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Geometric Langlands correspondence for SL(2),
PGL(2) over the pair of pants

David Nadler and Zhiwei Yun

ABSTRACT

We establish the geometric Langlands correspondence for rank-one groups over the
projective line with three points of tame ramification.

1. Introduction

1.1 Main result
Let P! denote the complex projective line, and fix the three-element subset S = {0,1,00} C
PY(C).

Let Bunpgr,2) (P!, S) denote the moduli stack (over C) of G = PGL(2)-bundles on P! with
Borel reductions along S. In more classical language, it classifies rank-two vector bundles £ with
lines in the fibers {5 C £|s, s € S, all up to tensoring with line bundles. It is locally of finite type
with discretely many isomorphism classes of objects.

Let Sh(Bunpgr,2) (P!, S)) be the Q-linear dg category of constructible complexes of Q-
modules on Bunpgr, () (P!, S) that are extensions by zero off of finite type substacks.

Let Locg,(2) (P!, S) denote the moduli stack (over Q) of SL(2)-local systems on P*\ S equipped
near S with a Borel reduction with unipotent monodromy. Thus a point of Locgy,(2) (P!, S) consists
of triples of pairs (A4s, {s), s € S, consisting of a matrix As € SL(2) and an eigenline A4(ls) C /5
with trivial eigenvalue Agl,, = 1, and the matrices satisfy the equation AgA; A~ = 1 inside of
SL(2). It admits the presentation

LOCSL(Z) (]P)la S) = (K/V)S’H:1/SL(2)1

where NV ~ T*P! denotes the Springer resolution of the unipotent variety NV of GV = SL(2),
and (J\N/ V)S’H:1 denotes the product of S copies of NV with the equation on the group elements
[[ = 1 imposed inside of SL(2). Alternatively, it can be shown that Locgy,() (P!, ) also admits
a linear presentation

LOCSL(Q) (]P)l, S) >~ T*((Pl)S/SL(2))7

where the equation [] = 1 is replaced by the zero-fiber of the moment map g : T*((P1)%) — sl(2)*.
Let Coh(Locgr,(2) (P!, S)) be the Q-linear dg category of coherent complexes on Locg,(2)
(P, S).
One can similarly introduce the above objects with the roles of PGL(2) and SL(2) swapped.
We will also need the slight variation where we write COhSL(Q)_alt(LOCPGL(Q) (P1,9)) for the
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Q-linear dg category of SL(2)-equivariant coherent complexes on (/\7 V)S’Hzl, where the equation
[] =1 is imposed inside of PGL(2), and the center ps ~ Z(SL(2)) C SL(2) acts on coherent
complexes by the alternating representation.

Our main theorem is the following geometric Langlands correspondence with tame
ramification.

THEOREM 1.1.1. There are equivalences of dg categories
Coh(Locgy,2) (P!, S)) —— Shi(Bunpgy,2) (P!, 5)), (1.1)
CohSU® =1 (Locpay, o) (P, S)) — = Shi(Bungy, (P, S)) (1.2)
compatible with Hecke modifications and parabolic induction.
Remark 1.1.2. One can choose an equivalence
COhSL(g)_alt(LOCPGL@) (P!, 5)) ~ Coh(Locpgr2) (P, 5)),

for example, by tensoring with a line bundle with an odd total twist, and thus reformulate the
second assertion of the theorem in a more traditional form, but the formulation given in the
theorem is more canonical and independent of choices.

Remark 1.1.3. It is also straightforward to use the theorem to deduce a similar result for GL(2).

Remark 1.1.4. One can view the theorem as an instance of the traditional de Rham geometric
Langlands correspondence (see, for example, [BD]) or alternatively of the topological Betti
geometric Langlands correspondence (see [BN18] for an outline of expectations).

On the automorphic side, the moduli Bunpgy,) (P!, S) has discretely many isomorphism
classes of objects, hence all of their codirections are nilpotent. Thus, if we work specifically with
C-coefficients, via the Riemann-Hilbert correspondence, there is no difference in considering
D-modules or complexes of C-modules (with nilpotent singular support).

Similarly, on the spectral side, the Betti moduli Locgy,(2) (P!, 9) is algebraically isomorphic to
the analogous de Rham moduli Conngy, o) (P!, S) of parabolic connections (see Corollary 4.2.4).
Thus their coherent complexes coincide.

Remark 1.1.5. One can further impose nilpotent singular support (in the sense of [AG15])
on the coherent complexes on the spectral side. Under the equivalences of the theorem, this
will correspond to requiring the stalks of the automorphic complexes to be torsion over the
equivariant cohomology of automorphism groups. If one then passes to the ind-completions
of these categories, what results are equivalences for all automorphic complexes without any
constructibility or support restrictions

IndCOhN(LOCSL(2) (Plv S)) — Sh(BunPGL(2) (]P)la S))a
IndCohr® ™" (Locpapz) (P!, S)) —> Sh(Bungy, ) (P', 5)).

Remark 1.1.6. One can also pass on the automorphic side to monodromic complexes of any
specified monodromy at the three ramification points. It is possible to find an equivalence with
coherent complexes on the corresponding spectral stack of local systems with the same specified
monodromy around the three ramification points. In the final section, we sketch the form this
takes in the case of unipotent monodromy at all three ramification points. For monodromy with
a more general semisimple part, the geometry only simplifies.
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1.2 Sketch of proof
We highlight here some of the key structures in the proof of Theorem 1.1.1. The second
equivalence (1.2) follows closely from the first (1.1) so we will focus on the first.

1.2.1 Spectral action. The category Sh)(Bunpg,(o) (P!, 9)) is naturally acted upon by a large
collection of commuting Hecke operators.

First, at each unramified point z € P!\S, the symmetric monoidal Satake category
Satpar,2) =~ Rep(SL(2)) of spherical perverse sheaves on the affine Grassmannian Grpgr,(2) acts
via bundle modifications. It is a simple verification that the action is locally constant in x € P*\ S,
and hence factors through the chiral homology

/ Rep(SL(2)) =~ Perf(Locgr,(a) (P1\S)).
PI\S

Second, at each point s € S, the monoidal affine Hecke category of Iwahori-equivariant
constructible complexes on the affine flag variety Flpgre) acts via modifications of bundles
with flags. In particular, its symmetric monoidal subcategory of Wakimoto operators acts, and
hence via Bezrukavnikov’s tame local Langlands correspondence [Bez16], the tensor category
Perf(NV/SL(2)) of equivariant perfect complexes on the Springer resolution acts at each point
seSs.

Thanks to the compatibility of Gaitsgory’s central functor [Gai01], the above actions assemble
into an action of the tensor category of perfect complexes on the spectral stack

Perf(Locgy,(2)(P', S)) © Shi(Bunpgy)(P', S)) — Shi(Bunpgy, o) (P, 5)). (1.3)

By continuity, this can be extended to an action of quasi-coherent complexes on all automorphic
complexes and then further restricted to coherent complexes.

Remark 1.2.2. In the de Rham geometric Langlands program, the construction of such an action
is a deep ‘vanishing theorem’ [Gai]. In the Betti geometric Langlands program, it is a geometric
consequence of requiring automorphic complexes to have nilpotent singular support, see [NY16].

1.2.3 Whittaker sheaf. To construct the functor (1.1) from the action (1.3), we must choose
an automorphic complex to act upon. It will be the object that the spectral structure sheaf
O € Perf(Locgy,(a) (P!, S)) maps to, and there is a well-known candidate given by the Whittaker
sheaf Whg € Sh)(Bunpgr,(2) (PL, 9)).

In the situation at hand, the Whittaker sheaf takes the following simple form. Consider the
open substack of Bunpgy,(2) (P!, 9), where the underlying bundle is & ~ Op1(1) ® Op:1. Consider
the further open substack, where the lines take the form

{ls,s €S, generic}Ci> {ts ¢ Op(1),s € S} Bunpgy,g)(P*, 5).

Here ‘generic’ in the first item means that, in addition to s ¢ Opi(1) for all s € S, the three
lines do not simultaneously lie in the image of any map Op1 — £. Then the Whittaker sheaf is
given by the simple topological construction

Whyg ~ i15,Q € Shi(Bunpgy,) (P, 5)).

Remark 1.2.4. The most salient property of the Whittaker sheaf Whg, and indeed the only
property we use, is that it corepresents the functor of vanishing cycles for a non-zero covector at
the point given by the image of the natural induction map

Bungz!(P') —== {€ ~ Op1 (1) ® Op1, L5 C Op1,s € S} C Bung(P, S).
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1.2.5 Compatibilities. With the functor (1.1) in hand, to prove it is an equivalence, we first
check that it behaves as expected with respect to certain distinguished objects.

First, we check that the functor (1.1) is compatible with induction from two points of tame
ramification. (In fact, we check that it is equivariant for all affine Hecke symmetries at the
ramification points.) Namely, for s € S, we show that the functor (1.1) fits as the top arrow in
the following commutative diagram.

Coh(Locgy () (P', S)) Shi(Bunpgr,2)(P', 5))
nﬁT w;T (1.4)
Coh(Locgy(g) (P', S\s)) —— Shi(Bunpgrz) (P*, S\s))

Here the bottom arrow is the geometric Langlands correspondence for two points of tame
ramification. A form of the Radon transform identifies it with Bezrukavnikov’s tame local
Langlands correspondence. The automorphic induction 7} is pullback along the natural P!-
fibration

7 : Bunpgy(g) (P!, §) —— Bunpgp) (P!, S\s),
where we forget the line at s € S. The spectral induction 7} is the twisted integral transform
s(F) = g5+ (05(F) ® Opi (—1)[-1])
associated to the correspondence
Locst(2) (P!, S\s) <—— Locgr,(2) (P!, §\s) X (5} s1.(2) PL/SL(2) — Locgy,(z) (P, S).

Alternatively, under the identification Locg, ) (P*, S) ~ T*((P")% /SL(2)), the correspondence is

simply the Lagrangian correspondence associated to the projection (P')% — (]P’l)s\s .
Next, we check that the functor (1.1) is compatible with parabolic induction in the form of
Eisenstein series. Namely, on the spectral side, consider the natural induction map

Locpv (P!, §) —~= NX /SL(2) C Locg,)(P', S)

with the image the reduced total diagonal where all lines coincide. On the automorphic side,
consider the natural induction map

g—1: Bung!'(Pt) —=={€ ~ Op1 (1) ® Op1, 45 C Op1,s € S} C Bunpgr, ) (P*, 5).
Then we show the functor (1.1) matches the objects

ON— I—>EiS_1 = q_1]Q

X /SL(2) ~Bunj'(P!) 1]

By applying Wakimoto operators on both sides, it follows that the functor (1.1) matches all
Eisenstein objects Oy g (o) (n+ 1) — Eis,, for all n € Z.
A
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1.2.6 New forms. With the preceding compatibilities in hand, we are able to readily deduce
that the functor (1.1) is an equivalence. The key idea is to focus on objects that are ‘new forms’
in that they do not come via induction from two points of tame ramification.

We introduce the full subcategories of ‘old forms’ as the images

Cold — <IH1(T]£)7 s e S) C COh(LOCSL(Q)(]P)l, S))a
Shol = (Im(7%), s € S) C Shy(Bunpgpa)(P', S))

and note that the compatibility (1.4) implies the functor (1.1) maps C°4 essentially surjectively
to ShOM.

Thus to show that (1.1) is essentially surjective, it suffices to show it induces an essentially
surjective functor on the quotient categories of new forms

C" = Coh(Locgy,) (P', 5))/C°,

ShPeW = Sh!(BuanL(g)(]P)l, S))/Shdd.

To achieve this, we first check that C™%V and Sh™Y are generated respectively by the
Eisenstein objects (’)~V/SL(2)(n + 1) and Eis, for n > —1. We do this by an explicit
parameterization of objects on both sides.

Finally, to show the functor (1.1) is fully faithful, it suffices by evident Wakimoto symmetries
and continuity to check it induces isomorphisms

Homaoh(LOCSL<2) (PI,S))(O7 ONX/SL(Q) (n + 1)) HN Hom.Shg(BuanL<2) (PI,S))(WhS7 EiSn), n 2 _].

For n > 0, we observe that both sides vanish, and for n = —1, both sides are scalars in degree 0
and the induced map is indeed an isomorphism.

1.3 Motivations
While the results of this paper can be viewed as an instance of the traditional de Rham geometric
Langlands correspondence, our initial motivations grew out of our interest in the topological Betti
geometric Langlands correspondence.

To recall the rough form of the Betti Geometric Langlands correspondence, let X be a smooth
projective curve, and S C X be a finite collection of points.

Let Bung (X, S) denote the moduli of G-bundles on X with a B-reduction along S.

Let Shy(Bung(X,.S)) denote the dg category of complexes of sheaves with nilpotent singular
support on Bung (P!, S).

Let Locgv (X, S) denote the moduli of GV-local systems on X\S equipped near S with a
BY-reduction with unipotent monodromy.

Let IndCohs(Locgv (X, S)) denote the dg category of ind-coherent sheaves with nilpotent
singular support on Locgv (X, .5).

CONJECTURE 1.3.1 (Rough form of Betti geometric Langlands correspondence). There is an
equivalence

IndCohys(Locgv (X, S)) —— Shar(Bung (X, S)) (1.5)

compatible with Hecke modifications and parabolic induction.
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Note that Locgv(X,S) and hence the spectral side (1.5) depends only on the topological
structure of the curve X and not its algebraic structure. Thus the automorphic side of (1.5) is
also conjecturally a topological invariant, and hence the fiber at X of a locally constant family of
categories over the moduli of curves. In particular, it makes sense to try to produce a ‘Verlinde
formula’ calculating the automorphic side of (1.5) by degenerating to the boundary of the moduli
of curves and replacing X with a nodal graph of genus zero curves. Such a gluing paradigm for
the spectral side of (1.5) was established in [BN16].

Thus the Betti geometric Langlands correspondence admits the following two-step strategy.

(i) Produce a ‘Verlinde formula’ describing the automorphic category Shp/(Bung(X,S)) in
terms of the atomic building blocks, where X = P!, and S comprises 0, 1, 2, or 3 points.

(ii) Establish the Betti geometric Langlands correspondence for the atomic building blocks,
where X = P!, and S comprises 0, 1,2, or 3 points.!

For X = P!, and S comprising 0, 1, and 2, the Betti geometric Langlands correspondence is
equivalent via Radon transforms with the derived Satake correspondence and Bezrukavnikov’s
tame local Langlands correspondence. Thus the remaining challenge for step (ii) is to establish
the Betti geometric Langlands correspondence for the ‘pair of pants’, where X = P!, and S
comprises three points. This was our original motivation for pursuing the results of this paper.

Independently of the above considerations, the techniques of this paper also have immediate
consequences for the geometric Langlands correspondence when G' = PGL(2), X = P!, and S
comprises four or more points. Note that Bunpgy, () (P!, S) and Locg,(2) (P!, S) are of dimension
#S — 3 and 2(#S — 3) respectively, and when #S > 4, there are continuous moduli of objects
within Bunpgr,(2) (P!, S) and non-trivial global functions on Locgy,(2) (P!, S). The techniques of
this paper most directly apply to the expected correspondence between the full subcategory
of Shy(Bunpgr(2) (P!, 9)) generated by complexes with unipotent monodromies, and the full
subcategory of Cohps(Locgr, () (P!, 9)) of coherent complexes supported on local systems with
global unipotent reductions. We hope to expand upon this in a subsequent paper.

1.4 Conventions
On the automorphic side, we will work with moduli stacks defined over the complex numbers C
and sheaves of Q-modules on them with respect to the classical topology.

Given a stack X over C, we write Sh(X), respectively Sh.(X), for the Q-linear dg category of
complexes, respectively constructible complexes, of -modules on X. When X is locally of finite
type, we write Sh(X) for the Q-linear dg category of constructible complexes of Q-modules on
X that are extensions by zero off of finite type substacks. Given an ind-stack X, we write Sh.(X)
for the Q-linear dg category of constructible complexes of Q-modules on X that are extensions
by zero off of substacks. (For dg categories of complexes of sheaves, in particular the extension
of the standard six functor formalism, see [Sch18].)

