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1. In t roduct ion , The G e n e r a l Select ion P r i n c i p l e r e f e r r e d to 
in the t i t le i s r e a l l y Tychonoff 's t h e o r e m on p r o d u c t s of compac t 
s p a c e s , but in a somewha t d isguised f o r m ( c f . T h e o r e m 2 . 1 , be low) . 
It is bel ieved that this f o r m is one which lends i tself v e r y wel l to 
m a n y app l i c a t i ons . M o r e speci f ica l ly , one of the i m m e d i a t e 
c o r o l l a r i e s of the m a i n t h e o r e m is a t h e o r e m due to Rado ( c f . Cor 2 . I . I . ) , 
which has been used by E rdos and de Bru i jn [2], Luxemburg [7], and 
the author [9] to give s imple proofs of a v a r i e t y of r e s u l t s . 

The p u r p o s e of this p a p e r is to show how the t h e o r e m and i t s 
c o r o l l a r i e s can be used in a n a t u r a l way to give s imple proofs of a few 
old and new r e s u l t s . In §2, we p r o v e the m a i n t h e o r e m and deduce 
s e v e r a l c o r o l l a r i e s ; in §3 , we d i s c u s s co lo r ings of infinite g r a p h s ; 
in §4, we give a proof of the Stone r e p r e s e n t a t i o n t h e o r e m for 
Boolean a l g e b r a s ; in §5 , we give a proof of the ex i s t ence of Haar 
m e a s u r e in local ly compac t g r o u p s ; in § 6, we give a r e p r e s e n t a t i o n 
of c e r t a i n vec to r l a t t i c e s as function s p a c e s . 

2 . The Main T h e o r e m 

THEOREM 2 . 1 . Suppose we a r e given a fami ly {C : te T } 

of c o m p a c t s e t s and a net ^L = { cj> : a e A} of choice functions 

( i . e . 6 : T - > ^ L C . with cb (t) e C for each t ) . Then t h e r e ex i s t s \ Y^ te T t a t 
a choice function \\J : T-> U C with the following p r o p e r t y : if any 

finite subse t F C T is chosen, and for each te F a neighbourhood 
o o ° 

N, /jX of di(t) in C is chosen, then for any a e A t h e r e ex i s t s 
\\) (t) — — t ' o 

(3 e A, (3 > a , such that cb (t) e N , x for each t e F . 
- o T(3 i|i(t) o 

REMARK This t h e o r e m is exac t ly Tychonoff 's t h e o r e m on the 
c o m p a c t n e s s of the p roduc t of compac t s p a c e s , using the fact that a space 
is c o m p a c t if and only if eve ry net has a l imi t poin t . F o r c o m p l e t e n e s s , 
however , we give below a p a r a p h r a s e of B o u r b a k i ' s proof of Tychonoff 's 
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t h e o r e m , avoiding men t ion of the p roduc t topology. 

Proof of T h e o r e m 2 . 1 . The ne t 7 t in the p roduc t space n C 

g ives r i s e to a f i l te r J in II C in the u s u a l way, i . e . J is 

gene ra t ed by s e t s of the f o r m {cf> : (3>_ a} . j is contained in s o m e 

u l t r a f i l t e r \L . Given any t e T, we m a y define dj : )1C -* C by 
o t t t^ 

o o 
\\j (cj)) = cj>(t ) . Then \\t (<\>) i s the b a s e of an u l t r a f i l t e r Zi (in C ), 

o o o o 
which c o n v e r g e s to s o m e point in C s ince C is c o m p a c t . We 

o o 
wil l ca l l this point \\i(t ), thus defining a mapp ing \\i : T -*• v J c . Since 

Al c o n v e r g e s to di(t ), we have cXt ^ *l t \ ( = ne ighbourhood 
t o o 4nt ) 
o o 

s y s t e m at \\i{t )) . 

