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GREEN’S FUNCTIONS FOR GENERALIZED
SCHROEDINGER EQUATIONS*

JOHN A. BEEKMAN

I. Introduction. The purpose of this paper is to discuss functions defined
on the continuous sample paths of Gaussian Markov processes which serve
as Green’s functions for pairs of generalized Schroedinger equations. The
results extend the author’s earlier paper [2] to a forward time version, and
consider different boundary conditions.

The approach is similar to another paper, “Feynman-Cameron Integrals,”
[4]. The restrictions on the potential V[y,¢] needed to prove existence
theorems are so strict as to rule out most practical potentials. Hence, the
first few theorems are designed to lead the reader to an expression which
in many cases can be shown to satisfy the equations and boundary condi-
tions.

A sequential approach is used for theoretical reasons, and because it
would lead naturally into finite-dimensional approximations similar to those
of [4]. It also may serve as background for numerical analysis work similar
to that done for the conditional Wiener integral by L.D. Fosdick, [9]. It
also reveals interesting facts about the conditional Wiener and Gaussian Markov
processes. In particular, we will calculate the mean function for the con-
ditioned Gaussian Markov process, and the covariance function for the con-
ditioned Wiener process.

The wave function for the forced harmonic oscillator is calculated. This
is one of the few time-dependent potentials considered in the numerous func-
tion space integral papers on this subject. It should be mentioned that Feyn-
man and Hibbs [8] consider this example in a different manner. Itd [10]
considered the regular harmonic oscillator. Donsker and Lions considered
time-dependent potentials in [7].
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Let {X(¢), s<<t=<1¢t} be a Gaussian Markov process with transition
density function

1.1)  px,s; ¥,t) = —2— PIX()<y|X(s) = ]

ay
= {27A(s, 1)} '/2 exp {— [y _2(1)4(("‘8),/1;()3))%]2 }
where
1.2 Als,t) = [u(t)v(t) - 1’)‘((33)) v2(t)], s<t
(1. 3) ult) =0, v(z) >0, s<r<'t
1. 4) u”'(z), v"/(r) are continuous, s<r=<t¢
(1. 5) [o(c)u'(z) — ulo)v'(2)]1 >0, s<z<t.

In [5], a complex variance parameter 2 was used to consider an analy-
tic Feynman integral. We will now introduce a parameter 2 which serves
essentially the same purpose. For the moment, 2> 0.

Let *u(c) = ule)l/2 , *v(z) =v(c)yai, s<rz=<¢. These functions satisfy
1.3), (1.4), and (1.5). Let A*s,¢) = A(s, t)/A.

So the *x and *v functions serve for another Gaussian-Markov process.
Let its transition density function be

1/2

B Ay - ZES “] }

pH@, 55 ¥, 8) = (W) P { 2A(s, t)

—v) T
- st )

It too will have X(s)=#, X(¢#) =y with probability one since tlim Pl[X(t) <yl
—S-4

1,
X =)= §24.

Condition (1. 4) insures the continuity of almost all sample functions. De-

note the expected value of a functional F[X] for this process by E*{ F[X]|
X(s) =z, X(t) =y} .

Assume that 0<g<v(r)<G, s<r=<t.
II. Sequential integrals

To allow 2 to be complex, we now wish to relate E*[F[X]IX (s) = =,

X)) = y] and E[F[X][X(s) =x,X(t) = y] by using sequential Gaussian Mar-
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GENERALIZED SCHROEDINGER EQUATIONS 135

kov integrals. The sequential concept will be useful for other reasons also.
Let ¢=[zy, +++, t,] be a variable vector of a variable number of
dimensions whose components form a subdivision of [s,¢] so that

T=Ss< << <, =t

Let |lo| = max;oy, ... 4(r; — 7;-). Let&é=[§, - -+, &,_,] denote an unrestricted
real vector, where » is determined by 7, let {,=, and &,=y.

Let ¥, ¢(c;)=¢;, i =0,1, -+, n and ¥, be linear on [r;,_y, 7]

Then we define the sequential Gaussian Markov integral

2. 1) E§{ FIX11X(s) = #, X(2) = )
-t G
where
1 n
(2. 2) Gz, ¢) = mt*fizlp*(fi_l,ri_l; &1y Ty)e

Let Clx,s; y,t] denote the space of continuous functions with z and y
endpoints. For z e Clx,s; y,t], let |IX||= sup [|X(z)|. Let C,lz,s;y,¢]
denote the set of all polygonal functions in séﬁfs; y,t].

