S. W. Kim and J. B. Lee
Nagoya Math. J.
Vol. 186 (2007), 69-93

AVERAGING FORMULA FOR NIELSEN COINCIDENCE
NUMBERS

SEUNG WON KIM anxp JONG BUM LEE

Abstract. In this paper we study the averaging formula for Nielsen coin-
cidence numbers of pairs of maps (f,g) : M — N between closed smooth
manifolds of the same dimension. Suppose that G is a normal subgroup of
IT = 71 (M) with finite index and H is a normal subgroup of A = 71(N) with
finite index such that f.(G) C H and g.(G) C H. Then we investigate the
conditions for which the following averaging formula holds

where (f,g) : Mg — Ng is any pair of fixed liftings of (f,g). We prove that
the averaging formula holds when M and N are orientable infra-nilmanifolds
of the same dimension, and when M = N is a non-orientable infra-nilmanifold
with holonomy group Zs and (f, g) admits a pair of liftings (f,g) : M — M on
the nil-covering M of M.

§1. Introduction

Let f,g : X — Y be a pair of maps between closed manifolds X, Y
with the same dimension n. Then we define

Coin(f,g9) ={z € X | f(z) = g(x)},

the coincidence set of f and g. The coincidence theory with f, g is a natural
extension of the fixed point theory with a self map f: X — X.

If X and Y are orientable, then there are two well-known invariants
which are the Lefschetz coincidence number L(f,g) and the Nielsen coin-
cidence number N(f,g). The Lefschetz coincidence number L(f,g) is an
integer and L(f, g) # 0 implies the existence of a coincidence for any maps
f', ¢’ which are homotopic to f, g respectively. The Nielsen coincidence
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number N (f,g) which was defined by Schirmer [17], is a non-negative in-
teger with the property that any two maps f’, ¢’ which are homotopic to
f, g respectively, have at least N(f,g) coincidences. She showed that if
n > 3, then there are two maps f’, ¢/, homotopic to f, g respectively, such
that they have exactly N(f,g) coincidences. Thus the Nielsen coincidence
number is much more powerful than the Lefschetz coincidence number but
to compute the Nielsen coincidence number is very hard.

If X and Y are non-orientable, then L(f,g) and N(f,g) are not de-
fined in general. In [5], Dobrenko and Jezierski define the semi-index and
the generalized Nielsen coincidence number N(f, g) for maps f, g between
any two closed smooth manifolds of the same dimension. This generalized
Nielsen coincidence number is an extension of the ordinary Nielsen coinci-
dence number. That means that if both X and Y are orientable, then the
generalized Nielsen coincidence number N (f, g) is just the same as the ordi-
nary Nielsen coincidence number. They also show that if n > 3, then there
are two maps f’, ¢’, homotopic to f, g respectively, such that they have ex-
actly N(f,g), the generalized Nielsen coincidence number, coincidences. In
the following, every Nielsen coincidence number means generalized Nielsen
coincidence number.

The purpose of this paper is to investigate the relations between the
Nielsen coincidence numbers of maps (f,g) : M — N and those of liftings
(f,g) : M — N, if they exist, to finite regular coverings M, N of M, N.
We review the necessary background about coincidence set and coincidence
classes in the next section. In Section 3, we deal with some properties about
the semi-index. In Section 4, we first investigate the Nielsen coincidence
numbers under finite regular covering projections. These allow us to obtain
the general formula for Nielsen coincidence number on closed smooth man-
ifolds which is described at Theorem 4.6. This theorem is an extension of
[13, Theorem 3.1] (see also [14, Theorem 3.4]) which concerns with Nielsen
fixed point numbers on closed manifolds and is also an extension of the
McCord’s result in [16] which deals with only orientable manifolds. Since
the Nielsen coincidence number on nilmanifolds is well understood (see [4],
[6], [7], [10] and [19]) and every infra-nilmanifold admits a finite covering
by a closed nilmanifold, the averaging formula becomes a practical formula
on infra-nilmanifolds. At the end of this section, we show that the Nielsen
coincidence number of maps between two orientable infra-nilmanifolds of
the same dimension is calculated by the averaging formula. In Section 5,
we also show that the averaging formula for the Nielsen coincidence number
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is valid for self maps of a non-orientable infra-nilmanifold with holonomy
group Zs. Finally, we give two examples related to our results in the last
section.

§2. Preliminaries

In this section, we review the necessary background about coincidence
set and coincidence classes.

Let X and Y be compact connected polyhedra, and (f,g) : X — Y be
a pair of maps. Let II and A be the groups of covering transformations on
the universal coverings X and Y of X and Y, respectively.

In what follows, we will fix a pair of liftings of (f,g) : X — Y on their
universal coverings and denote this by ( 1, J): X — Y. For the fixed pair of
liftings ( f,3), we have homomorphisms ¢, 1) : IT — A defined by

The homomorphisms ¢, 1 define the Reidemeister action of Il on A as
follows:

OIxA—A  (v,0) — ¥()ap(y) .

Denote the set of Reidemeister classes of A determined by ¢, 1 by R|p, 1].
Let p : X — X be the universal covering projection. By definition, a
coincidence class S in the coincidence set Coin(f, g) is a subset of Coin(f, g)
of the form p(Coin(af,§)) for some o € II. Then it is well known that the
coincidence set Coin(f, g) splits into a disjoint union of coincidence classes.
That is,

Coin(f,9) = [[ »(Coin(af,q)).

