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Note on rational approximations
of the exponential function
at rational points

Alain Durand

Let p, g, u , and v be any four positive integers, and let $
be a number in the interval 0 < § £2 . 1In one of his papers,
Kurt Mahler, Bull. Austral. Math. Soc. 10 (197h4), 325-335, proved
that if q satisfies the inequalities
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In this note, by a slightly different treatment of some
inequalities in Mahler's paper, we easily obtain the same result

with ¢q only restricted by the first condition.

1.

Denote by n, v , two positive integers and put

2n~1 k-n+l

= nk!v _y2n-k-1
Py (x) k=§-1 o) (Enke-)T (%)
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on-1 k! k-n+1
_ Z v (_x
2 X (k-n)1(2n-k-1)!

)2n-k-1 )

Furthermore put

(2, 8) = o (vzea) and f(m, 2) = 2B (vmz) L
fl x, 2 = i)t V-2 an f‘2 x, 2 = i)t VI~-2 .

It follows from the definition of Pl(x), P2(x) that

k;g ji%-f%(x, z) 0 =P(2) (£=1, 2)
and
3k Ch
kgg ;;z’fi(x, # x=z/v ) P2(-Z) ’ kgs ;;%'fé(x, ) x=z/v i Pl(—Z) .

Then, by Hermite's identity,

z/v
ez/vPl(z) - P,(-3) Rl J e_tf'l(t, z)dt =

o]
1/v  n-1
2 -
=z nez/v jo (2—1)! (vz-1)"e " dx ,
and
z2/v
e*/Vp,(2) - P (-z) = &7 f elry(t, a)ds =
0
1/v n
= zznez/v Jo (nfl)! (vx-l)n-le_zxdx .

Therefore, the determinant

A(z) = Pl(z)Pl(-z) - Pz(z)PZ(-z)

is a polynomial in 2 of the exact degree 2n which has at 2 = 0 a zero
of order 2n . Then

AMz) #0 if z #0 .
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2.
Denote by p, q, u , and v four positive integers, and let
u/v
0= lqe/-p] .

By putting 2 = u in the preceding formulae, we obtain

la2y(-u)-pP, ()| = 012 ()] + q(e¥/*-1) swp  |7,(5, w]

o<t=u/v
and
g2, (<u)-pP,(u) | = 0|2, ()| + q(*/P-1) swp If,(t, W) .
ost=u/v
Since

P ()P (-u) = P,(u)P,y(-u) # 0 ,

at least one of the integers
qP,(-u) - pP,(u) and qP (-u) - pP,(u)

is distinct from zero. It follows that

1A

6|Pi(u)| + qeu/v sup ]fi(t, u) |
O=<t=ufv

(1) 1

[}
n

where 2 =1 or %

We have

2n-1 k-n+l 2n-k-1 n . . .
< nktv U - n(n+j-1)1 n-j o (2n-1)t n
7yl = X (kene1)1(2nk-1)T 5 G1(n=g)1 vi* )1 (%)

k=n-1
and
n-1 . i n=1-4
(n+J)!vJu (2n-1)1 n-1
= < < = + .
EAG) ”JEO FHI T =P (aoyr W)
Next, when t 1lies in the interval 0 = t¢ < u/v ,

max{|f, (£, W], |f (t, W]} = —¥e sup (¢(2-8))"1 =
1 2 (n-1) 101 05251
- u2n—1 - u2n—l

.

T (ne1) 1)L (el
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Then, by (1), we can write

u/v 2n-1

2n-1)1 n e u

(2) 1= UL (uo)o + g — .
) (n-1)th
3.
Denote by mo the smallest integer which satisfies
2m +1 m

(3) eqe'u 0 = moth o,

From the definition of mo , it follows that

m. -1 2m -1

(%) Qno-l)!h 07 < 2qeu ©
Since

(am +1)1  [om +1 om_+1

—2—=| 2. () <2 O (me)r

0’ 0
we have, by (2), (3), and (L4), with n = my + 1,
2m +1 m +1 2m -1 1-m

1<2.2 9 (u+v) 0 8.2qe%u 0 mo[m0+l)h 0

Note that
2mo-l

m00w0+1] =2 , U+V>u, and m0 =21

then
3m

(5) 1 = oge® (W(urv))” O .

Now, we require an upper estimate for my - By (L4), we have

m.~1 2m -1
0 u 0
1
mo.h < 2qe u my -

Since
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m./2
m +% —m 0
mo!ZmoonV2n,m§52 , and [i—e-<l,
V2
it follows that
m
0 % m
m u oL 2e m0< uzmoh \/2_60< u My
m < qgeu T sqeu ‘/—T 3qe u .
L 0 vemn T
Put
m
(6) b = % log(3qeu) and x = ——g .
u u
Hence
(1) & <P .
Suppose that
b =27 > ¢
Then, the condition
YU - R—
log(b/logh)
implies
blogloglogh

xlo$x2b+log(b/logb) >b .

Hence, by (7),

2
(8) x < b and m, < by .
log(b/1logh) 0 ~ Yog(b/logb)

provided b = 27 .

We can now prove the

THEOREM. Let 6 be a constant in the interval 0 < 8§ =2 , and let
Ps g, u , and v be four positive integers. Assume that

qz e(h(“+v)]l°/6
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Then

eu/v _ gl > q-(2+6).

Proof. We have

log.q = (h(uﬂ))]lo/6 > ulo/(S > u5 .

Then

b= L 108(3ge") > 2L > (108 3% .
u u

Since

5ey/5 >3y for y=51log5 , and log g = 810/6 = 85 ’

it follows that

(logq)3/5
loglogq

b
logb

> %- > (log q)2/5 > (h(u+v))h/6 .

Since

b > (log q)3/5 > 83 > 27 ,

we deduce from (8),

2
: b Y 8
s, 20s (b)) < BRI < 38 s0g(320')

On substituting this upper estimate in (5), it follows that

1< eqeu(3qeu]36/h .

Finally, since

10/6
eu(3eu)36/)4 < e6u < e(S/h)(hu) < qa/h

we find that

This completes the proof.

Note that the condition for g in this theorem can be easily replaced
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by a weaker one, for example if we suppose 0 < § =1 .

Compare also related results by Bundschuh [1].
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