A subset S of C[x,s; y,t] is a Borel set if it is a member of the smal-
lest ¢-ring containing the quasi-intervals

Xe C[x,s; y,t]: a1<X(T1)<‘BL, i:l,z, ey, nl

where ¢ ranges over all subdivision vectors of [s,#] and «;, §; range over
the extended reals. F[X] is a Borel functional if it is measurable with
respect to the ¢-ring of Borel measurable subsets of C[z,s; v, ¢].

THEOREM 1. Let F[X] be Borel measurable over Clx,s; y,t] and continuous
in the umiform topology almost everywhere (in the Gaussian sense) on the space
Cla,s; y,tl.

Let ¢(w) be a positive monotone increasing function such that ¢<G\/ Z‘((;; —%

w+ lxl%) exp [—w?/2] is integrable on [0, ).

Then if |F(X)| <¢(IXIl) on Cla,s; y,t], the sequential Gaussian Markov
integral of F exists for 2 =1 and equals the Gaussian Markov integral

2. 3) Ei[F[X]IX(s) =, X(t) = y] = E[F[X]IX(S) =u,X(t)=yl|.

https://doi.org/10.1017/5S0027763000013064 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013064

136 JOHN A. BEEKMAN

Proof. Let r be a subdivision vector of [s,t]. Let X, denote the
polygonal function which has the same values as X for = =rzy7y, *+ -, 7,
and is linear in between. Then F(X,) depends on X(z)), + ++, X(r,) only
and hence

(2. 4) E{FX)IX(s)= &, X() =y} = |, Gle,0FP@. )dz.

By the continuity of F and of X, we have for almost all X e C[z,s; y,¢],

(2. 5) lim F(X,) = F(X).

norm v—0

Moreover |F(X.)| < ¢(IXI) < (IIX])).
Now by Lemma 2 of [2], and the triangle inequality,

E[(XI)1X(5) = =] < E[# (1X1I + 1#1-C-) 1 X(5) = 0]

#) _ u(s) u<( >) — u<(s>) G

N . u(t) _ uls v(s G

_Sc[o,n‘ﬁ{“v( )\/ v(t) v(s) X( u(t) _ ul(s) )“+ |l g
o(t) u(s)

d,X

where the latter is a Wiener integral. Denote it by I.
In general, we have by well-known results for the Wiener process,
(g(x) =0 for 0=<ux < ),

oIX LX< o[ max X()]duX + (gl max (—X(t)]duX

SC[O 1] 0<t<1 0<£<1

=" Xt)d, X
2§ o g 2% X (1)

—4 S:[o.u g(X(1)d,X.

Then

I< _u(S) g4 ]x]%) exp{—w?2}dw < co.

v(s)

'
Co
° 8
-
N

S
<
S

V2r
But

E[$(XI)1X(s) = = | = |"_E[#0XIDIX(s) = 2, X(t) = v | p(a, 53 v, 1)dy.

Hence, E[¢(I|X|I)[X(s) =z, X(t) = y] < o except possibly for a y set of

measure zero. But this finiteness holds everywhere in y by continuity in y.

https://doi.org/10.1017/5S0027763000013064 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013064

GENERALIZED SCHROEDINGER EQUATIONS 137

Hence (2. 3) follows from (2.1), (2.4), (2.5), and the above finiteness

by dominated convergence.

ExamprLe. For s<6<¢,

_A(0, t) () _Als,0)
i Loy ) AL, 0)

_ S ()
(2. 6) E\XO)X(s) =@, X(t) =y|=2 3 A5 5 Y00 As, 1)

Proof. By Theorem 1
E{XO) X(s) = », X(t) = v
= E{{X(0)1X(9) = @, X(1) = y]
= llilrrrlll—>° SRMG(T, &V, :d& where
Si—Ei—l ), Ti—-jé_ﬂé’fi.

Ueo0) =&y + (6 — 74-) (T_—ﬁ

By repeated application of the Chapman-Kolmogorov equation, both

before and after i,

[o Gl ow..ae

=Sm Sm p(x S5 Eim1y Ti=1) P(Eim1y Tim15 & 74) D(Esy i3 Y,y t)
—c0 p(x S, Y, )

(e (P2 _‘TZ_ )+ &(%E%)]d&_ld&.

