )dt/f () dt
= I, (x) + L(x). (5.4)

According to (2.6) and (2.4), we evaluate [;(x) by changing the variable
s = (x — t)/(x — a) as follows:

_ (X _a)a—y-H . .
Lix)= T—)ra _y)f(a)F(—a,1+ﬂ—y,2 y:D
Frd+a—4B)

(x —a)*7"*'f (a) (5.5)

" TQ+a-y)F1-4)

taking the conditions 0 < ¥y < land 1+ a — 8 > 0Oin (5.1) into account. As for
I,(x), after interchanging the order of integration and evaluating the inner integral by
using (2.6) again, we obtain

L(x) = r‘(1 /f(r)dr
x/ (x—t)"’F(—a,1+ﬁ—y;1-y;x—;) dt
_ &k-ar

=Te—p /(x 0 ”F(—a1+ﬂ yi2 - y, — )f(t)dt (5.6)
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By (5.5), I;(x) is an absolutely continuous function because
x-—a) " =@-y+ 1)/ (t—a)*7dt (5.7

and (t — a)*? € L,(a, b), by the condition @« — y + 1 > 0 in (5.1). To prove that
L (x) € AC([a, b)), we first note that, in accordance with (2.5), the Gauss function in
the last integrand of (5.6) has the following asymptotics near x = a:

F(—a,1+ﬂ—y;2—y;"
X

—t

) =0((x—a) )+ 0(x—a)'"**7) (x—>a) (5.8)
—a
for noninteger o + 8 — y, and with the addition of log(x — a) in the case of integer

a + B — y. Therefore, I,(a) = 0 by the conditiona + 8 —y +1 > 0in(5.1). So we
can represent [5(x) in the form:

Iz(x)=/xh(t)dt or h(x)= iIz(x) 5.9

By using (2.2) and term-by-term differentiation, which can be justified under the
conditions in (5.1), it is easily verified that

h(x) = hy(x) + ha(x)

o [ x =" VF(—OI I+8-y:1 y,x—_t>f’(t)dz
F(l" XxX—a
a(x —a)*! . _
TGe=y) /(x 1) VF(I o, 1+8—y:2— V, — )f (ydr. (5.10)

It follows on the pattern of proofs of (4.6) and (4.7) that

b b b b
fh|(x)dx=/ gi(n)dr, /hz(x)dx=/ g:(1) dt,

u(t) = I,(2;_”(:—a)“(b—z)"VF(—o: B2 - y.—b—)f o,
ga(t) = F(Tl_;(t — @ (b — )T F (1 —a 1= B3 - V,—2—>f B
and

/blh ®)|dx £ ;/b(t —a)*(b—n'"
; 1 = r(z_y) ;

b_
F (—a, -2 — y;—t—t)‘ If'()]dt < oo,
—a

x
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b
< _ a—1 2—
[ meonax <z /(t @\ (b — 1>

X

F(l —a,l—ﬂ;3—y;—:)’|f’(t)|dt < 00.

Hence h(x) € L(a, b) and I,(x) is also an absolutely continuous function in accor-
dance with (5.9) and £/} s (x) € AC(la, b]). The representation (5.2) follows from
(5.4) to (5.6). This completes the proof of Lemma 5.

COROLLARY 6. Under the conditions of Lemma 3, f2**(a) =

The following result gives a new form of the inversion formula of (3.1) applicable
to absolutely continuous functions.

THEOREM 7. Let f (x) € AC([a, b)) and let o, B,y € R' such that the conditions
in (5.1) are satisfied. Then the Abel-type hypergeometric equation (3.1) is solvable in
L(a, b) and its solution (3.2) can be expressed in the form:

Frl4+a-24)

— )Y
px) = Tl +a—prd —,B)(x a)*™" f (a)
x—-a) [ _ . —
+F(1——-y) x—-1 "F(—a,l+ﬂ—y, - v, _a)f (t)dt
a(x—a)*!

DTF(l-a, 14 2—y; )tdt 5.11
r(2—y)/()( B-yi2—yi o )f Wt 5.11)

PROOF. By Lemma 5 and Corollary 6, f;**(x) € AC((a, b)) and f/;**(a) = 0.
So the conditions (4.8) of Theorem 2 are satisfied and (3.1) is solvable in L,(a, b).
Since p(x) = ( .o "(x)) , (5.11) is obtained by differentiating (5.2) and using (5.4)
to (5.7) and (5.9) to (5.10). Theorem 7 is thus proved.

REMARK 3. The results in Lemmas 1,3 and 5 and Theorems 2, 4 and 7 generalize
the corresponding statements for the classical Abel integral equation studied in [26,
Section 2.2].

REMARK 4. The results of Sections 4 and 5 given in Theorems 2, 4 and 7 (in
particular, a new form (5.11) for the solution of (3.1)), can be used to solve other
similar types of integral equations involving the modified and particular forms of the
Gauss hypergeometric function F(a, b;c; z) (see [26] and [29]). For example, if we
replace a by a + 8, y by a and 8 by —n in (3.1), we obtain the equation:

(I2P"o)x) = f (x) (5.12)
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with the generalized fractional integral operator I%"¢ introduced in [20] (see also
(26, p. 439]). Theorems 2 and 4 with the above specializations yield new forms
of results concerning the solvability of the integral equation (5.12). They can be
applied in solving those boundary value problems where such equations arise (see
[7,16-19,21-23,25,28,31] and [33]).