Now suppose we a r e given F C T, a neighbourhood N, , x 
o i| j(t) 

for each t € F , and a e A. F o r each t e F , \b . (N, . ,) e %l, 
o o o x t ^ (t) 

and a l so T<±> : <x> a )e °IX; hence the s e t U = {cb : a > a } r\ 

C\ {\\i (N . .) : t e F } 6 C\X ', and in p a r t i c u l a r U is n o n - e m p t y , 
t ^ \ t/ o 

Thus t h e r e ex i s t s G e A, 6 > a , such tha t cb n e U , and it follows r r — o T (3 
that for each t e F we have cj) (t) = ^ (<(> ) € N . 

( s ince c ^ 6 + " 1 ( N + ( t ) ) . 

COROLLARY 2 . 1 . 1 (R. Rado [8]). Given a fami ly {K :t € T } 

of f ini te s e t s , and given for each finite subse t F C T a c o r r e s p o n d i n g 
choice function cj) : T -> U K (with cj) (t) 6 K for each t € T ) , 

F t F t 
then t h e r e ex i s t s a choice function \\>: T -> U K with the following 

p r o p e r t y : if any f ini te subse t F C T is chosen , then t h e r e ex i s t s 

a f ini te s u b s e t F C T with F D F such that cj) (t) = \\i (t) for each 

t € F . 
o 

Proof . The finite s e t s K b e c o m e c o m p a c t under the d i s c r e t e 

topology, and the finite s u b s e t s of T a r e d i r e c t e d by inc lus ion ; 
hence the co l l ec t ion {cb : F C T , F finite} b e c o m e s a net of choice 

F 
functions into a fami ly of c o m p a c t s e t s . Let \\i be the mapp ing which 
ex i s t s by T h e o r e m 2 . 1 . 
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F o r a n y f i n i t e s u b s e t F C T , c h o o s e t h e n e i g h b o u r h o o d s 

N . . t o b e t h e s i n g l e t o n s e t s { \\j (t) } f o r t e F , and t a k e t h e 

i n d e x a t o b e F . T h e n b y T h e o r e m 2 . 1 t h e r e e x i s t s a l a r g e r 
o o & 

i n d e x F ( i . e . a f i n i t e s e t F D F ) s u c h t h a t c|> (t) ç { \\i (t) } f o r a l l 
o F 

t 6 F . 
o 

R E M A R K . P r o o f s of R a d o ' s t h e o r e m h a v e a l s o b e e n g i v e n b y 
G o t t s c h a l k [4 ] (us ing T y c h o n o f f ' s t h e o r e m , b u t i n a d i f f e r e n t w a y ) , 
and b y L u x e m b u r g [7] ( u s i n g t h e m e t h o d of u l t r a p o w e r s ) . 

F o r m o s t a p p l i c a t i o n s of R a d o ' s t h e o r e m i t i s s u f f i c i e n t t o t a k e 

a l l t h e f i n i t e s e t s K to b e t h e s a m e . We t h e n g e t 

C O R O L L A R Y 2 . 1 . 2 . G i v e n a s e t T and f i n i t e s e t K, s u p p o s e 
t h a t f o r e a c h f i n i t e s u b s e t F C T t h e r e i s g i v e n a c o r r e s p o n d i n g 
f u n c t i o n cj) : T -> K . T h e n t h e r e e x i s t s a f u n c t i o n \\) : T -> K w i t h t h e 

f o l l o w i n g p r o p e r t y : if a n y f i n i t e s u b s e t F C T i s c h o s e n , t h e n t h e r e 

Q 
e x i s t s a f i n i t e s u b s e t F C T w i t h F D F s u c h t h a t 4» (t) = \\i (t) f o r 

e a c h t € F . 
o 

F o r s o m e a p p l i c a t i o n s of t h e m a i n t h e o r e m , i t i s n e c e s s a r y to 
r e t a i n a g e n e r a l n e t of m a p p i n g s , b u t i s s u f f i c i e n t t o t a k e a l l t h e 
c o m p a c t s e t s e q u a l to o n e f i n i t e s e t . T h e o r e m 2 . 1 t h e n b e c o m e s 