—co

Now consider

I= Sl P (Eumty Tam13 Eis Tk) D(Eies Tk> Ebrry Tann) A
By completing the square, one can show

I = % P(Ex-1y Th=13 Exr1s Thr1)

where

(Ths Thr1) + 01()(:_;;) Err1Alti-y ) and  a= Altyy, Ths1).

_ U(Tk)
F= ey 4

Using this fact, we get

Ty — Ti—1 Ty ™ Ti-1

(e CEoTde= 2=l pe )+ 225t hiey
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where

— v(ty)  AlTh Ther) V(Tes1) A(s, ) V(tger)  Alrges t)
Mo = 20 A,z T oo Al e ol Al D)

o(t) _Als, 7o)
v(ce)  Als, )

+y

Since the # and v functions are continuous and v is bounded away
from 0, for ¢ >0, there exists 6 >0 such that ||zl <§ implies that i(6) —e

: — 1 oy — . 0(0) A, 1) v(E) A(s,0)
< h(ry) < i) +e, k=1i—1, {, where i(f) = x o) A ) + ¥y (0 Als 1) "

Hence, for that 3,

=0 iy — 4 LT i) — o
T3 T

T4 Ti-1 i=1

<o G0 cae

< 0 g+ a+ LT i) + o), o
i=-1 i i

Ti Ti-1
i0) = e <[, Gle,l..cde < i0) + ¢.
Letting ¢ =0 gives the desired result.

Remark. In order that the reader won’t be delayed from the body of
the paper, the second example of this theorem will be presented as an Appendix.

III. Conditioned Integrals
TuEOREM 2. Subject to the hypotheses of Theorem 1,

(3. 1) E [FIX]IX(5) = 2, X(1) = v

= E{F[X(+) +x%~]lX(s) =0, X(t) =y — x-’;%}

Proof. Express the left hand side as a sequential integral by Theorem

E[FIX1IX(s) = 2, X(1) = y]

=lim [ G aFW@. dé -+ - dé,

[lr]1-0

n—1
p(x’ s5 & Tl) i[IZ p(éi—l’ Ti-15 &o Tﬂ)p(&'n—ly Ta-15 Y t)
p(x,s59,1)

= lim SR FW.)

[Iz{]—0

dEl ... dfn-—r
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Let w,=¢,— 2« Z(Ti) , =12, +++,n—1. Then

v(z;) v(z;) P “ e —
E’L U(Tz‘—l) E'L-l T ’U(T,, 1) wi—ly 4 ""2, y n 19 and
_ () oy v(t) v(¢)
Y W) T T ey YT P )
w+xv('”) i=1,2 n—1
1 v(s) ’ b ’ ’
v, w(Tz) = 0 , 1=0
_ o) -
Y v(s) , 1 =mn.

The Jacobian is one. Hence, the preceding equals

n—1 v(t)
p(0, 55 w,, 7,) Ezp(wi"’ Ti-15 Wy Ti)p<wn—117n—l; Yy—x o(s)? t>
p(@,s; Y, t)
dw, « * * dwyg,-,

lim SR F@..,)
n-1

Ilzl1-0

Since p(zx,s; y,t) = p(O,s; y—x zg; R t), the above equals the right hand
side of (3. 1).

THuEOREM 3. For 1>0,

E[FIX1IX() = 2, X(5) =y p*(&,5; 9,1)

L B

i £ X(t)
e T X(s) = o] dp.

Progf. By Theorem 2,

E{FIX1IX(s) = @, X(t) = v} p*(, 530, )
= E{F[X()+ 2 %) )=y =2t (05 y — ol 1)
since p*(z,s; ¥, £) = p*(0,5; y — 58}, t).

Since the resulting process not subject to the condition on X(¢) has a

zero mean function, we can apply Donsker and Lions, [7], pages 150 and
154, and M. Kac [11], p. 172, to obtain
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E{FIXIIX(s) = 2, X(0) = v} p*(a, 55 9,8)

- L e 2 oo <ol

2% J-=
Now apply the Cameron Donsker reference, [6], p. 23.
Remark. This method of calculating function space integrals conditioned

at both time extremities has the advantage of using all known results for integrals
conditioned at the first time only.