6. Solution of the multidimensional
Abel-type hypergeometric integral equation

In this and the next sections we shall use the notation introduced in Section 2. Let
A = |laji|l (a;x € R") be a matrix of order n x n with its determinant |A| = detA = 1.
Alsolet A, ,(b) (b, c € R"; r € R') be a pyramid defined by (2.12). Letx, ¢, h, «, B,
y € R"and Fla, 8;y;A - (x —t)/A - (x — h)] be defined by (2.14). We define the
Abel-type hypergeometric integral equation on A ,(b) by

yap =(A-<x—h>)'“f PRI [ __A-(x—t)]
WPe)or="—p == | (A-G-D)TF|a fiyi s ot
=fx) (xe€A. b)) (6.1)

with 0 < ¥ < 1. This equation generalizes the multidimensional Abel-type integral
equation [26, Section 28.4], which is obtained from (6.1) in the special case when
r=0and « = 0or 8 = 0. To solve (6.1), we apply the method used in Section 3.
We replace x by ¢ and ¢ by 7 in (6.1), multiply the resulting equation by

- A-(x—-1)
A - — y —o. 1 —y; 1- ;) ————
(A-(x-0) F[a,+ﬂ y YA.u_hJ
and integrate over the pyramid A, ,(x). Applying a known result [26, Lemma 28.3],
we have

1 . . .
d A-(x=0)"(A - A-(t—h
T Jo o 209" f L aE-)T@e-n)T (e -n)

A-1) A=
xF[a,ﬂ,y,m]F[—a,l+ﬂ }’,1 }’,——A(x_h)]dt

A-(x=1t)
——h)]f ®de, (62)

— . — 4 11—y
_/; (A-(x-0) F[—a,1+,8 y;1 yers

c.r(X)

where

o(x,7)={teR": A-1SA-tS A -x) (6.3)
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To evaluate the inner integral in (6.2), we change the variables as follows:

a-(x—1)

§ = 2
e (x—-1)

aj=(aj1,...,aj,,) (i=1,...,n).

Then, by taking into account the equality 1 —s; = [a; - (¢ — 7)]/[a; - (x — 7)] and
(2.7), the inner integral can be evaluated as

I L, _ a - (x—1)\1"
(A-(x-h) U[/{; 57 (1 —s;)" '[l—sj (a—j-(x—h))]
j=1

(1—s;Ma; - x—1)/a; - (x —h)})
1 —Sj{aj . (X_T)/aj : (x _h)}

a-(x — 1)
x F(“afv1+ﬂf ‘Vf;l_"f;s"m>dsj]
]

xF(aj,ﬁ,-;y,-;

_ _ x — B .. % (x—1)
=T)rad-y)A-x—h) " F [0, 1+8—y:1; 4 (x = h)]
=TI -p)(A-(x—h)".
Hence (6.2) yields
(A- )" [ S
t)ydt = —————— A- —t
v/Az.,(x)(p( ) ra-y) A,.,(x)( * ))
] A-(x—10)
X F[—a,1+ﬂ—y,l—y,——-———A.(x __h)]f(t)dt

= frofx). (6.4)

Letx + r/(nc) = (x; + r/(ncy), ... ,x, + r/(nc,)). Making the change of variables
([26, p. 572] and [8, (2.6)]) by means of

x+r/(nc)=A""-(y/d), t+r/(nc)=A""(z/d), (6.5)
where
y/d=/d, ... y./Jd)eR", d=A""¢,
we find that (6.4) becomes
y(r)dT = g(y), (6.6)
Ex(»

where the model pyramid E,(x) is given by (2.13),

v@=e(a"-2-2) sm=s2 (a7 2 - )[4 6D

https://doi.org/10.1017/51446181100013080 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013080

[15] Solvability of some Abel-type integral equations 305

To invert (6.6), we follow the steps used in [26, p. 573] (see also [4, p. 274]) and
rewrite (6.6) in the form:

Yn Ya-1 Y1
/ dr,,/ dr,_, - / Y(r)dt, = g(y). (6.8)

=ittyanr) =+t ya-2+1a) —(r2+-41,)
Differentiating successively with respect to y,, ¥.—1, - .. , y1, we obtain
] a a
v(y) = —g(y) = 3 6.9
1 Yn
Here we return to the variable x = A~! - (y/d) — r/(nc) similarly to (6.5), so that
3 " ~jk d

— = ~—— (k=1,...,n), 6.10

I % d bx, ( n) (6.10)
where a;; (j, k = 1,..., n) represent the elements of the inverse matrix A~'. So,

finally, we have from (6.4), (6.6), (6.7), (6.9) and (6.10) the inversion for the solution
¢(x) of (6.1):

1 n n P . _
= d— V(A (x—h A-(x—0)"
o(x) r(1—y)g(;a"ax,->[( (x — b)) /A”m( (x — 1))
A-(x—D)
Y x—h

To formulate the conditions of solvability for (6.1) in the space L,(A.,(b)) of
summable functions, we define the space of functions ([26, p. 574] and [8, p. 3])

xF[—a,l+ﬂ—y;l— ]f(t)dt}. 6.11)

I (L) = yg:8(x) = h(t)dt, h(t) € Li(A., (b))} . (6.12)

