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FAMILIES OF FRACTIONAL FANTAPPIE TRANSFORMS
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Abstract

Let B, denote the unit ball in C", n > 1. Given an « > 0, let F, (n) denote the class of functions defined
for z € B, by integrating the kernel (1 — (z, w)) ™ against a complex Borel measure du(w), w € By,.
The family Fo(n) corresponds to the logarithmic kernel log(1/(1 — (z, w))). Various properties of the
spaces Fy (n), o > 0, are obtained. In particular, pointwise multiplies for F, (n) are investigated.
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1. Introduction

Let B, ={z€C":|z] <1},n>1. For A € By, put

ko(A) = log ;

1—A

1
ko(X) = m, a > 0.

Here and in what follows we use the principal branch of the logarithm.

1.1. Fractional Fantappie transforms. Let M(B,) denote the space of complex-
valued Borel measures defined on the ball B,. Let « > 0. Given a measure u €
M(By,), its fractional Fantappie transform of order « is defined by the identity

Folpl(z) Z/ ko((z, w)) du(w), z € By.
The classical Fantappie transform in the ball is Fi[u]. See, for example, [1] for a
detailed treatment of the Fantappiée transform.

Note that |

(1 = (z, wprtt’
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[2] Families of fractional Fantappié transforms 63

is the Bergman kernel in the ball. So, one may consider F,[x] as fractional Bergman
transforms of u € M(B;,).

Let v, denote the normalized Lebesgue measure on the ball B,. In numerous
applications one usually considers Fy[n], where u is absolutely continuous with
respect to v, (see, for example, [12]).

Let Hol(B;,) denote the space of functions holomorphic on the ball B,,. Consider
the families

Fon) = {f € Hol(By) : f — f(0) = Fy[u] for some u € M(B,)};
Fa(n) = {Folp] : p e M(Bp)}, o>0.

Note that

1:/ IO VA Y
B, (1 —(z, w)“

Therefore, 1 € Fy(n) for all @ > 0. Standard arguments show that F, (n), « > 0, are
Banach spaces with respect to the following norms:

I £l 7@y = 1F O +inf{{jwll pmes, = f = fO) = Folul},  f € Foln);
1l = inf{llellmes,) : f = Falull,  f € Fa(n), a>0.

Assume that f = F,[u], @ > 0, for some positive measure u € M(B,). Let f =

Fuolpl, pe M(B,). Then |pllpm, = p(By) = f(0) = lllimes,). Therefore,
I f 7o) = It MmBy) -

1.2. Multipliers. Assume that X, Y C Hol(B,) are Banach spaces. A function
g € Hol(By) is called a (pointwise) multiplier from X to Y provided that fgeY
for all f e X. Let (X, Y) denote the set of all multipliers from X to Y. Put
IM(X) =M(X, X) and My (n) = M(F,(n)). My (), @ > 0, is a Banach space with
respect to the natural operator norm defined by the identity

lgllon, iy = suplll f&ll 7y s N fll 7y = 1}, g € Mo ().

1.3. Families F,(n) and fractional Cauchy transforms. Let M(dB,) denote the
space of complex-valued Borel measures defined on the sphere d B,,. Let @ > 0. Given
a measure p € M(9B,), its fractional Cauchy transform of order « is defined by the
identity

Kqlpl(2) = /

ke((z,¢))dp(¢), z€ By.
dB,

Put

Ko(n) = {f € Hol(By) : f — f(0) = Ko[p] for some p € M(dBy)};
Ka(n) = {Kqolpl:p € M(@By)}, «>0.

Fuo(n), @ > 0, are Banach spaces with respect to the natural norms

I fllicomy = 1f O +inf{llollm@s, : f — FO) = Kolpl},  f € Ko(n);
I fllcam = inf{lipllmes,) : f = Kalpll,  f€Ka(n), a>0.
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The families Ky (n) and 9M(Ky(n)) are rather close to Fu(n) and My (n),
respectively. In particular, Fo(n) C Ky (n), Fo(n) # Ky (n) and M, (n) C MKy (1)).
The author does not know whether i, (n) coincides with 9 (K, (n)).