THEOREM 4.  Assume V(y,z) and V,(y,z) are bounded and continuous complex

valued functions for 0 <r<T < oo, y € {(—o0,0) — E} where E s a finite set of
t

points.  Assume 2>0. Then r¥x,s; 9, t) = E*{exp I:——ig VIX(z), «] dr] | X(s) =

z, X(¢) = y} p*(®, 55y, t) uniquely satisfies the pair of equations

8. 3) A — B — iviy, e = T
and

(3. 4) Aﬁs) % + xB(s) %%* — iV (x, s)r¥ = — %’;- ,
where

(3. 5) Alt) = [o(t)'(t) — u(tw' ()2, 0=t <T,

3. 6) B(t) =v'(t)o(t), 0<t=<T.

It also satisfies the boundary conditions

(8.7 tlirri Sm g(x) r*(x,s; ¥, 1)dx = g(y) for every bounded continuous g,
and

(3. 8) lign Sm 9 Y)r¥(z, s; y, t)dy = g(x) for every bounded continuous g, |Iim r¥=0,

Y|—oo
llim r* =0 and the continuity properties or*[dy, o°r*/dy?, or*/ot continuous for
2|—>oc0
0<s<t<T, ye&(—oo, c0)—FE and or*ox, o*lox?, or*/ds continuous jfor
0<s<t<T, # € (—oo,00)— E and or*[oy continuous for y < E, or*[ox con-

tinuous for x € E.

Proof. Use Theorem 1 of [3] with coeflicients A*(¢), B*(#). Then
AX(2) =#, B*(t) = B(2).
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Remark. We now wish to let 2= —i. Before verifying the partial
differential equations and conditions, one first of all has to decide on the
meaning of 7* with a complex variance. As shown by Cameron, [5], the
Wiener kernel with nonreal variance cannot be used to generate a countably
additive measure. The same applies to the Gaussian Markov kernel. But
as in [5], one can use it to define a sequential integral. For the uncondi-
tioned process, this was done in [1]. Looking ahead to (4.1), one can
show that the parameter 2 can be “transferred” to the functional, and
that for appropriate functionals, (4. 1) holds for complex 2. See [1] for an
analogous theorem. For a restricted class of functionals, [5] used a formula
similar to (4. 1) to verify the Schroedinger equation.

IV. Approximation of Conditioned Integrals

The following theorem was motivated by a paper of L.D.Fosdick [9].
It derives an approximation formula for the conditioned Wiener integral
which could be used in electronic computer work. Assuming equality for
complex 2, one could split the right hand side functional into real and
imaginary parts and approximate the resulting integrals.

THEOREM 5. For 1> 0,

E”[F[X]lX(s) = o, X(t y}

o) A("ﬂ o(t) _Als, -)
e asn TR AT ]lXo) 0, X()=0}

where = means if one side exists so does the other and they are equal.

Proof. Assume that the left hand side exists.
By (2. 6) and a calculation such as in Example 2, [3], page 33,

I1=E"{FIX]IX(s) = 2,X(0) = v __r

1/27:A(s,t)
o N o) AlB) 5 1)
_E{F[X()+xu(s) A(st)+y st)]‘X 0,
—al V2
X0 =) ey
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_ 1 (" 1 oy, o(+) A1) v<t) A(s,) i
“”—S-wE{F[,/z— X(y 4w sk Aty o A

X(s) =0} dp by Theorem 3. Then

- * rw 1 w(-) v¥(t)A(s, ) v(-) A(-,1)
1= E {F‘ﬁ:v(t)‘/ 0 X (oxyace ) T2 5 a6

o(t)  Als, )i xa _
) A W0 o)

by Doob and Cuthill (See Lemma 2 of [2]).
Next

I=—- S:EW{F[ZE )) X(ﬁjé'%(:g‘i )+ Z’EJ ﬁés t))
(

v(t)  A(S, ) iuxa ~
o(+) Als,7) ]e #EWD | X(0) = o}d,l

+y

by Cameron-Donsker, [6], p. 23, where the covariance multiplier of A(s, ¢)/2
is indicated by E®. Then

1= B F [ X (AT

I\ g 00) AC, ) 00 As, -
y) A T Y ]

1/277-'A(S’ )

by Theorem 3 again. The result follows by using reference [6] again, and
dividing by y2 [/2zA(s, ) .

The reverse implication follows easily.