On the spectral side, we will work with coherent sheaves over moduli stacks defined over Q.
All of our categories will be stable (= pretriangluated) Q-linear dg categories, and all of our
functors will be derived.

! There is also a non-orientable version for real reductive groups, which leads to the additional atomic building
blocks, where ‘X = RP?’, and S comprises 0 or 1 point.
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2. General constructions

In this section, we collect standard structures from the geometric Langlands program. Most of
the materials in this section are known to experts.

2.1 Group theory
Let G be a reductive group, B C G a Borel subgroup, N C B its unipotent radical, and T'= B/N
the universal Cartan. Let B ~ G/B be the flag variety of G.

Let (A7, RY, A}, Ry) be the associated based root datum, where Ap = Hom(Gy,,T) is the
coweight lattice, RY C A the positive coroots, A}, = Hom(T, G,,) the weight lattice, and Ry C
A the positive roots. Let Wy denote the Weyl group of G, and watf ~ Wy x Ar its affine Weyl
group. Let p € AY. (respectively p¥ € Ar) be half of the sum of elements in Ry (respectively
RY).

Form the dual based root datum (AY., Ry, Ar, Ri), and construct the Langlands dual group
GV, with Borel subgroup BY C GV, unipotent radical NV C BV, and dual universal Cartan
TV = BY/NV. Let BY ~ GV /B" be the flag variety of GV.

Let NV be the nilpotent cone in the Lie algebra gV. We identify AV with the unipotent
elements in GV via the exponential map.

Let p: NV — NV be the Springer resolution. Recall that NV C GY x BY classifies pairs
(g, BY) such that the class g lies in the unipotent radical of BY. Note the isomorphism of adjoint
quotients NV /BY ~ NV /GV.

2.2 Hecke kernels

2.2.1 Satake category. Let D = D_ = D, = Spec k[[t]] be copies of the formal disk, D* =
Spec k((t)) € D,D_, D the punctured formal disk, and D = D_[],x D4 the non-separated
disk with two zeros 0_ € D_,04 € D.

Let Bung (D) be the moduli of G-bundles on D.

Introduce the Laurent series loop group G((t)) = Maps(D*,G), with its parahoric arc
subgroup G[[t]] = Maps(D,G), and affine Grassmannian Grg = G((¢))/G[[t]]. The gluing
presentation D = D_[[,«x D4 induces a double-coset presentation

Bung (D) ~ GIIN\G((1))/G[[t] =~ G[[]\Gre-

Let ’Hg’h = Sh¢(Bung(D)) be the dg spherical Hecke category of constructible complexes on
Bung (D) with proper support, or equivalently G[[t]]-equivariant constructible complexes on Grg
with proper support. Convolution and fusion equips ’Hg)h with an E3-monoidal structure, which

preserves the heart ’Hg% C ’Hg’h with respect to the perverse t-structure. The FEs3-monoidal

structure on Hzp}é? naturally lifts to a symmetric monoidal structure. Though we mention it for

clarity, we will not need the E3-monoidal structure on Hg’h but only the symmetric monoidal

structure on Hst%.
The geometric Satake correspondence [MV07, Gin95] provides a symmetric monoidal

equivalence

O : Rep(GY) ~ Hbty v, (2.1)

where 7—[23}8? oV denotes the same monoidal category 7—[2’% but with its twisted commutativity
constraint. There is also a derived geometric Satake correspondence but we will not need it.
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2.2.2 Affine Hecke category. Let Bung (D, {0_,04}) be the moduli of G-bundles on D with
B-reductions at the points 0_,04 € D. The natural projection Bung(D, {0_,04+}) — Bung(D)
is a B x B-fibration.

Let I C GJ[t]] be the Iwahori subgroup given by the inverse image of B C G under the
evaluation map at 0 € D, and Flg = G((t))/I the corresponding affine flag variety. The gluing
presentation D = D_ [« D4 induces a double-coset presentation

Bung (D, {0_,04}) ~ I\G((1))/I ~ I\Fle.

Let H2ff = Sh.(Bung(D, {0_,0,})) be the dg affine Hecke category of constructible complexes
on Bung (D, {0_, 04 }) with proper support, or equivalently I-equivariant constructible complexes
on Flg with proper support. Convolution equips Hgﬁ with a monoidal structure.

Recall we write i : NV — AV for the Springer resolution, and identify AV with the unipotent
elements in GV via the exponential map. The Steinberg variety Stgov is the derived scheme given
by the derived fiber product

Stgv :_/vv XaVv ﬁv.

Passing to adjoint quotients, we have
Stav /GY = (NY xgv NV)/GY = NV /G xgv v NV /G

Let COth(Stgv) be the dg derived category of coherent complexes on Stgv/GY, or
equivalently GV -equivariant coherent complexes on Stgv. Convolution equips it with a monoidal
structure.

Bezrukavnikov’s theorem [Bez16, Theorem 1] provides a monoidal equivalence

o2 Coh®” (Stav) —> M. (2.2)

Ezample 2.2.3 (Wakimoto sheaves, see [Bez16, §3.3]). For A € Ap = {1} x Ay C Wy x Ap =
W2 we have the GV-equivariant line bundle Opv () on the flag variety BY = GV/BY. It pulls
back under the natural projection 7 : NV — BY to a GV-equivariant line bundle O (A =
m™O0pv(A).

Let A : NV — Stgv be the diagonal map. Under the equivalence ®*F, the coherent sheaf
A Oz (A) corresponds to the Wakimoto sheaf J, which can be explicitly constructed as follows.
Let jy : Flg > Flg be the I-orbit indexed by A regarded in W2, When ) is dominant, .J, ~
IxQ[(2p, \)]; when A is anti-dominant, Jy ~ jaQ[(2p, —A)] =~ Dy eJ_y, where ¢ denotes the
involution of I'\Flg induced by the inverse of G. In general, writing A as \; — A2, where A\ and
A2 are both dominant, we have Jy ~ J,,J_), independently of the expression of A\ as A\; — Aa.
One can check geometrically that the assignment A — Jy gives a map of monoids A — H*&H.

Ezample 2.2.4 (G = SL(2)). The affine Weyl group W#T can be identified with the infinite
dihedral group acting on the real line R with fundamental domain [0, 1]. For x € Z, let r, € Wt
be the reflection with center x, then W2 = (ry, 7). Note that under the usual indexing scheme
for affine Coxeter groups, ro (respectively r1) corresponds to the simple reflection s; (respectively
sp) with respect to the simple root a; (respectively aq) of the affine s((2).

Correspondingly there are two standard monoidal generators Tps, Tix for H* given by the
-extensions of Q. [1] and Q. [1]. Similarly define 7o and 71y using !-extensions instead of

x-extensions. Then we have monoidal inverses Tofkl ~ Tor, Tf*l ~ T
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For k € Z, the Wakimoto sheaf can be expressed as Jo, >~ (To*Tl*)k, which corresponds under
M to the twist of the structure sheaf of the relative diagonal O v (2k). This follows from the
construction of the functor ®*, see [Bez16, §4.1].

The finite braid operator Ty, corresponds under ®* to the classical (namely underived)
structure sheaf C’)‘fgltcv. Its inverse To_*l ~ To corresponds to the twist Og‘ltcv (—=1,—1). We briefly
indicate how to deduce ®*¥(Tp,) = Og‘ltcv from the results of [Bez16]. By [Bez16, Theorem 1],
there is an equivalence

Djor : She(I0\Flg) — = Coh®" (St'),

where I =1 xgp N C I, and St' = QV X gv NV @V — gV is the Grothendieck alteration). By
[Bez16, Example 57], the object Tp., viewed as an object in Sh.(I°\Flg), corresponds to the
structure sheaf of I, = T's N St’ (where Ty is the closure of the graph of the non-trivial element
s € W on the regular locus of E;V X gV E;V, and T is the scheme-theoretic intersection of I'y
with St'). Under the natural embedding i : Stgv < St’, one checks that i*(’)fglth = Ory,. Since
the forgetful functor H¥' = Sh.(I\Flg) — Sh.(I°\Flg) corresponds to i, : Cthv(Stgv) —
Coh@”’ (St"), we see that z'*<I>aH(T0*) o i*C’)CSltGV. Using the right exactness of i,, we conclude that
0 (1) = 0, .

Below we will give more examples of how objects correspond to each other under the
equivalence ®*f. The proof of the matchings follow from the two paragraphs above by easy
calculations, which we omit here.

The affine braid operator Tj, corresponds under ®* to the twisted classical structure
sheaf Og‘ltgv(_l’ 1). This follows from the fact that Jo = Tp.T1. corresponds to Og, (2), and
that Tps corresponds to (’)fgltcv. Similarly Tl_*1 ~ T corresponds to the twist (’)’fgltcv (—2,0).
The conjugate TO*THTO_*1 ~ JQTI*J2_1 corresponds to the twist O‘é}th(l, —1), and its inverse
TosTuTy," ~ JoTiJy " to the twist O, (0, -2).

Let Avg be the IC-sheaf of the closure of F1™. Then Avg corresponds to Opiypi(—1,—1)
under ®*f. The natural distinguished triangles

Avg To« 6, 0 Tor Avg

correspond to the natural distinguished triangles
Opiypr(—1,-1) — O%Itcv — 0, Oy — Og'lth (—1,—-1) —= Op1yp1(—1,—1).

Ezample 2.2.5 (G = PGL(2)). The morphism SL(2) — PGL(2) induces a canonical monoidal
functor Hgg(z) — H%’%L@)' We use the same notation introduced in Example 2.2.4 for objects
in Hgfg@) to denote their images in H%%L(Q)' The description of ®3(F) for F ¢ ’Hgg(g) given in
Example 2.2.4 is still valid in the case of PGL(2) for the same-named sheaf F but viewed as in
?—[%%L@) (note that the Steinberg variety is the same for SL(2) and PGL(2)).

Now W can be identified with the infinite dihedral group generated by ro and 7, /2

(reflection with center 1/2). Correspondingly, H?;H two standard monoidal generators Ty, and
T' 2, where T /5, the Atkin—Lehner involution, is the skyscraper sheaf of the point I-orbit F1"/2,

and TD; ~ T1/2.

For k € Z, the Wakimoto sheaf can be expressed as Jy ~ (Tp. 17 /z)k, which corresponds to
the twist of the structure sheaf of the relative diagonal O, (k). This again follows from the
construction of ®, see [Bez16, §4.1].

332

https://doi.org/10.1112/50010437X18007893 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007893

GEOMETRIC LANGLANDS FOR SL(2), PGL(2) OVER THE PAIR OF PANTS

The Atkin-Lehner involution T}/, corresponds under o2 to the twisted classical structure
sheaf qultcv(—l,O). This follows from the fact that J1 = Tp.T} /5 corresponds to Og. (1) and
that Tp, corresponds to Og'ltcv' The conjugate TO*TI/zTO_*l o~ J1T1/2J1_1 corresponds to the twist
0g, . (0,-1).

aV

2.2.6 Compatibilty. Gaitsgory’s nearby cycles construction [Gai01] provides a central functor
7 HE —

Under the Satake equivalence (2.1) and Bezrukavnikov’s equivalence ®* the central functor
becomes the natural functor

Rep(GY) — Coh®’ (V) —2% Coh®” (Stev),

where the first functor is the pullback along the projection NV /GY — pt/GY. Its monodromy
automorphism corresponds to the universal unipotent automorphism of the pullback.

2.2.7 Finite and aspherical Hecke categories. Let ’Hé = Sh.(B\G/B) be the finite Hecke
category of B-equivariant constructible complexes on the flag variety B = G/B, with monoidal
structure defined by convolution. Pushforward along the closed embedding B = G/B —
G((t))/1 = Flg gives a fully fiathful monoidal functor Hé — HA

Let = € Pervy(B) C Sh.(G/B) be the tilting extension of the shifted constant sheaf
Qpu, [dim B] on the open N-orbit B*° C B. Equivalently, in the abelian category Pervy(B),
it is also the projective cover of the skyscraper sheaf on the closed N-orbit.

Consider the functor

V = Homgy,, (5)(Z,¢"(—)) : ’Hé —— Vect,

where we first forget B-equivariance via the pullback ¢* : Hé — She(B) along ¢ : G/B — B\G/B.
The functor V calculates the vanishing cycles at a generic covector at the closed N-orbit. It is
the universal quotient of ”Hé with the kernel the full monoidal ideal (IC,|w # 1 € W) generated
by IC-sheaves of N-orbits BY C B, for w # 1 € W/, that are not closed. It can be equipped with
a monoidal structure (for the usual tensor product on Vect).
The aspherical affine Hecke category is defined to be the tensor product

HZSph = Al B2t Vect,

where the ?—[é—module structure on Vect is given by V. It has a natural H%ﬁ—module structure
via convolution on the left.

When the base field has positive characteristic, Bezrukavnikov [Bez16] realizes ’HZSph as
the dg category of Iwahori-Whittaker sheaves on the affine flag variety with the help of an
Artin—Schreier sheaf. By [Bez16, Theorem 2|, there is an equivalence of dg categories

@2Ph ; Perf(MV/GY) = Coh®" (V) —> HEPR, (2.3)

Moreover, the H¥-action on the right-hand side gets intertwined with the Coh®” (Stgv)-action
on the left-hand side by left convolution via the equivalence ®?f.
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The above equivalence also holds when the base field is C. One way to see this is to work
with D-modules (where the exponential D-module plays the role of an Artin—Schreier sheaf) to
obtain an equivalence between the C-linearizations of the two sides of (2.3), and then descend it
to Q. Another way is to use a G,,-averaged version of an Artin—Schreier sheaf, as we do when
introducing the Whittaker sheaf in §2.5.2.

2.3 Hecke modifications
Let X be a connected smooth projective curve of genus g, and S C X a finite subset.

Let Bung(X, S) be the moduli stack of G-bundles on X with B-reductions at S. This is an
algebraic stack locally of finite type. Later we will focus on the case G = PGL(2) and SL(2). For
more concrete modular interpretations of Bung (X, S) in these cases, see §3.1.

Let Sh(Bung(X,S)) be the dg derived category of all complexes on Bung(X,S). We will
abuse terminology and use the term sheaves to refer to its objects.

Let Shi(Bung(X,S)) € Sh(Bung(X,S)) be the full dg subcategory of constructible
complexes that are extensions by zero off of finite type substacks.

Introduce copies of the curve X = X_ = X, and for any x € X, introduce the non-separated
curve

Ko = X x\gy X+

with the two distinguished points z_ € X_, x, € X, and the natural embeddings

X
N
J
X D, X,

where Dy = Dy_ [[x Dy, is the formal neighborhood of {z_, x4} C X. Note that for the choice
of a local coordinate, we can identify D, with the standard model D.

2.3.1 Spherical Hecke action. For x € X\S, we may define the moduli stack Bung(X,, S)
of G-bundles on X, with B-reductions at S. We have the following diagram.

Bung (Xs, S)
Bung(X, 5) Bung: (D) Bung(X, 5)

Passing to sheaves, and choosing a local coordinate to identify Bung(D,) with G[[t]]\G((¥))/G][[t]],
one obtains the spherical Hecke modifications

Hecke®Ph Hg)h ® Sh(Bung(X, S)) — Sh(Bung (X, S)),

Hecke" (K, F) = (p ) ((p-)*"F @ *(K)):

It evidently preserves the full dg subcategory Shi(Bung(X,S)) C Sh(Bung(X,S5)).

Natural generalizations of the above constructions provide Sh(Bung(X,S)) the requisite
coherences of an Hg’h—module.

Restricting to the heart of Hg’h, one obtains a tensor action

Rep(GY) @ Sh(Bung(X,S)) — Sh(Bung(X, S)).
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Remark 2.3.2. Tt is straightforward to generalize the above from a point € X\ S to a family of
points parametrized by Y — X\S to obtain a functor

HeckeS?" : 12" @ Sh(Bung(X, S)) — Sh(Bung(X, S) x Y).