C O R O L L A R Y 2 . 1 . 3 . G i v e n a s e t T , a f i n i t e s e t K, and a n e t 
{CJD : a e A } of m a p p i n g s , § : T -> K, t h e n t h e r e e x i s t s a m a p p i n g 

\\i : T -»• K s u c h t h a t : g i v e n a n y f i n i t e s u b s e t F C T and a n y a e A, 

t h e r e e x i s t s (3 >_ a s u c h t h a t <\>At) - + (t) f o r a l l t € F . 

F i n a l l y , w e m e n t i o n t h e c o m m o n s i t u a t i o n w h e r e t h e c o m p a c t 
s e t s C a r e a l l c o m p a c t s u b s e t s of t h e r e a l s R . T h e n e i g h b o u r h o o d s 

N , x c a n t h e n a l l b e t a k e n to b e € - i n t e r v a l s , and T h e o r e m 2 . 1 
4>(t) 

b e c o m e s 

C O R O L L A R Y 2 . 1 . 4 . S u p p o s e w e a r e g i v e n a f a m i l y 
{ C : t e T} of c o m p a c t s u b s e t s of R , and a n e t { $ : a e A } of 

f u n c t i o n s cb : T -> R s u c h t h a t cb (t) e C f o r e v e r y a. e A . T h e n t h e r e 
# a t 

i s a f u n c t i o n \\t : T -> R w i t h t h e f o l l o w i n g p r o p e r t y : g i v e n a n y f i n i t e 
s u b s e t F C T and a n y 0 < £ t R , t h e n f o r a n y a. e A t h e r e e x i s t s 

o o 
P 21 a s u c h t h a t | 6 (t) - ^ ( t ) | < e f o r e a c h t e F . 
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3 . Graph Color ing 

Def in i t ion . Given a pos i t i ve in t ege r k, a k - c o l o r i n g 
of a g r a p h T is a mapping f r o m T to the s e t { 1 , 2 , . . . . , k} such 
that ad jacent v e r t i c e s a r e a s s igned dif ferent i n t e g e r s ( c o l o r s ) . 

E r d o s and de B r u i j n [2] not iced that the following t h e o r e m about 
infinite g r a p h s follows eas i ly f r o m R a d o ' s t h e o r e m . The proof is 
omit ted s ince it is s i m i l a r to that of T h e o r e m 3 . 3 . 

THEOREM 3 .1 ( E r d o s , de Bru i jn . ) A g r a p h T is 
k - c o l o r a b l e if and only if e v e r y finite s u b g r a p h is k - c o l o r a b l e . 

Given a g r a p h , T , we m a y ask to what extent T is d e t e r m i n e d 
by its c o l o r i n g s . M o r e p r e c i s e l y : given T , we m a y c o n s i d e r the 
(poss ib ly empty) co l l ec t ion of k - c o l o r i n g s of T ; and c o n v e r s e l y , 
given any point se t S toge the r with a co l l ec t ion of k - c o l o r i n g s of the 
points of S, we m a y obtain a g r a p h by connect ing two po in t s of S 
if and only if none of the co lo r ings a s s i g n s t h e m the s a m e c o l o r . We 
say that a g r a p h T is k - r e p r o d u c i b l e if the g r aph g e n e r a t e d by the 
k - c o l o r i n g s of T is T aga in . 

The following l e m m a is c l e a r . 

LEMMA 3 . 2 . A g r a p h T is k - r e p r o d u c i b l e if and only if for 
any two non -ad j acen t v e r t i c e s t h e r e is s o m e k - c o l o r i n g that a s s i g n s 
t hem the s a m e c o l o r . 