Remark. The parameter indicated by (-) will vary from s to ¢#. Since
A(s,s) =0, the sample function will proceed from X(0) to X(1).

V. Example. Forced Harmonic Oscillator

Consider V(z,¢) = z* — f(¢)x as per Feynman and Hibbs, [8], p. 64, 70.
From p. 233, [8], we assume f(0)=0 and f(T)=0, 0<s<¢t<T. From
[6], Lemma 2, we ask f(z) € L;[0,7]. We assume, for simplicity, that
=1 and mass is equal to 1. The following is motivated by Lemma 2,

[61.

Let x(z) =1§1 a;’;:( 7) , s<c=t where the {a;} are independent normal

variates with zero means and unit variances, {o,} and {u(s)} are eigenvalues

https://doi.org/10.1017/5S0027763000013064 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013064

GENERALIZED SCHROEDINGER EQUATIONS 143
associated with the integral equation

and normalized eigenfunctions
From Mercer’s theo-

0 Str(‘r, z) u(x) do = u(r). See Kac and Siegert [13].
rem and the definition of the reciprocal kernel, R,(s,#; #) and the Fred-

holm determinant,

R'r(‘z’ b; Au) =k§1 ”"— Py

DT(F‘) =1I I_P—k

k=1

Following [4], assume (t —s) <=z/y8 . Use Theorem 3, with 1> 0.

& fexp[ =i [ + o [-r @[ + o35 Dae]

XN | X (s) = 0}

S X K M|
= any(t)
+iT R ;/Tt_}

NS

A
by the representation and Parseval’s Theorem, and where
- i v(z)
o) = exp[ =i [ (= ey ]
Then the preceding equals

I~ e,;—,,/‘z exp {~ zi»k [+ a2 Vo S(sz(v()) - /)

g(2) i

k=1

ule)de — /T punlt)youda |

by the independence of {a}.
—[(mle)— s )unterds + puatt)

Let C,, = U(S) I/E

Then the preceding

equals

I L —apatain pk))+iu//7'ckda]

9(t) kI=I1|:S: V2r
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-0 (0 55) Vool H 0+ ) e
by the following

LeMma. For Re >0,

;/zl” S"“ exp{i tx_% (L&—z_ﬂ)z_}dx = exp{i t#—%aztz }
T GV~

Proof. From Wilks, [14], p. 157, we know it is true for ¢>0. Both
sides are analytic for Re ¢ >0. Hence it is true for Re ¢ >0 by analytic
continuation. It is also true for complex p and complex ¢.

So the preceding quantity

= o). (=45)) exp {~ - 8 505G
- o0 (- 2) ™"

[ reunte)de| M@ w)do—2um ()] heunte)de+ puiis)

op {~1§1 2(204 + 21) }’
’(where hz) = 229)0(118(;) _ f(z'))

t 2
& uy(t)ux(c) _ 7 & ui(t)
+ /‘Sskﬂ 25 + ap, 4T3 =z 2i+2pk}

= 90D, (—2))exp {;—]STR (7, 25 — 2L) hie)h(a)deda

Y ).
Let B:——H:R,(T,t;—% h(e)de
and 0=—1R, (1,1; —ZT’) Then
£ fexp [ [{(X2 4 & 2T st B+ 2 29 aee™ " 09120}

= 9()(D, (—-2)) exp {;TWR (23 — 2L Yh(e)h(z) de da} - e
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The first part is independent of .

. v(t) p2
o —igfy-z % g4uB
—2171_ S e [ o) ]e 2 d

¢

—ca

B2

=217S16XP{ g[# —2p —B—+ £ :|+ z,u[ —y]}dy-ew

This used the fact that Re § >0. The preceding equals

oo 4= 13—l 3 T F

So from Theorem 3, r*(x,s; ¥,¢)

1 (g
1/21:0
00 (25 s 4 L o 5 — 2 ]

Now to verify the partial differential equations, one must pick a specific
process, let 2= —i, and try it as a solution.

Subcase 1. Wiener process.

D, (2) = cosy2 (¢ —s).