[a]eR[p,¢]

Let G and H be normal subgroups of II and A with finite index such
that ¢(G) C H and ¢(G) C H. Denote X = G\X and Yy = H\Y. Then
Xg, Y are regular coverings of X, Y such that

X Lxe X, ¢V Lyy Ly

are covering projections. Since p(G) ¢ H and ¢(G) c H, (f,§) induces
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the pair of liftings (f,g) : Xg — Y of (f,g) so that the following diagram

X Loy
g

commutes.
For the pair of liftings (f, ), we have homomorphisms

¢,¢ /G — A/H defined by fa = @(a)f, ga = ¢(a)g, a
¢, G — H defined by fy=¢'(v)f, 57 =¥ ()3, v

so that the following diagram commutes:

1 G ——1m " 0e —1
w’lw’ wlw @lz@
1 H-—1 A" A/H ——1

Similar to the homomorphisms ¢, v, the homomorphisms ¢’,7' : G — H
and @,¢ : II/G — A/H define the Reidemeister actions of G on H and
II/G on A/H, respectively. Denote the sets of Reidemeister classes of H,
A/H determined by ¢, ¢/, @, ¥ by R[¢', '], R[@,)], respectively. Then
we have a short sequence of sets

Rl¢',¥') = Rlp.v] — Rlp, 9] — 1,
where © is surjective and 9~ *([I]) = im(j) where 1 is the identity element
of AJH. For each @ € A/H and o € v~'(a), af is a lifting of &f and
f, and af is a lifting of f. They induce homomorphisms 7, ¢, 7.® and
7.¢', where 7, denotes conjugation by a. In the following, for any group
homomorphisms 7,0 : A — B,

coin(n,d) = {a € A|n(a) =0(a)}.
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Then the following diagram

1 G~ m e MG —— 1
TQW/J«W Ta‘PJ{’l/J Ta@l'z/_)
1 H -2 A AJH — 1

commutes, and the following sequence of groups

1 — coin(7¢’, 1) Lo, coin(Tap, 1) —2 coin(Ta@, 1)

is exact, and the following sequence of sets

Rlras ¥/] 25 Rirap, 1] < Rira, ] — 1

satisfies that 0, is surjective and 0 ([1]) = im(Jja).
If o = ¥(c)ap(c)™t, then 7, : coin(Tap,1P) — coin(Typ,1) is an
isomorphism. In particular, if a ~ o/, then |coin(74p,¥)| = |coin(ru ¢, )|
The following lemma is a straightforward extension of [13, Lemma 2.1].

LEMMA 2.1. For each v € H and o € A, we have

(1) fo~H ()] = log ([T,
(2) R, Y]l = Yiajeripa 0 (6D = Xiajerp, v (1)
= Z[Q]E’R[Lp 7] \lm(]a)\7

(3) IR, ']l = X1y 1cimGuy ba (DI

() 12 ()] = lcoin(rap, ¥) =ty coin(Trap, ¥)),

(5) [RIa's 0/)] = X i [0 (7aB ) : U cOM(Tr 00, ).

The coincidence classes of (f, g) are labelled by the Reidemeister classes

Rlp, ] of (p,1). We may relabel them in terms of the Reidemeister classes

R[p, 1] and R[ra¢’,1']. This relabelling is useful in comparing the Nielsen
number N(f,g) of (f,g) with the Nielsen numbers N(af,g) of (af,g).

LEMMA 2.2. (Decomposition of the Coincidence Set) Let f,g : X —
Y be maps between compact connected spaces. Then

(1) p(Coin(af,9)) = [pjeim(a) P(Coin(vaf, 7)),
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(2) Coin(f,g) = H[&]eR[@,zﬁ] H['y}eim(ja) p(COiH(VOéf, g))-

Actually these results make sense for any spaces X, Y with universal cov-
ering spaces.

Proof. Just like as the universal covering case, we can decompose the
coincidence set Coin(f,g) for the regular covering,

Coin(f,g) = ] p(Coin(af,g)).
[a]€R[7.¢]
For a € A, let @ = v(a) € A/H. Also we have
(%) Coin(af,g)= J[  P(Coin(yaf,q)).
MER[Ta’ V]

Thus

p(Coin(af,g))= | J  p(Coin(yaf,d)),

MER[Tay’ ¥']

Coin(f,g) = ][] 5(Coin(af,g))
[a]eR([,¢]
= JI lJ  »(Coin(raf,3))
[a]eR[p,] MERTay! 1]

= a union of fixed point classes of f.

By Lemma 2.1, the number of different coincidence classes p(Coin(ya 1,
§)) involved in H(Coin(af,g)) is [im(j,)|. Hence

p(Coin(af,g) = [[ p(Coin(raf,q)),

[v }Gim(ja)

Coin(f,g) = ] [T »(Coin(yaf, ).