F i g . 1(a) below shows a 3 - r e p r o d u c i b l e g r a p h (having two d i s t i nc t 
3 - c o l o r i n g s ) , and F i g . 1(b) shows a g r a p h which is not 3 - r e p r o d u c i b l e 
(the top left and lower r i g h t v e r t i c e s a lways get d i f ferent c o l o r s ) . 

0 "~3D 

CU 0 -*0 

(a) (b) 

F i g u r e 1 
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THEOREM 3.3. A graph T is k-reproducible if and only if 

every finite subgraph of T is k-reproducible. 

Proof. Suppose T is such that every finite subgraph is 
k-reproducible. We will show that T is also k-reproducible. 
(By Lemma 3.2 the converse is clear.) Let t and t be any 

two fixed non-adjacent vertices of T. By Lemma 3.2 it is sufficient 
to find a k-coloring \\j which assigns the same color to t and t . 

Let K = {1, 2, . . .k} . For any finite subset F C T , let 
4> :T-> K be a k-coloring of the finite subgraph FU{t , t } which 

F 1 2 
assigns the same color to t and t . Then the mapping \\i :T -> K 

which exists in virtue of Corollary 2.1.2 is the required coloring. 
For, let t and t be any two adjacent vertices of T, and let 

F = {11, t . t , t \ . Then Corollary 2.1.2 states there exists 
o ^ 1 2 3 4 

F ^ F such that cf> _(t) = i|i (t) f° r each t e F , and hence 

tft3) = 4>F(t3) i <|>F(t4) = 4> ( t 4 ) , and 4»^) = $F(t±) = 4,F(t2) = 4^(t2). 

4. Representations of Boolean Algebras. The author noticed 
recently [9] that Stone's representation theorem for Boolean algebras 
could be proved simply using Rado's theorem. We have: 

THEOREM 4.1 (Stone [11]). Every Boolean algebra T is 
isomorphic to a Boolean algebra of subsets of some set H. 

Proof. Let H be the set of all non-trivial Boolean homomorphisms 
h:T -*• {0, 1} . We may then map T into the collection *p (H) of subsets 
of H by p : T -> ^ (H) where p(t) = {h e H:h(t) = 1} . It is easy to check 
that p is a Boolean homomorphism, and to show that it is an 
isomorphism, it is only necessary to show that for any 0 ^ t e T 

there is an he H such that h(t ) ^ 0 (i.e. that there are enough 

homomorphisms). Now, it is not hard to see that any finite Boolean 
algebra does have enough homomorphisms into {0, 1} , so for any 
finite subset F C T we may let fy : T -*- {0, 1} be such that it acts 

F 

as a homomorphism on the finite subalgebra genera ted by F(J{t } 

and s u c h t h a t <t> (t ) = 1 • ^ c a n then be seen (c.f. [9]) that the 
mapping L|J:T-> {0,1} which exists in virtue of Corollary 2.1.2 is a 
homomorphism of T, and that d/(t ) = 1. 

o 

We may put a topology on H by taking as a basis for the open 
sets the collection {p(t):t e T} . We note that for any t e T, with 
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complement t ' , the complementary set C p(t) = p(f) is open, so 

that the basis sets are both open and closed. The fact that H has 

enough homomorphisms implies that the space is Hausdorff. 

THEOREM 4. Z. The topological space H is compact. 

Proof. Let {h : a € A} be a net in H. Since h : T -> K = {0, 1} , 

by Corollary 2.1.3 we get a certain mapping h : T -> {0, 1} . Again, 

it may be verified without difficulty that h is a non-trivial homomorphism 

from T to {0, 1) , so h e H. And in fact h is a limit point of the J o o 
net {h }, for : take any basic neighbourhood of h , (i. e. take any 

t e T such that h (t ) = 1 and consider the neighbourhood n(t )), 
o o o r o 

and take any a € A. Let F = -ft ) C T. Then there exists 
o o oJ 

6 > a such that h (t ) = h (t ) = 1, i. e. h e 0 ( t )• 
~ ~ 0 p O O O p r o 

The reader will notice that the topology on H is the weakest 

topology making the characteristic functions rY , t e T, all 
p lw 

continuous. Another example of the compactness of weak topologies 
will be given in § 6. 

