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Symplectic Lie-Rinehart-Jacobi Algebras
and Contact Manifolds

Eugene Okassa

Abstract. 'We give a characterization of contact manifolds in terms of symplectic Lie—Rinehart—Jacobi
algebras. We also give a sufficient condition for a Jacobi manifold to be a contact manifold.

1 Introduction

When E is a commutative graded algebra with unit 1z over a commutative field K
with characteristic zero, a K-linear map 0: E — E is a differential operator of order
< 1and degreer, r € Z, if 0 is of degree r and satisfying

A(xy) = d(x) -y + (=1)"Hx - a(y) — (=1)"x. y - 9(1p)

for homogeneous elements x, y € E, where |x| denotes the degree of x. If J is a
differential operator of order < 1 and degree r, if 9’ is another differential operator
of order < 1 and degree 1/, then the bracket

[0,0'] =008 —(~1)" 3" 00: E—E

is a differential operator of order < 1 and degree r + r’.

The pair (E, 0) is a differential algebra if E is a commutative graded algebra with
unit 1y and 9: E — E is a differential operator of order < 1 and degree +1 such that
0% = 0. The usual differential algebras correspond with the case 9(1g) = 0.

Let A be a commutative algebra with unit 14 over a commutative field K with
characteristic zero. We denote Diffg(A), the A-module of differential operators of
order < 1 from A to A, i.e., the A-module of K-linear endomorphisms p: A — A
such that for any a,b € A, p(ab) = ¢p(a) -b+a-ob) —a-b-@(ly). A Lie—
Rinehart algebra is a pair (G, p) where G is simultaneously an A-module and a K-Lie
algebra, and p: § — Diffg(A) is simultaneously a morphism of A-modules and
K-Lie algebras satisfying

[x,a-y = [p(x)(a) —a-px)(1)] -y +a-[x,y]

foranya € Aandx, y € G [3l/5].
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Let (G, p) be a Lie—Rinehart algebra and £4(G,A) = @pEN L’fks(S,A), where

2f (G, A) is the module of skew-symmetric A-multilinear maps of degree p from
G to A and finally d,: £4(9,A) = L4(G,A) the cohomology operator associated
with the representation p.

The pair (£4,(G,A), d,) is a differential algebra [3, Proposition 18].

For any x € G, the map i,: Lu(9,A) — Lus(G, A) defined by

(ixf)(xlaxl, s ,Xp,l) = f(xvxlaxlv ce ,Xp,l),

for x;, %, ...,x,—1 elements of § and for any f € kas(g, A) is a derivation of degree
—1 [1]]. The map
Hx = [ixv dp]: sts(gaA) — sts(gaA)

is a differential operator of order < 1 and of degree zero satisfying, for any y € G,
acA,
[0y, ly] = i[xﬁy]; Oy o dp = dp oy ba=[px)](a).

For any x € G, the bracket that defines 0, is the graded commutator.

A Lie-Rinehart—Jacobi algebra structure on a Lie—Rinehart algebra (G, p) is de-
fined by a skew-symmetric 2-form p1: § x G — A such thatd,; = 0.

The triplet (9, p, ) is a Lie—Rinehart—Jacobi algebra [3]. A Lie—Rinehart—Jacobi
algebra (G, p, 1) is a Lie-Rinehart—Poisson algebra if p(x)(14) = 0 for any x € G [3].

A Lie-Rinehart-Jacobi algebra (a Lie—Rinehart—Poisson algebra, respectively)
(G, p, 1) is said to be a symplectic Lie-Rinehart-Jacobi algebra (a symplectic Lie—
Rinehart—Poisson algebra, respectively) if the skew-symmetric 2-form 4 is nondegen-
erate [3]], i.e., the induced map § — G*, x — i,p, is an isomorphism of A-modules
where G* is the A-module of linear forms on G.

We recall that a commutative algebra A with unit 14 over a commutative field
K with characteristic zero is a Jacobi algebra if A is a K-Lie algebra, with bracket
{', }, such that for any a € A, the inner derivation ad(a): A — A,b +— {a,b},isa
differential operator of order < 1.

Let (9, p, 1) be a symplectic Lie—Rinehart—Jacobi algebra. For any a € A, we
denote x, the unique element of § such that i, u = d,a.

We have 0,y = 0.