2.3.3 Affine Hecke action. Forse S,let S =S HS\{S} S C Xs. We may similarly define the
moduli stack Bung (X, S+) of G-bundles on Xg with B-reductions at S1, and obtain a diagram

Bung (X, S4)

el =

Bung(X,5)  Bung(Dy,{s_,s;})  Bung(X,S)

Passing to sheaves, and choosing a local coordinate to identify Bung(Dsg, {s_,st}) with
I\G((t))/I, one obtains the affine Hecke modifications

Hecke™ : H2' @ Sh(Bung(X, S)) — Sh(Bung(X, S)), (2.5)

Hecke™ (K, F) = (p)1((p-)*F @ w*(K)).
More often, we will use the binary notation *; to denote the affine Hecke action
K %s F := Hecke? (K, F).

It evidently preserves the full dg subcategory Shi(Bung(X,S)) C Sh(Bung(X,S)).

Natural generalizations of the above constructions provide Sh(Bung(X,S)) the requisite
coherences of an Hgﬁ—module structure. For different s € S, the resulting ’Hgﬁ—actions on
Sh(Bung (X, S)) commute with each other.

In particular, restricting the action of H&! to Perf(AY/GV) via the monoidal functor

Perf(NY /GY) 25> Coh®” (Stgv) 2 2T | (2.6)

where A : NV /GY — Stgv/GY is the diagonal map, one obtains commuting tensor actions
Perf(NY /GY)®5 @ Sh(Bung(X, S)) — Sh(Bung(X, S)). (2.7)
2.3.4 Compatibility. Let s € S, and let Us C X\(S\{s}) be a disk around s (in the classical
topology). Let U} = Us\{s} be the punctured disk. Recall the Hecke operators over U are

defined as in Remark 2.3.2. By the construction of the central functor Z in [Gai0l], there is a
natural equivalence of bifunctors Hg’h ® Sh(Bung(X,S)) = Sh(Bung(X,S))

HeckezLff o (Z ® idgnBung(x,5))) = ¥s 0 Heckezp;, (2.8)

where U, : Sh(Bung (X, S) x US) — Sh(Bung(X,S)) denotes nearby cycles towards the s-fiber
of Bung (X, S) x Us — Us. Moreover, the monodromy of the central functor Z coincides with
the monodromy of W,.
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2.4 Eisenstein series
Consider the induction diagram

Buny(X) <2— Bung(X) —— Bung(X, S), (2.9)

where p is the usual projection, and ¢ assigns to a B-bundle the induced G-bundle with its given
B-reduction remembered along S. Since Bunyp(X) ~ Ap ®z Pic(X), for each A € Ap we have
a corresponding component Bun).(X) of Buny(X). Let Bunj(X) be the preimage of Bun) (X)
under p. Restricting the diagram (2.9) to the A\-component we get

Bun (X) <2~ Bun}(X) —2> Bung (X, S). (2.10)

Example 2.4.1 (G = PGL(2)). In this case, T = G, with Ay ~ Z, and therefore Bunyp(X) ~
Pic(X). An object of Bunpg(X) is an inclusion (£ C &) of a line bundle into a rank-two vector
bundle on X up to simultaneous tensoring with a line bundle. Then p is given by (£ C &) —
L2 (det &)L, and q is given by (£ C &) = (&, L]s C €|s). An object (£ C £) € Bung(X) lies
in the component Bun(X) if and only if 2deg(L) — deg(€) = n.

DEFINITION 2.4.2. For A € Ay, we define the (unipotent) Fisenstein sheaf to be

Eisy = qnQp, ) [dim B - (g — 1) — (2p,\)] € Shi(Bung(X,S)).

A
B
Note that the shift dim B - (g — 1) — (2p, ) is the dimension of Buny(X).

Ezample 2.4.3 (X =P', X\ = 0). In this case, using that H! (P!, Op1) = 0, we see that Bun} (P') ~
pt/B. The map qo : Bun%(P') — Bung(P', S) is an isomorphism to its image, which is the point
classifying the trivial G-bundle over P! with the same B-reduction at all s € S. The Eisenstein
series sheaf Eisg is the constant sheaf Q[—dim B] on this point extended by zero.

The next lemma shows that the Eisenstein sheaves are translated by Wakimoto sheaves.

LEMMA 2.4.4. For \, s € Ap, s € S, there is a canonical isomorphism
Jﬂ *g EiS/\ >~ Eisu+>\ .

Proof. We first treat the case when p is anti-dominant. To make notation more convenient, let
be dominant and consider the action of J_, on Eisy. By definition, J_, is the !-extension of the
constant sheaf Q[(2p, 1)] on F1 /. Unravelling the definitions, in particular of the action (2.5),
we may describe the Hecke operator J_, x5 using the Hecke correspondence

p—

Bung(X, §) <—T'_, — Bung(X, S) (2.11)

given by the subdiagram of the diagram (2.4) where I'_,, C Bung (X, S) classifies pairs of points
in Bung(X, S) with relative position —u at the point s. By definition, we have

J_pxs F =ppup_*F[(2p, )] for F € Sh(Bung(X,S)). (2.12)

We first assume the following.
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CrLAIM. We have a commutative diagram

Bun)(X) < *I"_, — "> Bun}; *(X)
\L‘D\ \Lh \L‘D\u
p- p

Bung(X, S)

I, —— Bung(X,S)
with the left square Cartesian and v+ a homeomorphism.

From the claim and (2.12), we can conclude

J_p xs Bisy = prip—"¢x1Q[dim B - (g — 1) — (2p, N)][(2p, )]
~ pphQdim B - (g — 1) — (20, A — )]
~ -y Qdim B - (g — 1) — (2p, A — )]
~ Eisy_, . (2.13)

This proves the lemma for p anti-dominant.
Since J,*, is the inverse to J_,*,, from (2.13) we obtain

Jy, *s Eisy ~ Eis,y v for p dominant, X € Ar. (2.14)

Finally, for general p, write p as u1 — po, where uq, ug are both dominant. Using (2.13) and
(2.14), we conclude

Ty xs Bisy & Jyy s (J_pup %5 Bisy) = Jyy xs Bisy_pp = Bisy_upp = Bisaiy -

Now to prove the lemma, it remains to prove the claim. With the choice of s € S, we claim
there is a canonical morphism

by : Bun%ﬂ‘(X) —— Buny}(X). (2.15)
Once this is in hand, a local calculation shows there is a homeomorphism
A—
Vi /\F/—u = Buny(X) XBung (X,5) I —p — Bung #(X)

respecting the maps to Bung(X, 5).

Thus it remains to construct the map (2.15).

First, recall the following ‘pushout’ construction for filtered vector bundles. Suppose £ is a
vector bundle over X with a finite decreasing filtration {F*E};cx by subbundles indexed by i in
some poset A. Let i — L; be a functor A — Pic(X )™, where Pic(X )™ is the category of line
bundles on X with injective sheaf maps as morphisms. Then there is a canonical vector bundle
&' equipped with a decreasing filtration {F?£’};cp such that

Grip&' ~ Grlé ® £; for all i € A.
The construction is by induction on the number of steps in the filtration, and we omit the details.
Next, the fiber of the natural projection Bung(X) — Bunz(X) above a point £ € Bunp(X)
classifies the following data.
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— A tensor functor € : Rep(G) — Vect(X) (the tensor category of vector bundles on X)
denoted by V +— &y .

~ For V € Rep(G), a decreasing filtration {FP&y}gc Ay indexed by the poset A (where
B < B e A iff B/ — 3 is a Zso-combination of simple roots), along with isomorphisms
Grf;é’v o~ L? dimV(8) (where V() denotes the B-weight space of V, and L3 € Pic(X) the
induction of £ € Buny(X) along 5 : Ay — Z).

~ Moreover, the filtrations {FPEy } ¢ Ay, and the tensor structure of V' — &y are compatible
in the following sense: if V, V'’ € Rep(G), then under the isomorphism Ey gy ~ Ey @ Ey,
we have F¥'Eygyr =34, 5o g0 FPEY @ FP €y,

Now we are ready to define the map (2.15). Starting with a point (EV;FﬂgV)VERep(G) of

Bungf"(X). Let &{, be the pushout of &, with respect to the line bundles 8 +— Ox ({8, 1) - s).
Since g is dominant, for 8 < ' € AY, we have (8,u) < (f',u) hence a natural inclusion
Ox((B, 1) - s) = Ox({B, p) - s), therefore the pushout is defined. The data (£{;; FPE, )y crep(c)
then defines a point in Bun}(X).

This completes the proof of the claim and thus that of the lemma. O

Ezample 2.4.5 (G = PGL(2)). We explain the stacks that appear in the proof above in the case
G =PGL(2). Let p =n > 0. The Hecke correspondence I' _;, in the proof above can be described
as follows. Let I'_,, be the moduli stack of (£-1 — & — -+ = &y {ly }yes\(s}), Where each &;
is a rank-two vector bundle on X, each arrow & — &;11 is an upper modification of degree 1 at
s, such that & 1(s) # &41 for i = 0,1,...,n — 1; finally, for s' # s, £y is a line of the fiber of
& at §’. Then we define I'_,, = I'_,,/Pic(X), where Pic(X) acts by simultaneous tensoring on
&;. The map p_ sends (-1 — & — -+ = Ens {lyfoes\(s}) t0 (E0;{ls }sres), where L is the
image of £_1 in the fiber of & at s. The map py sends (E_1 — & — -+ = En; {ls foes\(s}) tO
(&n, {l.}scs), where £} is the image of £,_1 in the fiber of £, at s, £, for s’ # s is induced from
ly after identifying 50|X\{s} and gn‘X\{s}

Let A = m € Z. The stack ™I""_,, defined in the proof above has the following moduli
interpretation. It classifies (L C & < -+ — &,), where the chain & < ---&, is as before,
L is a line subbundle of &, which is also saturated in & (the last condition is equivalent to
E_1(s) # &1, if we define £_1 to be the lower modification of & at s determined by the line L
of the fiber of & at s). It is easy to see inductively that £ is saturated in &, ..., &,. Therefore,
(L C &,) defines a point in Bun; " (X). This gives the map vy : ™I"_,, — Bun'y™"(X), which
is an isomorphism: the pair £ C &,, determines the chain & — --- — &, because &;_1 can be
inductively identified with the pullback of (&;/L)(—s) under the quotient & — &;/L.

2.5 Whittaker sheaf
In this subsection, we assume in addition that p¥ € Ap, for example G is adjoint.

2.5.1 Tuwisted N-bundles. Consider the distinguished T-bundle

w(S) = pY @ wx(S) € Buny(X) ~ Ar ®z Pic(X).
Define the moduli

Bunojif(s) (X,9) = Bunojif(s) (X) XBung(x) Bung(X, S)

classifying triples (g, 7, { Fs}ses), where €p is a B-torsor, 7 : Eg/N — w(S) is an isomorphism of
T-torsors, and Fy is a B-reduction of the fiber £;|s of the G-bundle induced by £p. In other words,

B
the choice of Fy is equivalent to the choice of a point of the twisted flag variety Be, | = Epls x B.

338

https://doi.org/10.1112/50010437X18007893 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007893

GEOMETRIC LANGLANDS FOR SL(2), PGL(2) OVER THE PAIR OF PANTS
Observe that there is an open substack
Bun‘}(,(s)’o(X, S) C Bun(fv(s) (X,9),

where the B-reductions gp|s and Fs of the fiber ;| are transverse, for each s € S. If we let
B° C B be the open B-orbit, then the choice of F, is now equivalent to the choice of a point of
the twisted open cell

BgB|z C BgB|S.
Note since B\B° — T'\pt is an equivalence, the choice of such Fs is in turn equivalent to a
splitting of Eg|s — w(9)]s.
Thus the abelianization map N — N/[N, N| ~ [['_; G,, where r is the rank, induces a map
Bunfy*° (X, §) — [Ti_, Bung* ) (X), (2.16)

where Bung* (SS) (X) classifies extensions wx (S) — & — Ox with a splitting at each s € S.

Pushout of extensions along the inclusion wx — wx (.S) provides a canonical equivalence
Bun&X (X) —>Bun* P(X), (wx = € = Ox)—= (wx(S) = & - Ox)  (2.17)

since the inclusion &, — & factors through &, — Ox ,, and hence its image gives a splitting of
ga,c — OXJ.
Composing (2.16) with the inverse of (2.17) and taking the sum of the canonical evaluations

Bung* (X) ~ H'(X,wx) ~ G,

we obtain the total evaluation

ev : Bun?i,(s)’o(X, S) ——= G,.

Note that the total evaluation is G,,-equivariant for the action on Bunfv(s)’o(X ,S) induced via

pV : G, — T from the adjoint T-action and the usual rotation action on G,. Therefore, it
descends to a map

ov : Bun®)°(X)/Gry —> Gy /G,
We also have the natural induction map
p: Bun‘Xf(S)’O(X, S) —— Bung(X, 9),
which descends to a map

D: Bunuji,(s)’o(X, S) /Gy, — Bung (X, S),

where again the G,,-action on Bun(fv(s)’o(X ,9) is induced via p¥ : G,, — T from the adjoint

T-action.
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2.5.2 Gy,-averaged Artin—-Schreier sheaf. Let us write j : pt = Gy, /Gy, — G4 /Gy, for the
open inclusion. Let

V= j.Q,,[-1] € Dg,, (Ga).

This sheaf should be thought of as a G,,-equivariant version of an Artin—Schreier sheaf over G, if
we worked over a base field of finite characteristic, or a G,,-equivariant version of the exponential
D-module over G, if we worked in the D-module setting.

DEFINITION 2.5.3. The Whittaker sheaf is the object
Whg = piev*¥[—ds] € Shi(Bung(X,5)),

where
ds =dim B - (g — 1)+ (2p,p")(29 — 2+ #5)

is the dimension of Bungw(s)(X ).

Ezample 2.5.4 (X = P!, S = {0,00}). In this case, we have w(S) ~ Op1, and hence the Whittaker
sheaf is supported on the open locus, where the underlying G-bundle is semistable or equivalently
trivializable

BunZ (P!, {0, 00}) ~ G\ (B x B).
On the other hand, let B° be the open N-orbit in B, then we have
Bun’*° (P!, {0, 00}) ~ N\(B° x B°).

If we choose a point B~ € B° represented by a Borel opposite to B, then we have G\ (B x B) ~
B~\B by fixing the first coordinate to be B~; similarly, we have N\(B° x B°) ~ B° by fixing
the first coordinate to be B~. Under the above isomorphisms, the map p : Bunf\,(s)’O (P, {0,00})

— Bung(P!, {0,00}) is the evident composition
BB —ts B~\B.

Let = € Pervy(B) be the tilting extension to B of the constant perverse sheaf Q, [dim B°].
We claim that
Whyg ooy = wg=[dim BJ. (2.18)

Here u : B~\B ~ Bun% (P!, {0, 00}) < Bung(P', {0, 00}) is the open inclusion. To see this, we
only need to note that both sides of (2.18), up to appropriate shifts, corepresent the functor of
vanishing cycles at a generic covector at the image of Bun%(P!) — Bung(P', {0, 00}).

The Whittaker sheaf Whg enjoys an asphericity property, as we spell out now. For s € §
and a parabolic subgroup P C G, we may define a moduli stack Bung (X, S)s p, where the level
structure at s is changed to a P-reduction. We have a proper smooth projection

Ts,P - Bung(X, S) — Bung(X, S)S,p,
which induces adjoint functors

*
7rs,P

-
s, P,x—Ts, P!
_—

Sh](Bung(X, S)) Sh!(Bung(X, S)SJD).

7rs,P
L —
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LEMMA 2.5.5. Let s € S and P C G be a parabolic subgroup, which is not a Borel. Then
s, Pt Whg ~ 0.

Proof. Let P; be the standard parabolic whose Levi only has simple root «;. Then each P, which
is not a Borel, contains some P;, and 7, p factors as

Bung(X, S) NN Bung (X, S)sp, > Bung(X, S)s.p

Therefore, it suffices to show that g p,iWhg ~ 0, for each F;.

We denote Bung (X, S)s p, simply by Bung (X, S)s, and denote 7 p, similarly by m ;, which
is a P!-fibration.

