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It i s wel l known [ l ] that the variat ional problem of 
minimiz ing 

(1) X = / F i x ^ x j d t i = l , . . . , n , 

where F is posit ive homogeneous of degree one in x 

(henceforth abbreviated to "plus-one1 1 in x ) leads to a 

Hamiltonian H{ x , p } and corresponding Hamilton-Jacobi 
i 

equation 

(2) H { x \ p . } =1 where p. = 9.X = r -
1 ' X 8x" 

Here H i s a l s o plus-one in p. . The geodes ic equations of (1) 

are charac ter i s t i c equations for (2) and the Monge cones 
a s s o c i a t e d with (2) are given by the integrand in (1); the cone at 

(x , XQ) being given by X-X = F{ x , x - x Q } . The purpose 

of this note i s s imply to point out that the more general equation 

(3) H { x \ p. , X} = 1 where p. =9.X , 

subject to the condition that H be plus-one in p. and that 

2 2 
(4) det ( 8 " ) = det (H2p.p.) # 0 , 

j i X J 
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is always associated with a variat ional problem which can be 
pat in either of the forms: minimize 

(5) 

f Fix 1 , x1, X} dt 

subject to the res t ra in t 

X - F { x \ x \ X} = 0, X(tQ) = 0 

or: minimize 

(5*) .(t ) = / F { x , x , X}dt 

* , » . . . . . i -, 1 

relative to curves x (t) joining two given points x and x . 
The form (5*) is easily obtained from (5) by integrating the 
res t ra ining equation» In the form (5) the problem is c lear ly 
analogous to a problem of Lagrange. 

LEMMA. A necessa ry condition for an ex t remal curve 

for the problem (5) is that the x (t) satisfy 

(6) — F . - F . = F . F 
dt . i i . i X 

X X X 

Proof, Considering u = fjL(t) as a Lagrange mult ipl ier , 
set G = F -f u(X-F). Then the Euler equations 

— G . - G . = 0 . 
dt . i i 

x x 

"dTG\ G X = o 

become 

M- F . - (1-u) (— F a - F .) , f l - ( l » u ) F x , 
X X X 
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and eliminating (JL will yield the lemma. 

The Hamiltonian and Hamilton- Jacobi equation were 
originally derived directly from (5*) by a geometric construction, 
but the following development is considerably shorter and 
derives (5*) from the generalized Hamilton-Jacobi equation (3). 
(The author is indebted to Prof. H. Rund for pointing out this 
reversed p rocess . ) 

The part ial differential equation (3) has as charac ter i s t ic 
equations [2] 

(7.1) x1 = H 
P i 

(7.2) p. = -H . - p.H. 
l i l X 

x 

N 
(7.3) X = S p.H = H by homogeneity. 

i = l i 

The development consists in constructing a Lagrangian F and 
showing that (7. 3) for H implies (5*) for F while equations 
(7. 1) and (7. 2) for H imply (6) for F. 

To this end consider the equation 

1 1 

which by (4) may always be solved for p. 9 obtaining say 

(9) P. - ^[J, *". X) . 

Define 

(10) F ( x \ * \ \ ) = H { x \ 4M**. i \ M, X} . 
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It follows that for a set { x } satisfying F { x , x , X} =1 the 

corresponding p. given by (9) satisfy H{x ,p . ,X} = 1; 

expanding (8) in the form x = H H , these x1 and p. also 
p i 

satisfy (7. 1). Finally, since H ^ is plus-one in p. , equations 

(8) and (9) imply that 4̂ .» and hence also F , a re plus»one in 
. i 
x . 

THEOREM. Let H ( x , p . , X ) be plus-one in p . , assume 
2 1 1 

det(H ) i- 0 , where the second derivatives a re continuous, 
p i p j 

and consider the par t ia l differential equation (3). With H is 
associated a Lagrangian F defined by (10) satisfying 

(11) F . •= -H . F , = -KL , 
i x X X 

x x 
and such that the curves satisfying the charac te r i s t i c equations 
(7. 1) a re also ex t remals of (5*) in that they also satisfy (6). 

2 

Proof. By (8), since H has continuous second deriva

t ives , the ma t r ix ( 9 x /9p . ) is symmet r i c , and by (4) has a 

symmetr ic inverse ma t r ix clearly given by (9 p./9 x ). Hence 

by (8), (10) and the homogeneity of ^.» (using the summation 

convention for j = 1, . . . , N) 

(i2) l F
2 . = i H

2 - 4 = ^ — i = +. = p . . 
2 i1 2 Pjai1 9^ x 1 

It follows from the plus-one homogeneity of F and F . that 
x̂  

H H —4 = x? — T (F. F .) = x^(F .F . + F F . .) = 2 F F 
j 9 x " 9 x X 3 C X X X X 

from which, using a s imilar argument for X , one obtains 
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H 4 = 2 F , H ^ T i = 2 F x 
p i i p. 9X X 
J 9 x x j 

But differentiating (10) yields 

9 4 J . 
F . = H . + H -—«f = H . + 2 F . , 

i i p i i î 
X X J O X X X 

and a s imilar argument for X proves (11). Substituting from 
(11) and (12) into (7. 2) yields 

^ ( F . F . ) = F i + ( F F . ) F X . 
X X X 

Using a parameter consistent with (7. 1) so that H = F = 1, 
this reduces to (6), proving the theorem. 

REFERENCES 

1. H. Rund, The Differential Geometry of Finsler Spaces, 
Springer, 1958. 

2. Fr i tz John, Par t ia l Differential Equations, New York 
University, 1952-53, p. 36. 

University of Waterloo 

321 

https://doi.org/10.4153/CMB-1965-022-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-022-1