5. Existence of Haar Measure. Our object in this section is 
to use the Main Theorem (actually, Corollary 2. 1.4) to prove 

THEOREM 5.1. In every locally compact topological group X, 
there exists at least one regular Haar measure, i .e. a left-
translation-invariant Borel measure. 

Proof. The proof, in outline, follows that in Halmos [5]. 
One first observes that it is sufficient to find an invariant content \\j 

on the compact sets, since then the measure induced by the content 
will be as required. 

Let T be the collection of compact subsets of X, and let T 
be the collection of compact subsets of X with non-empty interior. 

For D e T and U e T° let r(D;U) = the minimum number of left 

translations of U needed to cover D. To fix the scale, fix B e T ; 
o 

and then for any Us T define cb : T -> R by 

It follows c|> is translation invariant, and subadditive; and if 

D O D = $ , then for U sufficiently small, * U ( D
1

U D
2) = 4>TJ(E>1) + * I J ( t )

2 ) 

5 7 8 
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We now apply C o r o l l a r y 2 . 1 . 4 . It is easy to show that 

0 < 4>n(D) <_ r ( D î B)> hence for al l U e T ° , 4>n(D) is in the compac t 

i n t e r v a l [ 0 , r ( D ; B ) ] = C , s ay . Also , the se t s U e T a r e d i r ec t ed 

(down) by inc lus ion . Hence {({) : U e T } is a net of choice funct ions 

into compac t s u b s e t s of R , so by Coro l l a ry 2 . 1 . 4 we get a c e r t a i n 
mapping I | J : T - > R . 

It is s t r a i gh t fo rwa rd now to ver i fy that \\t is the r equ i r ed conten t . 
We show, as a s a m p l e , that \\i is f ini tely addi t ive : given D C\D = c|> , 

take any e > 0 , and find U such that U C U i m p l i e s 

• u ( D i U D 2 , a * U ( D l ) + V D 0 2 ) - L e t F o = ^DrD2'D lU D
2> • 

By Coro l l a ry 2 . 1 . 4 t h e r e ex i s t s U C U such that 
3 J o 

l+ytD) - + ( D ) | < € for D 6 F Q ; hence |^ (D i \J D ^ - + ( D ^ - + ( D ^ \ 

= l + P 1 U D 2 ) - * U ( D 1 U D 2 ) - ty(D±) + * U ( D 1 ) " +(D2) + ^ ^ I 

< | ^ ( D i u D 2 ) - 4 ) u ( D i U D 2 ) | + |^ (D d ) - ^ u ( D l ) | + 1 ^ ) - « ^ ( D . , ) ^ 3 e 

And s ince £ is a r b i t r a r y we get ^(D U D ) = \\>(D ) + I}J(D ) . 

6. R e p r e s e n t a t i o n s of Vector L a t t i c e s . Let L be a vec to r 
l a t t i ce which is Dedekind comple t e ( i . e . condi t ional ly c o m p l e t e : eve ry 
subse t of L which is bounded above has a l ea s t upper bound), and 
which has a s t rong o r d e r unit 1 (i. e. for eve ry x € L t h e r e is a r e a l 
number a such that | x | < _ a l ) . L then b e c o m e s a no rmed space by 
set t ing | |x | | = inf {a: | x | < a 1 } . Seve ra l proofs exis t of the fact that 
L can be r e p r e s e n t e d as the space of a l l cont inuous funct ions on a 
su i tab le c o m p a c t Haudsdorff space ( c f . , for ins tance [1], [6]). 