[@leR[P,Y] [y]eim(ja)

This proves the result. 0

§3. Semi-index

We first recall the definition of the semi-index [5]. Let Vi, V4 be finite-
dimensional real vector spaces, and let o, 3 be the orientations determined
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by the ordered bases {v1, ..., v} and {vgs1,...,vkre} of V1 and Vs, respec-
tively. Then a A B denotes the orientation of Vi @ V5 determined by the
ordered basis {v1,..., Uk, V41, -+, Vkte}-

The pair of maps (f,g) : M — N between smooth manifolds is called
transversal if both f and g are smooth maps and, for any = € Coin(f, g),
the difference of the induced tangent maps

T.f—T,g:T,M — Try N

is an epimorphism.

It is well-known (cf. [9, Lemma 5.1.5]) that any map on smooth mani-
folds can be approximated by smooth maps homotopic to it. Moreover, the
following is an easy consequence of “Transversality Homotopy Theorem”

(18]):

LEMMA 3.1.  Any pair of smooth maps f,g : M — N is homotopic to
a transversal pair.

LEMMA 3.2. Two smooth maps f,g : M — N are transversal if and
only if the graphs G(f) and G(g) of f and g are transversal as the sub-
manifolds of M x N, that is, for any x € M with f(x) = y = g(x), the
“transversality assumption” holds:

T(:t,y)G(f) + T(x,y)G(g) = T(x,y)M x N.

Proof. Since the tangent space to G(f) at the point (z, f(z)) is the
graph of T, f : T, M — Ty, N, it is sufficient to show the following: For a
pair of linear maps ¢,¢ : V — W, ¢p—1 : V — W is an epimorphism if and
only if G(¢) + G(v)) =V @ W.

Suppose G(¢) + G(¢v)) = V & W. Then for any w € W, there are
v1,v2 € V such that

(0,w) = (v1,p(v1)) + (v2, Y (v2)).

Thus vy = —v; and w = ¢(v1) — ¢ (v1). Conversely suppose p — 1) : V — W
is an epimorphism. For any (v,w) € V& W, since ¢ — 1 is an epimorphism,
there is v; € V such that w — ¥ (v1) = ¢(v1) — ¥(vy). This show that
(v, w) = (v1,¢(v1)) + (v — v, (v —v1)) €V S W. [
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Remark 3.3. For f,g: M — N,let F,G: M — M x N be given by

Fa) = (z, f(x), G(z) = (z,9(z))

and let h : M — N x N be given by h(z) = (f(z),g9(z)). Then it is
easy to see that f is transversal to g if and only if F' is transversal to G,
equivalently h is transversal to the inclusion Ay — N x N in the sense of
[3, Definition I1.15.1].

If two smooth maps f,g : M — N are transversal, then by [8, The-
orem 1.5], G(f) N G(g) is a submanifold of M x N. Since Coin(f,g) is
diffeomorphic to G(f) N G(g), Coin(f,g) is a submanifold of M. Moreover,
the dimension of Coin(f,g) equals dim M — dim N. For,

dim Coin(f, g) = dim G(f) N G(g)
— dim Ty, ,)(G(f) N G(g))
= dim T, ) G(f) N T(s)G(9)
— dim G(T, f) N G(Teg)
= dim Coin(7, f, T,9)
= dimker(T, f — T,9)
=dimM —dim N,

where z is any element of M with f(z) =y = g(z).

In what follows, we assume that M, N are closed smooth connected
manifolds of the same dimension, and (f,g) : M — N is a transversal pair.
Then Coin(f, g) is a finite set, and for any = € Coin(f, g) with f(z) =y =
g9(z)

We fix local orientations, «, and [, of the graphs G(f) and G(g),
respectively, at the point (z,y). Then v, = a, A (3, is a local orientation of
M x N at this point.

DEFINITION 3.4. We say that x,2’ € Coin(f, g) reduce one another if
there exists a path w in M from z to z’ such that

(1) fw ~ gw (relative to endpoints), and thus x and z’ belong to the same
coincidence class,
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(2) if a,y and ;s denote the translations of a, and G, in G(f) and G(g)
along the paths (w, fw) and (w, gw), respectively, and if 7,/ denotes
the translation of 7, in M x N along the path (w, fw), then

Qg N ﬁx/ = —Va'-
In this case, we say that the path w reverses orientation in graphs.

Let A C Coin(f, g) be any subset. It may be represented as
A= {al,bl,...,ak,bk;cl,...,cs}

where a;, b; reduce one another and ¢;, ¢; do not reduce one another for
any @ # j. We call the elements {c1,...,cs} free in this representation
of A C Coin(f,g). The number of free elements does not depend on the
representation of A ([5, Lemma 1.3]).

LEMMA 3.5. ([5, Lemma 2.1]) Let Z, 7 € p/'(Coin(y'af, §)) and let & be
a path from T to § such that fo ~ go. Then for x = pZ, y = Py, w = pw, we
have z,y € p(Coin(yaf,§)) and w is a path from x to y satisfying fw ~ gw.
Under these assumptions @ reverses orientations in graphs if and only if so
does w.

LEMMA 3.6. ([5, Corollary 2.2]) If the points x,y € p(Coin(yaf,g))
reduce one another, then p—({z,y}) N p'(Coin(v'af,§)) splits into pairs
of points reducing one another.

DEFINITION 3.7. A coincidence point x € Coin(f,g) is called self-
reducing if it reduces itself. A coincidence class is called defective if it
contains a self-reducing point.

