
BULL. AUSTRAL. MATH. SOC. I 0F05

VOL. 14 (1976) , 449-455. ( I 0 F 3 5 )

Note on rational approximations

of the exponential function

at rational points

Alain Durand

Let p, q, u , and u be any four positive integers, and let 6

be a number in the interval 0 < 6 5 2 . In one of his papers,

Kurt Mahler, Bull. Austral. Math. Soo. 10 (1971*), 325-335, proved

that if q satisfies the inequalities

„ [e2u/vfk/&
 A „ t

q > eK ' , and q 2 e

then

q

In this note, by a slightly different treatment of some

inequalities in Mahler's paper, we easily obtain the same result

with q only restricted by the first condition.

1.

Denote by n, v , two positive integers and put

'' n + 1 , ,2n-fc-l
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and

{SB> -

Furthermore put

n-X n

f^x, z) = {^-X)l
 (ux"2) a n d f2

(x> s ) = (n-X)l (vx~z>

It follows from the definition of PAx), PAx) that

x=0
a = i, 2)

and

KiO ox x=z/v

Then, by Hermite's identity,

x=z/v

z/V-r, , s -n I \ Z

e Px(z) - P2(-s) = e r ' S
t, z)dt =

= 2
2 " e

2 / u

and

- PA-z) =

Therefore, the determinant

= P1(a)P1(-a) - PAz)P2[-z)

i s a polynomial in s of the exact degree 2n which has at 3 = 0

of order 2n . Then

A(a) # 0 if z # 0 .
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2 .

Denote by p, q, u , and v four positive integers, and let

9 =

By putting z = u in the preceding formulae, we obtain

\qP2(-u)-pP (u)\ < 8 | P ( M ) | + q[eU'V-l) sup \f-^t, u)\

and

|<?P (-u)-pP (u) I 5 9 |P ( M ) | + q\e - l j sup ! /„ (*> u) I •
1 ^ O^t^u/v

Since

- P 2 ( M ) P 2 ( - U ) jt 0 ,

at least one of the integers

qP2(-u) - pP^u) and qP^-u) - pP^u)

is distinct from zero. It follows that

( 1 ) 1 S 6 | P . ( M ) | + qeu/V sup | f . ( t , u ) |
1 / ^

where i = 1 or •£ = 2 .

We have

IP («)| -
1 ~ [2n-k-l)l Ao jl(n-j)l ~ (n-l)!

and

Next, when £ lies in the interval 0 S t 5 w/u ,

maxdf^t, u)|, |f (t, u)|} S — ^ — sup (t(l-t))"'1 £
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Then, by ( l ) , we can write

3.

Denote by m the smallest integer which satisfies

(3) 2qe u ° < mQlh ° .

From the definition of m , i t follows that

m-1
1*

2m - 1

Since

mQ
• O v 1 ) ! < 22m +1

we have, by (2) , (3 ) , and (k ) , with n = m + 1 ,

2m +1 m +1 2m - 1
5 2.2 ° (M+U) ° Q.2qeUu ° m

lwn°
Note that

2m - 12m - 1
o(mo+l) 5 2 , M + u > u , and mQ 2 1 ;

then

(5)
3m°3m

S 8qeU[k{u+v)) ° .

4.

Now, we require an upper estimate for m . By (It), we have

V1 u
mQ!U ° < 2qeUu

Since
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m +k -m m0/2

ml > m_ e V^TT , ml 2 , and
0 0 ' 0 .iz

i t follows that

2jn —i 2 s 7n *2jn » /• r~ \
u 0 0 M 0 4 V2e

" • "^—i qe u — -r—

Put

(6) b = ̂ -log(3^e") and x = -§• .

Hence

(7)

Suppose that

b 2 27 > ee .

Then, the condition

x 2 log(Z>/logb)

implies

x log x > b •

Hence, by ( 7 ) ,

( 8 ) X < log(fc/logZ>) ^ m0 <

provided fc > 27 .

5 .

We can now prove the

THEOREM. Let 6 be a constant in the interval 0 < 6 5 2 , awd le t

p , q, u , and u be four positive integers. Assume that
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Then

u/v 2. -(2+6)

Proof. We have

log . q 2 {h(u+v))10/6 > u10/S > u5

Then

b =± > (log£?) 3 / 5

Since

f o r y 2 5 log 5 , and log q >

i t follows that

Since

we deduce from (8) ,

b > (log q)3/5 > 83 > 27 ,

3-0
36

On substituting this upper estimate in (5), it follows that

Finally, since

we find that

This completes the proof.

e >

6.

Note that the condition for q in this theorem can be easily replaced
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by a weaker one, for example i f we suppose 0 < 6 £ 1 .

Compare also related resul ts by Bundschuh [ / ] .
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