The classical spaces K1 (1) and (K1 (1)) are investigated in [3]. Various properties
of the families KCy, (1) and DT(K,, (1)) are collected in [8]. Certain results about Ky, (72)
and (K (n)) are obtained in [4-6] for arbitrary n € N. To the best of the author’s
knowledge, the spaces Fy (1) and 2, (n) have not been investigated systematically.

1.4. Organization of the paper. Definitions and auxiliary results are collected in
Section 2. In Section 3 embedding properties for the families F,(n) and Bergman—
Sobolev spaces are investigated. Radial derivatives of functions from F,(n) are
studied in Section 4. It is shown in Section 5 that F (n) is a proper subset of /Cy (n).
The multiplier spaces 9, (n) are investigated in the final Sections 6 and 7. The main
results are Proposition 7.1 and Theorem 7.7.

2. Preliminaries

2.1. Radial derivatives. Given f € Hol(B,), the radial derivative R f is defined by
the identity

a 0
Rf(2)= ZZja—f_(Z), Z € By.
j=1 C%i

It is well known that

1
f@)— f(0)= /0
Direct calculations show that

R(fe=f -Rg+Rf-g Vf, ge€Hol(By).

Rf(tz) dt
t

, Z€B,. 2.1)

Further, put
R=R+1:Hol(B,) = Hol(By).
Note that
R(fe)=f -Rg+Rf-g Vf geHol(By). (22)
2.2. Operators of radial differentiation. Fractional analogs of the operator R are
defined in terms of the homogeneous expansions of holomorphic functions. Namely,
assume that s, r e R, s > —n — 1l and s + t > —n — 1. An invertible operator

D! : Hol(B,) — Hol(B,)
is defined as follows. If f = Z/fio Jx 1s the homogeneous expansion of f € Hol(B,),
then
AT+ 1+s)T(n+1+k+s+1)

t _
b:j@ _k;) Tt lts t Tt L hkps /& €8 2:3)

Note that, under the above restrictions on s and ¢, definition (2.3) coincides with those
in [12, Section 1.4] and [9].
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We have
(DHY™! = Dy, : Hol(By) — Hol(B,),
where D, is defined by formula (2.3). Finally, observe that R =R + I = DL,

3. Embedding properties

3.1. Weighted Bergman spaces. Recall that v, denotes the normalized Lebesgue
measure on the ball B,. For p, g > 0, the weighted Bergman space Af; (B;) consists
of those f € Hol(B,,) for which

1V =fB @I = |27 dv (2) < oo,

PROPOSITION 3.1. Suppose that n € N.
(i) Ifa>n, then AL_ (B,) C Fy(n).
() IfB>a>0andpB > n, then Fy(n) C A}s_n(B,,).

PROOF. () If f € Ag{_n(Bn), o > n, then [12, Theorem 2.2] guarantees that

F)(1 = [w)* " dv, (w)
(I = (z, w))*

f(2)=cq

By,

for all z € B,,. By the assumption,
F@)(@ = w)™" " dvy (w) € M(By).
Therefore, Aé_n(Bn) C Fq(n) for o > n.
(ii) Assume that « > 0, u € M(B,,) and
du(w
fO=RiNe= [ GH e

If B > n and B > «, then, changing the order of integration, we obtain

1— [z~ dv,
/B|f(z>|(1—|z|>ﬂ"1dvn<z>s/ (1= Iz @) 1w

B 11— (z, w)[*

n

< Cf dlul(w) < o0
By

by [10, Proposition 1.4.10]. So Fy(n) C Aéfn (B;). The proof of the embedding
Fo(n) C A}g_n(Bn), B > n, is analogous. d

3.2. Bergman—-Sobolev spaces. Suppose that p, ¢ > 0 and j € Z. By definition,
the Bergman—Sobolev space Ag’ j(Bn) consists of those f € Hol(B,) for which

||f||A51j(Bn)=/B IR f@IP(1 = |27 dv,(2) < o0.

n
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For p>1, Ag, j(Bn) is a Banach space. Note that Ag o(Bn) coincides with the

weighted Bergman space Ag (By). Basic properties of the general spaces A;S(Bn),
s € R, are gathered together in [2].