Let us extend the maps in the definition of Whg to a commutative (but not Cartesian)
diagram

pt:Gm/Gm(i>Ga/Gm<iBun§ ) (X,9)/Gp, Bung (X, S)

/ .
J/Trs,i iﬂ—sﬂ

Buncfv(s)’o(x S)s,i/Gm e Bung (X, 8)s,

where we denote by Bun"Ji,(S)’O(X ,8)s,i/Grm the moduli, where we replace the B-reduction at
s with a P;-reduction in general position with the given N-structure, and 7['272- is the natural
Al-fibration, where we forget the B-reduction at s to a P;-reduction.

Now returning to the definition of Whg, we have

7Ts,i!VVhS = ﬂs,i!ﬁlﬁ*j*g [ 1- dS] =~ DPs 2'775 @leV*j*@pt[_l - dS}

and so it suffices to show
J—
Ty 1€V ]*th ~ (.

Fix a point £ : pt — Bun w(S),0 (X, S)s,, and consider the following base-changed Cartesian
diagram.

3

G > Gy <= Bun™°(X, §) < Al

.

Bun?if(s)’o(X, S)si £ pt

Then it suffices to show
Ty lleV J*QG ~ 0.

Finally, observe that ev o E : Al - G, is an isomorphism of schemes, and so
g*ev*j*QGm ~ ji@U’

where ' : U = (ev 0 £)1(G,n) < Al is the complement of one point in A'. Thus we have the
required vanishing

*W;i!ev*j*@(@m ~ W;’ilf*ev*j*QGm ~ H’C‘(Al,ji@U) ~ (. O
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COROLLARY 2.5.6. Let s € S.
(i) For any w # 1 € Wy, we have IC,, x;, Whg ~ 0.

.s . f aff . .
(ii) The action of Hy, C HE' on Sh(Bung (X, S)) by Hecke modification at s factors through the
monoidal functor V : ’Hé — Vect in that for any K € ’Hé, there is a canonical isomorphism

K xs Whg ~ V(/C) ® Whg
compatible with the monoidal structures in the obvious sense.

Proof. (i) Since any w # 1 can be written as a product of simple reflections o;, it suffices to
show IC,, s Whg ~ 0, for the simple reflections o; € W;. Let P; be the standard parabolic of G
whose Levi has only simple root «;. Then

ICJZ. *g th >~ 7T:7pi7rs,pi7[Wh5[1],

which vanishes by Lemma 2.5.5. Therefore, (i) is proved.

Since V : Hé — Vect is monoidal and the universal quotient functor with the kernel the
monoidal ideal (IC,|w # 1 € Wy), (ii) follows from (i). O

2.5.7 Wakimoto action on Whittaker sheaf. For s € S, we have an action of Perf(MY/GY)
on Shi(Bung(X,95)) as the restriction of the affine Hecke action at s, see (2.6) and (2.7). By
acting on Whg, we obtain a functor

g : Perf(NY /GY) —= Shi(Bung(X, S)) (2.19)
such that line bundles go to translations of Whg by Wakimoto operators

as((9~ ()\)) = Jyxs Whg, A€ Arp.
N

PROPOSITION 2.5.8. The functor a, intertwines the action of Coh®" (Stgv) on the left side and
the xs-action of ’H%;H on the right side under the monoidal equivalence ®*.

Proof. By Corollary 2.5.6, the xs-action of Hafo on the object Whg factors through the aspherical
quotient H?’;Sp h, or in other words, we have a functor

al HaGSph — Shi(Bung(X, S))
and a canonical equivalence K 3 Whg ~ o, (K), where K € H2f and K € HEPH i its image. By
s G G

construction, the functor o/, is a H%,H-module map.

Now we claim that ay and o/ are the same functors under the equivalence ®*P". By the
construction in [Bez16], ®*Ph is the composition Perf(NY /GY) — HA — HZPE given by K —

’ p G G g y

A, K. Thus we have canonical equivalences

as(K) ~ (AK) xs Whg ~ o,(A,K), K € Perf(NY/GY).

Finally, since ®*P? intertwines the H%ﬂ—action and the Coh®’ (Stgv)-action via the monoidal
equivalence @ and ol is a Hafo—module map, the lemma follows. O
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2.6 Two point ramification
In this section, we specialize to the case X = P! and S = {0,00}. We elaborate on the principle
that ‘Shi(Bung (P, {0, 00})) is the same as H".

We have the two commuting actions %o, % of H& on Shi(Bung (P!, {0,00})) by Hecke
modifications at respectively 0, co. We have the Eisenstein series sheaf Eisy described in
Example 2.4.3. Acting by H?;H on Kisg at 0, we obtain a functor

D) o, : HH —— Shi(Bung(P', {0,00}), @ ., (K) = K %o Eisp .

LEMMA 2.6.1. & . is an equivalence.

Proof. Let us relate @6700 to the Radon transform.

Let j : pt/T — Bung(P!,{0,00}) be the open substack, where the underlying bundle is
trivial and the two Borel reductions at 0,00 are transverse. Acting by H%ﬁ on jiIQ[—dim T at 0
we recover the Radon transform

R:HM —— Sh(Bung(P!,{0,00}), R(K) =K% 7#Q[—dimT].

It is well-known that R is an equivalence (see [Yun09, Corollary 4.1.5 and §5.2] for example).

Let Thyox € Hé denote the perverse sheaf, which is the x-extension of the shifted constant sheaf
from the open B-orbit in B. Then Ty« *x0 jiQ[—dim T'] ~ Eisy. Therefore,

D)) o (K) = K 50 Eisg = (K * Toox) %0 S1Q[—dim T| = R(K * Tipyx).-

In other words, <I>67OO is the composition of first convolution on H* on the right by Thwo« (which
is an equivalence with inverse given by convolution on the right by T,), and then the Radon
transform R (which is again also an equivalence). This shows that <I>6’Oo is an equivalence. O

Let Locgv (P!, {0,00}) denote the (derived) moduli stack (over Q) of GV-local systems on
Ph\ {0, oo} equipped near {0,00} with a Borel reduction with unipotent monodromy. Then
Locgv (P ; {0, 00}) admits the presentation as the substack of (MY x NV)/GY given by imposing

on pairs (Ag, As) € NV x NV the equation AgAs = 1 on the underlying group elements inside
of GV. Therefore, we have an isomorphism

L Stav JGY = (NY xgv NY) /GY —~ Loc (P1,{0,00}), (A, Ane) = (Ao, A5),

where /Tgol means we invert the group element A., while keeping the Borel containing it
unchanged.
Now introduce the equivalence given by the composition of equivalences

0,00 : Coh(Locgy (P!, {0, 00})) —“= CohC" (St )~ 32l

P
2% Shy(Bung(P!, {0, 00}).

By construction, ®g ~, intertwines the COhGV(Stgv)—aCtiOIl on Coh(Locgv (P!, {0,00})) by
convolution at 0 and the H&-action on Shi(Bung (P, {0,00})) by the Hecke modifications o,
under the monoidal equivalence ®*f. One can also show that ®p o similarly intertwines the
Coh®" (Stev)-action on Coh(Locgv (P!, {0,00})) by convolution at co and the H_action on
Shy(Bung (P!, {0, 00})) by the Hecke modifications x,,. We will not use this statement in the rest
of the paper, only the following compatibilities.
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LEMMA 2.6.2.

(i) Let A= : NV /GY — Locgv (P, {0,00}) be the anti-diagonal A~ (Ag) = (ﬁo,ﬁal). Then we
have
¢0,OO(A*_OK/’) ~ Fisg .

(ii) For Oec the derived structure sheaf of Locgv (P!, {0,00}), we have

q>0,oo(OL0c) =~ WhO,oo-

Proof. (i) Under the equivalence ®*, the monoidal unit § € H*&H, given by the constant sheaf
on the closed I-orbit in Flg = G((t))/I, corresponds to A.Og, € Coh®" (Stev) (see §2.2.3).
By construction, we also have t*(A.Ox ) ~ A O, and @6700(6) = § %o Eisg ~ Eisg, therefore
q)O,oo(A;O/V) ~ Fisp.

(ii) First, we claim that under the equivalence ®*! the derived structure sheaf Og; o €

Coh®" (Stev) corresponds to ¢=[2dim B] € ’Hé C HM (see Example 2.5.4 for notation). To see
this, we use the equivalence established in [Bez16, Theorem 1]

®op 1 She(I0\Flg) —=> Coh®" (5t'),

where 19 = I x5 N C I, and St = g¥ X gV NV @V — gV is the Grothendieck alteration).
By [Bez16, Example 57], ®;0;(Z) = Ogy. On the other hand, the equivalences ®;0; and ®f
are compatible: the forgetful functor Forg : H%ff — She(I°\Flg) corresponds to pushforward
along i : Stgv < St'. Therefore, i* corresponds to the left adjoint of Forg, and this is given by
@[2 dim B] when restricted to She(N\B) C Shc(I"\Flg). Hence Og ., ~ i*Ogy corresponds to
@Z=[2dim B] under the equivalence ®.

Therefore, we have

B0 00 (Oroc) = B oo (P (Os1,., ) = @) o (@E[2 dim B]) = ¢E[2 dim B] %o Eiso.

Finally, if we view ¢Z[2 dim B]*oEiso as an object of She(B\G/B) — Shi(Bung (P!, {0, c0})),
it is equivalent to ¢Z[2 dim B] * §[—dim B] ~ ¢Z[dim B]. Thus ®¢ o (OLoc) =~ wqE[dim B, and
in turn w@=[dim B] ~ Why o, as seen in (2.18). O

3. Automorphic side: P!, three ramification points, G = PGL(2), SL(2)

Let P! = ProjClx, y] be the projective line with homogeneous coordinates [z,y] and coordinate

t=y/x.
Fix the three points S = {0,1,00} C P!, where the coordinate ¢ takes the respective value.

3.1 Moduli of bundles
Let Pic(P!) ~ BunGL(l)(]P’l) denote the Picard stack of line bundles on P!, and Vecty(P!) ~
Bungp,2)(P') the moduli of rank-two vector bundles on P'.

3.1.1 G = PGL(2). By the exact sequence 1 - GL(1) - GL(2) - PGL(2) — 1 and the
vanishing of the Brauer group of a curve over C, we have an isomorphism

Vecty (P!) /Pic(P') —— Bunpgy,) (P1).
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Thus we can represent PGL(2)-bundles by rank-two vector bundles up to tensoring with a line
bundle. There is a disjoint union decomposition

Bunpgy,o)(P!) = BungGL(Q) (PHTI BuanDGL(Q) (Ph)

given by the parity of the degree of a rank-two vector bundle.

The stack Bunpgy,2)(P*, S) is the moduli of PGL(2)-bundles on P! with B-reductions at the
points of S = {0,1,00}. We can represent objects of Bunpqr, () (P1, ) by (&, {ls}scs), where £
is a rank-two vector bundles on P! up to tensoring with a line bundle, and ¢ is a line in the
fiber & for each s € S.

Let us list the isomorphism classes of objects of Bunpgr,() (P!, S). For each isomorphism
class of £ € Bunpgy,2)(P'), we describe the poset of points in BuanL(2)(P1, S) over it, where
an arrow & — gy means y lies in the closure of z.

(i) € = Op1 ® Op1, Aut(€) ~ PGL(2), with the poset of configurations of lines

co(9) Aut ~ {1}
c(0,1) co(0, 00) co(1, 00) Aut ~ T ~ Gy,
co(.S) Aut ~ B ~ G,, x G,

where ¢o(R) denotes the locus where two lines /5 and £y at distinct points s, s’ € S are equal if
and only if 5,5’ € R.
(i) € = Op1(1) ® Op1, Aut(€) ~ Gy, x G2, with the poset of configurations of lines

c1(*) Aut ~ {1}
c1(9) c1(0) (1) c1(o0) Aut =T =~ Gy,
o>
a0,1)  al0,00) Te(loo)  Auta B Gy x G
~ 7
c1(S) Aut ~ G, x G2

where ¢1(R) denotes where the lines ¢, lie in the summand Opi (1), for r € R C S, and in the
summand Op1, for r € R C S. The generic configuration ¢ (*) denotes where none of the lines
ls lie in Opi(1), for s € S, and also they do not all lie in the image of any map Op1 — £ (as in
the configuration ¢ (9)).

(iii) k > 2, € = Op1(k) ® Op1, and we have an exact sequence

1—>GF2 — Aut(€) =5 G % (Go)® — 1.
The poset of configurations of lines is the product

Hses({gs C Opr} ——{{; C Opi(k)})
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with automorphisms

evg

1 65_2 Aut Gm X (GG)R - 17 R = {S €S ‘ gs C O]pl (k)}

Let us denote by ck(R) where the lines ¢, lie in the summand Op:1 (k), for r € R C S, and in the
summand Opi1, for r € R C S.

3.1.2 G = SL(2). Note that 1 — SL(2) - GL(2) - GL(1) — 1 allows us to represent
SL(2)-bundles by rank-two vector bundles with trivialized determinant.

Let Bungy,2) (P!, S) denote the moduli of SL(2)-bundles on P! with B-reductions at the
points of S = {0,1,00}. We can represent objects of Bungy)(P',S) by (€, 7, {ls}secs) where €
is a rank-two vector bundle on P!, 7 : Op1 = det(£), and £, is a line in the fiber & for s € S.

Let us list the isomorphism classes of objects of Bungy,(2) (P!, S) according to the isomorphism
type of the underlying rank-two bundles.

(i) € = Op1 @ Op1 Aut(€) ~ SL(2), with the poset of configurations of lines

co(9) Aut >~ Z(SL(2)) =~ pe
cp(0,1) ¢p(0,00) co(1,00) Aut ~T ~ Gy,
co(5) Aut ~ B ~G,, x G,

where co(R) denotes where the lines ¢, coincide, for r € R C S.
(i) k > 1, £ = Op1 (k) ® Op1 (—k), and we have an exact sequence

1 —= G2 Aut(€) =25 Gy X (G,)S — 1.
The poset of of configurations of lines is product

[Tics({ls C Op1(=k)} —{fs C Opi(K)})

with automorphisms

1 G2k-2 Aut —5- G, ¥ (G))®B——=1, R={scS|t;COp(k)}.

Let us denote by cox(R) where the lines £, lie in the summand Op:1 (k), for r € R C S, and in the
summand Opi1(—k), forr ¢ R C S.

3.2 Coarse symmetries

3.2.1 Atkin—Lehner modifications for G = PGL(2). Atkin—Lehner modifications provide
involutions exchanging the two connected components of Bunpgr,() (P1,S). For r € S, define
the involution

AL, : BunPGL(2) (P17 S) - BunPGL(Q) (]P)lv S)a AL, (57 {68}863) = (8/7 {E;}Ses)v

where £ C £ is the lower modification at r € P! so that £, C &, factors through & C &,, the
resulting map £ — &, induces an isomorphism

E)E —=5 €, /0,
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and ¢, C & is the image of the map £(—r), — &, and the other lines are unchanged ¢, = ¢; C
El =&, for s A1 € S. Note the involution AL, exchanges the open points
co(P) =— c1(x).

The Atkin-Lehner modifications generate a group (Z/2Z)° of order 8. For R C S of even
size, the Atkin-Lehner modifications ALr = [],p AL, preserve the two connected components,
and generate a subgroup (Z/2Z)%" of order 4.

3.2.2 Central automorphisms for G = SL(2). The inclusion g ~ Z(SL(2)) C SL(2) of the

center induces an automorphisms of the identity functor of Bungy,) (PL,9).

3.3 Constructible sheaves

3.3.1 G =PGL(2). Recall the points of Bunpgy,(2) (P!, S) are discretely parameterized and
their automorphism groups are connected. We have the corresponding generating set of objects
of Shi(Bunpgr,2) (P!, S)) given by the respective extensions by zero of constant sheaves (in the
following j denotes the inclusion of ¢x(R) into Bunpgr,2) (P, 5)):

Fo(R) = §Q,, R =19,10.1},{0,00}, {1, 00}, 5;
fl(R):j!Qq(R) R C Sor R=x;
Fr(R) = j!@ck(R) RC S k>2.
Another generating set for Shy(Bunpgr,(2) (P!, 9)) is defined as follows. For k > 0, let i, : By, <

Bunpgy,2) (P!, S) be the locally closed substack where the underlying bundle is isomorphic to
Op1 (k) @ Op1. Let ji* : ¢y (R) < By, be the inclusion map. We define

ICk(R) := iy, j,f;,*@%( 1y [—dim Aut(cy(R))] (3.1)

to be the IC-sheaf of the closure of ¢ (R) in By, extended by zero off of By.
The decomposition into connected components

Bunpgy,o) (P, S) = Bun(P]’GL(2) (P19 ]I BunlleL(Q) (P, S)
provides a direct sum decomposition

Shi(Bunpgrz) (P*, S)) ~ Shi(Bundey o) (P, S)) © Shi(Bunpey ) (P, 5)).