Acr(x)
A(b—t)2A-(x—1)
This space plays the same rdle for the multidimensional integral equation (6.1) as
the space A C([a, b]) does for the one-dimensional integral equation (3.1). It may be
noted that, if g € I,,, (L), then the partial derivatives of g(x) up to the order n exist
almost everywhere and

H (Z Gjug— ) gx) = h(x), (6.13)

k=1 \j=1

where a;, (j.k = 1,... ,n) are elements of the inverse matrix A~'. In particular,
when A = E is the unit matrix,c =1=(1,...,1)and r =0, (6.12) and (6.13) take
the forms:
(L) =3g:g@) = [ , = hOdt, h@t) € Li(Ex(b) (6.14)
B-02-0
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and

]

N 3
xS = 5%, ox,

respectively. The following result, which can be proved just as Theorem 2 on the basis
of (6.4) and (6.12), gives the corresponding multidimensional pyramidal analogue of
Theorem 2.

= h(x), (6.15)

THEOREM 8. The multidimensional Abel-type hypergeometric integral equation
6. withe, B, h, y € R" (0 < y < 1) is solvable in L(A. (b)) if and only if
Pt R (uanniang 69

(A -x-m)° f o
ra-y) Acr(x) ( & t))

A-(x—t
xF|-a,1+B—y;1-y; A-D f®dtely, (L) (6.16)
A-(x—h) '
and
‘ ad
y.e.p — 2 :~_ y.ep —
fA,_, (X) cx4r=0 - e ajn axj fAc.r (x)
- c-x4r=0

6.17)

= (ajk )fAr,aﬂ(x)
k=2 j=I

Under these conditions, (6.1) has a unique solution given by (€.11).

c-x+r=0

COROLLARY 9. The multidimensional ‘model’ Abel-type hypergeometric integral

equation:
y.aB _ (x_h)_a y-1
(1L Pe)x)=—=— | (x—8)"'F |a,8; y, pt)di=f(x) (6.18)
Iry) Jew -
forx € Ex(bywitha, 8, h, y € R" (0 < y < 1) is solvable in L\(E(b)) if and
only if
fE)’lﬂﬁ(x) ( 1-y,~a 1+8— )'f)(x)
(x—h)* [ :,
= =— —t)7F|—-a,1 1-y; t)dt
Td—y) E‘(xgx )" @, 1+p—yil—y; — 1 f (1)
€ Ig, (Ly) (6.19)
and
y.a.p _ i y.a.B — _ i d y.a.f
R, = 5w == g g | (620
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Under these conditions, (6.18) has a unique solution given by
] 1 ]
:_Y-"-ﬂ = _ha _t—y
p(x) axfg, (x) T _y) o= I(x ) /Elm(x )
-t
x F [—a, 1+8-y:1—y; j——’—l]f(t)dt} 6.21)
with 9/3x as in (6.9).
REMARK 5. When ¢ = (e, ..., a,) = 0, Theorem 8 and Corollary 9 are reduced

to the results obtained in [8, Theorem 2 and Corollary] (see also the case r = 0 in [26,
Theorem 28.7 and Corollary]).

7. Sufficient conditions for the solvability of the multidimensional
model Abel-type hypergeometric integral equation

To discuss the results concerning the solvability of the model Abel-type multidimen-
sional hypergeometric integral equation (6.18), we need some preliminary assertions.
Forx = (x\,....,x,) e R"and m = (m,, ... ,m,) € Nj, we define a multivariable
function S(x) by

o0 [e o]
Sy =Y cxt= > clhi... k)x{'oxk, (7.1)
k=0 Ky ky=0
where c(k) is a bounded multiple sequence and |x;| < R; (R; > 0; i =1,...,n).

LEMMA 10. Fory € R’ and p € R",
f (x —1)""'S(p(x — 1)) dt
Ey(x)

r()’) Iy (y)k k k 1. 1kl 72
“Ta+ppt Z(1+1 Dy COP LX) 72

where S(x) is defined by (7.1).
PROOF. Using (7.1) and (2.13) and substituting

xi—h=s0+6+--+1),

(7.3)
XN—h=s50+x+6+---+1,),
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successively, we have

/ (x — ) 'S(p(x — 1)) dt
Ey(x)

oo %
= ZC(")/ Py, — )"+l dy,
k=0 —(x1+-+xp-1) .
x / P:"_-; (Xpoy — L)ooy e
—(x14Hx_2+t,)
X2 x1
X / pfz(xz — p)rth-l dtz/ Pf' (x, — p)" -l gy,
=1+ +t,) — (1)
o0 1 Xn
= Zc(k)p" f (Xn — )"V dt, x - - -
k=0 n+k —(x )+t xany)
X2
e _/ (2 — )" o+ + -+ )M dn
—(xi+n+-+t)
o0
r 12310 +k *n
= ZC(k)p" (r2 + k)T D Gen — 1) gy %o
k=0 FAd+y+r+kit+k) Jogrtnn

x3
x f (x3 - t3)y3+k’_](x1 +x,+65+---+ tn)VI+V2+k|+k2 dt3.
—(x14x2+t4+1,)

Continuing this process, we obtain

i} - T(y+k)
-rls —t)dt = k) p* 1. x)ri+kl
/E,m(x 7S (s = )t = Y et )

which gives (7.2), in view of (2.1) and (2.10). This completes the proof of Lemma 10.