PROPOSITION 3.2. Assume thatn €N, je{0,1,...,n}andoa >n — j.
(i)  The embedding A,,_, . ; ;(By) C Fy(n) holds.
. l
(i) If B > «, then Fo(n) C Aﬂ_nﬂ.’j(B,,).
PROOF. If j =0, then Proposition 3.1 applies. We assume that j € {1, ..., n}.
() Let f € Aé_nﬂ,j(Bn). We have
i 1 1
Dé_n_l (Aa7n+j,j(Bn)) = Aa7n+j(Bn)

by [9, Proposition 3.2]. (Note that in [9], Bergman-Sobolev spaces are called Besov
spaces.) Therefore, D’ feAl (Bn) C Fuyj(n) by Proposition 3.1(i). So,

a—n—1 a—n+j

Dz;_n_lf(z):/ _drw)

B, (1= {z, wp)eti’

for some pu € M(B,;). We have o > 0, hence, the inverse operator (Di—n—l)_l =

D;fr jmn—1 is correctly defined by (2.3). Next, [12, Proposition 1.14] guarantees that

D} 1 = :
a+j—n—1 (1—(z, w))ﬂH‘f o (1 —{z, w))a’

zZ, w € By,.

Therefore,

—p j _ dp(w)
f@)= oz+j7n71Da7n—1f(Z) = B, (11— (z, w))a’ Z € By.

In other words, f € Fy(n).

(i1) Assume that j € {1, ..., n}, >n — j and
dp(w)
Z - —’ ZEB 9
@ /B (1= (z, w)” !

for some u € M(By,). For z € B, straightforward calculations show that
o dp(w)
g, (1 — (z, w))et!

Rf()=Rf()+ flz)= + (1 =) f(2) € Fay1(n) + Fo(n).

By induction, _
R feFayrjn)+---+ Fuln). (3.1)
Now, suppose that 8 > «. Note that 8 + j > o« + j and 8 + j > n, hence,
Fatj(n) + -+ Fuln) C Ay, ,(By)
by Proposition 3.1(ii). So (3.1) guarantees that f € Aéﬂ._n j(B,,). O
For o = 0, we have the following analog of Proposition 3.2(ii).
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PROPOSITION 3.3. Letn € N. Then Fy(n) C Aé’n(B,,)for any € > 0.
PROOF. Let u € M(B;,) and let

f(z>=f<0>+f log ——— dp(w), z e B,.
B, 1 —(z, w)

For z € B,,, direct calculations show that

RI@=Rf@) + f(2) = / _
B, 1 - (Z’ U))

€ Fi(n) + Fo(n).

1

Therefore,
R"f € Fa(n) + - -+ Fon) C AL(By)

by Proposition 3.1(ii) with 8 =¢ +n >n. So f € Aé’n(Bn). O
COROLLARY 3.4. Letn € Nand let 0 <a < B. Then F,(n) C Fg(n).

PROOF. Applying Proposition 3.2 with j = n and Proposition 3.3, we obtain F, (n) C
A}g’n(Bn)C]-"ﬂ(n) for0 <a < B. O

4. Families F,(n) and radial derivatives
The proof of the following proposition is similar to that of [6, Proposition 4.2].

PROPOSITION 4.1. Suppose that « >0, n € N and f € Hol(By). Then f € Fyo(n) if
and only if Rf € Foy+1(n).

PROOF. Let f € Fy(n). Assume that « = 0. Then

(z, w)

for some u € M(B,,). Direct calculations show that

f(Z)=f(0)+fB IOgI_;dM(w), Z € By,

RfG) =/ e wy = Filel@),  ze B,
B, 1 - (Za U))

where p = u — w(By)v,. SO Rf € Fi(n).
Now assume that « > 0. Then

1
(2) =/ ————dp(w), z€B,y,
/ B, (1 —(z, w)*
for some u € M(B,;). We have
a

Rf(z):/Bn Wdu(w) —af(z), z€B,.