LEMMA 3.8. ([11, Lemma 2.2]) Forz € p(Coin(af,§)), x is self-reduc-
ing if and only if

coin(Tatp,¥) N It # coin(Top, 1) N (TaW)_l(A+)u

where IIT and AT are the subgroups of Il and A\, respectively, which consist
of all orientation preserving elements. In particular, a defective coincidence
class consists of self-reducing points.
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LEMMA 3.9. Suppose that z € p(Coin(af,§)) and Z € p/(Coin(c/ f, §))
where p(Z) = x and o' € [a] € R|p,]. Then the following are equivalent:

(1) There is v € coin(Tap, ) such that T and YT reduce one another.
(2) There is v € coin(Tap, ) such that sgn(r59(7)) - sgn(y) = —1.
(3) uq coin(Tap, ) NIITG /G # ug coin(tap, V) N (1a@) " H(ATH/H).

In this case, x is self-reducing.

Proof. Suppose that T and 4% reduce one another. Then there exists a
path @ from Z to ¥Z so that @ reverses orientation in graphs and &’ f& ~ ha.
Since w is a path from Z to 4z, the loop piw at x represents an element v € 11
so that it projects to ¥ € II/G. Let @ be the lift of @ starting at . Then
@(1) = v and p'(y7) = 7. Since & fo ~ hi, o fo ~ h& and hence V& €
Coin(o/ f, h) This implies that v € coin(ra/p, 1) and &' fo(1) = &' f(yz) =
Ta@(¥) - & f(%) = T @) - & fw(0). Thus the path &’ fo represents the
element 75 @(y) € A/H. Since @ is graph-orientation-reversing, it follows
that sgn(7e@(%)) - sgn(y) = —1. Recalling that o’ € [a] € R[p, 1], we see
that sgn(ra3(7)) = sgn(rap(3)). Therefore, sgn(ra3(7)) - sgn(y) = 1.
This is equivalent to that either 75¢(y) ¢ AYH/H or 4 ¢ IITG/G.

For the converse, we take a path from Z to 4z which represents the
element 7. Since sgn(7a@(7)) - sgn(y) = —1, it follows that the path @ is
graph-orientation-reversing.

In the course of the proof, we have y € coin(7,/¢,1) which projects to
7. Since sgn(7a@(7)) - sgn(y) = —1, it follows that

COin(Ta’SOa Q;Z)) nIre 7é COin(Ta’SOa Q;Z)) n (TO/SO)il(AJr)'

Recalling o € [a], we see that the subgroups coin(74p, %) and coin(ry e, V)
are conjugate. Furthermore, since AT is a normal subgroup of A, it follows
that (7o) 1 (AT) = (14¢) " (AY). Therefore,

COin(ToAOa 77/)) NI+ - COin(Ta(Pa ¢) N (Ta(P)il(AJr)'
Now Lemma 3.8 implies that x is self-reducing. 0

DEFINITION 3.10. The semi-index of A C Coin(f, g) is the number of
free elements in any representation of A and is denoted by |ind|(f, g; A).

Note that the definition of semi-index for a pair of transversal maps is
extended over arbitrary pair of maps ([5, Lemma 1.4]). The semi-index has
the following properties:
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(i) Existence of coincidences. If |ind|(f, g;S) # 0, then Coin(f, g) # @
where S is a coincidence class in Coin(f, g).

F.G
(i) Homotopy invariance. If (fo,g0) ~ (

’ind‘(f()ago; SO) = ’ind|(flagl§ Sl)

where a coincidence class Sg corresponds to the coincidence class S

flagl):MHN7 then

along the given homotopy.

(iii) Additivity. For any coincidence classes S; in Coin(f, g),

2

DEFINITION 3.11. Let (f,g) : M — N be maps. A coincidence class
S € Coin(f, g) is called essential if |ind|(f,g;S) # 0. Otherwise, it is called
inessential. We define the Nielsen coincidence number of (f,g) as the num-
ber of its essential classes, and we denote it by N(f, g).

It is known from [5, Lemma 1.6] that for any pair of maps (f,g) :
M — N between orientable manifolds of the same dimension and for any
coincidence class S C Coin(f, g),

’Hld’(f,g,S) - ‘lnd(fagvs)‘

where the right side denotes the absolute value of the ordinary coincidence
index. Therefore the above definitions relative to semi-index generalize the
ordinary definitions relative to classical index. In particular, the Nielsen
coincidence numbers for orientable manifolds are the same as the ordinary
Nielsen coincidence numbers where the ordinary Nielsen coincidence number
is the number of coincidence classes which have non-zero ordinary coinci-
dence indices.

84. Nielsen coincidence numbers for covering spaces

Let M and N be closed smooth connected manifolds of the same di-
mension, and (f,g) : M — N a pair of transversal maps. Let IT and A be
the groups of covering transformations on the universal coverings M and N
of M and N, respectively. Let ( 1, J): M — N be a fixed pair of liftings of
(f,g). We denote the homomorphisms induced by (f,§) by

o, Y 1T — A,
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Suppose G and H are normal subgroups of II and ~A with finite index such
that ¢(G) C H and ¢(G) C H. Then the fixed (f,g) of (f,g) induces the
pair of liftings (f,g) : Mg — Ny of (f,g) so that the following diagram

M- N

g

cominutes.