The above basis of objects Fi(R) belongs to Shg(BunEPGL(Q) (P1,9)), where k = k mod 2. For
r € S, note the Atkin-Lehner involution AL, exchanges the basis elements

Fo(9) =— Fi(*).

3.3.2 Whittaker sheaf for G = PGL(2). Let us record the form of the Whittaker sheaf.
Consider the open substacks of the odd component

o1 (%)= e1 (%) U e1 ()= Bunp gy (o) (P, S)

classifying respectively bundles £ ~ Op1(1) ® Op1 with generic lines £, ¢1, £+, and more generally,
lines £y, ¢1, ¢ with none contained within Op1(1). Then the Whittaker sheaf is given by

Note the twist in the definition of Whg disappears because dg = —1 in this situation.

€ Shy(Bunpgy, o) (P, 5)).
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3.3.3 G =8SL(2). Recall the points of BunSL(2)(IP’1, S) are discretely parameterized and their
automorphism groups are connected except for the configuration co(¥) with Aut ~ Z(SL(2))
~ 9. Let Qi{l)t(@) denote the rank-one local system on cy(¥), where the automorphism group pus

acts by the sign character. We have the corresponding basis of objects of Shi(Bunpgr,() (P, 9))
given by the respective extensions by zero of constant sheaves and one additional sheaf Q‘Z‘ét(@):

fO(R) :j!QCO(R), R= @7 {0,1},{0,00},{1,00},S;
JT'.O(Q})&lt = j!@i&g)?
For(R) = 31Q,  (y RCSk>1

The canonical automorphisms of the identity functor of Bungy,g) (P!, S) given by s ~
Z(SL(2)) provides a direct sum decomposition

Sh!(BUHSL@) (P4, S)) = Sh!triV(BUHSL@) (P, 9)) @ Sh?lt(BunSL(Q) (P, 5))

determined by whether the induced action of pg ~ Z(SL(2)) on sheaves is trivial or alternating.
The second summand admits an equivalence

Shf"lt (BunSL(Q) (P!, S)) ~ Vect,

since all of its objects are finite complexes built out of shifts of Fo(#)** whose automorphisms
are scalars.

3.3.4 Relation between G = PGL(2) and G = SL(2). The natural map SL(2) — PGL(2)
induces a map

p: BunSL(2) (Plv S) - BunquL(Q) (]P)l’ S) - BunPGL(2) (]P)la S)’

which sends cg(R) € Bungy,2)(P*, S) to the same-named point co(R) in BungGL(Q)(IP’l, S), for
any k> 0and R C S.
Pullback provides an equivalence

p*: Sh!(BunquL@) (P!, S)) —== Sh{"™ (Bungy,) (P, 5)) (32)
that acts on the above basis by
p*(Fo(R)) = Fo(R), R=10,{0,1},{0,00}, {1, 00}, 5;
p*(Far(R)) = For(R), RC S k>1

Thus using the prior decompositions and Atkin—-Lehner involutions, we see that to understand
any of the above categories, it suffices to understand, for example, Shy (BunllgGL(Q) (P1,9)). We

prefer the odd component of Bunpgr,(2) (P!, S) since it supports the Whittaker sheaf.

4. Spectral side: P!, three ramification points, GV = SL(2), PGL(2)

Continue with P! = Proj(k[z,y]) the projective line with homogeneous coordinates [z,y] and
coordinate t = y/x, and the three points S = {0,1,00} C P!, where the coordinate ¢ takes the
respective value.
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4.1 Moduli of local systems

4.1.1 General definition. We start with a reductive group GV over Q. Let Locgv (P!, S) be
the moduli of (Betti) GV-local systems on P!\ S with BY-reductions near S with trivial induced
TV-monodromy. By choosing a point ug in P!\ S and a based loop 7 around s € S for each s € S
such that Y9170 = 1 in 71 (P*\S,ug), we obtain the presentation

Locav (P, ) ~ (NV)STI=1/Gv.
Here, (N"V)SI1=1 is the derived fiber of 1 of the map
(NV)S ns (NV)S mult_ ~v (4.1)

and the map ‘mult’ takes (Ag, A1, Axo) to ApA1 Aco.

4.1.2 GY = SL(2). In this case, (MY)SII=1 is the derived subscheme of (MV)S classifying
triples of pairs (As, ¢s)ses consisting of a matrix A; € SL(2) and an eigenline As(¢5) C f5 with
trivial eigenvalue Agly, = 1, and the matrices satisfy the equation AgA; Ao = 1 inside of SL(2).

To write explicit local equations for (N )*1I=1 we may apply the SL(2)-symmetry to assume
without loss of generality that {oc = [1: 0], o = [1 : z] and ¢; = [1 : y|. Then the three matrices

take the form
(1l —ax a (1 —by b
Ao = ( —az® 1+ ax) A= < —by? 1+ by)

1 —azx — by + aby(z — y) a+b—ab(x—y) )

-1 _ _

such that A is of the form (} 7). Since det(Aw) = 1, we need only impose the equations
1—azx—by+aby(z —y) =1, —ax®—by?>+abzy(z —y) = 0.
These in turn are equivalent to the equations
ar+by =0, azx®+by?>=0.

We conclude that (AMY)STI=1 s a lei classical scheme (i.e., not derived) with five irreducible
components.

(i) Ap = A; = A, = 1. This component is isomorphic to P! x P! x P!. Local equation:

a=b=0.
(i) Ag =1 (hence A; = AZ!) and ¢; = {. This component is isomorphic to P! x NV. Local
equation:
a=0, y=0.
(iii) A; =1 (hence Ay = AZ!) and £y = fo. This component is isomorphic to P! x AV, Local
equation:
b=0, z=0.
(iv) A =1 (hence Ag = A7') and £y = ¢;. This component is isomorphic to P x NV. Local
equation:

a+b=0, z=y.
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(v) Ao, A1, Ax all lie in a single Borel. Note this does not mean that ¢y, f1, ¢, are the same;
in fact, this component is non-reduced since Ay, A1, Aso fix £o, ¢1, € respectively. Local
equation:

2=0, y*=0, zy=0, azx+by=0.

Note for a,b not both zero, there is a unique infinitesimal direction for (z,y). The reduced
structure of this component is isomorphic to the total space of O(—2) ® O(—2) over P!,
and we denote it as NY.

If we view (/\N/' V)5 as the cotangent bundle of (P')®, the five components listed above, after
passing to reduced structures, are exactly the conormal bundles of various partial diagonals in
(P1)S. For this reason, we introduce the following notation. For a subset R C S with #R # 1,
we denote by A the partial diagonal of (P')® where the R-components are equal. For example,
Ay = (PY)S. Let Ag € T*(P')S ~ (NY)® be the conormal bundle of Ag. Then the reduced

structure of the five components of ((./{V/’V)S)l_[:1 are, in the order listed above, Ag, A1 o0, Ao 0o, Ao,1
and Ag = NY.

4.1.3 GY =PGL(2). The stack Locpar () (P!, S) has two connected components. In fact, for

GV = PGL(2), the Springer resolution NV and the unipotent variety NV are the same as those
of SL(2). Therefore, the map ‘mult’ in (4.1) factorizes as

(NV)S it SL(2) — PGL(2).

Hence, according to whether the product of three elements in NV is 1 or —1 in SL(2), we have
a decomposition of Locpgr,2) (PL,9)

Locparz) (P!, S) = Loy, o) (P!, S) 11 Lochay ) (P, S), (4.2)

where
LocY o) (P, S) = (NV)SII=1/PGL(2),

Lochar ) (P, S) = (NY)STI="1/PGL(2).
The natural map SL(2) — PGL(2) induces a map
p : Locgy, 2y (P', §) —— LOC?DGL(Q) (P',S) C Locpar) (P, S), (4.3)
which in turn induces an equivalence
LOCSL(Q)(Pla S) —— LOCEGL@) (P, S) X pt/PGL(2) (pt/SL(2)).
The odd component of Locpgy,(2) (P!, S) actually reduces to a single point.

LEMMA 4.1.4. The derived scheme (/\N/V)S’ﬁ:_1 is a trivial torsor for PGL(2). In particular,

LOCE,GL(Q) (P!, S) = Spec Q.
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Proof. Let (As,ls)ses be a point of (MY)SII==1 We view A, as unipotent elements in SL(2),
then AgA1Ax = —1 € SL(2). It is easy to see that none of Ay can be 1, hence each line /5 is
determined by Aj. It is also easy to see that no two lines are equal, hence using the PGL(2)-action
we may arrange £y = [1: 0],¢; = [0 : 1] and using the remaining T"V-conjugacy we may arrange

uniquely
11 10
(o) 4= (D)

Aoo - —Al_lAal = <_1 7117 C) )

C

Then we have

which is unipotent if and only if ¢ = —4. This shows that (A \/)S’ﬁ:_1 is a torsor for PGL(2)
with a rational point. O

Remark 4.1.5. The unique point in Loc%GL@) (P!, S) corresponds to a rank-two local system on

P!\ S with non-trivial unipotent monodromy at 0 and 1, and monodromy with a single Jordan
block of eigenvalue —1 at oo. This local system arises from the universal Tate module of the
Legendre family of elliptic curves over P\ {0, 1, 00} given by y? = z(z—1)(z—t),t € P1\{0, 1, 00}.

4.2 Comparison with linear and de Rham moduli

In this subsection GV = SL(2). We will show that Locgy,9) (P!, S) is isomorphic to its linearized
version and its de Rham version, which traditionally appears in the formulation of the geometric
Langlands correspondence.

4.2.1 Linearized version. Let } gp o) (P!, S) denote the linearized version of Locgy,) (P, S)
defined by the presentation

Ys) (P, S) = T ((B)%/SL(2)) = (NV)*X=0/SL(2),

where we regard NV as the Springer resolution of the nilpotent cone in g¥ = sl(2), and impose
that the sum of the Lie algebra elements be zero. Thus a point of ESL(Q) (P!, 9) is a triple of pairs
(Bs, £s)ses consisting of a matrix B € sl(2) and an eigenline Bs(¢5) C {5 with trivial eigenvalue
Bslg, = 0, and the matrices satisfy the equation By + By + By = 0 inside of sl(2).

The local equations for (ANV)%$2=0 are exactly the same as those derived above for (AV)%11=1
except now By, B1, By, are nilpotent rather than unipotent matrices

[ —ax a [ =by b
BO_(—ax2 ax)’ Bl_(—bgf by)

—ax — by a+b
—Bs = Byg+ B; =
> 0+ 51 (—axQ —by? dazr+ by)

with the requirement that B, is of the form (8 ¢) imposing the equations

ar+by =0, azx®+by?>=0.

Thus we can construct an SL(2)-equivariant isomorphism

(K/V)S,H:l ~ (/\7\/)5,2:0
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by the assignment
(Ao, A1, Aoos lo, b1, bog) = (Ao — 1, A1 — 1,2 — Ag — Ay, lo, b1, loo).
Note that Ao — 1 # 2 — Ag — A; as they differ in local coordinates by

(ab(:ro— y) 8)

though nevertheless (2 — Ay — A1)ls = 0.
We could just as well choose either of the alternative isomorphisms given by the assignments

(Ao, A1, Aco, Loy 1, o) ——= (2 — A1 — Ao, A1 — 1, Ao — 1,40, 01, 0),
(AOaAlaAOO7€07€1a£oo) N (AO - 172 - AO - AOCMAOO - 17£07£17€oo)-

They give different isomorphisms reflecting the fact that (/\7 V)S’H:1 has automorphisms that
infinitesimally move points in its non-reduced component.

4.2.2 de Rham moduli. Let Conngy, ) (P!, S) denote the de Rham version of Locgr,(2) (P, 9)
classifying data (€, 7, {ls}ses, V), where £ is a rank-two vector bundle on P! equipped with a
line 5, C &5 at each s € S, and a meromorphic connection

V:iE—E®@Q(Y)
with regular singularity at each s € S, whose residue Res;V is trivial when restricted to /5, and
7: Opr ——det(€)
is a V-flat trivialization of the determinant.
LEMMA 4.2.3. There is canonical isomorphism from the de Rham moduli to linearized moduli

COHHSL(?) (IPﬂ? S) — ZSL(Q) (Pla S)

Proof. First, for any ((€,7,{ls}ses,V) € Conng,2) (P!, S)), we have £ ~ OF,. Otherwise, there
is an embedding Op1(n) — £ with quotient Op1(—n), for some n > 0. The composition

Op1 () —> € —Y > £ @ Qpi(S) —= E/Op1 (n) @ Qp1 (S) ~ Op1 (1 — n)

is Opi-linear, hence must be zero since n > 1 — n. Thus V restricts to a connection on Opi(n)
without poles (because the residues of V are nilpotent), which is impossible since n # 0.

Next, fix an isomorphism (£,7) ~ (032,,79) with the trivial bundle (such choices form an
SL(2)-torsor). The trivial bundle carries the de Rham connection d, and any ((€, 7, {ls}ses, V) €
Conngy,2) (P!, S)) is equivalent to one of the form (O3, {€s}ses, 70, V = d + ¢) € Conngy, ) (P*, 5),
where ¢ : (91%1 — (9%,1 ® Qp1(9) is a traceless O-linear map whose restriction to /g, for each s € S,
is trivial.

Now, define the sought-after isomorphism by the SL(2)-equivariant assignment

(OI%’M {ES}SGSv 70, V=d+ (10) - (ReSO%EOa ReSl‘P,El» ReSOOQD’ ZOO) € (ﬁv)s

whose image lies in (./\N/' V)$:2=0 thanks to the residue theorem for curves

Respp + Res1p + Reseop = 0. O

COROLLARY 4.2.4. The Betti moduli Locgy,o)(P', S), its linearized version ZSL(Q)(I[M, S), and
the de Rham moduli Conngy, ) (P!, S) are all isomorphic as stacks over the classifying stack of

SL(2).
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4.3 Coherent sheaves
Given a stack Z, recall we write Coh(Z) to denote the dg derived category of coherent complexes
on Z. We abuse terminology and use the term coherent sheaves to refer to its objects.

4.3.1 Affine Hecke action. Let GY be any reductive group over Q. Fix s € S, then the

monoidal category Coh®” (Stgv) acts on Coh(Locgy (P*, S)) as follows. Recall the curve X, =
PL le\{s}]?-li- in § 2.3 with the point s doubled. The moduli stack Locgv (X, S+ ) can be similarly

defined as Locgv (P!, S), with BY-reductions at both s_ and s;. The Steinberg stack Stgv/GY
can be identified with the moduli stack Locgv (Ds, {s_, s+ }) of GV-local systems on the doubled
disk Dy with unipotent monodromy and B-reductions at s_ and s.. We have the following
diagram.

Locgv (Xs, S1)
/ lm \
Locgv (P, S) Locg(Ds, {s—,54}) = Stav /GY Locgv (P, S)
Passing to quasi-coherent sheaves, one obtains the affine Hecke action
s : Coh®” (Stev) ® QCoh(Locgv (P, S)) — QCoh(Locav (P, S))
Ks F = (pe)((p-)"F @ £7(K)) ,

which preserves the subcategory Coh(Locgv (P!, S)) because p, is proper.
Natural generalizations of the above constructions provide Coh(Locgv (P!, S)) the requisite
\
coherences of a Coh®" (Stgv)-module structure.