Note that af € Fy(n) C Fo+1(n) by Corollary 3.4, thus R f € Fp41(n).
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It is convenient to prove the converse implication in two steps.

Step 1. « =m € NU {0}. By the hypothesis,
Rf(z)= / W du(w), z¢€ By.

Applying (2.1), we obtain

' Rf(t2) ! 1
f(z)—f(O)—/0 . dt—//Bn 1 T du(w)dt, z€B,.

(z, w)

If A e Cand |A| < 1, then

S P
t(1 —a)m+tl = (1 —t2)J

Put A = (z, w). Note that R f(0) =0, thus w(B,) = 0. Hence, changing the order of
integration, we obtain

m+1
f@— f©) = / A /0 T )
=/ log—d,u(w)
B, _(Z’ w>
m+1 1
/n G =D = (o, wpi1 H)

€ fo(n) + -+ Fu(n) C Fp(n)
by Corollary 3.4. Recall that 1 € F,,(n), hence f € F,,(n).

Step 2. a > 0, o ¢ N. Repeating the arguments used in Step 1 and changing the order
of integration,

! 1
f(z)—f(O):/O[Bn e duCw)
B ! <z, w)
/0 t/,, (l—t du(w)dt

The inner integral in the first summand is explicitly calculable. So, consider the second
summand. Put [@] =m € NU {0}. We have m + 1 > «, hence, by Corollary 3.4, there
exists a measure p € M(By,) such that Fy,, 1 1[p] = Fy[1t]. Also, we have

p(Bp) = Finy1[p1(0) = Fo[p](0) = pu(Bn) =0
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[8] Families of fractional Fantappié transforms 69
Therefore,

1 1 ! 1
1O 0= J, e 0+ [, a0
€ Fo(n) + Fun(n).

The latter property is obtained in Step 1. Recall that o > m, hence f € F,(n) +
Fm(n) C Fy(n) by Corollary 3.4. O

THEOREM 4.2. Assume that « >0, n € N and f € Hol(B,). Then the following
properties are equivalent:

1) feFaln);

(i) Rf € Fyri1(n);

(iii) Rf € Fat1(n).

PROOF. Proposition 4.1 guarantees that (i) holds if and only if (ii) holds. Next, (i) and
(i1) imply (iii). Finally, assume that (iii) holds. Then

Rf € Fouy1(n) C Fuy3p(n) C Ay iy, (Bn)

by Proposition 3.2(ii) with j =n — 1. Therefore, f € A;H’n(Bn) C Fa+1(n) by
Proposition 3.2(1). So Rf = Rf — f € Fy+1(n), that is, (iii) implies (ii). O

5. Spaces Fy(n) and ICy (n)

It is shown in [6] that analogs of Proposition 3.2, Corollary 3.4 and Theorem 4.2
hold for the spaces K (n) of fractional Cauchy transforms. Note that the arguments
used in Sections 3 and 4 provide alternative proofs of those analogs. Also, the
following assertion implies certain embedding properties.

PROPOSITION 5.1. Letn € Nand let « > 0. Then Fy(n) C Ky (n).

PROOF. Suppose that o« > 0, u € M(B,,) and
dp(w
ro=[ L e,

B, (I —(z, w)“

Note that u € M(B,), where M(E_n) denotes the space of complex-valued Borel
measures defined on the closed ball B,,. Without loss of generality, assume that p is a
probability measure. Let §; denote the point mass at § € C". By the Banach—Alaoglu

theorem, there exist probability measures p; = ijikl) a, jaék,j’ ,j € B, such that

wi — i in the weak* topology of M(B,,). Therefore,
J (k)

ZLaf(z), as k — oo,
— (1 — (2, §.60)”

j=l1

forall z € B,.
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Letk € N. If & j € 0By, then put pg j = 8, ; € M(dB,). Thus,

1
T & e = Keloe 1@, B,.
(1 — (z, &, ;N ok, j1(z), z€

Further, assume that & ; € B,. Given z € By,

1 — —
h(w) = m € Hol(B,) N C(B,), w € By.