Forany a € A and for any b € A, by letting {a, b} = — (x4, xp), we get
(i) {a, b} = [p(xa)1(b),
(i) xgap) = [xa, %],
and themap A X A — A, (a,b) — {a,b} = —pu(x,, xp), defines a structure of Jacobi
algebra on A [3]].

When M is a smooth manifold and C*°(M) the algebra of smooth functions on
M, the manifold M is a Jacobi manifold if C*° (M) is a Jacobi algebra.

If X(M) denotes the C°>°(M)-module of vector fields on M, a locally conformal
symplectic structure on M is a pair (w, ) made up by a nondegenerate skew-sym-
metric 2-form w: X(M) x X(M) — C°°(M) and a closed 1-form

a: X(M) — C>®(M)
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such that dw = —aAw, where d is the exterior differentiation operator.

When o = 0, M is a symplectic manifold.

The characterization of locally conformal symplectic manifolds in terms of sym-
plectic Lie-Rinehart—Jacobi algebras is the following one [3,[4]]: a manifold M is a
locally conformal symplectic manifold if and only if X(M) admits a symplectic Lie—
Rinehart-Jacobi algebra structure.

Let M be a Jacobi manifold and let

wy: [CF (M) @ Qp(C(M))] x [CF(M) & Qp(C™(M))] — CT(M),

be the Jacobi 2-form of the Jacobi algebra C°°(M) [3]]. A sufficient condition for a
Jacobi manifold M to be a locally conformal symplectic manifold is that the restric-
tion

W Qe () x [Qnce ) = [Qr(C(M))] X [Qr(C™(M))] — C*°(M)

is nondegenerate [3]].

A (exact) contact manifold is a manifold with dimension 2n + 1 and with a differ-
ential 1-form « such that aA(da)" is a volume form.

The main goal of this paper is to give a characterization of (exact) contact man-
ifolds in terms of symplectic Lie—Rinehart—Jacobi algebras. We also give a sufficient
condition for a Jacobi manifold to be a (exact) contact manifold.

In what follows, M denotes a smooth manifold, X(M) the C°°(M)-module of vec-
tor fields on M, 1 the unit of C°°(M) and D (M) the C°°(M)-module of differential
operators of order < 1 on C*°(M). By “contact manifold” we will mean “exact con-
tact manifold”.

2 Contact Manifolds

Letid: D(M) — D(M) be the identical map. We denote ¢ the cohomology operator
associated with the representation id. The cohomology operator is restricted in this
paper to the subspace of the usual Chevalley—Filenberg complex that is made up of
C°°(M)-multilinear skew-symmetric cochains.

We recall that if o = f + X and ) = g+ Y are two differential operators of order
< 1, with f and g elements of C*°(M), X and Y elements of X(M), then the bracket
on D(M) is given by [p, ] = X(g) — Y (f) + [X,Y].

When n: D(M) x D(M) — C*°(M) is a skew-symmetric 2-form, then the 1-form

iim: DM) — C(M), o — (1, ¢),

is such that i17|ce (1) = 0.

Proposition 2.1 Ifn: D(M) x D(M) — C*°(M) is a skew-symmetric 2-form such
that on = 0, thenn = §(i1n).
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Proof Forany ¢, € D(M), we get

0= (o)1, ¢,%) =1-n(p,¥) —pn(1l,9)] + ¥ [n(1,v)]

As [1, ] = [1,4] = 0, then

0= (6n)(1,0,%) = nle, ) — @[]+ [(Lim) ()] + (1n) [@, P].

Thus for any ¢, ) € D(M)

(e, ) = @ [ ()] — Y [ ()] = ) [p, ] = [6Gm)] (¢, ).

We deduce that n = §(i17). [ |

Thus if we denote Hp(M) the cohomology space of the differential complex
(sts(fD(M); COO(M))a 5)> then HZD(M) = {0}

2.1 Symplectic Lie-Rinehart-Jacobi Algebra Structure on the Lie—Rinehart
Algebra (D(M), id)

In this part, we consider a symplectic Lie—Rinehart-Jacobi algebra structure
(D(M),id, w) on the Lie-Rinehart algebra (D(M), id).