The following assertion proved along the lines of our proof of Lemma 10 by
applying the successive substitutions (7.3), etc., is an analogue of the relation in
which the Beta function is expressed via Gamma functions [5].

LEMMA 11. Fory € R% and r > 0,

- - T(y)r'(r) _
- 'a-tdr=—>2"-~-’(. rHyI-1 74
/E-m(x e re+mn’ Y (7.4)
COROLLARY 12. Fora € R" witha < 1,
-0 = M . x)lel
4/[;|(x)(x 2 dr = r'il+n-— la,) (1 x) : (7.5)
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REMARK 6. For 0 < a < 1, the result in (7.5) was proved by Kilbas et al. [8, p. 5,
(3.4)].

The next statement, which can be proved by applying (2.15) and Lemma 11, is a
generalization of Lemma 11 for the multidimensional model Abel-type hypergeomet-
ric integral operator defined in (6.18).

LEMMA 13. Ifa, B, b, y e R*" (0 <y < 1), r > Oand

1-x 1-x
max yeee s <1, (7.6)
xy — hy Xn — Ry
then
_ (x ~h) T (r) B} 1-x
1.0y " x)=———2(1-x)""'F (a, ir+ _> 7.7
(172211 (x) T D (1-x) B B v P a7
where
1-x
Fp (a,ﬂ;r+lyl;—)
x—nh
. 1-x 1-x
EF;)<a],..~,an;ﬂl9"'7ﬂn;r+|y|; It ) (7'8)
x, —h Xn — hy

is given by (2.15).

By an analogy with (2.9), we can obtain the subspace Ié,,o(Ll) of the space (6.14),
introduced in [24] and defined by

IL o(Ly) = [f(x) el (L) :f@)|,,_,=coeR,

ak

0Xp_gy1 -+ 0x,

f )

=¢ € R (1§k§n—l)}. (7.9)

1.x=0

This space is characterized by the following assertion [24, Corollary of Lemma 1].

LEMMA 14. The function f (x) € I} o(Ly) if and only if

_ Kl S Gk
f(x)—/;lm<at)f(t)dt+kz=l:k!(1 x)k, (7.10)

where ¢, (k = 1,... ,n) are given in (1.9).

The following assertion is a multidimensional analogue of Lemma 5.
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LEMMA 15. Letx,h € R"and ¢, B,y € R" be such that
O<y<1l |l-x|=|x+ +x|<min[lx —hl ..., —hi]. (7.11)
If f (x) € Ig, o(Ly), then f ,?l B (x) defined by (6.19) can be represented in the form:

@ xR,

R @ ==Y d (_a, 148 pintk—lyl+1; —= )

L T (n+k—|y|+1) ° x—h
(x — h)* -
DL x—t)'"
re-y E|(x)( )
x—t] ad
xF[—a,l+ﬂ—y;2—y; :|—f(t)dt, (7.12)
x—h | at

where c; are given in (7.9).

PROOFE. By using the relations (7.10) and (6.19), we have

y.apB _ - Ck 1-y.—a l1+8-y L pyn—k (x _h)a -
B0 =Y oo (i G0 @+ gy [ e-n7

xF[—a,1+ﬂ—y;l—y;x_t]/ if(‘t)d‘t
E

x—h 0 9T
= Li(x) + L(x). (7.13)

Applying Lemma 13, we find for the first term that

n—1
(1 . x)"+k—|)'lck
Lx)=(x-h)"
1(%) = { )gr‘(n-}-k—lyl—i-l)
1.-x

x Fg —a,l+ﬂ—y;n+k—|y|+l;m . (7.14)
Changing the order of integration in the second term I;(x) and using (2.6) and (2.14),
we obtain

(x — h)~ d
Li(x) = ——— —f(r)dr

FrA-y) Jew 97
x —t
x/ (x——t)"F[—a,1+ﬂ—y;1—y;—]dt
tSesx x—h

_ (x—=h) PN [_ s _x—t]af(t)
=Te—y) s.(,()x OV F| -, 14+B-y;2-yi — | 5,4t (719

and (7.12) follows from (7.13) to (7.15).
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Applying Lemma 15 and (6.21), after differentiation of (7.12), we obtain the
following result similar to Theorem 7 and concerning the solvability of (6.18).

THEOREM 16. Let x, h, a, B, y € R" be such that the conditions in (7.11) are
satisfied. If f (x) € Ig o(L)), fE"l‘“'p(x) given by (7.12) belongs to Ig, (L) and
satisfies the conditions (6.20), then the Abel-type model multidimensional integral
equation (6.18) is solvable in L|(E,(b)) and its solution (6.21) can be represented in

the form:
- fa—i (1 - x)ktm-iri
x)=(x—h)"
$x) = (x— k) ;_()mzz()(x—h>(m)l‘(k+m—l}’l+l)
1-x
XFB(—a,1+ﬁ—72k+m—|}’|+l;x_—z), (7.16)
where
o —i o —i - (j, —i;) - (a;, —i; )
=1, ( ) = L fn_Ja (7.17)
(x _h)(o) X = h (m) jh.iz--ZJm=l (le - h!l) U (xjm _hjn‘)
Je#i (ki=1,....m)
form =1,2,...,n. Inparticular