— cosy2 (¢t — b) SIDI/Z (a— 3> a<b
V2 cosy2 (¢ — ) B

Rw(a, b, 2) =
—cosy2 (t — a) siny2 (b — s) b=<ua
V2 cosy2 (t —s) o
0=— iRyt t;2) = ]/;_ tany2 (t — s).
o(t) = exp{—iat(t — 5) + ia| Fe)de} .
hiz) =20 — flo), s<t<t.
= — i Rute,t5 220 — f(ede
e s - igzim/z‘(f_— )/
cosy2 (¢t —s) VY2 cosy2 (¢t —s)
riwx,s; y,t) = Y2

V2risiny2 (¢—s)
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t

exp {——217[81' — (2 —Y)P —ix¥t — )+ z'xsz(r)dr

+LWR (@, b; 2)h(@)h(b)dadb)
2 Jedg PV )f'

One can show that

_% (Bt = (= —yF = ﬁ sim/%(t—s) {[:ﬁ-{— —;(S:sinﬂ_(r— S)f(r)d'c)z

—J xS’ simy2 (e —s) f(<)d | /cosl/Z_(t —s)

+ y2cosy2 (t—s)—2xy+y2 yS:sim/Z—('r—s)f(z-)dz'}. Also
S:StRw(a, b: 2)dadb

S:SbCOSz/Q— (¢—b) siny/2 (a—s)dadb+ :S:cos;/? (t—a) siny2 (b—s)dadb
B —/2 cosy2 (t—s)
_t—s tany2 (¢ —s) .

2 %2 ’

T . _ 17 _ 1 (% f(b)cosy2 (t—b)
| [ Rula,b; 27 (@dadb =L { fras—-1 S;——COS St S

So S’S'Rw(a,b; Nh(@)h(b)dadb

= 20t — ) — Y2 witany2 (f — ) — ZxSZf(b)db

¢ f(b)cosy2 (¢—b) o )
+ ZxSSW— db+ | | Rula,b; 27 (@) f (b)daab.

Then 7w, s, y,¢) = — 42 |
en 7@ dal V2ri siny2 (t—s)
)

exp {m{[xzcosg/i(t —s) + %(g:sin;/Z_(r—s)f(r)d'r)z
—v2 xS:sim/Z_ (f—S)f(’:)dT]/COSI/i(t —5) + y2cosy2 (t —s)
~ 20y +v2 o sin/Z (¢ — ) Fle)de}

. (% f(b)cosy2 (t—b) it .
+ zxg—g;‘%u—__?)‘ db + TEsSst(a,b, 2) f(a) £(b) dadb} )

Using several trigonometric identities,

* : = 2
(2,5} U, 1) Vi sing2 (t—s)
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i 2 2 2 (+ — g) —
5P s gy (Voo =)~ e

o xSt F(b)sinyZ (t — b) db + Y2 yS’ Fla) siny2 (a— s)da

%S:S:Si“ﬁ (a—s) siny2 (t — b)f(a)f (b)dadd
i
2 Js

['['sinvz @ — 5) siny2 (¢ = @) 7(a) 7 (5) dadb}} .

Since the last term equals the next to last term, this agrees with Feynman
and Hibbs, [8], p. 64, {with w=y2, m=1, h=1, t,=t, to=S5, %=1,
and z,=2}. This also eliminates the need to verify the forward partial
0%
ox®
with the roles of » and y, and s and ¢ interchanged, and the
or* ar*
] as at
s and ¢ interchanged. Thus the backwards partial differential equation

also holds.

differential equation. It is easy to verify that the expression for

0%
0y*

expression for

equals

that for

equals that for — with the roles of  and vy, and

A,i% ——, not 0. The same applies
Y2zsiny2 (¢ — s)
to the « limit. From Feynman and Hibbs, [8], pages 81, 34, 60, and 64,
we know that (3.7) and (3. 8) hold. Thus as [8] states on p. 82, r*(x,s;¥,1)

“is a kind of Green’s function for the Schroedinger equation.”

Unfortunately, lim |7*| =
|y| =00

The special case f(r)=0, 0=<7<T, was considered through a function
space integral approach by K. Ito, [10].

Subcase 2.  Ornstein-Uhlenbeck process.

Since 7(a,b) = e=1?-¢l, the eigenvalues and normalized eigenfunctions for
this process for the interval [0,7] are contained in the article [12], pages
66, 7 by M. Kac. Probably one could adjust these for the different time
period, [s,t]. However, they are too complicated to use in D,(2), and
R.(a,b; 2).