Now we compare the Nielsen coincidence number N(f,g) of (f, g) with
the Nielsen coincidence numbers N(af,g) of the pair of liftings (af,g),
(¢ € AJH), of (f,g). First, we consider the relation of coincidence class of
(f,g) and coincidence class of (af,g).

LEMMA 4.1.
p~'p(Coin(yaf,§)) = |J ¢/(Coin(y'af,q)),
v €]

where [y] € Rltap, V).
Proof. Noting that

' (Coin(y(o)yap(o)ta™" - af,§)) = p(Coin(¥(o) - ya - p(0) ' f, 7))
= p(Coin(yaf, 7)),

we have p~'p(Coin(vaf,9)) 2 U,ep, o' (Coin(v'af, 7)).

Let Z € p~'p(Coin(yaf, §)). Then p(Z) = p(i) for some & € Coin(yaf,
G). Then there exists & € A/H such that z = & - p/(¥). Let 0 € v™1(7) and
j = 0Z. Then 0'§ = Z € Coin(yaf, §) and p/(j) = Z; § € Coin(ih(c) - you -
(o)1 f,g). Thus z € p/(Coin(y'af,§)), where v/ = (0)yTae(c)~! and
hence 5~ p(Coin(raf, ) € U, e, #(Com(v'af, 3)) 0
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LEMMA 4.2. Let v € H and a« € A. Then for any v € [v] (€
Rlrap, ¥]),

p'(Coin(v'af, §))| = [tya coin(Tyasp, ¥)| - [p(Coin(yaf, )|
= |tya coin(Tyap, ¥)| - [p(Coin(yaf, §))|
= |p/(Coin(vaf, §))|.

In particular, the number of different coincidence classes p’(Coin(v’af, 7))
involved in p~Lp(Coin(yaf,g)) is the index [II/G : g coin(Tyap, V)]

Proof. Let v € H and a € A, and take any [y] € R[rap,®]|. Then II
acts on [v] as follows: o-v = ¢(a)’yTago(cr)_~1. This induces the IT action on
the set of coincidence classes {p'(Coin(y'af,g)) | 7' € [+]}:

(0,9 (Coin(v'af, 7)) — p(Coin((o - 7)af, )
= p'(Coin(($(a)' Tatp(0) " )arf, §))-

Let o € G. If ¥ € H, then 7' ~ ¢(0)y'Ta(0) " Thus p'(Coin(y'af,§)) =
p'(Coin(y(o)Y (o)1 f,3)). If v ¢ H, write v/ = 703 where 79 € H.
Then
(o) Tap(0) N f = ((o)r0Bap(o) o™ af
= (W(0)bap(o) ta”' 57 Baf
= (Y(0)107pap(0) ) Baf

Therefore if o € G, then p/(Coin(y'af, §)) = p(Coin(¢ (o) Tap(c) L af, §)).
This implies that we have an action:

/G x {p'(Coin(v'af,§)) [ 7' € W} — {p'(Coin(v'af, 7)) | ¥ € 1]},
which is transitive. The isotropy subgroup at p’(Coin(yef, §)) is

{7 € /G | v =1v(o)y7ap(0) '} = {7 € /G | 0 € coin(ryap, )}

= Uyq COIN(Tya P, V).

Hence the number of different coincidence classes p'(Coin(y'a f,9)) involved
in p~!p(Coin(yaf,g)) is the index [II/G : tyq coin(Tyaep, ¥)]. 0
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This Lemma amounts to saying for each = € p(Coin(ya 1, g)), there are
Uy cOI(Tyap, )| points in each p/(Coin(y'af,g)) Np~ ().

COROLLARY 4.3.
p~'p(Coin(yaf, ) = 11 p'(Coin(v'af, 7).
[II/G : tya coin(rya p,1)]

Proof. Follows from Lemma 4.1 and Lemma 4.2. 0

DEFINITION 4.4. Let v € H, a € A and v’ € [7] € R[rap,?¥]. Define
efy/a and €, as follows:

f,9)) is an essential coincidence class of (af, §);
7 ”

,§)) is an inessential coincidence class of (af,g),

{1, p(Coin(ya f,q ) is an essential coincidence class of (f, g);
€va =

)
0, p(Coin(vyaf,g)) is an inessential coincidence class of (f,g).

Remark 4.5. Recall that the coincidence class p(Coin(ya f,9)) is essen-
tial if any of the covering coincidence classes p’(Coin(y'af, g)) is essential.
Therefore, from Corollary 4.3, we have the following:

Z e;,a < [I/G : Uuyq coin(Tyap, V)] - €yas
[I1/G : tya coin(rya )]
and if u,q coin(ryap, 1) = {1}, then, by Lemma 3.5 and Lemma 3.6, the

equality occurs.

In the case that the ordinary Nielsen coincidence numbers are defined,
McCord proves in [16, Corollary 5.10] that if coin(rap,9) C G for each
a € A with p(Coin(af, g)) an essential coincidence class, then

> N(@af,9).

acA/H

N(f,9) =

[II: G

When f,g : M — N are maps on the non-orientable manifolds and they
admit liftings on the orientable double coverings of M, N, Dobrenko and
Jezierski prove in [5, Theorem 2.5] that if coin(74¢, 1) C G for each o € A
with p(Coin(af,§)) an essential coincidence class, then

N(f,9) = %(N(f,g) +N(af,9))-
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We may ask whether Dobrentko and Jezierski’s result is true in case
when the pair of maps (f,g) admit liftings on some regular coverings. In
Theorem 4.6 below, we prove that McCord’s result and the question related
to Dobreriko and Jezierski’s result above are not only necessary but also
sufficient.