A c o m m o n technique in r e p r e s e n t a t i o n theory is to take as the 
b a s e space s o m e co l lec t ion of l inear funct ionals , and one of the m a i n 
p r o b l e m s is usua l ly to show that t h e r e a r e enough funct ionals of the 
r e q u i r e d type . M o r e p r e c i s e l y , we say that a l i nea r functional 
§ : L -*• R is l a t t i c e - p r e se rv ing if for x, y ç L, c|)(x V y ) = cj)(x) V cf>(y) and 
4>(x/\y) = cj)(x) A<t>(y)î and we wil l u se the m a i n t h e o r e m (actual ly 
C o r o l l a r y 2 . 1.4) to p r o v e 

THEOREM 6 . 1 . Let L be a Dedekind comple te vec to r l a t t i ce 
with a s t rong o r d e r unit 1, and let 0 < x e L . Then t h e r e is a 
l a t t i c e - p r e s e r v i n g l inea r funct ional \\i of n o r m 1, such that 
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We wil l p r o v e T h e o r e m 6 .1 by us ing a s e r i e s of l e m m a s to get 
a p p r o x i m a t i o n s to the funct ional we want, and then applying 
C o r o l l a r y 2 . 1 . 4 . F i r s t of a l l , we say that an e l e m e n t e e L is 
u n i t a r y if inf(e, 1-e) = 0. F r e u d e n t h a l p roved [3] that if 0 < x e L , 
then t h e r e ex i s t s a un i t a ry e l e m e n t e > 0 and a r e a l n u m b e r a > 0 
such that ae < x . if x e L and e is un i t a ry , we define the p r o d u c t 
x«e to be the p r o j e c t i o n of x into the n o r m a l s u b s p a c e (band) g e n e r a t e d 
by e . It is ea sy to ver i fy that th is " p r o d u c t " ha s d e s i r a b l e p r o p e r t i e s 
such a s : 

(i) if e , and e^ a r e un i t a ry , then e . e^ = inf ( e . , e _ ) , 
1 Z 1 2 1 Z 

and is aga in un i t a ry ; 

(ii) (x« e ) -e = x-(e- e ); 
1 Z 1 Z 

( iii) (x + y) • e = x • e + y« e; 

(iv) x <_ y i m p l i e s x » e _ < y e . 

It follows f r o m F r e u d e n t h a l ' s r e s u l t that if x <£ 0, 
then t h e r e e x i s t s e > 0 such that x . e > 0 ; for s ince 

+ + 
x > 0 we m a y find e > 0 and a > 0 such that 0 < ae <_ x ; and 
s ince x is d is jo in t f r o m x , so is e so that x • e = 0; and hence 

+ + -
u < # e = Q ' e » e < Ç x • e = x • e - x • e = x *e. 

F o r any e > 0, x > 0 in L, define 

p (e, x) = sup {p e R: (3 e < x} . 

LEMMA 6 .Z . (i) F o r any x > 0 and any u n i t a r y e > 0, 

P ( e ,x ) < | |x<e | | < x 

(ii) F o r any x _> 0 and any u n i t a r y e > 0, t h e r e ex i s t s 0 < e1 £ e 
such tha t whenever 0 < e" < e1 then 

| | x e " || - € < | | x . e | | - € < p ( e " , x ) . 

Proof , (i) p ( e , x ) e < x , so p ( e , x ) e = p ( e , x ) e . e < x » e < || x «e || 1, 
and hence p(e, x)e < ||x« e || e, so that p(e, x) < || x*e || . 
| | x ' e | | < || x || fol lows f r o m 0 < x*e <_ x . 

(ii) Let a = || x » e | | - e . Since x*e ^ ai, t h e r e f o r e 
(x» e - #1) j£ 0 , and hence by the r e m a r k s above t h e r e e x i s t s a 
u n i t a r y e > 0 such that 0 < (x-e - ai ) . e . It fol lows tha t 

e - e , ^ 0 , so le t 0 < e' = e" e , < e, and then wheneve r 0 < e" < e1 

1 1 — — 
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we have ere" £ x « e" <_ x, so that p ( e n , x) _> a = || x • e || - e • The o ther 
inequal i ty of (ii) is i m m e d i a t e s ince 0 < x * e " < x*e, so that 
l l -e" | |< | |x .e | | . 