- n . . .
(a—l) _Zaj—tj_a,—t._'_“._*_a,,—t,,
x—'h/“) Xj—hj X|—h| x,,—h,,

o —i _ : (aj. - ij.)(ajz - i/'z)
(x - h)(Z) B Z (le - hjn)(sz - hjz)

_ (ar — i)(aa — ip) (o) — i) (atn = In)
Tt T G = )G = )
(0 = ir) (03 — i3) bt (ay — L) (A, = in)
(x2 = ha)(x3 = h3) (x2 = hy))(x, — hy)
+ ¥ (an—l - in—-l)(an - ln)

(xn—l - hn—l)(-xn - hn) '

(a—i) _ (al_il)"'(an—l—in—l) + (aZ_[Z)"'(an_in)
(n=1

+ -

x—h T — k) Gt — ha) | (a—hp) e (n — )
((!-—l) =a—t=(a,—il)---(a,,—i,,)' (7.18)
x—h o) x—h xy=h)---(x, —h,)

REMARK 7. In Theorem 16 we stated sufficient conditions for the solvability of
(6.18) in L (E;) via the auxiliary function fE"I“"ﬂ(x) given by (6.19) and found another
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representation (7.16) for the solution of (6.18). It is an open problem to find the
sufficient conditions in terms of the function f (x) itself.

8. Generalized pyramidal fractional calculus operators

The results in Section 6 lead to the definitions of generalized pyramidal fractional
integral and differential operators. The former is introduced by (6.1).

DEFINITION 17. Let A, ,(b) be anonempty pyramid (2.12) in R” and let h, a2, B€R"”
and y € R}. Forx € A, ,(b) the generalized pyramidal fractional integral operator is
defined by (6.1):

(122%¢) o = o=

I'(y)
, _ r-1  ape A-(x—1)
e -/;“(x)(A x-=-8)rYy'F [a, B:.y; T =—h

In particular, if E;(b) is a model pyramid (2.13), for x € E,(b) the model generalized
pyramidal fractional integral operator is defined by

](p(t)dt. (8.1)

a _h —
(Ié; "’«J) x) = (xr—(y))_/,;,(,)(x tyY'F [a B; y, — ]go(t)dt (8.2)

According to (6.11) for y € R} (0 < y < 1), the corresponding generalized
fractional differential operator, inverse to (8.1), is defined by

(D::ft"’f)m-n(zan ) (s
j=1
r(l——y) ]—I(Za ){(A'(x~h))°‘ (A-(x—1)7

=1 \j=1 Acrx)

xF[—a,l+ﬂ—y;1—y;§%:—;))]f(t)dt], (8.3)

where @;, are elements of the inverse matrix A~'. In particular, if E,(b) is a model
pyramid (2.13), for x € E,(b) the model generalized pyramidal fractional differential
operator is defined by (6.21):

(D7) @0 = oo (177571 ) o)

1 J « _
- ra-y 8_.; ((x —h /;.(x)(x —07

https://doi.org/10.1017/51446181100013080 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013080

[23] Solvability of some Abel-type integral equations 313

x F[-a,1+ﬂ—y;l—y;;—“—;]f(t)dt). (8.4)

In order to extend this definition to any y € R, we prove the following statement,
which is an analogue of a semigroup property for the pyramidal analogues of the
Riemann-Liouville mixed fractional integrals (see [26, (28.91)]).

THEOREM 18. Let A, ,(b) be anonempty pyramid (2.12) in R" andleth, a, 8, ncR"
andy,& € R’}. Then, for p(x) € L\(A, (b)),

II,T’IE"’ Y, — I:::E'H"'ﬂgo. (8.5)

In particular, if E{(b) is a model pyramid (2.13), then

Igl-ﬂ-ﬂlé;fl-ﬂ—r(p = IE‘;"E.G'HI-ﬁ(p (8.6)
for x € E(b).

PROOF. We apply arguments similar to those in Section 6. By (8.1), after changing
the order of integration, we have

(et 7e) @
(A (x—h)™

d A -(x-p)y!
r(}’)r(E) v/;,.,(x) (p(t) ' /(:(X.t)( (x ))
X(A-@t—1)" (At —h)T

A(x-0 _ A1)
xF[a,ﬂ,y,—————A_(x_h)]Fl:n,ﬂ y’g'—__A-(t—h)]dt' (8.7)

Making the following change of variables:

a -(x —1t)

5; =
' e (x—1)

a; = (a1, ..., an) G=1,...,n)
in the inner integral and using (2.7) and (2.14), we obtain
(22217 0) )

_@A-G-m)
CTOT®

R PR et 2l
XH/[ (1 -s) [ s’a,--(x—h)]

f ﬂ(a (x —h)(g; - (x — )" p(n)dT
Acrlx) ;
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X F(a,,ﬂ,,y,,s]a_zx___;%)

—-s)a; - (x —1)/a; - (x — h)}) ds-}
—si{a; - (x —1)/a; - (x — h)}

XF(UJ'HBJ }’,,fj,

_A-x=m)"T
T T@+¥&
- A-(x—1)
A-(x—T)’HIF . B; s e——— dr,
XA‘(I)( (x~1) [a+nﬁr+£A‘(x_h)]<p(r) T

and (8.5) is proved.
The following statement gives the solution of the Abel-type hypergeometric integral

equation (6.1) withany y > 0.