4.3.2 GY =SL(2). The center Z(SL(2)) ~ ps acts trivially on (NY)3II=1 therefore it acts
on the underlying coherent sheaf of each object in Coh(Locgy,)(P',S)). This provides a direct
sum decomposition

Coh(Locgr,2)(P', S)) ~ Coh™ (Locgy,2) (P!, S)) & Coh™*(Locg,2) (P!, S))

determined by whether the action of pus ~ Z(SL(2)) is trivial or by the alternating representation.
Vv
For any s € S, the corresponding Atkin—Lehner involution (’)glth (—1,0) € Coh%" (Stav)
exchanges the two summands.

4.3.3 GY = PGL(2). The decomposition into connected components (4.2) provides a direct
sum decomposition

Coh(Locperz) (P!, §)) 2 Coh(Lochqy ) (PL, S)) @ Coh(Loch gy, o) (P, S)).
By Lemma 4.1.4, the second summand admits an equivalence
Coh(Loc%GL(Q) (P!, 9)) ~ Vect.

4.3.4 Relation between GV = SL(2) and GV = PGL(2). Pullback along the map p in (4.3)
provides an equivalence

p*: COh(LOCgGL(Q) (P!, 5)) —— COhmV(LOCSL(z) (P, 5))

as Perf(Locpqr,(2) (P!, S))-module categories.
Thus using the prior decompositions and Atkin-Lehner involutions, we see that to understand
any of the above categories, it suffices to understand for example Coh"™ (Locg,(2)(P', 9)).
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5. Langlands duality

In this section we give the proof of our main theorem. For most of this section we focus on
G = PGL(2) and GV = SL(2). We will establish results in this case first, and then use them to
deduce the case of G = SL(2) and G¥ = PGL(2).

5.1 Dictionary: matching objects
Before proceeding to the construction and proof of the equivalence, let us record here various
distinguished objects that will be matched by it.

Let UY,U! C Bunpgr,(2) (P!, S) denote the open substacks classifying parabolic bundles with
respectively underlying bundle €& ~ Op1 @ Op1, € ~ Opi1(1) @ Op1. In what follows, all sheaves
will be extensions by zero off of UY or U'. In particular, we recall the objects ICq(R) introduced

n (3.1), which is the IC-sheaf of the closure of cy(R) in UY then extended by zero.

5.1.1 U'. Within U T, consider the open substacks
cl(*)c—j> c1(*) U cl((ZJ)C—i> Ut

classifying respectively bundles € ~ Op1(1) ® Op1 with generic lines £y, £1, £+, and more generally,
lines ¢y, {1, ¢~ with none contained within Op1(1).
We have the following distinguished objects:

Whg = igj*ch(*) < OLocgy ) (P1,9) (by construction),

Eis_; = i;@cl(m[—l] ~ (’)/\7X (by Proposition 5.4.3),

Eis; = @cl(S)[_S] ~ NX(2) (by Proposition 5.4.3).

51.2 UY. OnU 6, we have the following distinguished objects:
ICo(#) =<—= Orys(—1,-1,—-1) (by Proposition 5.3.3),
ICo(0,1) === Op,,(0,0,—1) (by Proposition 5.3.3), (5.1)
ICo(0,00) =<—= O4p¢ . (0,—1,0) (by Proposition 5.3.3),
ICo(1,00) === On, . (~1,0,0) (by Proposition 5.3.3), (5.2)
Eisg = @CU(S)[—2] ~ NX(l) (by Proposition 5.4.3).
We will also use the object J; x; Whg. Consider the open substacks
0(#) > co(#) U (0, 00)— U°

classifying bundles £ =~ (’)HQJ,1 with respectively generic lines ¢y, ¢1, {+, and more generally, lines
Lo, ¥1, L~ with the only possible coincidence £y = .. Then we have

J1 1 Whg ~ i*jg@q}(m ~ (’)LOCSL(Q)(W’S)(O, 1,0) (by calculating Jyxq).
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5.2 Construction of functor
In order to construct the functor in (1.1), we first construct an action of the monoidal category
Perf(Locgv (P!, 9)) (under ®) on the automorphic category Sh(Bung(X,S)).

Note the natural inclusion and projection

Locgv (P!, §) —=> (NV)$I1=1/GY — (NV)5/GY — (NV/GY)5.
Passing to perfect complexes, we obtain a composite pullback functor

Perf(NY /GY)®5 —~ Perf(NVY /GY)5) — Perf(NV)5 /GY) — Perf(Locgv (P, S)).

N (5.3)

Recall from (2.7) that we have an action of Perf(N"Y/GY)®% on Sh(Bung(P!, S)) coming from
Wakimoto operators at each s € S. This action preserves the subcategory Sh;(Bung (P!, 9)).

THEOREM 5.2.1. For G = PGL(2) or SL(2), the Perf(NY/GY)®S-action on Sh(Bung(P',S))
in (2.7) factors through the functor in (5.3)

Perf(NY /GY)®5 — Perf(Locgv (P, 5)).

Thus there is an action of Perf(Locgv (P!, S)) on Sh(Bung(P!, S)) preserving the subcategory
Shy(Bung (P!, S)). Moreover, for any x € P\S, the Rep(G")-action on Sh(Bung (P!, S)) given
via the evaluation map

evt : Rep(GV) — Perf(Locgv (P!, S)) (5.4)

coincides with the spherical Hecke action at z via the geometric Satake equivalence (2.1).

Proof. In [NY16, Theorem 6.3.9], we prove a more general theorem, where G is any reductive
group and P!\ S can be replaced by any punctured curve X\S. The result there says that there is
an action of Perf(Locgv (P!, 5)) on Shy,(x,s)(Bung (X, S)), the full subcategory of objects whose
singular support is contained in the global nilpotent cone N (X, S) C T*Bung(X, S). In the case
G is semisimple of rank one, X = P! and #S = 3, the Hitchin base for T*Bung (X, S) reduces to a
point, therefore the nilpotent singular support condition is vacuous, i.e., Shy,(x,s) (Bung (X, S))
is equal to Sh(Bung(X,S)). The theorem then follows from [NY16, Theorem 6.3.9]. O

Remark 5.2.2. A key ingredient in the proof of [NY16, Theorem 6.3.9] is the local constancy
of the spherical Hecke action, namely [NY16, Theorem 1.2.1]. This is the only place where the
nilpotent singular support condition is used. In the situation of Theorem 5.2.1, one can give a
more elementary proof, which we sketch below.

Let G = PGL(2) or SL(2). First, let us be precise about the meaning of local constancy of
the spherical Hecke action. Write U = P!\ S. Consider the family version of Hecke modifications
Heckesl’})h introduced in Remark 2.3.2. For any F € Sh)(Bung(P!,S)) and K € Hg’h, the complex
Hecke?}’h(lC, F) € Shi(Bung (P!, S) x U) is called locally constant in the U-direction if its singular
support SS(Heckesg’h(lC,f)), a conical Lagrangian in T*Bung(P', S) x T*U, is contained in
T*Bung (P!, S) x U (the second factor is the zero section of the cotangent bundle T*U).

CraM. For any F € Sh(Bung(P!,S)) and any K € th, the complex HeckeSUph(lC,}") on
Bung(P!, S) x U is locally constant in the U-direction in the above sense.
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Below we only sketch the proof of this claim in the case G = PGL(2) and K corresponds
to the standard representation of GV = SL(2) (i.e., HeckeSP! (K, —) corresponds to the lower
modification at x).

For = € U, the Hecke correspondence of a lower modification at x is given by the diagram

Bung (P!, §) <2 Bung(P!, S U {z}) 2> Bung (P!, ). (5.5)
Here p,_ sends a point (&, 4y, 41, oo, lz) to (E,40,01,0), and pyt sends it to (&', 4y, 04, 05),
where &’ fits into a short exact sequence & — & — £, and ¢, = £ for s € S after identifying &

with &.

Since Bung(P!, S) is stratified by points, we only need to show that for any object F €
Shy(Bung (P!, S)), the stalk of p,1pi_F at any point ¥’ € Bung(P!, S) is locally constant as x
varies in U. It suffices to check this for F = Fj(R), one of the basis objects. Let b = ¢;(R) and
let Hy(b,0') = (ps—, put) 1 (b,b') C Bung (P!, S U {z}). As z varies, the H,(b,b') form a family
hp : H(b,b') — U. Since the stalk of p,1p%_Fi(R) at V' is simply H}(H,(b, V'), Q), it suffices
to show that h is a fibration.

Therefore, we fix b, € Bung(P!,S), viewed as classifying spaces of their respective
automorphism groups. Consider the two projections restricted from (5.5):

bl H (b V)

The fibers of h,_ and h,y are subsets of P!, hence dim Aut(b) and dim Aut(b’) differ at most
by 1. We have the following two cases.

(i) If dim Aut(b) and dim Aut(d’) differ by 1, one of the arrows h,_ or h,y has to be an
isomorphism. Therefore, in this case, H(b,b') ~ b x U or H(b, V') ~ b’ x U, hence hyy is a
trivial fibration.

(i) If dim Aut(b) = dim Aut(b’). Inspecting the list of points in Bung (P!, S) given in §3.1.1,
we see this happens only for the following pairs (b, b').

— (b,0) = (co(S —{s}),c1(s)) or (c1(s),co(S —{s})) for s € S. In this case both h,_ and
hz4 are isomorphisms, therefore hy s is a trivial fibration.

— (b,0) = (c1(8), c2(D)) or (ca(@), c1(D)). In this case both h,_ and h, are isomorphisms,
therefore hyp is a trivial fibration.

= (b,0) = (co(B), c1(x)) or (e1(x),co(F)). In this case, Aut(b) = Aut(b)) =1. If b= (£ =
O]%,,l y 50, 51, EOO), then

H(,b') = {(x,£,) € U x P! | there is no map Opi(—1) — &
containing £y, {1, ¢~ and £ }.

One can check that H(b,b') C U x P! is the complement of the graph of an open
embedding U < P'. Therefore, hpp is an Al-fibration.

This proves the claim in the special case of lower modification.

5.2.3 The functor ®. Let G = PGL(2) and G¥ = SL(2). By making Perf(Locg, ) (P', 5))
act on the Whittaker sheaf Whg € Shy(Bunpgy,2) (P, S)), we obtain a functor

(I)Perf : Perf(LocSL(z) (Pl, S)) _— Sh;(BuanL(Q) (]P)l, S))
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Since Sh(BuanL(Q)(IP’l, S)) is cocomplete, we can take the continuous extension of ®Ppe to get
a functor

@ : QCoh(Locgyz) (P, §)) — Sh(Bunpgr,)(P', 5)).
Consider as well the restriction
Pcon = Plcoh(Locsy (2 (P1,5)).

We will defer the proof of the following until Proposition 5.6.1 below but mention it here for
clarity.

PROPOSITION 5.2.4. The functor ®coy lands in the full dg subcategory Shi(Bunpgy,(2) (P, S)).

5.3 Compatibilities with changing level structure
In this section, we will see why it is important that we act upon the Whittaker sheaf to construct
the functor ® and its elaborations.

5.3.1 Changing level structure on the automorphic side. On the automorphic side, for s € S,
consider the natural P!-fibration

g - BUHPGL(2) (HDI, S) — BUHPGL(Q) (Plv S\{S})7

where we forget the flag at s € S. It provides an adjoint triple

Shi(Bunpgy,a) (P, S)) % Shy(Bunpgy,a) (P, S\{s})).

™

5.3.2 Changing level structure on the spectral side. We seek the corresponding adjoint triple
on the spectral side.
First, introduce the intermediate stack

Locsy,(g) (P, S\{s}, {s}) = Locsy,) (P, S\{s}) x (s} s1(2) P'/SL(2)
classifying an SL(2)-local system on P!\(S\{s}) with BVY-reductions near S\{s} with trivial

induced TV-monodromy, and an additional BY-reduction at s € P!.
Next, consider the natural correspondence

Locsy2)(P*, S\{s}, {s})

Locgy2) (P!, S) P! /SL(2) Locgr,2) (P, S\{s})

where p; is the evident P!-fibration forgetting the flag at s € P!, x, forgets all of the data except
the flag at s € P!, and ¢, is the evident inclusion fitting into the Cartesian square.

Locgy, () (P!, ) <= Locgra) (PY, S\{s}, {s})

| l

(T*P')/SL(2) <—— P'/SL(2)
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Note, in particular, that the pullback ¢} preserves coherent complexes since up to base change
it is given by tensoring with the perfect complex Op1 = Cone(Orp«p1(2) = Opupr).
Passing to coherent complexes, define the adjoint triple

%

-

Coh(Locgy, () (P!, 5)) ———— Coh(Locgy,z) (P, S\{s}))

s

Ns(F) = psi(z F @ £50p1(—1))
Uﬁ = QS*(p:‘F(X) K:O]P’l(*l)[*l])v 77; = QS*(p:‘F@) K:O]P’l(*l)[l])'

Finally, recall from §2.6 that there is an equivalence (denoted by ®(  there)?

©5\(s} : Coh(Locsy, ) (P!, S\{s})) — Shi(Bunpgrz) (P*, S\{s})).

PROPOSITION 5.3.3. For each pair of vertical arrows (n%, 7%), (ns, Ts), and (0%, 7), the following
diagram commutes by a canonical isomorphism.

Coh(Locgy (2 (P!, §)) — = Shi(Bunpgr,z) (P', S))

el <}

Coh(Locsy, ) (P, S\{s})S—\{iShl(BuanL(g)(Pl,S\{s}))

Proof. (1) We first prove the commutativity for the pair (¢, 7).
By construction, both compositions

® o, mh 0 B\ g5y : Coh(Locgy(g) (P!, S\{s})) — Shi(Bunpcy,)(P', 5))

are naturally equivariant for the tensor action of Perf(N"Y/GV) at the points S\{s}. Therefore.
it suffices to give a natural isomorphism when evaluated on the structure sheaf

75 (P (5} (OLoc)) — @(nE(OLocs)), (5.6)

where we use the short-handed notation Op, (respectively OLocs) to denote the structure sheaf
of Locgy,2) (P!, S) (respectively Locgy o) (P, S\{s})).?
On the one hand, note the 1somorphlsm

7t (OLoes) =~ Cone(Oroc(1,0,0) — Opoc(—1,0,0))[—1],

where we order the twists with s as the first component. We can recast this as an isomorphism

nﬁ(OLocs) = CODG(OK/V(I) *s OLoc —= K[v(_l) *s OLOC)[_l]'

2 Note that the definition of ®p o in §2.6 is asymmetric with respect to 0 and oo: its definition uses the Hecke
action at 0. Therefore, in defining ® g\ (5}, we need to make a choice of one of the two points in S\{s}. The results
involving ®g\ (53 will be valid for any such choice. In fact, one can show that for different choices of points in
S\{s}, the resulting functors are canonically isomorphic to each other, but we do not need this statement in the
following.

3 There is a general argument that works for any G, but here we give a more down-to-earth argument for G =
PGL(2).
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Moreover, the morphism of the cone is induced by the natural morphism of Wakimoto kernels
O (1) —=Opv (—1).
Thus we have an isomorphism
®(n4(OLocs)) =~ Cone((J; — J_1) *s Whg)[—1].
Expanding in terms of the standard basis, we have the reformulation
D (nt(Orocs)) ~ Cone((TpTy o — Ty j2Ton) *s Whg)[—1].
Thanks to the distinguished triangles in H%,%L(Q) given by

0 ——Typ—Avg, Avg——=Tp, —6

and the fact that Avg x, Whg = 0 as seen in Corollary 2.5.6, we have the further reformulation
(I)(ng(OLocs)) >~ Avg *s T1/2 *xs Whg = W;Ws*(Tlﬂ *s Whg)[1].
Finally, we have an isomorphism

Thjoxs Whs =015.Q,

in terms of the open substacks
co(#) "= co(#) U co(0, 00)—— Bunpgra) (', 5)
classifying trivial bundles (’)129,1 with distinct lines £y, 1, o, and with ¢; alone distinct. From this,
we observe an isomorphism
Tsx (T1/2 *s Whg)[l] ~ WhS\{s}

from which (5.6) follows.

(2) The proof for the pair (77, 7.) is completely the same as that for (¢, 7).

(3) By adjunction and the known canonical isomorphism 75 0 @\ 53 =~ ® 0 nt, we get a natural
transformation ®g\ (5} = s 0 P o nﬁ . Precomposing with 7, we get a natural transformation

9:@S\{S}on:>7rs*o<1)o77§o77:>7rs*o<1>.