THEOREM 4.6. Let (f,g) : M — N be a pair of maps between closed
smooth connected manifolds of the same dimension. Suppose G is a normal
subgroup of II = w1 (M) with finite index and H is a normal subgroup of
A =71 (N) with finite index such that f.(G) C H and g.(G) C H. Then

N(f.9) 2 [H?G] Y. N@f.g),

acA/H

and equality occurs if and only if coin(rap, ) C G for each o € A with
p(Coin(af, g)) an essential coincidence class.

Proof. By the equality (%) in the proof of Lemma 2.2,

p~'(Coin(f,9)) = [[ Coin(af,q)

GEA/H

11 II  #(Coin(yaf,g)).

aeA/H [YER[Tay’ ']

By Lemma 2.2.(2) and Corollary 4.3,

Coin(f,g) = H H p(Coin( ’Y@f g))

[@]€R[p.¥] [Y]€im(ja)
Ip(Coin(yaf, §)) = H p(Coin(y'af, ).

[H/G CUya COiH(T"/Oz vad))}

Thus we have a relabelling of the set of all the coincidence classes of the
liftings (af,g) of (f,9), @ € A/H:

11 [T #(Coin(raf,q)

aeA/H [YeR[ray’ ']

- I 11 [I  vcont/af.a).

[a]eR[.¥] [y]eim(jo) /G tuya coin(tyap,p)]
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Therefore,
>, Nafg= > )
aceAN/H a€A/H [H]ER[Tay’ Y]

=22 2

a€R[P,Y] [y]€im(ja) M1/G: uya coin(ryap, )]

Z Z /G : uya coin(Tyap, V)] - €4a

aeR[p,Y] [y]€im(ja)

G Y Y e
G€R[E,P] [y]eim(fa)

= |TI/GIN(f, 9).

The inequalities above become equalities if and only if for each v € H
and @ € A/H with p(Coin(yaf, §)) an essential coincidence class, we have

Uryq cOIN(Tyap, ) = {1}. O
COROLLARY 4.7. IfIl = G in Theorem 4.6, then

acA/H

IN

IN

Proof. For any v € H and a € A, coin(7yap,%) C II = G. Hence the
equality follows from Theorem 4.6. 0

Let L be a simply connected nilpotent Lie group and let C' a maximal
compact subgroup of Aut(L). A discrete and cocompact subgroup II of
LxC C Aff(L) = L x Aut(L) is called an almost crystallographic group.
Moreover, if 11 is torsion-free, then II is called an almost Bieberbach group
and the quotient space II\L an infra-nilmanifold. In particular, if IT C L,
then IT\L is called a nilmanifold. Recall from [15] that I' = II N L is the
maximal normal nilpotent subgroup of II with finite quotient group ¥ =
IT1/T, called the holonomy group of IT\ L. Thus the nilmanifold I"\ L is a finite
regular covering of IT\ L. This nilmanifold I'\ L is called the nil-covering of
I\ L.

Now, suppose that M and N are infra-nilmanifolds of the same dimen-
sion and that Mg and Ny are nilmanifolds.

LEMMA 4.8. Let (f,g) : M — N be a pair of maps. For any a € 11
with p(Coin(af, §)) an essential coincidence class, if there ezists o € [a] €
Rlp, ] such that p'(Coin( f, §)) is essential, then coin(tap, ) = {1}.
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Proof. Since p/(Coin(a/f, §)) is essential, it follows that coin(ra¢’,¢') =
{1}, see [6]. Since II is torsion-free and II/G is finite, we obtain that
coin(74p, 1) = {1} from the exact sequence

1 — coin(7a¢’, ¢) e, coin(7ap, V) Lo, coin (759, V).
[

THEOREM 4.9. Let (f,g) : M — N be a pair of maps between ori-

entable infra-nilmanifolds of the same dimension. Suppose that f.(G) C H
and g«(G) C H. Then

1

N(f,9) = fRYe]

> N(af,9).

acA/H

Proof. Suppose that p(Coin(af,§)), o € II, is an essential coincidence
class and that p'(Coin(a’f,§)), o/ € [a] € Rp,v], is an inessential co-
incidence class. Then for each free element z € p(Coin(af,q)), all el-
ements in g~ (z) N p'(Coin(c/ f,§)) are not free in p’ Coin(c/f,§). This
implies that z must be a self-reducing element and thus the coincidence
class p(Coin(acf, §)) is defective. However, there are no defective classes in
orientable manifolds. Thus our result follows from Lemma 4.8 and Theo-
rem 4.6. [

§5. Two fold orientable covering

Let M and N be closed non-orientable smooth manifolds of the same
dimension, and (f,g) : M — N a pair of transversal maps. Let IT and A
be the groups of covering transformations on the universal coverings M and
N of M and N, respectively. Let IIT and AT be the subgroups of II and
A, respectively, which consist of all orientation preserving elements and let
p: M — M and § : N — N be the two fold orientable coverings of M
and N, respectively. In this section, let us suppose that f, g admit liftings
f,g: M — N, ie.,

G(IT) C AF, p(II%) € AT,
Recall from Theorem 4.6 that

N(fg) 25 S N@fg),

aGEA/AT
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and equality occurs if and only if it holds coin(74p, 1) C I for each o € A
with p(Coin(af, g)) an essential coincidence class.
On the other hand, recalling from Lemma 3.8, we see that

p(Coin(af, §)) is defective
= coin(Tap, 1) NTIT # coin(Tap, ) N (Tap) " H(AT)
< coin(tap, ¢) € II" and 7o9(II) C AT,

Thus we have the following result.