Hence,

_ / ! Ll L ©) w e B
= n ) Z, n-
(1 —(z, w))* ag, (1 —(z, LN |lw — ¢|>

In other words, if & ; € By, then

1
g = Kol j1(2), B,,
(1= (2. &) [k, j1(2), z€

for a probability measure pi ; € M(3B,). Put

J (k)
P = Z ag, j Pk, j -
=1

Then px € M(0B,) is a probability measure and

J (k)

Kolpd@) =Y

j=1

ar,j

(=g @ whoee G

for all z € B,. By the Banach—Alaoglu theorem, there exists a subsequence pi,, such
that pr,, — p in the weak* topology of M (9 B,,). Therefore,

Kolpr,1(z) = Kolpl(z), ask, — oo,

for all z € B,,. Hence, f = K,[p] by (5.1).
The proof for a = 0 is analogous. O

Below we show that F, (n) # Ky (n) for all o« > 0.
Given £ € 0B, and C > 1, recall that the Kordnyi approach region D¢ (£) is defined
by the identity
Dc(§) ={z€Bu:[l = (z,§)| < C(l —[zD}.
PROPOSITION 5.2. Suppose that o >0, neN, ue M(By,), £ €9B, and C > 1.
Then
Zh_lflg (1 —(z, §H* Falpl(@) =0.

z€Dc(§)
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PROOF. Assume that w € B, and & € 0B,,. Then

(0= (z, )"
lim ————=0.
=& (1 — (z, w))*
zeB,
If z € Dc (&), then
— o _ o
‘ 8 M=o _ .,
1 —(z, w) (1 —=1zh*
Hence,
. " (z, E
zhlré (I —(z, EN Folul(z) = hm / A w)? - du(w) =
zeDc(§) ZEDC(E)
by the dominated convergence theorem. O

Assume that « >0, ne€N, pe M(B,), £ €9B, and C > 1. Then, by [6,
Proposition 6.1],

le_r)ré (1 = (z, EN*Kelpl(z) = p({ED.
z€Dc(§)

Therefore, if p({£€}) # O for some point & € d B, then K,[p] € Ky (n)\Fy(n). Similar
arguments show that Fo(n) # Ko(n).

6. Multipliers: necessary conditions

PROPOSITION 6.1. Assume that n €N, 0 <a < and g € Hol(B,). Then the
following properties are equivalent.

() g eMKun), Kg(n)).
(i) g eMFu(n), Kgn)).
(iii) g(2)kq({z, w)) € Kg(n) for all w € By, and

sup [|g(@)ka({z, W) llKsm) < C < 00;

weBy,

ifa =0, then it is also required that g € Kg(n).
(iv) g@ka((z, ¢)) € Kg(n) forall ¢ € 9B, and

sup [[g(2)ka ({2, E) kg = € < 00;
t€dB,

ifa =0, then it is also required that g € Kg(n).
PROOF. By Proposition 5.1, (i) implies (ii). Let (ii) hold. Note that

ko ((z, W)l F,m) =1, Yw € By,
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hence (iii) holds by the closed graph theorem. If o =0, then g € Kg(n), since

1 € Fo(n).

Now, let (iii) hold and let ¢ € 9 B,,. Fix a sequence {wj};.”;l C By suchthatw; — ¢.

Note that
g(Dka((z, wj)) = g(2)ka({z, £)), as j— oo,

6.1)

for all z € B,. By property (iii), there exist measures p; € M(dB,) such that

lojllm@s,) < C and

g(Z)ka((Z,wj))=/ kg((z,¢)) dp;(5), z € By.

n

By the Banach—Alaoglu theorem, there exists a subsequence pj,, such that p;, — pin

the weak* topology of M (9B;). Note that [|p|| m8,) < C. So

8@ka({z, wj,)) — /33 kg((z, ¢)) dp(&),  as jm — 00,

for all z € B,,. By (6.1), we obtain
8 (ko ((z, EDlKcgmy < lollMB,) = C.