In this case, w: D(M) x D(M) — C*>°(M) is a nondegenerate skew-symmetric
2-form such that 6w = 0. For any f € C°°(M), we denote ¢; € D(M) the unique
differential operator of order < 1 such that i, w = d0f. For any f € C*(M), we
have 0, w = 0, since 0, ,w = i, 6w +diy w = 0+(5f) = 0. Let TM be the tangent
vector bundle of M. The C*°(M)-module D (M) is the C°°(M)-module of sections
of the vector bundle R x TM — M. As w is a nondegenerate skew-symmetric 2-form
on D(M), then for any p € M,

w(p): (R x TyM) x (R x TyM) = R

is a nondegenerate skew-symmetric 2-form on (R x T,M). Thus the dimension of
M is odd.

Proposition 2.2 For any f,g € C*(M), the bracket {f,g} = —w(¢y, ) is a
Jacobi bracket on C*°(M).

Proof Since in this case the triplet (D(M), id, w) is a symplectic Lie—Rinehart—Jacobi
algebra. ]

Thus, M is a Jacobi manifold.

We note that for any f,g € C>(M), we have {f, g} = ¢(g).

As C*>°(M) is a Jacobi algebra, we denote £ = ad(—1) the fundamental vector field
of the Jacobi manifold M. We deduce the following proposition.
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Proposition 2.3 We get

i) &= —vi;
(i) ifgw = —61L.

Proof Forany f € C®(M), we get £(f) = [ad(—=D)](f) = {-1, [} = (—1)(f).
We deduce that £ = —¢;.
The second assertion is obvious. [ |

Corollary 2.4 We have (i,w)(§) = 1. Moreover, for any ¢ € D(M), (igw)(p) = 0if
and only if ¢ € X(M).

Proof Asicw = —01, for any ¢ € D(M) we get (icw)(p) = —p(1). We deduce that
(iew)(=1) = 1. Thus (i w)(§) = 1.

For any ¢ € D(M), from the relation (icw)(p) = —p(1), we deduce the second
assertion. [ |

Proposition 2.5 We have 0¢(i,w) = 0 and (i,w)[&, ] = &[(i1w)(p)] for any ¢ €
D(M).

Proof Asw = (i w) (see Proposition2.1)), for the first assertion, we obtain

=icw+dl = —01+61=0.

For the second assertion, for any ¢ € D(M), we get

W(f» SD) = [(5(11LU)] (51 90)7
(iew)(p) = & [(w)(p)] — @ [(w)(E)] — (1w) [§, ¢],
—p(1) =& [(Liw) ()] — (1) — (Liw) [, #] -
Thus (i;w) [§, ¢] = € [(L1w)(p)]. u
Corollary 2.6 We have [£, Ker(i;w)] C Ker(ijw).
Let D(M)* be the dual of the C°°(M)-module D(M). The sets
DM); = {n € DM)* /5(€) = 0}
and
DM)¢oouaye = {n € DM /nlceemy = 03m(§) = 0}
are modules over C*°(M).

Forany X € X(M) (X € Ker[i w|x ], respectively), we verify that ixw € D(M)ék
(ixw € D(M)ém(M)‘f, respectively).
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Proposition 2.7 We get X(M) = Ker[i;w|xan] ® C(M) - €. Moreover, the maps
X(M) — D(M)¢, X — ixw,

and
Ker [iIUJ|3g(M)] —_— D(M)Zoo(M)ﬁg,X — ixW,
are isomorphisms of C*°(M)-modules.

Proof Forany X € X(M), we write X = [X — (ijw)(X) - &] + (1;w)(X) - £&. We verify
that
[X — (hw)(X) - €] € Kerliiw|xan]

and
(Ker[iyw|xan]) NC>®(M) - £ = {0}.

Thus X(M) = Ker[i;w|xun] © C>(M) - €. Since the map
DM) — D(M)*, o — i,w,
is an isomorphism of C°*°(M)-modules, then the maps

X(M) — D(M)¢, X — ixw,
and

Ker [i1w|3g(M)] — CD(M)éoo(M)@X — ixW,

are injective.
Letn € D(M)%k be a linear form on D(M) such that n(§) = 0 and let ¢ be the
unique element of D(M) such that i w = 7. We get

0 =n(§) = (i,w)(§) = —(iew)(p) = ¢(1).

We deduce that ¢ € X(M). Thus the map X(M) — 'D(M)Z,X — ixw, is also
surjective.

Let 0 € D(M)ém(Mm be a linear form on D(M) such that o|cey = 0 and
0(§) = 0, and let ¢ be the unique element of D(M) such thati,w = 0. Aso(§) = 0,
then ¢ € X(M).