PRrOPOSITION 5.1.  The condition that all of the essential coincidence
classes of (f,g) are not defective is a necessary condition for the equality

N(f.g)=5 Y N@f.g)

GEA/AF

Now, we suppose further that ¢(II) C AT and ¢ (II) C AT. Then we
have the commuting diagram

_ af _
M 7 N
D
M

By Corollary 4.7, we have

N(f,9)= Y, N(af.9).

aEA/A+
In particular, S = p(Coin(af,§)) C Coin(f,g) is essential if and only if

Sa = p(Coin(af, §)) C Coin(af,§) is essential.
Recalling from Corollary 4.3 that

p~'p(Coin(af,g)) = 1T p'(Coin(a’ f, 9)),

[IT/I1F : uq coin(Tap,¥)]
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we see that

S = p(Coin(af, §)) is defective

= coin(Tap, 1) NTIT # coin(Tap, 1) N (Tap) " H(AT)

<= coin(Ta4p, ) € IIT

= g coin(Tap, ) = II/1T

<= the coincidence class S = p(Coin(af, §)) is covered by

a unique coincidence class S = p/(Coin(a’f, §)),

and S = p(Coin(a 1, g)) is not defective if and only if S is covered by two
coincidence classes S; = p/(Coin(c/ f, §)) and Sy = p/(Coin(c’ f, §)) for some
o, € al.

It is easy to observe the following, cf. [18, Corollaries 4.2 and 4.3].

COROLLARY 5.2. Under the notation above, we have:
(1) If S is not defective, then
ind(af,g;51) = —ind(af, g;S2),  |ind|(f,9;8) = [ind|(af,g; ).
(2) IfS is defective, then ind(af,g;S) = 0.
COROLLARY 5.3. Under the notation above, we have:

(1) L(af,5) =0.

(2) N(af,g) is even.

(3) N(f,g9) > %Z&EA/A"" N(af,g), and the equality holds if and only if
all essential coincidence classes of (f,g) are not defective.

(4) N(af,g) =0 if and only if all essential coincidence classes of (af, )
are defective.

In the rest of this section, we consider the case of non-orientable infra-
nilmanifolds with holonomy group Z.

THEOREM 5.4. Let M = TI\L be a non-orientable infra-nilmanifold
with holonomy group V = Zs. Then for any pair of self maps (f,g) : M —
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M which admit liftings f,g — M on the nil-covering M of M,
N(f.9) = %(N(f, 9)+ N(af.9))
1 _ _
= §(|L<f a)l+L(@f.9)l)

Aev

where Ay, Fy, Gy are the linear transformations on the Lie algebra £ of L
induced by A, f, g, respectively.

Proof. Suppose that o(IT) € II* or ¢(II) € II*, and suppose that
there exists an essential comc1dence class p Com(a f,§) with coin (7., ) ¢
ITT. Then uq coin(tap,1) = I/IIT. We may assume that f and g are
transversal so that p(Coin(a.f, §)) consists of one point z. Since @(IT) € T+
or P(II) ¢ II'" and coin(7aep, ) € IIT, we have (754¢) (1) = 1. Thus,
Lemma 3.9 implies that there is 3 ¢ II" such that the coincidence class
p’(Coin(af,g)) = {#,3z} and Z and 3z do not reduce one another. Hence
P/ (Coin(af, §)) is essential. But this is a contradiction, since coin(7q, 1) =
{1} C II'* by Lemma 4.8. Therefore whenever p(Coin(af, §)) is an essential
coincidence class, we have coin(74p,v) C ITT.

Suppose next that p(IT) C I and (II) C IIT. We will show that
all coincidence classes are inessential. Since M is a nilmanifold, IIT is a
nilpotent group. Thus 7, (IT") = [y,—1(IT"),II"] = 1 for some integer n.
Since IIT™ = II N L is the maximal normal nilpotent subgroup of II, II is
not a nilpotent group and thus ~,(I) # 1. Let K = ker ¢ Nkert. Then
Yn(IT) € K and this implies that the Hirsch rank of K is bigger than 1. Let
r = II — II/K be the natural projection. Then ¢ and 1 factor through
II/K:

H#H/K%H*CH.

Since K C ker ¢ and II, I are torsion-free virtually polycyclic group, the
quotient group II/K is a torsion-free virtually polycyclic group. By [1,
Theorem 1] or [2, Theorem 1.2], there is a closed infra-solvmanifold N with
m1(N) =21I/K. Since M and N are aspherical, there are maps

fl

!