Finally, standard arguments, based on approximation by discrete measures, show

that (iv) implies (i) (see [11, Theorem 1], [7, Lemma 2.1]).

COROLLARY 6.2. Assume thatn € Nand 0 <o < B. Then
M(Fa(n), Fg(n)) C MKy (n), Kp(n)).
In particular, My (n) C MKy ((n)).
PROOF. We have Fg(n) C Kg(n), hence
M(Fa(n), Fp(n)) CM(Fa(n), Kg(n)) = M(Ko(n), Kg(n))
by Proposition 6.1.

O

O

Standard arguments guarantee that 91, (n) C H°°(B,) for all « > 0. Moreover, if

geM,(n),a >0,n €N, then

1
sup / |Rg(r&)| dr < 4+o0
£€dBy, JO

by Proposition 6.1 and [6, Proposition 7.3].

COROLLARY 6.3. Suppose that neN, Me{l,...,n}, n>a>n— M and that

g €My(n). Then

su / Ing(z)I(l — [zperri (lo ¢ )18 dv,(z) <00
coom Ja, L= (5 o)tk 11l "

fork=1,..., M and any ¢ > Q.

PROOF. We apply Proposition 6.1 and [5, Theorem 1.2].
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7. Multipliers: sufficient conditions

Suppose that n € N, o > 0 and g € 91, (n). Note that g € H*°(B,,), hence

sup [[(g(z) — g(w)ke ({z, W) 7, n) <00 (7.1)

weB,

by the closed graph theorem.

7.1. Spaces 2ty (n) with @ > n. The following proposition shows that the necessary
condition (7.1) becomes a sufficient one, for @ > n, when the norm of F,(n) is
replaced by the norm of the weighted Bergman space AL, (B,).

PROPOSITION 7.1. Assume thatn € N, @ > n and g € H*(By,). Suppose that

8(2) — g(w)

b | (= (2. w)e

weBy,

<C < o0. (7.2)

Ag—n(Bn)

Then g € My (n).
We will need two auxiliary lemmas.

LEMMA 7.2. Assume that v and juk, k € N, are probability measures on B,,. Suppose
that py — w in the weak™ topology of M(B,). Let ¢ >0. Then there exists an
r=r(e) € (0, 1) such that u(B,\r B,) < € and uy(B,\rB,) < € forall k € N.

PROOF. We have u(B,) < oo, hence u(B,\RB,) < ¢ for some R € (0, 1). Putr =
(14 R)/2 and consider a function f € Co(rB,) suchthat 0 < f <1 and f|gp, = 1.
By the definition of weak* convergence, we obtain

uk(an)zf fduk—>/ fdu=uRB,) >1—e.
B, B,

Therefore, ui(B,\rBy) < ¢ for all sufficiently large k. Hence, the required property
holds. =

LEMMA 7.3. Let uy € M(By), k € N. Assume that, for any € > 0, there exists an
r € (0, 1) such that |ug|(By\rB,) <¢& for all k e N. Let uy — p in the weak*
topology of M(By). Then

/fduke/ fdu, ask— oo,
n Bn

Jfor any bounded function f € C(Bp).

PROOF. Assume that f € C(By) and |f(z)| <1 forall z € B,.
Fix an ¢ >0. We have |u|(B,) < oo, thus, applying the hypotheses of the
lemma, choose r € (0, 1) such that |u|(B,\rB,) <& and |uk|(B,\rB,) <e for
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all k € N. Consider a function f € Co(B,) such that fo(z) = f(z) forall z € rB,,, and
| f(2)| <1 forall z € B,. By the definition of the weak* topology of M(B,),

<é€

fodias = [ fodu
B, B,
for all k > kg. Also note that

/ \f = fol d(pxl + D) < 2f Al + 1) < de.

n By \rBy

/anduk—/andu

for all k > kg. O

Therefore,

< 5¢

PROOF OF PROPOSITION 7.1. Let f = Fy[u], « > n. We have to prove that fg €
Fo(n). Without loss of generality, assume that u € M(B,) is a probability measure.
Applying the Banach—Alaoglu theorem, select a sequence of probability measures
Wk = Z]J.(:kl) ak,jéwk,j, Wy, j € By, such that uy — w in the weak™ topology of M(B;).