LEMMA 6 . 3 . F o r any 0 < x € L , 0 < a e R , and un i t a ry 
e > 0 , p(e, a x) = a p ( e, x) • 

- 1 
Proof . p e < a x if and only if a ( 3 e < x ; hence pCe.ax) 

-1 -1 A 

= sup {p:(3e < a x } = sup {p:a p e < x } = a- sup{ a p : c r ~ 1 p e < x } 
= a p(e, x ) . 

LEMMA 6 . 4 . Given x, y > 0, e > 0, and e > 0, t h e r e ex i s t s 

0 < é < e such that whenever 0 < e" < e ! then 

(i) p ( e " , x ) + p ( e n , y ) < p ( e M , x + y) < p ( e , x) + p ( e , y) + e , 

( i i ) p ( e " , x V y ) < p (e '» ,x) V p ( e " , y ) < p ( e " , x V y ) + e , 

( i i i ) p(e f \ X A Y ) < p(e n ,x ) A p(e" ,y) < p ( e n , x A y ) + e . 

Proof . By L e m m a 6 .2 t h e r e ex i s t s 0 < e1 < e such that 

whenever 0 < e" < e1 then | | x«e" | | - G / < p ( e n , x) < || x *e" || 

and | | y - e " | | - £/z < p ( e » , y) < J | y - e » | | . 

F o r (i) we o b s e r v e that p ( e " , x ) e " < x and p (eM, y ) e " £ y, 

so that [p (e n , x) + p(e" , y ) ]e n < x + y; and hence 

p ( e " , x ) + p ( e " , y ) < p ( e " , x + y) . Also , p ( e " , x +y) < || (x +y) - e f , | | 

- | | x - e " + y e » | | < | | x - e » | | + || y e" ||< p (e»\ x) + € / 2 + p (e» ' ,y) + € / 2 . 

The p roofs of (ii) and (iii) a r e exact ly s i m i l a r . 

Proof of T h e o r e m 6 . 1 . We have x > 0 , and we want to find 
o 

a l a t t i c e - p r e s e r v i n g l inear funct ional \\t of n o r m 1 such that 
4J (x ) = || x || . F o r any finite subse t F C L + and any e > 0, 

t h e r e ex i s t s by the p r e c e d i n g l e m m a s a un i t a ry e > 0 such that 

(i) 0 < p(e, x) < | |x | | for a l l x e L 

(ii) l |x o | | - € < p(e,XQ) < | | x o | | 

(iii) p(e, x) + p(e, y) < p(e, x + y) < p ( e , x) + p(e, y) + e for a l l x, y e F . 

(iv) p ( e , a x ) = a p(e, x) for 0 < ae R and x e L 
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(v) p(e, x Vy) < p ( e , x ) v p(e, y) < p ( e , x \ / y ) + e for all x, y € F 

(vi) p ( e , x A y) < p (e ,x )A p(e,y)< p ( e , x A y) + £ for all x, y e F . 

L e t S = { F , G} , and d e f i n e 4> : L -»• R by 4> (x) = p ( e , x ) . 
o o > 

Then è is an a p p r o x i m a t i o n (at l e a s t on F) to the r e q u i r e d 
ib 

func t iona l^» Note that by (i), cj> (x) is in the c o m p a c t i n t e r v a l 

[0, | | x | | ] C R ; a l so , the co l l ec t ion 

{ S : S = { F , e } , F f ini te , F C L , 0 < G € R} is d i r e c t e d by the 
r e l a t i o n > w h e r e { F , e } > { F G } if F D F and G < e . 