An alternate procedure is to use Theorem 5 and numerically approxi-
mate the right hand side of (4. 1) as in [9]. One could thus obtain a grid of
values of the integral for various =, y, s and ¢ values. It would be
impossible to verify the partial differential equations with such a set of
discrete values, but the author conjectures that these values multiplied by
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p*(x,s; y,t) would satisfy the finite difference analogues of the Schroedinger
equations.

For the Ornstein-Uhlenbeck process, v(c) =¢™", u(r)=-¢", Aa, b) =
1—e-2%-o,  Hence the generalized Schroedinger equation would be (in the

forward case) ¢ aazyr : + aay lyr*] — ily® — f()ylr*= ﬁg_ The right hand

side of Theorem 5 becomes

E{F[e-©- [ — emt-0preyi x (£ =€2)

g2t — g2s

e— () — g—2t+()
e—S — e—zt-{-s

e(®) — g—()+2s
et — e—t+Zs

+ o +y Jix© =0, x) =0}

where
FIX1= exp| — i | [X*e) — f@X()az .

Repeating an earlier remark, the parameter indicated by (-) varies from
s to t. Since A(s,s) =0, the sample function will proceed from X(0) to
X(1). This integral must be multiplied by p*(x,s; v, ¢)

_ i 1/2 i[y — e=(t-9g]
- (W) exp {W}

VI. Appendix. As an interesting by-product of Theorem 1, we will
prove the following theorem.

TueoreM 6.  The Wiener process, conditioned by X(s)= x, X(t) =1y, is
Gaussian Markov with mean function.

6. 1 m(0) = E{X(O)IX(s) = %, X() =y } = 2 + =5 (y—u)

and covariance function

E [[X(@ — m(@I[X(6) = mB]IX(s) = &, X(1) = y

(@a—3s)(t—b)
(6. 2) =3 a<b
(b=s){t—a) , b<a.

(t—s)

Proof. Since u(r) =7, v(r)=1 for the regular Wiener process, (6.1) is
obtained easily from (2. 6).
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To verify (6. 2) first assume that s <a<b<t. (The case s<b<a<t
is identical.) Then by Theorem 1,

E{X@X(®)X(s) = o, X(1) = v} = B2 [X@X(®)| X(5) = , X() = v

lim SR Gz, 6)F(¥. :)dé where

[1ef1-0

Vi ea=¢&_,+(@—r,-) ﬁm‘) y T = aA=<1;,

Ty — Ti-1

Ve e(d) = Ex-y + (b — 751) < S = bis > y T = b= 1y,

—

Tk—1
and F[z] = X(a)X(b).
With a<b, for sufficiently small |||, ; < z4;.

By repeated application of the Chapman-Kolmogorov equation, both
before i, between ¢ and k—1, and after £,

SR“ (c, ) F(¥,.¢) ds_gm “xf’ et )

P(Eim1sTiz1s Eis T)P(Esy T4 Ek—l’Tk—l) (Ek-15 Tk=13 Er Te) D0y Th3 Y, )
[ACE;_&x-1 + ADE;_ 6, + BCE 6, + BDEEdE,_dEdE-,dE,

where A‘: T —4d , B= 4= Tim , C= %= b vD:_u_l_

Ty = Ti-1 Ty = Ti-1 Tk — Tk-1 Tk ™ Tk-1

It is easy to verify that A, B, C, and D each approach 1/2 as ||| =0.
One also makes the preliminary calculations

[" 8p@e13 0,200,245 ¢,e0db = £ pla,e15 6,2

and Si b2p(a9f1; b,fz)p(b’ ’Z‘z; 0’13)db

={ (re — 71) (z3 — 7o) +—ﬁ2_} pla, 75 ¢, 3)
al 9Ll byt

44

where a =3 —7; and B= alc; — ) + clzs — 7).
Using these results, the term with AC, as is true of the AD, BC, and BD
terms, produces (in the limit, as |||l = 0)

1
4

8

(b—a) [x(t—b)+y(b—s)] +L (a—s) {(b—s)(t— ) + [y(b—s)+x(t— b)]z?
(b—s) t—s 4 (b—ys) t—s (t—s)?

The relation
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E{[X(a) —m(@][X () —m®I|X(s) =2, X(t) =y
E{X@X®)|X(s) = 2, X(t) = y] — m(@ym(b) gives (6. 2).

The fact that the finite dimensional distributions are Gaussian and that
the covariance is factorable (see [2]) completes the proof.
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