THEOREM 19. Leta, B, h € R", y e R} andm = [y]+1 = (m,,... ,m,). Ifthe
Abel-type hypergeometric integral equation (6.1) is solvable in L (A, (b)), then its
solution ¢(x) is given by

p(x) = []_[ (Z Gy — )m] ( Z_,"'“""”’"f) (x)

k=

F(m y) [ﬂ (Z “Jk ) ] {(A -(x — h))* (A-(x =)™

Acr(x)

A-(x—1t)

y’A-(x—h):If(t)dt}' (8.8)

xF[—a,m+ﬂ—y;m—

PROOF. Applying the operator I,;'::"_“‘"'+ﬂ ~? to both sides of the relation / ::.ﬂ Q=
f and using (8.5), we have

m—1 it ,m+B—y
Fom |, A=t = (11 f)e.
Making the change of variables (6.5), we rewrite this relation in the form:

o _ m—1 dr = ,
Ton) El(y)(y )" Y(r)dr = g(y)

where
ym=p(a”-2- =),

g = (17 p) (4™ g—i)gdk,

8.9)
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withd = A~' - ¢. Now, just as in (6.8), we have

Ya-1

1 -/‘)'n
Tron (yn - tn)m"_l dtn/ (yn—l - Tn-l)m”_l-l dtn——l
L(m) J_ystypen) ~(1+¥a2+Ta)

X oee X fﬁl YT — 1)™ " dr = g(p).

(t2+-+1,)
By successively differentiating with respect to y,, yn—1, .- - , Y1, we obtain
am m my
V) = —g0) =7 =80, (8.10)
ay~ " oy
which is equivalent to (8.8) in view of (8.9) and (6.10). This completes the proof of
Theorem 19.
COROLLARY 20. Leta, B, h e R, y e Rl andm =y} +1=(my,... ,m,). If

the model Abel-type hypergeometric integral equation (6.18) is solvable in L|(E (b)),
then its solution ¢(x) is given by

am
o) = —— (157" 7 ) ()
— 1 a_m _ 3 _ ¢ym-y-1
= _r(m — y) I {(x h) Ll(x)(x t)
xF[—a,m+ﬂ—y;m—y;;—:—;]f(t)dt}. (8.11)

Theorem 19 leads to the following definition of the generalized fractional differen-
tial operators, inverse to (8.1), for any y € R}.

DEFINITION 21. Let A, ,(b) be a nonempty pyramid (2.12) in R" and let h, &, B €
R,y e Riandm = [@] +1 = (m,,--- ,m,). For x € A, (b) the generalized
pyramidal fractional differential operator is defined by (6.11):

(D;jj'” f) x) = []‘[ (Z a,kgif)m} (1,’,’:;"‘“'"'“’ f ) (x)
1 \j= /

k=

| Y SLE T
=Tm—» [D. (Za’*a_xj> ]

j=1

X {(A (x — h))"‘/ (A-(x—p)~7r!
A (x)

A-(x—1)
——_—h)}f(t)dt}, (8.12)

F—Y - ;m_;
X [am+ﬂ v yA-(x

where a;; are elements of the inverse matrix A~".
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In particular, if £,(b) is a model pyramid (2.13), for x € E;(b) the model general-
ized pyramidal fractional differential operator is defined by (6.21):

(DE) @ = e (127" ) @

= ;a_m — a _ p\m—y-1
T T(m—yp) 8x"'[(x " /;.m(x o

xF[—a,m+ﬂ—y;m—y;x——’tl:|f(t)dt}. (8.13)

The following statement is proved just as Theorem 18 was.

THEOREM 22. Leta, B, h € R", y € R andm = [yl + 1= (my,... ,m,). If
¢ € Li(A.., (b)), then
DyxFreff = f. (8.14)
In particular, for ¢ € L(E (b)),
DLePIretf = f. (8.15)

It was noted in Remark 4 at the end of Section 5 that the one-dimensional generalized
fractional integral and differential operators, given in (3.1) and (3.6) with @, B and y
being replaced by e + B8, —n and «, respectively, arise in solving certain boundary
value problems for differential equations ([7, 16-19, 21-23, 25, 28, 31, 33]). Similarly,
we define the generalized pyramidal fractional integral and differential operators.

DEFINITION 23. Let A, ,(b) be a nonempty pyramid (2.12) in R" and let &, 8,7 €
R” and @« € R}. For x € A.,.(b), the generalized pyramidal fractional integral
operator is defined by

(75270) @) = (155 70) ()

(A-(x —h)—™=* /‘ 1
= A — o«
I (a) A,.,(x)( =0
A (x—1)
F[a-i-ﬂ, —r/,a,———A -(x—h)](p(t)dt' (8.16)

In particular, for x € E;(b) the model generalized pyramidal fractional integral
operator has the form:

(_,Zl.ﬂr/ )(x)_(¢¢+ﬂ - )(x)

—Ex_—ﬂ_a___ _gya-1 . 'x—t
=TT Jus " F[‘”ﬂ’ ”’“’x—_h]ﬂt)dt. 8.17)
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DEFINITION 24. Let A, ,(b) be anonempty pyramid (2.12) in R” and let &, 8, neR",
aecR andm = [-a]+1 = (m,...,m,). Forx € A, (b), the generalized
pyramidal fractional differential operator is defined by

( "””f) (x) = []_[ (Z &jk%)m:l (1,:_7"‘~"’""~"‘"'f) (x), (8.18)
k=1 \j=I J

where @;, are elements of the inverse matrix A~".