We will show that 6 is an equivalence. Note it suffices to show that 7}6 is an equivalence because
7 is conservative.
Observe that

nin(F) = Opiypr(—1,—1)[-1] %; F  for F € Coh(Locgy ) (P, 5)).
By the affine Hecke equivariance of ® (see Proposition 2.5.8), and the fact that Opiyp1(—1, —1)
corresponds to Avg under the equivalence ®*, we have
Ponfon=>do0(Opp(—1,—1)[~1]xs) = Avg[—1] x5 ®.
On the other hand, the above equivalence of functors is the composition

~ %9
(I)Onﬁon—>7r;‘0<1)5\{s}onﬂ—>7'r:o7r3*ofl>:Avg[—1]*s(I),

where the first equivalence is the composition of the identity of 17 and the equivalence established
above in (1). Therefore, 70 is an isomorphism. This completes the proof. O

This proposition allows us to calculate the image of ICy(#),ICo(1,0),1Cy(0,00), and
ICy(0,1) under @, as listed in §5.1.2. For example, ICq(0,00) = 7] Eisg 19, oc} (the Eisenstein
series Eisg for P*\{0, 00}).
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5.4 Compatibility with Eisenstein series
In the case G = PGL(2), we have Ap = Z. For n € Z, recall the subdiagram

Bun’ (P!) <2“— Bunfy(P1) —2> Bun?,GL(Q) (PL, ),

where we fix n = 2deg(L) — deg(€) (and 7 =n mod 2).
Recall the Eisenstein series sheaf

EiSn = qn!@Bun% (Pl) [_n — 2]

To describe it, recall we write j : ¢,,(S) — BunZ (P!, S) for the point, where £ >~ Op1 (n) & Op
with lines ¢y, 01, s C Op1(n), and write F,(S) = j!@cn(s) € Shi(BunZ (P, 9)) fo_r the extension
by zero of the constant sheaf. Recall also the special point j : ¢1(¥) — Bun(P',S) where

E ~ Opi1 (1) ® Op1 with collinear lines ¢y, {1, lo C Op1, and Fi(¥) = j!@cl(m) € Shi(Bung (P, 9))

is the extension by zero of the constant sheaf.
LEMMA 5.4.1.
(i) When n > 0, we have an isomorphism
pp s Bun(PY) —==¢,(9) C BUDEGL(Q) (P, S)

and hence an isomorphism
Eis,, >~ F,,(S)[—n — 2.

(i) When n = —1, we have an isomorphism
p1: Bung! (P) —==¢;(#) C Bunby o) (PL, 5)

and hence an isomorphism

EiS_l >~ fl (@)[—1]

Proof. For € ~ Opi(n) @ Op1 with n > —1, and lines £y, {1, - C Opi(n), there exists a unique
inclusion Op1(n) C &€ such that Op1(n)|s coincides with the given lines. (In fact, for n > 1, there
exists a unique inclusion independently of the lines.) |

5.4.2 Spectral Eisenstein series. We seek the objects on the spectral side corresponding to
Eisenstein sheaves.

Consider the substack Locgv (P!, S) C Locgy,2) (P!, S) classifying BY-local systems on P!\ S
with trivial induced TV-monodromy near S (which in this case implies trivial induced T'-
monodromy globally). It admits the presentation as a quotient

Locgv (P, S) ~ NY/SL(2)

of the reduced subscheme /\N/X - (/\N/' VYSII=1 of the irreducible component Ag from the list

of §4.1.2. In particular, we have the natural SL(2)-equivariant projection 7 : J\N/X/SL(Q) —
P /SL(2).
For n € Z, define the spectral Eisenstein series coherent sheaf to be

Oa(n) = OK/X/SL(Q) (n) =~ 7T*OII“/SL(2)(”)~
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PROPOSITION 5.4.3. For n € Z, we have an isomorphism

®(Oa(n+1)) ~ Eis, .

Proof. We denote (./\7 V)S’H:1 simply by A during the proof. Also, we will denote objects in
Coh(Locgy,2) (P, S)) ~ CohS*2)(A) by their pullbacks to A.

By the construction of ®, we have ®(Oa(n + 1)) = ®(Ox(n,0,0) ®p, Oa(1)) =~ J, %o
®(OA(1)); on the other hand, by Lemma 2.4.4, J,, %9 Eisy ~ Eis,,. Therefore, it suffices to show
that

®(Oa(1)) ~ Eisg .

One direct strategy would be to write Oa (1) as a complex of vector bundles, then apply ® to
the complex, and show the resulting complex is isomorphic to Eisg. Unfortunately, since Oa(1)
is coherent but not perfect, this would involve infinite complexes. To avoid this complication, we
will instead bootstrap off of Proposition 5.3.3 and express Oa (1) in terms of the structure sheaf
Oy and objects coming from two points of ramification.

First, by construction we have

®(0A(0,1,0)) =~ @(J1 %1 Op) == J1 1 D(Op) =~ J1 x1 Whg.

Let us describe this sheaf explicitly. Consider the open substacks

CO(@)CJH Co(@) U CQ(O, OO)C—1> Uﬁc—u> BungGL(2 (]P’l’ S)

)
classifying bundles £ ~ (’)1%,1 with respectively distinct lines £y, 1, {~o, more generally, lines £g, {1,
£oo with the only possible coincidence ¢y = £, and finally most generally, any configuration of
lines £, £1, {oo. Then a simple calculation, for example via the identity J1 = To.T} /2, shows that

Jl *1 th ~ u!i*ngCO(m.

From here on, we will only consider the open substack U 0c BuanL(g)(IF’l, S), and all sheaves

will be understood to be extensions by zero off of U°. N

Let Y be the preimge of the partial diagonals Ag; U Aj o € (PY)S in (NV)SII=1 Under
the local coordinates introduced in §4.1.2, Y is given locally by the equation xy = 0. Therefore,
Y = Ao, 1 UA1 50 UAg, where Ag denotes the non-reduced component (5) in §4.1.2 whose reduced
structure is Ag ~ X/X Since Ap;1 U Ajo have ideal sheaves Opiys(—1,—1,0) @ Op1ys (0, —1,
—1) = Oprys(—1, -2, —1) within (P1)%, the ideal sheaf Zy is a quotient of Op(—1, —2, —1). Using
local coordinates, we see that the ideal sheaf of Y in A is generated by one equation (a + b),
which defines the components Ay and Ag . This gives in the heart of CohS*?)(A) a short exact
sequence

OHOA(AuAO’w(—l,—Q,—l) On Oy 0

and its twist
0 OA(/)UAO,oo(_]-v_]-u_l) > OA(O,l,O) > OY(07170) > 0. (57)

By a similar process, using a Koszul-like resolution of Oy as a quotient of Oy (locally defined
by the equations z = 0,y = 0), we get a filtration of Oy (0, 1,0) by SL(2)-equivariant coherent
subsheaves with associated-graded (from sub to quotient)

OA(1), Oay,(0,0,—1) ® Oy, . (—1,0,0), Oa(1).
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In particular, Oy (0,1,0) carries an endomorphism € : Oy (0,1,0) - Oa(1) — Oy (0,1,0) such
that €2 = 0.
Next we consider the automorphic side. Consider the respective open and closed substacks

a:A:{fo#foo}c—>U, b:B:{Eozél}U{glzfoo}cﬁU.

We have a short exact sequence of perverse sheaves

0—— (IIQA — i*j!QCQ(Q) b!TB 0) (58)

where T is a perverse sheaf on B. It is easy to see that b7Tp has a filtration (as a perverse
sheaf) with associated-graded (from sub to quotient)

Fisy, ICO(O, 1) D ICO(L OO), Fisg .

In particular, b Ty carries an endomorphism € : bTz — Eisg < T such that ¢? = 0.
Recall there is an isomorphism

®(OA(0,1,0)) = i.1Q, -
CLAIM. There is an isomorphism
CI)(OAV)UAO,OO(_L -1,-1)) ~ a;@A.

Proof. In the case of P! with two punctures 0 and oo, we may identify Locg,(2) (P!, {0, 00}) with
the adjoint quotient Stgr(9)/SL(2) of the derived Steinberg variety. In the following we write
Locgr,(2) (P!, {0,00}) simply as Loc(0,00). Recall from Example 2.2.5, & sends the twisted
classical structure sheaf Ofglt(—l, —1) to Tp. Therefore, by the definition of ®¢ , we have

(I)ano(oiloc(o,oo)(_lﬂ _1)) = q)aﬂ(og'lt(_lv _1)) *0 EiSO,{O,oo}
~ TO! *0 EiSO,{O,oo}
= JO,OO'QUO 00 [_1]'
Here jooo : Up,oo >~ pt/T — BuanL(Q)(IP’I, {0, 00}) is the open point £ = Oél with two distinct
lines £y, £oo.

Since 71 (Of(g.00) (— 15 =1)) = Opyung o (=1, =1, =1)[~1], by Proposition 5.3.3, we have that

B(Onyu00 (1, =1, =1)) = B (OF g o) (—1, —1)))[1]
= 7 @0,00(Ofge(0,00) (— 1, 1)) [1]
&~ ﬂij,oo!Qonoo
~ a!@A. O

Taking direct sums, we obtain an isomorphism

q)(OAQUAO,oo(_lv _17 _1) S OA(07 17 0)) = a!@A S i*j!@c()(”)'
CLAIM. The functor ® induces a quasi-isomorphism

End(OAV;UAO,oo (_17 _11 _1) S OA(Ov 17 0)) — End(a!@A S i*j!@q}(yj))'
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Proof. First, one can calculate
End(0A(0,1,0)) ~ Q, End(i*jg@%(@)) ~ Q.

Since both are generated by the identity morphism, ® must induce a quasi-isomorphism on them.
Next, we have seen in the previous claim that

OAQUAO,OO(_]‘7 _1’ _1) = n{(oiloc(oyoo)(_]ﬂ _1)))[1]7
@Q = 710,001 Qpy -
Thus for any object M, we have a commutative diagram

Hom(Op,un, . (—1, =1, —1), M) —— Hom(a)Q ,, B(M))

~1 w

Do, 00 .
HOHI(OEIOC([)’OO) (_17 _1) [1]’ 7]1-/\/1) L HOHI(]O?‘)O!@U(J,OO ) 771*(1)(-/\/1))

where the vertical equivalences are by adjunction. Since the bottom arrow is an equivalence,
the top arrow must be as well. In particular, we can apply this for M ~ Op,up, . (—1, -1,
—1) @ 0A(0,1,0).

Finally, a similar argument using the respective right adjoints 77{,77!, shows for any object
M, that ® induces an equivalence

Hom(M, Op,ung o (—1,—1,-1)) —> Hom(®(M), a;@A).

Again, we can apply this for M ~ Op,up, . (=1, —1,—1) @ O4(0,1,0).
This concludes the proof of the claim. O

CrLAIM. The functor ® applied to the sequence (5.7) gives the sequence (5.8). In particular, we
have an isomorphism

(I)(Oy(o, 1, 0)) ~ b!TB. (5.9)

Moreover, the functor ® takes the endomorphism € of Oy (0,1,0) to a non-zero multiple of the
endomorphism € of bTg.

Proof. We have seen that
P(Onguno (=1 =1, =1)) = Q,,  ®(OA(0,1,0)) = ijiQ, -
One can calculate
Hom(Op,0n,.. (<1, 1, 1), 04(0,1,0)) = Q& Q[ -1},
Hom(a)Q ,, i*j!@co(ﬂ)) ~ Qe Q[-1].

Note that each is one-dimensional in degree 0.
By the previous claim, the first morphism of (5.7) is taken to a non-zero morphism. Since
this morphism and the first morphism of (5.8) are non-zero elements of a one-dimensional vector
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space, each is a non-zero scale of the other. This implies ® takes the sequence (5.7) to the
sequence (5.8), and in particular, passing to cones gives the isomorphism (5.9).

Furthermore, the previous claim also implies the functor ® induces a quasi-isomorphism on
endomorphisms of the cones

End(Oy(0,1,0)) —> End(bT5). (5.10)

One can calculate the degree 0 endomorphisms on both sides of (5.10) to see each is isomorphic
to the dual numbers with respective generators € and €. Thanks to the quasi-isomorphism (5.10),
this implies ® takes € to a non-zero multiple of €.

This completes the proof of the claim. O

To complete the proof of the proposition, introduce the quotient categories
C = QCoh(Locsy,(9) (P!, 5))/(On,,, (0,0, =1), Op, . (~1,0,0)),
Sh = Sh(Bunpgr) (P!, 5))/(ICo(0,1) & ICo(1, 00)).
By (5.1) and (5.2), @ induces a continuous functor
®:C—— Sh.
Let K be the image of Oy (0,1,0) in Cy; let T be the image of bTg in Sh. By (5.9), we have
(L) ~T.

Inside of C, the image of Oa(1) is represented by the infinite complex (the last non-zero
entry is in degree 0)

kS KESKk2os ., (5.11)

where € is the endomorphism of K induced by the endomorphism € of Oy (0, 1,0).
Inside Sh, the image of Eisg is represented by the infinite complex of perverse sheaves (the
last non-zero entry is in degree 0)

s TS TS 7505 (5.12)

where € is the endomorphism of 7 induced by the endomorphism €' of bTg.
By the previous claim, the continuous functor ® sends (5.11) to (5.12). Therefore, the image
of ®(Oa(1)) in Sh is the same as the image of Eisg. In particular,

®(Oa(1)) C (ICo(0,1),1Co(1, 00), Eisp). (5.13)
The same argument can be applied when the point 1 € S is replaced by 0 or co, and we get

B(Oa(1)) € (ICo(0,1),1C(0, 00), Eiso), (5.14)
(Oa(1)) C (ICH(0, 00),1Co(1, 00), Eisg). (5.15)

Since the intersection of the categories on the right sides of (5.13)—(5.15) consists of sheaves
supported at the point ¢(S), we conclude that ®(Oa(1)) is supported at co(.S).
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Finally, using the compatibility of ® with changing levels, we can calculate the push forward of
®(Oa(1)) under m : Sh(Bunpgr2)(P*, S)) = Sh(Bunpgy,g)(P*, {0,00})). By Proposition 5.3.3
we have

1. 8(0a(1)) ~ B (O (1))). (5.16)
Since we will be changing the level structure, we use ./\~/X (0,00} and O [0} to denote the

analogues of /\7X and Oa when S is replaced by {0,00}. We have the following commutative
diagram where the left parallelogram is derived Cartesian.

N (0,00} /ST(2) =" Locgy,(2) (P!, {0, 00}, {1})

/
q’l q1 bhy \

VX /SL(2) —%~ Locgya) (P, S) Locs (2 (P, {0, 00})
Then we have

1m(0a(1)) = p1(q10:0a(1) ® Oa(0,—1,0)) =~ p14(0.41°0On) =~ O (0,00} (5.17)

By Lemma 2.6.2, 0o sends On (0,00} (which is the same as A*_OKN in the notation of
Lemma 2.6.2) to the Eisenstein sheaf Eisy 19 o} Combining (5.16) and (5.17), we have

Wl*Q(OA(].)) ~ EisO,{O,oo} .

Since ®(Oa(1)) is supported on ¢y(S), which is mapped isomorphically onto its image under 1,
we conclude that ®(Oa (1)) ~ Eisg. This completes the proof of the proposition. O

5.5 Newforms
On the automorphic side, for s € S, define Shs C Sh)(Bunpg,(2) (P!, 9)) to be the full subcategory
generated by the image of 7.

Define the dg category of newforms to be the dg quotient

Sh™™ = Shy(Bunpgy,(2)(P', )/ (Sho, Shi, Shoo),

where we kill all ‘old forms’ coming from fewer points of ramification.

Similarly, on the spectral side, define Cs C Coh(Locgr,(2) (P!, S)) to be the full subcategory
generated by the image of 7.

Define the dg quotient category

Cnew = COh<LOCSL(2) (]Pl, S))/<CO; Cl7 COO>

LEMMA 5.5.1.
(i) Sh"Y is generated by Eis,, for n > —1.
(il) C™V is generated by Oa(n), for n > 0.