L\ Cj 1 1 L\ X L* i-

Hence by C o r o l l a r y 2 . 1 . 4 t h e r e is a mapp ing \\>: L -> R such that 

(i) i|j(x) € [0, | | x | | ] for X€ L + , and 

(ii) given any f ini te subse t F C L and any e > 0, then 

(let t ing S = { F »e})> t h e r e ex i s t s S = {F , G ' } > { F , e} 
o o o 

(i . e . F D F and G1 < e) such that | cjj (x) - ^J(X) | < G for a l l x e F . 
O £> O 

One can now ver i fy that \\t a c t s on L as the r e q u i r e d func t iona l . 
F o r example , we show that \\i is add i t ive . Let 

y, z e L , and let G > 0, and take S = {{y, z , y + z } , G} • 

Then for an a p p r o p r i a t e S = { F , G} >_ S we have 

|^ (y + z) - v|j(y) - I|J(Z-)| < |v|;(y+ z) - + s ( y + z ) | + |+ (y) - 4>s(y) | + 

M z ) - < | > s ( z ) | + | 4 ) s ( y + z) - c|)s(y) - ct)s(z) | < G + G + G + G' < 4 € . 

And G is a r b i t r a r y , so ^ ( y + z ) = ^(y) + + ( z ) * The o ther p r o p e r t i e s 
a r e ver i f ied s i m i l a r l y . 

\\t can now be extended l i n e a r l y to the r e q u i r e d funct ional on L. 

One m a y now get a r e p r e s e n t a t i o n of L as a r e a l function s p a c e 
as fo l lows . Let è be the co l l ec t ion of a l l l a t t i c e - p r e s e r v i n g l i nea r 
funct ionals of n o r m 1, and define T : L -+j (è, R) by 
(T (X)) (4>) - <MX) e R- ^ i s e a sy to ver i fy that T is a v e c t o r - l a t t i c e -
h o m o m o r p h i s m into j (è, R) , and T h e o r e m 6 .1 shows that it is an 
i s o m o r p h i s m . 

$> m a y be given the w e a k e s t topology under which a l l the funct ions 
in T ( L ) a r e cont inuous , i . e . a t yp ica l ne ighbourhood of 
<\> e <& is {c|> € <& : | 4> (x.) - (j> (x.) | <_ G, x. € L, i = 1, . . . , n} . 

This topology is Hausdorff, and we can u s e C o r o l l a r y 2. 1.4 to s ee 
that it is c o m p a c t : indeed, suppose {§ : a e A} is a net in è ; 
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s ince \\§ || =• 1, t h e r e f o r e <\> (x) e [- x , x | ] for eve ry a e A, 
a a 

so t h e r e ex i s t s by (Corollary 2 . 1 . 4 a c e r t a i n mapping i jcL-^R, and 
it follows eas i ly that \\i € è and is a l imi t point of the net {<\> } . 

a 

The r e a d e r wil l not ice that C o r o l l a r y 2 . 1 . 4 can be used in a 
v e r y s i m i l a r way to p r o v e the c o m p a c t n e s s of the unit ba l l in the 
n o r m - d u a l Xf of a no rmed l inea r space X , in the weak topology 
oo(X!, X) . This t h e o r e m is , of c o u r s e , a l r e a d y v e r y c lose to 
Tychonoff 's t h e o r e m . 

With the topology thus defined on h, r (L) b e c o m e s the space of 
a l l cont inuous funct ions on the compac t Handsorff space (5 . 
This is a function a lgeb ra , so a mu l t ip l i ca t ion can be induced on L 
i tself by using the i s o m o r p h i s m T . It is i n t e r e s t i ng to note , t h e r e f o r e , 
that in fact t h e r e i s a n a t u r a l way of defining a mul t ip l i ca t ion impl ic i t ly 
in L , which co inc ides with this induced mul t ip l i ca t ion (c.f . [10]). 
Under this mu l t i p l i ca t i on in L , the funct ionals 4> € <& a r e exac t ly 
the mu l t i p l i ca t i ve l inear func t iona l s . 
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