In particular, for x € E;(b) the model generalized pyramidal fractional differential
operator has the form:

(Jg,ﬂ "f) x) = (IZ'I—“"’""""”'f) (x). (8.19)
The proofs of the following statements are similar to those of Theorems 18 and 19.

THEOREM 25. Let A, ,(b) be anonempty pyramid (2.12) in R" andleth, B, n, §€R"
and o,y € R. Then, for p(x) € Li(A.,(])),

Jybagrietng = gutvbtiag (8.20)
In particular, if E\(b) is a model pyramid (2.13), then
JEBrgrietty = gptvhing, (8.21)

for x € E{(b).
THEOREM 26. Let h,B,n € R", @« € R} and m = [a] + 1. If the Abel-type
hypergeometric integral equation:

(A-(x —h))™* / a1
A-(x—1t
@ A”m( (x —1))

F [a +8, -« H] e)dt = f (x) (x € A, (D)) (8.22)

is solvable in L, (Ac_,(b)), then its solution ¢(x) is given by

p(x) = l:l—[ (Z ajk%) :l (Jz:a.—m—ﬁ.a+n—mf) x)
J

k=1 \j=I|

at+B . _ m—a—1
r(m @) I:I_I (Za]k ) ]I(A (x—-h)) /A”(x()A (x t))

) A-(x—1)
X F[—a—ﬁ,m—a—n,m—a,———A.(x_h)]dt}. (8.23)
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COROLLARY 27. Let h,B,n € R", « € R, and m = [a] + 1. If the Abel-type
hypergeometric integral equation:

(x —h)—=* a1 x—t 3
I‘___(a) L‘(x)(x -0 F [a + B, —ne; T_h h] e@)dt = f(x), (8.24)
where x € E|(b), is solvable in L, (E,(b)), then its solution ¢(x) is given by

— 1 _am_ m—a,-m—8,a+ng—m

o) = F(m — ) dxm (JE‘ f) (x)
= _—_l_a_m _ h\e+B _ gym—a-1
T T(m—a)dxm {(" k) fslm(" t)

xF|:-—-ot—ﬂ,m—a—n;m—a;::;]f(t)dt]. (8.25)

On the basis of Theorem 26, we introduce the generalized pyramidal fractional
derivative as an inversion of the corresponding generalized pyramidal fractional inte-
gral.

DEFINITION 28. Let A, ,(b) be anonempty pyramid (2.12) in R" and let 4, 8, neR”,
a€R}andm = [a]+1 = (m,,...,m,). Forx € A ,(b) the generalized pyramidal
fractional differential operator is defined by

(7227 ) 0= [ﬁ (Z f”)} (s ns) @

k=1 \j=I

1 . o\
= o 1 (o) |

j=1

X {(A c(x — h))"*‘/ (A-@x—t) ="
A r(x)

A-(x-1)

m] 120 dt}. (8.26)

x F [—a—ﬂ,m—a—r);m—a;

In particular, for x € E;(b) the model generalized pyramidal fractional differential
operator has the form:

am ~m~B.a+n—m
(%;’-”f) (x) = Fy (J;",‘“' Bty f) (%)
—_ 1 " _ u+ﬂf _ ¢ym—-a-1
= ———r( — ) Py {(x h) E|(x)(x t)

x F[—a—ﬂ,m—a—n;m—a; x—t]f(t)dt]. (8.27)
x —h
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The proof of the following result is similar to that of Theorem 22.

THEOREM 29. Let h,B,n € R", ¢ € R}, and m = [a] + 1. Ifp € L,(A.,(b)),

then

TE A = . 28
In particular, for ¢ € L, (E1(b)),

@Z;ﬂ.njg;ﬂ.ﬂf =f. (8.29)

Acknowledgements

The present investigation was initiated during the second-named author’s visit to
Fukuoka University in October 1997. This work was supported, in part, by the Depart-
ment of Science and Technology (Government of India) under Grant DST/MS/PM-
001/93, by the Natural Sciences and Engineering Research Council of Canada un-
der Grant OGP0O007353, by the Belarusian Fundamental Scientific Research Fund,
and by Grant-in-Aid for Scientific Research (Ministry of Education of Japan) under
Project 09640238.

—

m
{2]
3]
(4]
(5]
(6]
7
(8]
9]

(101

(1]

References

P. Appell and J. Kampé de Fériet, Fonctions hypergéométriques et hypersphériques. Polynémes
d’Hermite (Gauthier-Villars, Paris, 1926).

B. L. J. Braaksma and A. Schuitman, “Some classes of Watson transforms and related integral
equations for generalized functions™, SIAM J. Math. Anal. 7 (1976) 771-796.

Yu. A. Brychkov, H.-J. Glaeske and O. 1. Marichev, “Factorization of integral transformations of
convolution type”, ltogi Nauk. Tekh. 21 (1983) 3~-41, (Russian).

Yu. A. Brychkov, H.-J. Glaeske, A. P. Prudnikov and Vu Kim Tuan, Multidimensional integral
transformations (Gordon and Breach, Melbourne, 1992).

A.Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher transcendental functions, Vol. |
(McGraw-Hill, New York, 1953).