Since o|cee) = 0, we obtain 0 = (1) = (i,w)(1) = —(iw)(¢). We deduce
that ¢ € Ker[i;w|xnn]. Thus the map Ker[ijw|xnan] — D(M)?}w(M)’g,X — ixw, 18
also surjective. ]

The C°°(M)-module D(M )éos M).£ is canonically isomorphic to the dual
Ker[ijw|xan]* of the C>°(M)-module Ker[i w|xnn]. As w = d(ijw) (see Propo-
sition[2.1)) if d is the de Rham differential, thus the restriction of w to

Ker[ilw\x(M)] X Ker[i1w|3g(M)]
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is nondegenerate, i.e., d[i;w|xan] is a nondegenerate skew-symmetric 2-form on the
C°°(M)-module Ker[iw|xun]-
For any f € C°°(M), we verify that the linear form

Ef)-iiw—0f+ f-01: DIM) — C™®(M)
belongs to D(M)Coo M) and we denote X the unique element of Ker[iw|x(] such
that ix,w = E(f)-iiw—6f+f 0L
Proposition 2.8 Forany f € C>°(M) and for any g € C*°(M),

(1) [&Xr] = Xe(pys
(i) or=&f) —Xp—f-&
(i) {f,g} = —w(Xp, X,) — f-&(g) +g- ().

Proof (i) Forany f € C°°(M), we get i¢ x,jw = b¢[ix,w] — ix, [fcw]. As Ocw = 0,
we obtain

ifex, )@ = Oelix,w] = Oc[E(f) - inw = 0f + f - 01]
=& [E(N)] - irw + &) - Oc[irw] — 6E(f) +E(f) - 01 + f - 6E(1).
As 0¢(iyw) = 0, (see Proposition[Z3]), we deduce that

ifex,]w =& [§0N] - iww = 560 +E() - 01 = ix

and we conclude that [£, X;] = X¢(p).
(ii) For any f € C*°(M), we get
i@f—(f(f)—xf—f‘f)w = i,pfw — g(f) clw+ inw + f . ig(.u
=0f —&(f) - hw+E(f) - iiw—f + - 01— f-61=0.
Thus pr = &§(f) — X7 — f-&.
(iii) We verify that { f, ¢} = —w(Xy,X,)— f-£(g)+g-&(f) forany f,g € C>(M).

The conclusion follows from the facts, (i;w)(£) = 1,(ix,w)(1) = 0, and (igw)(X) = 0
for all vector fields on M. [ |

Theorem 2.9 The 1-form iyw|xa: ¥(M) — C*°(M) is a contact form on M.

Proof For any x € M we have & # 0 since (i1w)(§) = 1. Thus the 1-form i;w|x)
is nonzero everywhere. Let x € M and let T:M be the tangent vector space at x. As
the dimension of M is odd, let 21 + 1 be the dimension of M. The set

(Ker[i1w|xan s = {X(x) € T:M/X € Ker[iyw|xan]}

is a vector space of dimension 2n. Since d[ijw|x] is a nondegenerate skew-sym-
metric 2-form on the C*°(M)-module Ker[i;w]|xs) ], then (d[i;w|xn])(x) is a non-
degenerate skew-symmetric 2-form on the vector space (Ker[iw|xxn])x since for any
x € M and for X, Y € Ker[ijw|xus]

[(dlirw]xan DX Y] (0) = [(dliw]zan)D(X(x), Y (x))] .
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Thus (Ker[ijw|xan])x is a symplectic vector space and (d[ijw|xan])"(x) is a vol-
ume form. We deduce that (d[ijw|xnn])"(x) # 0. Let (v1,v2,. .., v2,) be a basis of
(Ker[i;w]xmn])x. We have (dlijw|xan])"(x)(vi, v, . .., v2n) # 0. We note that

v = [iw|xan] () Adiw])xan])" (%)
is nonzero since

V(E(X), Vi, Vo, oy Vo) = (d[ilw\ae(M)])n(x) (V1,v25 ..y Van) ?é 0.

As x is abitrary, we conclude that [i;w|xnan ] A(d[iiw|xnn])" is a volume form on M.
Thus i;w|x ) 1s a contact form on M. Therefore M is a contact manifold. [ |

We finally conclude that when the Lie—Rinehart algebra (D (M), id) admits a sym-
plectic Lie—Rinehart-Jacobi algebra structure, then M is a contact manifold.

2.2 Characterization of Contact Manifolds

In this part, we give a characterization of contact manifolds in terms of symplectic
Lie—Rinehart—Jacobi algebras.