Proof. (i) Set Sh°'Y = (Shg, Shi1, Sheo). We only need to exhibit a set of generators for the category
Shy(Bunpgr,(2)(P', S)) whose members are either in Sho or a (shifted) Eisenstein sheaf. Such
a set of generators is given by the following.

— For n > 2, IC,(R) € Sh°'d when R # S (see (3.1)); by Lemma 5.4.1, we also have F,(S) ~
Eis,[—n — 2].
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— Forn=1,IC;(R) € Sh°" when R # @ or S; by Lemma 5.4.1, we also have F (#) ~ Eis_[—1]
and Fi(S) ~ Eis; [—3].
— For n =0, ICo(R) € Sh°¥ when R # S; by Lemma 5.4.1, we also have Fo(S) ~ Eisg[—2].

(ii) Let C° = (Cp, C1,Cs) and let C" = (C°'Y, Oa(n);n = 0). Our goal is to show that
C" = Coh(Locgy,2) (P, 5)).

We will use the following well-known fact. Let Y be a stack of finite type, i : Z < Y a closed
substack and j: U =Y — Z < Y the open complement of Z. Then j* induces an equivalence
Coh(Y)/Cohz(Y) ~ Coh(U), where Cohz(Y) is the dg subcategory of Coh(Y") generated by the
image of i, : Coh(Z) — Coh(Y).

Using the above fact and induction, one can show the following statement, which we label ():

Suppose a stack Y of finite type is stratified into a union of finitely many strata
Y, C Y, for o in some index set A. Suppose for each a € A, we have a collection of
objects F e Coh(Y,), for i in some index set I, such that {]—"g) lv,;i € I} generate
Coh(Y,). Then the collection {F,; v € A,i € I} generate Coh(Y).

()

We will also use the following additional simple observation we label (f):

Let Y be an affine scheme with an action of an affine group H. Then Coh® (Y) is
generated by objects of the form V' ® Oy, where V' runs over all finite-dimensional (1)
irreducible representations of H, and the H-equivariant structure on V ® Oy is given

by the diagonal action of H.

In §4.1.2 we listed the irreducible components of (./\7 V)SIT=1 and denoted their reduced
structure by Ag, for subsets R C S such that #R # 1. We know that Ag is the conormal bundle
to the partial diagonal Ag C (P1)5.

Let us now stratify (/\7 V)SII=1 by taking the intersections of the components Ag. By the
above statements (1) and (), it is enough to exhibit a collection of objects in C’ on the closure
of each stratum whose restrictions to that stratum generate the GV-equivariant derived category
of coherent sheaves on that stratum.

The three-dimensional strata are the opens A% = Ag\ UR';AR Ag, for RC S, #R # 1. Let
us describe the quotients A%, /GY, along with a set of objects of C’ whose restrictions generate

Coh®” (A%).

(i) A§/GY ~ pt/p2, where pg is the center of GY. By (), Coh®”’ (A%) is generated by two
elements OA% and sgn ® (’)A%, where sgn denotes the sign representation of py. Therefore,
for R = ¢, the restrictions of Op,(—1,—1,0),04,(—1,0,0) € Cy € C°M C C’ to Aj; generate
Coh%” (A).

(ii) When #R = 2, A%/GY ~ (NV\{1})/T"V =~ pt/uz. Note Ag ~ P! x NV. By the same
argument as in the previous case, the restrictions of Op1(—1) KO, (1), Op1 (=1) K Oy, €
C°d C O to A% generate Coh®” (A%).

(ili) A%/GY ~Y'/BY, where Y’ = (NY\{1})*II=1 and the action of BY factors through T".
Therefore, AY/GY ~ (AN\{0,1}) x (pt/(Gqa x p2)). Again by (1), Coh®” (AQ) is generated
by two elements Opo and sgn ® Opg. Therefore, the restrictions of Oa and Oa(1) € C' to
AY generate Coh®” (AQ).

The one-dimensional stratum is the intersection of all Ag given by the diagonal Ag C (P')*.
We will return to it momentarily.
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For #R = 2, we have Ap = Ay N AR, and set A = Ag\Ag; we alsoset Op = Ag N AR :/\7v7
and ©% = Or\Ag. Then the two-dimensional strata are A%, 0%, for #R = 2. Let us describe
their quotients by GV, along with a set of objects of C’ whose restrictions generate equivariant
coherent sheaves.

(i) A%/GY ~pt/TV. Write Ag as P* x PL. By (%), Coh®” (A%) is generated by the restrictions
of Op1,p1(—1,n), for all n € Z, which all lie in C°4 c C".

(ii) ©%/GY ~ pt/(G, x p2). Note the canonical projection Op ~ NV — P!, providing the
line bundles Og,(n), for n € Z. By (), Cthv(G)%) is generated by the restrictions of
Oe, and Og,(1). Note that O C Ag = -/\7A is a GV-invariant line sub-bundle in the
two-dimensional vector bundle N ~ Op1(—2)®? over PL. Therefore, we have an exact
sequence of GV-equivariant coherent sheaves 0 — Oa(2) - Oa — Og,, — 0. This shows
that Og, € C’. Similarly, 0 - Oa(n +2) —» Oa(n) —» Og,(n) — 0 implies Og,(n) € C’,
for any n > 0.

Finally let us show that Oaq(n) € C’, for all n € Z. This will complete the proof by providing
a generating set for Coh®’ (Ag), where recall Ag C (P')* is the closed one-dimensional stratum.
Since Ag is the zero section of Og, for any #R = 2, we have a G"-equivariant exact sequence
0— Og,(n+2) = Og,(n) = Oag(n) — 0. Since we have already shown that Og,(n) € C’, for
all n > 0, we also have Oaq(n) € C’, for all n > 0. Now pick any #R = 2 and write Ap = P! x P!
and regard Ag as the diagonal. Consider the GV-equivariant exact sequence

OHOAR(_L_n_z)HOAR(n7_1)4>gn4>O (518)

obtained by restricting Oa,(n,—1) to the nth infinitesimal neighborhood of the diagonal Ag.
Then &, (which is topologically supported on Ag) is a successive extension of Oag(n — 1),
Oag(n —3),...,0a4(—n — 1) (each time the twisting decreases by 2). We have &, € C°9,
for any n > 0, by (5.18) because the first two terms are in C°'9. We have already shown that
Oag(n) € C', for any n > 0. Using that &, € C’, for any n > 0, we conclude that Oa,(n) € C’,
for all n < 0. This completes the proof. O

5.6 Equivalence
PROPOSITION 5.6.1. Proposition 5.2.4 holds: ®cop lands in Shy(Bunpgy,) (P, 5)).
Moreover, ®coy is essentially surjective onto Shy(Bunpgr,(2) (P1, 9)).

Proof. We continue with the notation introduced in the previous section.

By Proposition 5.3.3, we have ®|¢, : Cs — Shg, for s € S. Moreover, it is essentially surjective
since g\ (4} is essentially surjective.

Therefore ® induces a functor

Prew . omew o Sh(BUHPGL(Q) (Pl, S))/<Sh(), Shl, Shoo>
It suffices to show that ®"¢* has image exactly equal to Sh"®". By Proposition 5.4.3, we have
OV (Oa(n+1)) ~ Eis,, n>-—1.

Thus by Lemma 5.5.1(ii), the image of &V lies in Sh"*", and by Lemma 5.5.1(i), it is essentially
surjective onto Sh™®V. O

Now we are ready to prove our main theorem for G = PGL(2).
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THEOREM 5.6.2. The functor ®c.n provides an equivalence
Coh(Locgy,(2) (P!, §)) —— Shi(Bunpgyz)(P*, S))

compatible with the affine Hecke actions at s € S.
It restricts to equivalences

COhtriV(LOCSL(Z) ([[Dl’ S)) AN Sh!(BUIgGL(Q)(Pla S))s
Cohalt (LOCSL(Q) (]P)l’ S)) _~ . Sh!(BungGL(Q) (]P)l, S)) (519)

Proof. Compatibility of ®¢,, with the affine Hecke actions follow from Proposition 2.5.8.
Thanks to Proposition 5.6.1, it remains to show the following: for F,G € Coh(Locgr, () (Pt
S)), the natural homomorphism

Homeoh (Locsy o (P,5)) (F> ) — Homgp, (Bunpgp, o (81,5)) (P F, G) (5.20)

is a quasi-isomorphism.

We will make a series of reductions. We use the abbreviation Shy = Shi(Bunpgp,2) (P, 9))
and Loc = Locgy,(2) (PL,9).

First, by continuity, we may assume that F = Opoc(a,b,c) ® V, i.e., the tensor of a line
bundle and an SL(2)-representation. Then the left-hand side of (5.20) takes the form

HomCoh(Loc) (]:7 g) = 1—‘(LOCSL(2) (]P)lv S)v OLOC(—CL, —b, _C) VYV g)

Second, by construction, we have

Homgy, (®F, ®G) ~ Homgy, (HeckeiP™ (V, J, %o Jy *1 Je xoo Whg), @G)
~ Homgy, (Whg, HeckeSP" (VY J_q %0 J_p %1 J—¢ %00 G))
~ Homgp, (Whg, ®(Oroc(—a, —b, —c) ® VY ®Q)),

where uy € P\ S is a base point.
Thus we may reduce to the case F = Orc, and would like to show that the natural map

I'(Locgy,2) (P!, S), G) — Homgy, (Whg, ®G)

is a quasi-isomorphism.

Now the global sections’ functor I'(Locgr,a) (P!, S), —) factors through C™®¥ since objects in
Cs, for s € S, have a factor Opi(—1) whose global sections must vanish.

Similarly, since 74 Whg = 0 by Lemma 2.5.5, the functor Homgy,, (Whg, —) factors through
Sh*Y. Furthermore, by Proposition 5.3.3, we have ®(Cs) C Shs, for s € S. Thus the functor
Homgy, (Whg, ®(—)) factors through C™*V.

Hence by Lemma 5.5.1(2), it suffices to assume G = Oa(n), for n > 0.

For n = 0, both sides are canonically quasi-isomorphic to Q and we claim the morphism is a
quasi-isomorphism. Equivalently, applying Wakimoto symmetry, we claim the induced morphism

Homcon(roe) (O(0, 1,0), O (1)) — Homgy, (J1 1 Whg, Eiso) (5.21)
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is a quasi-isomorphism. Returning to the proof and notation of Proposition 5.4.3, observe the
left-hand side of (5.21) is generated by the composition

0(0,1,0) —7> Oy (0,1,0) — > O (1)
such that the endomorphism € : Oy (0,1,0) — Oy (0,1,0) therein is the composition of the

surjection € and the inclusion O, (1) — Oy (0,1,0). Similarly, the right-hand side of (5.21) is
generated by the composition

J1*1Whg s blTB ¢ Oj\? (1)

such that the endomorphism ¢ : bTg — bTp is the composition of the surjection € and the
inclusion Eisy — bTp. Moreover, in the two claims in the proof of Proposition 5.4.3, we saw
that ®(o) = ¢/, and ®(e) is a non-zero multiple of €’. Thus ®(€) is a non-zero multiple of €, since
both lie in one-dimensional spaces, and we have confirmed (5.21) is a quasi-isomorphism.

For n > 0, both sides of (5.21) vanish. On the one hand, I'(Locgy,2) (P!, 5), Oa(n)) is a direct
sum of the SL(2)-invariants in T'(P, Op1(n+2i)), for i > 0, and hence vanishes for n > 0. On the
other hand, the support of ®(Oa(n)) = Eis,— is disjoint from the support of Whg, and hence
they are orthogonal. O

By invoking the identifications and symmetries for the automorphic and spectral categories
recorded in §§3.3.4 and 4.3.4, we can conclude from the theorem an additional equivalence.

COROLLARY 5.6.3. There is an equivalence
COhSL(Q)_alt(LOCPGL@) (Pl, S)) —— Shy (BUHSL(2) (Plv S))

compatible with affine Hecke actions at s € S. Here we write CthL(Q)_alt(LochL(z) (PL,5))

for the dg category of SL(2)-equivariant coherent complexes on (/VV)S’HZI, where the equation
[[ =1 is imposed inside of PGL(2), and such that the center po ~ Z(SL(2)) C SL(2) acts by the
alternating representation on coherent complexes.

It restricts to equivalences

Coh®M ) (Loc gy o) (B, 5)) — > Shi™ (Bung (5 (P, ), (5.22)
Cob®H ) (Loch gy o) (', 5)) — > Shi™ (Bungy o) (P', 5)). (5.23)

Proof. The equivalence (5.22) follows by combining (5.19) and (3.2), and the fact that
cthL@)—a“(LocEGL@) (P',5)) = Coh™(Locgy,9)(P', S)).

By §§3.3.3 and 4.3.3 that both sides of (5.23) are equivalent to Vect; the equivalence (5.23)
then follows immediately. O

Remark 5.6.4. The sheaf Fy(#)* on Bung;,5)(P',S) is a cuspidal Hecke eigensheaf with

eigenvalue given by the unique ‘odd’ PGL(2)-local system on P\ S given in Lemma 4.1.4. See
Remark 4.1.5 for a description of this local system.
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Remark 5.6.5. Though we will not discuss the details here, the above equivalences further restrict
to equivalences from those coherent sheaves with nilpotent singular support to those constructible
sheaves that are point-wise compact

Cohy(Locsy,g) (P, §)) — Shi(Bunpgr, ) (P, 5)),

CohSF P ™ (Locpayg) (PL, §)) — Shy (Bungya) (P, 5)).

5.7 Unipotently monodromic version
We record here the monodromic form of the prior equivalence. Its construction and proof are
similar. N

Let Bunpgy,2) (P!, S) denote the moduli of PGL(2)-bundles on P! with N-reductions at the
points of S = {0,1,00}. Note the natural map 7 : Bunpgr,) (P!, S) — Bunpgrg) (P, S) is a
TS = T3-torsor. B B

Let Sh"*"(Bunpgr,(2) (P1,S)) denote the full dg subcategory of Shy(Bunpgr,(2) (PL,9))
generated by pullbacks along 7.

Let Locgr2) (P!, S) denote the Betti moduli of SL(2)-local systems on P'\S with BY-
reductions near S with arbitrary induced TV-monodromy. Thus it admits a presentation

Locsr (P!, §) = (SL(2))T1=! /SL(2),

P

where SL(2) is the Grothendieck alteration of SL(2), and the equation on the product of the
group elements [ = 1 is imposed inside of SL(2). _
Let  Cohpoeg o (p1,9) (LOCSL(Q)(Pl, S)) be the full subcategory of Coh(Locgy,g) (P, 9))

consisting of coherent complexes set-theoretically supported on the substack Locgy,(g) (PL,9).

THEOREM 5.7.1. There is an equivalence
Boh : Cohpey, o (21,5 (LocsL(2) (P, ) —= Shi™™ (Bunpey ) (P!, 5))
compatible with Hecke modifications.

The proof is similar to the equivariant version with the following changes.

The monodromic version of the Whittaker sheaf Whg corresponds to the structure sheaf of
the completion of Locgy,() (P!, S) along Locg,(2) (P!, ). It can be constructed as follows. Consider
the diagram of Cartesian squares of open substacks

AL () U er (D) Bunk gy ) (P, §)

o1 ()L ¢y (%) U ey (B) > Bunpgy, o) (P!, S)

—~

where the vertical maps are T°-torsors. In particular, since ci(*) is simply a point, c; () is itself
a T-torsor. Then the free-monodromic Whittaker sheaf is given by

Wh = i1js Loy ()24 - dim T] = i1j Loy (4)[6] € Sh™™ (Bunpy, o (P, 9)),
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—_~—

where L. () denotes the free-monodromic unipotent local system on ¢;(x*): its monodromy

—

*
representation is the completion of the regular representation of mi(ci(x)) = m(T°) at the
augmentation ideal. By construction we have

W[WTIS ~ th.

The functor (fCoh is constructed by acting on the monodromic Whittaker sheaf. Its essential
surjectivity follows from that of the equivariant case, and its fully faithfulness comes down to
the calculation

Hom(\/NTlg, 7 Eis_;) ~ HOIH(T['[\/NTls, Eis_;) ~ Hom(Whg, Eis_1) ~ Q.
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