T. P. Higgins, “A hypergeometric integral transform”, J. Soc. Industr. Appl. Math. 12 (1964)
601-612.

A. A. Kilbas, M. Saigo and O. A. Repin, “Solution in closed form of boundary value problem for
degenerate equation of hyperbolic type”, Kyungpook Math. J. 36 (1996) 261-273.

A. A.Kilbas, M. Saigo and H. Takushima, “On integrable solution of a multidimensional Abel-type
integral equation”, Fukuoka Univ. Sci. Rep. 25 (1995) 1-9.

E. R. Love, “Some integral equations involving hypergeometric functions”, Proc. Edinburgh Math.
Soc. (2) 15 (1967) 169-198.

E. R. Love, “Two more hypergeometric integral equations™, Proc. Cambridge Philos. Soc. 63
(1967) 1055-1076.

E. R. Love, “A hypergeometric integral equation”, in Fractional calculus and its applications,
Lecture Notes in Math. 457, (Springer, New York, 1975) 272-288.

https://doi.org/10.1017/51446181100013080 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013080

320 R. K. Raina, H. M. Srivastava, A. A. Kilbas and M. Saigo [30]

[12] O.I Marichev, Handbook of integral transforms and higher transcendental functions: Theory and
algorithmic tables (Halsted Press (Ellis Horwood Ltd, Chichester), John Wiley and Sons, New
York, 1983).

[13] A.C. McBride, “Solution of hypergeometric integral equation involving generalized functions”,
Proc. Edinburgh Math. Soc. (2) 19 (1975) 265-285.

[14] T. R. Prabhakar, “A class of integral equations with Gauss functions in the kernels”, Math. Nachr.
52 (1972)71-83.

[15] R. K. Raina, “A note on multidimensional modified fractional calculus operators”, Proc. Indian
Acad. Sci. Math. Sci. 106 (1996) 155-162.

[16] O. A. Repin, “Boundary value problem for an equation of moisture transfer”, Differentsial’nye
Uravneniya 26 (1990) 169-171, (Russian).

[17] O. A. Repin, “Nonlocal boundary value problems for parabolic-hyperbolic equation with the
characteristic line of change”, Differentsial’nye Uravneniya 28 (1992) 173~176, (Russian).

[18] O. A. Repin, Boundary value problems with shift for equations of hyperbolic and mixed type,
(Russian) (Saratov Univ., Saratov, 1992).

[19] O. A. Repin, “A non local boundary value problem for a degenerate hyperbolic equation”, Dokl.
Acad. Nauk 335 (1994) 295-296, (Russian); English transl. Russian Acad. Sci. Dokl. Math. 49
(1994), 319-321.

[20] M. Saigo, “A remark on integral operator involving the Gauss hypergeometric functions”, Math.
Rep. Kyushu Univ. 11 (1978) 135-143.

[21] M. Saigo, “A certain boundary value problem for the Euler-Darboux equation”, Math. Japon. 24
(1979) 377-385.

[22] M. Saigo, “A certain boundary value problem for the Euler-Darboux equation. II”, Math. Japon.
25 (1980) 211-220.

[23] M. Saigo, “A certain boundary value problem for the Euler-Darboux equation. 111", Math. Japon.
26 (1981) 103-119.

[24] M. Saigo, A. A. Kilbas and H.Takushima, “On multidimensional pyramidal fractional integrals
and derivatives”, in Complex analysis in several variables (ed. Th. M. Rassias), (Hadronic Press,
Florida, in press).

[25]1 M. Saigo, O. A. Repin and A. A. Kilbas, “On a non-local boundary value problem for an equation
of mixed parabolic-hyperbolic type”, Internat. J. Math. Statist. Sci. 5 (1996) 1-16.

[26] S. G. Samko, A. A. Kilbas and O. 1. Marichev, Fractional integrals and derivatives: Theory and
applications (Gordon and Breach, Yverdon (Switzerland), 1993).

[27] R. K. Saxena and R. K. Kumbhat, “A generalization of Kober operators”, Vijnana Parishad
Anusandhan Patrika 16 (1973) 31-36.

(28] M. M. Smimov, “A solution in closed form of the Volterra equation with a hypergeometric function
in the kernel”, Differentsial’nye Uravneniya 18 (1982) 171-173, (Russian).

[29] H. M. Srivastava and R. G. Buschman, Theory and applications of convolution integral equations
(Kluwer Academic Publ., Dordrecht, 1992).

[30] H. M. Srivastava and P. W. Karlsson, Multiple Gaussian hypergeometric series, Ellis Horwood
Series: Mathematics and its Applications (Ellis Horwood, Chichester; Halsted Press (John Wiley
and Sons), New York, 1985).

{31] H.M. Srivastava and M. Saigo, “Multiplication of fractional calculus operators and boundary value
problems involving the Euler-Darboux equation”, J. Math. Anal. Appl. 121 (1987) 325-369.

[32] VuKim Tuan, R. K. Raina and M. Saigo, “Muitidimensional fractional calculus operators involving
the Gauss hypergeometric function”, Internar. J. Math. Statist. Sci. 5 (1996) 141-160.

[33] V. F Volkodavov and O. A. Repin, “A boundary value problem for the Euler-Darboux equation
with positive parameter”, Differentsial’nye Uravneniya 19 (1982) 1275-1277, (Russian).

https://doi.org/10.1017/51446181100013080 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013080