If z € By, then (1 — (z, -))™® € C(B,). Hence, Lemmas 7.2 and 7.3 guarantee that

(z)JZ(jk)L% O M _core a3
SO L= T S, =t w8 '

for all z € B,,. Consider the measures p; = Z}’L’? ak,j& (wk, j)éuy ;- Note that g €
H*(B,) and the measures u; € M(B,) satisfy the hypotheses of Lemma 7.3, thus
the measures pr € M(B,) also satisfy the hypotheses of Lemma 7.3.

Remark that || pr || < |Igll H(B,), thus, by the Banach—Alaoglu theorem, there exists
a subsequence pi,, which converges in the weak™* topology. Without loss of generality,
assume that p; — p in the weak* topology of M(B,,). Lemma 7.3 guarantees that

Jz(kj) _j8(Wkj) —>/ _dpw) ks (7.4)
= (1 — Az, wg, ;)¢ B, (1 —(z, w)*’ ’
for all z € B,,. Put
& j(e(2) — gwy )
hi(z) = -] S 7.5
e ; 0= e (7.5)

Recall that g ; > 0 and ijikl) ag,j =1, hence ”hk“A(L_n(Bn) < C by (7.2). Therefore,
the sequence {/4}72 , is uniformly bounded on compact subsets of the ball B,,. Thus,

there exists a subsequence which converges to a holomorphic function uniformly on
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compact subsets. Without loss of generality, assume that /i (z) — h(z) € Hol(B,) for
all z € B,. Fatou’s theorem guarantees that h € AL _ (B,,).
Consider the limit as k — oo in identity (7.5). Applying (7.3) and (7.4), we obtain

f(z)g(z)=/ _dr) . s,
B, (I —(z, w))*

)

Recall that Aé_n(Bn) C Fy(n) by Proposition 3.1(i), thus fg € Fy(n). O

Let é > 0. The holomorphic Lipschitz space As(B,) consists of those g € Hol(B,)
for which . ,
IRIg(@)=CU—12)’7, z€By, (7.6)

where j is the least integer such that j > §. It is well known that, replacing R by R in
estimate (7.6), we obtain an equivalent definition of the space As(B;,). In particular, if
0 < é < 1, then the space As(B,) is defined by the following property:

IRg() <C( —|z))°7!, zeB,.

We will need the following lemma.

LEMMA 7.4 [4, Lemma 2.7]. Assume thﬁt neN,0<d<landge As(By). Then g
extends continuously to the closed ball B,. Moreover, if 0 <t < min{l/2, 8}, then
there exists a constant C > 0 such that

lg(z) — g(w)| < C|1 — (z, w)|" Vz,w € By. (7.7)

COROLLARY 7.5. Suppose thatn € N, o > n and 8§ > 0. Then As(B,)) C My (n).

PROOF. Without loss of generality, assume that 0 <§ <1/2. Let g € As(By).
Lemma 7.4 guarantees that inequality (7.7) holds for some 7 € (0, 1/2). Hence,

z) —g(w —n—
sup/ 180 = 8O et gy )
weB, JB, |1 —(z, w)|
1 — a—n—1
< sup/ ¢dvn(z)
weB, JB, 11 = ({2, w)|*7*
<C
by [10, Proposition 1.4.10]. It remains to apply Proposition 7.1. O

7.2. Spaces Mty (n) with0 <a <n.

PROPOSITION 7.6. Assume that n €N, o >0, B> max{w, n} and g € Hol(B,).
Suppose that
sup |8 (@)ke ({2 whlis1_ (5,) < o©- (7.8)

weBy,

If o =0, then suppose also that g € A}g,n(Bn)- Then g € M(Fy(n), A}Fn(Bn)).
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PROOF. If @ > 0, then it suffices to repeat the arguments used in the proof of