Let a: X(M) — C°°(M) be a differential 1-form on M. We denote ac: D(M) —
C°°(M) the unique linear form on the C*°(M)-module D (M) such that &|ceear) = 0
and &‘X(M) = Q.

We verify that i, (da) = a.

Theorem 2.10 ([4]) If M is a contact manifold with contact form
a: X(M) — C°(M),
then the triplet (D(M), id, dv) is a symplectic Lie—Rinehart—Jacobi algebra.

Proof Let R be the Reeb vector field and let ¢ = f + Xy + h - R be an element of
D(M), with f,h € C>(M), X, € Ker a, such that i,(da) = 0. We get

0 = [i,(6a)](1) = —[i1(6a)](p) = —a(p) = —h - a(R) = —h.

Thus, h = 0.
On the other hand, we have

0 = [i,(6)](R) = (6a)(, R) = (1) — a[f + Xo, R] = f — a[Xo,R] = f,

since [R, Ker o] C Ker « [2]. Thus f = 0.
As f = h = 0, we finally have ix () = 0. Thus for any Y € Ker o, we obtain

0 = [ix,(6a) (V) = [ix, (da)](Y).
Since da is a nondegenerate skew-symmetric 2-form on Ker v, therefore we get

Xy = 0. We conclude that ¢ = 0, i.e, the map D(M) — D(M)*, ¢ — i, (da),
is injective.
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The map D(M) — D(M)*, ¢ — i,(da), is also surjective since if 5: D(M) —
C*°(M) is a linear form on D(M) and if X € Ker « is the unique vector field such
that ixda = [Blkera> the differential operator ¢ = B(R) + X — (1) - R is such
that i,(0cr) = B. Thus da: D(M) x D(M) — C°°(M) is a nondegenerate skew-
symmetric 2-form.

As 0(da) = 0, we conclude that the triplet (D(M), id, da) is a symplectic Lie—
Rinehart-Jacobi algebra. [ ]

When (M, «) is a contact manifold, M is a Jacobi manifold. In this case, the Jacobi
bracket of two smooth functions f, g € C*°(M) given by {f, g} = —(da) (¢, @,) is
the usual bracket for a contact manifold and the fundamental vector field £ = ad(—1)
is the Reeb vector field.

We state the following characterization.

Theorem 2.11 A smooth manifold M is a contact manifold if and only if the Lie—
Rinehart algebra (‘D(M), id) admits a symplectic Lie-Rinehart—Jacobi algebra structure.

Let M be a Jacobi manifold and let
wy: [CF(M) © Qr(C(M))] x [CT(M) & Qr(C™(M))] — C(M)

be the Jacobi 2-form of the Jacobi algebra C*°(M) [3]]. Following [3]], we have

d-wy = 0 and if wy is nondegenerate, the map

ad : C™(M) & Qr(C>®(M)) — D(M)

is an isomorphism of C*°(M)-modules.
A sufficient condition for a Jacobi manifold to be a contact manifold is the follow-
ing one.

Proposition 2.12 If M is a Jacobi manifold and if the Jacobi 2-form
wyr: [CT(M) @ Qr(C™(M))] x [CT(M) & Qg(C™(M))] — C=(M)
of the Jacobi algebra C*° (M) is nondegenerate, then M is a contact manifold.

Proof In this case wyso( [aEl] —Ix [a~d] ~!)isanondegenerate skew-symmetric 2-form
on D(M) and

§(ww o ([ad] ™! x [ad] ™) = (dwwr) o ([ad] " x [ad] ! x [ad]™}) = 0.

Thus (D(M), id, wa o ([ad] ! x [ad] 1)) isa symplectic Lie-Rinehart-Jacobi al-
gebra. Therefore M is a contact manifold. ]

In this paper we showed that a contact structure on a manifold M is due to the ex-
istence of a nondegenerate skew-symmetric 2-form w: D(M) x D(M) — C*°(M)
such that w = 0.

In this case, we will say that w is the contact 2-form of the contact manifold M
and i,w is the contact 1-form of the contact manifold M.
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Thus the parallelism between symplectic manifolds and contact manifolds is ob-

vious: a symplectic structure on a manifold M is due to the existence of a nonde-
generate closed skew-symmetric 2-form on X(M) whereas a contact structure on a
manifold M is due to the existence of a nondegenerate closed skew-symmetric 2-form

on D(M).
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