™

M N M.

g
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such that f’om, ¢’ o7 are homotopic to f, g respectively. We may assume
that f/, ¢’ are transversal. Since dim N < dim M, [3, Theorem I1.15.2]
induces that (f' x ¢') N Ay = @, i.e., Coin(f’,¢') = &. This implies that
Coin(f' om, g’ om) = @. Hence f, g are homotopic to coincidence free maps.

In all, we have shown that whenever p Coin(« f,§) is an essential coin-
cidence class, we have coin(7,¢,1) C IIT. Hence the first equality follows
from Theorem 4.6. The second equality is well-known (cf. [4], [10]) and the
third equality follows from Theorem 2.4 of [12]. U

Remark 5.5. For every self map f on the Klein bottle, there is a map
/" on the Klein bottle such that f’ is homotopic to f and f’ admits a lifting
on the torus. As an application of Theorem 5.4, using the averaging formula
we can easily compute the Nielsen coincidence number of any pair of self
maps on the Klein bottle. In [5], Dobrefko and Jezierski showed the same
result on the Klein bottle using the fiber structure of the Klein bottle. In
the following section we will consider other examples.

§6. Examples

In this section we illustrate, by some examples, how practical the aver-
aging formula on infra-nilmanifolds is.

ExXAMPLE 6.1. Let

i 1 0 0
a= 10, A=1{0 -1 0
0 0 0 -1
1
Then A has period 2, and (a, A)? = (a+Aa, I3) = (|0] ,I3) € R3xAut(R3?).
0

Let T be the integral matrices of R3. Then it forms a lattice in R3. It is
easy to check that the subgroup

T = (T, (a,A)) C R® x Aut(R?)
generated by the lattice T' and the element (a, A) is discrete and torsion

free. Furthermore, I' is a normal subgroup of II of index 2. Thus II is an
almost Bieberbach group.
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Let D, E € Aut(R3) be given by

30 0 10 0
D=0 1 1|, E=0 2 -1
01 2 01 0

It is not difficult to check that DA = AD, EA = AFE and the conjugation by
({0,0,0}, D), (a, E) € R3x Aut(R?) map IT into IT (and T into I'). Thus, the
affine maps ({0,0,0}, D), (a, E) : R* — R? induce ¢p, ¢(q,p) : T\R® — T'\R?
and ®p, P, g : IT\R? — TT\R? so that the following diagram commutes:

gs  ({000LD) o
(a,B)

! |

N\R* %2, D\R3

l ®(a,E) l
MR —22, M\R?
®(a,B)

Note that all the vertical maps are the natural covering maps. In particular,
I'\R? — II\R? is the nil-covering and the holonomy group of IT\R3 is ¥ =
{I, A} = Zy. Thus by Theorem 5.4, the Nielsen coincidence number of the
maps ®p, P, ) : IM\R? — IT\R3 is:
1
N(®p,Pr) = 0] > |det(E — AD)]
AeVv

_ %(\det(E — D)| + |det(E — AD)])
= 2041+ |-12]) =8

ExXAMPLE 6.2. Let L be the 3-dimensional Heisenberg group. That is,

1
L= 0 rx,y,z €R
0

[l SR

x
1
0
We denote this general element by
which is generated by

{1,0,0}, {0,1,0}, a={0,0,3}.

{z,y,z}. Let I' is the subgroup of L
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Then I' is a lattice of L.
Let A: L — L be the automorphism of L given by

A({l‘) Y, Z}) = {—.’L‘, Y, Z}’
Then A has period 2, and (a, 4)? = (a?,I) = ({0,0,1},1) € L x Aut(L),
where [ is the identity automorphism of L. The subgroup
II=(I',(a,A)) C L xAut(L)

generated by the lattice T' and the element (a, A) is discrete and torsion
free, and I' is a normal subgroup of II of index 2. Thus II is an almost
Bieberbach group, II\L is an infra-nilmanifold with holonomy group ¥ =
IT/T' = {1, A} = Zo, and I'\L — II\L is the nil-covering.
Let D, E : L — L be the automorphisms of L given by
D({z,y,2}) = {z +y,z,—2 + 32> + ay},
E({z,y,2}) = {y, —x +3y,z —zy + 3y°}.

Clearly the conjugations by ({0,0,0}, D), ({0,0,0},E) € L x Aut(L)
map II into II (and I" into I'). The affine maps ({0,0,0}, D), ({0,0,0}, E) :
L — L induce ¢p,¢r : I'\L — I'\L and ®p, Pg : [I\L — II\L so that the
following diagram commutes:

({0,0,0},D)
—_
({0,0,0},E)

N -2, 1\L
03]

! l

m\L {L m\L

E

We take an ordered (linear) basis for the Lie algebra £ of L as follows:

0 0 1 010 0 00

eg=1|0 0 0|, e=1]0 0 0|, e3=|0 0 1

000 000 0 00

With respect to this basis, the differentials of A, D and E are
1 0 0 -1 0 0 1 0 0
A,=10 -1 0|, D,=1]0 1 1|, E,=1]|0 0 1
0 0 -1 0 10 0 -1 3
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Thus by Theorem 5.4, the Nielsen coincidence number of the maps ® p, g :
II\L — I\ L is:

1
N(®p,dp) = ] > |det(E, — A.D,)|
Aev

1

= 5 (|det(E. — D.)| + [det(E, — A.D,)|)
1

= 5(I=6] + 6]) = 6.
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