Proposition 7.1, putting pr =p =0. Now, let « =0 and let f = f(0) + Fo[ul,

uw e M(B,). As in the case o > 0, we have Fy[u]-g € A,ls—n(Bn)- It remains to

remark that f(0)g € A,_, (B,). O

THEOREM 7.7. Let n € N and let g € As(B,) for some 6 > 0. Assume that M €
{1,...,n}andn>a >n— M, or assume that M = n + 1 and o = 0. Suppose that

sup / IR g(@)I(1 = [z tM !
weB, JB, |1 = (z, w)|etM=k

Ifa =0and M = n + 1, then suppose also that

dv,(z) <oo, k=1,...,min{n, M}. (7.9)

/ IR g(2)] log dvy(2) < 00, (7.10)
By

e
1 —|z|
Then g € My (n).

PROOF. Let f € F,(n). Theorem 4.2 guarantees that RM f € Farm(n). We have
g € As(Bp) C My m(n) by Corollary 7.5, hence

RMf . g€ Farmm). (7.11)

Further, let k € {1, ..., min{n, M}}. Then RM_kf € Fa+m—k(n) by Theorem 4.2.
Note that o + M > max{n, « + M — k}, hence property (7.9) and Proposition 7.6
guarantee that

RMf - Rig e Ay y(Bn) C Furas(n) (7.12)

by Proposition 3.1(i).

If =0 and M =n+ 1, then (7.10) implies (7.8) for R"Tlg, « =0 and B =
n+1. Also, property (7.10) guarantees that R"Tlg e A%(Bn). Hence, applying
Proposition 7.6 with § =n + 1, we obtain property (7.12) for ¢ =0 and k =M =

n+1.
Now, properties (2.2), (7.11) and (7.12) guarantee that RM(fg) € Fa+m(n).
Finally, fg € F,(n) by Theorem 4.2. U
Assume that g € Hol(B,), Me{l,...,n} and n>a >n— M. Note that

condition (7.9) is equivalent to the following property:

sup / |R¥g(2)|(1 — |zy*tM—n—]
¢edB, JB, 11— (z, g)|e+M-k
Indeed, (7.9) implies (7.13) by Fatou’s theorem. On the other hand, if A € By

and r € [0, 1), then |1 — A| <4|1 —rA|. Hence, |1 — (z, ¢)| <4|1 — (z, r¢)| for all
7 € By, € 9B, and r € [0, 1). Therefore, (7.13) implies (7.9).

dve(z) <oo, k=1,...,M. (7.13)
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Note that the sufficient condition in Theorem 7.7, for o > 0, is not too far from the
necessary condition in Corollary 6.3. Indeed, dropping the logarithmic term in (6.2),
we obtain (7.13) or, equivalently, (7.9).

Several explicit conditions, sufficient for (7.13), are given in [4, 5] when n > « > 0.
As an illustration, consider the holomorphic Lipschitz spaces As(By), § > 0.

COROLLARY 7.8. Let n € N. Assume that 0 <a <n and g € As(B,) for some
8>n—a. Then g € My(n).

PROOF. If 0 < @ <nand g € As(B,) for some § > n — «, then, as shown in the proof
of [5, Corollary 4.2], property (7.13) holds. Hence, Theorem 7.7 is applicable.
Further, let « =0 and let g € As(B,) for some § € (n,n+1). Put M =n+1.

Then
IR g@<CA—2)""7! z€By.
Therefore, property (7.10) holds. Fork =1, ..., n, we have R¥g € H>(B,), thus
up f IR @Il ML / dvn(2)
weB, J By |1 - <Zv w)|(¥+M—k " - weB, J B, |1 - (Zy U))|n+l_k o

by [10, Proposition 1.4.10]. So, g € 9y (n) by Theorem 7.7.
Finally, let « = n and let g € As(B),) for some § € (0, 1). Put M = 1. Then

|Rg(2)|(1 — |zy* M=l / (1 —|zp°-!
su dv,(z) <C ——dv, () < C
hor'd /B 1= (o wyermt @ =C |y @
by [10, Proposition 1.4.10]. So, g € 91,,(n) by Theorem 7.7. O
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