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Theorems analogous to Newton's Theorems on Symmetric
Functions, with Elementary Proofs.

By Dr R. F. MUIBHEAD.

(Bead 13th March 1914- Received Slst March 19U).

In his article in No. 15 of Mathematical Notes, Dr Dougall has
shown how by introducing series with n terms and a remainder,
instead of infinite series, some well-known proofs of Newton's
Theorems and others can be rendered more elementary in character.
Once the idea has been suggested, it is of course easy to find further
applications for it.

In what follows I propose to give some formulae which are
closely analogous to Newton's though not so well known, and to
furnish them with proofs in which Dr Dougall's idea is further
applied.

Notation : —
I use s,, s2, . sr... for the sums of the 1*', 2nd, ...rth powers of

n letters <x, /3, y...k; and plt p2, ...pr...pn for the elementary
symmetric functions of these letters; and HM H a ...Hr... for the
complete sums of homogenous products of the letters, of degrees
1, 2, ...r, ... Thus pr stands for 2(a.y8... to r factors) and denotes
what is denoted by ( - \)rpr in Dr Dougall's article.

The following Lemmas will be proved :—
(i) n ( l - OLX) . {1 + B.1x+Rsx

2+... + B.mx"} = 1 + am+'Rm

(ii) s11^"*) = n _ (n _

(iii) 2{(1 + 2ouc + 3a.V + .. + (m+ l)a.mxm)(l +(ix

. . .+(« + m)Hma:m + a;m+1Rm

(iv) n ( l -OLX). 2{(1 + 2OUC+3OLV+. . .+ ( W + 1 )a."xm)
(1 +/3x+ ... +Pmx")...(l + Xx+ ... +kmxm)}
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where in each case the product-symbol II and the summation
symbol 2 extend over n values of the typical factor or term, in
which each of the n letters a, /3...X is in succession substituted for <x.
Rm denotes in each case a polynomial in x with a finite number of
terms; and m is any positive integer.

The formulae, analogous to those of Newton, and deduced from
these Lemmas are as follows :—

Hr -

II.

- ( - 1 frpr = sr.

III. 8r + s^jH, + sr_2H2 + ... + SjH^, = rHr

and for comparison, we may write down Newton's
formulae with the same notation, viz.:—

IV. «!-/>, = ()

*r - «r-lPl + Sr-iPl - . . . - ( - 1 )r«,pr_l + ( " 1 Ypr = 0.

In all these formulae it is to be noted that r may have any
positive integral value, but when r>n we have

To prove Lemma (i), note that

(1 - OJC) (1 +OLX + a.*x\.. +a.mxm) = 1 - a.m+lxm+l

.: 11(1 -occ) . 11(1 + occ + o.V + ... +a.'"a;'") = n ( l -o.m+1a;ra+1).

Now

U(\ +OLX+ ... +a.mxm) = 1 +B.1x + B.2x-+ ... +Kmxm + xm+1RJ

where Rm' s a polynomial in x.
And n(l-am+1a-"'+1) = l+Rm"a:m+1, where Rm" = a polynomial

in x.
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Hence
11(1-cue). {l + H ^ + H ^ + . - . + Ĥ a;™} = 1 +a;'"+1(Rm'-n(l -oue)Rm")

where R is a finite polynomial in a;.

Proof of Lemma (ii):

"We have H ( L l ^ = (i - / Js ) ( l -yx)...(l - Xx)

- ... + an_!( - a;)"-1

where ar = the elementary symmetric function of degree r of the
n - 1 letters J3, y,.. .X.

Similarly ~ ^ - -l-b1z + b*»...+ 6_I( - *)->

where br = the value of ar with a. and /? interchanged, and so on.

Hence 2 - ^ j ^ p = n~x^i + ^-^••+(-a)"1"'^.-!

the sumraation extending over n terms, one of the letters a., fi...k
being omitted each time.

It is obvious that 2ar = (n - r)pn since any particular combina-
tion occurs as often as there are letters not involved in it, viz.,
n-r times.

Hence

T 0 = n ~{n -l) piX+(w ~2

To prove Lemma (iii), consider the expression :

(1 + yx+ ... +ymxm)...(l + \x+ ... + A™*"*)}
where the summation extends over n terms, in each of which owe
of the letters <x, /?, ...A. occurs in a factor similar to that involving
a. in the typical term attached to the 2. If this expression
be expanded, we get a set of terms of the type Ca.a/3b...X.'xa+''"+l

>

where C is a numerical factor and the indices a, b, ...I are positive
integers or zeros. The terms having the same values of a, b, ...I
are n in number, and each has one of the values a + 1 , b+l, ...l + l
as numerical coefficient. Hence the sum of such terms is

{(a + 1) + (b + 1) + ... + (I + l)}a.»/?»...A'a;-+»-+»

so that the numerical coefficient = n + 2o = n + r where r is the
index of the power of x.
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Thus the coefficient of x' in the expansion is

where a,b,c... take all positive integral or zero values that make
2a = r, so that 2(a.aj3b...kl) = Hr, provided m < r.

Hence we have

2oo5 + 3«.2ar!+ .. + (m + l)a.mxm)(l +fix+ ... +/3rnxm)...

(\ + kx+...+Xmxm)}

n + (n + 1 )H1a: + (n + 2)H2a:2 + ... + (n + r ) H r + ... + (n + m)Hmxm

+ a finite polynomial in x having no power of x lower than xm+1.

To prove Lemma (iv):

(1 + 2a.x + 3a.V + .. + (m + l)a.ma:m)(l - <xx)

. + a.mxm - nT+ltt.m+ixm+1

{l+/Sx + /3V f ... + fimxm)(l - fix) = 1 - /8
m+1a;m+1, etc.

Hence

+ 2o.a: + 3<xV + ... + (m + 1 )a.mxm }(l+/3x + /3 V + ..

= {I + OLX + OL2X2 + . . . + a.mxm - (m + 1 )o.m+V+'}

x (1 - /3m+lxm+1)... (1 - X"t+1o:'"+1)

= 1 + OL« + <x2x2 .. + a.mxm + xm+l x (a finite polynomial in a;).

Summing, over n equations of this type, we have

11(1 - ajc). 2{(1 + 2oa: + 3o.V... + (m+ l)o.mxm)

(1 + fix + /3V.. . + (lmxm)... (1 + Xx... + Xmxm)}

= n + s1a; + s#?... + smxm + a;"1"1"1 x (a finite polynomial in x).

To-prove Formulae I., we have by Lemma (i)

Equating coefficients of x, cc2, ... xr, we get the formulae as stated
above.

To prove Formulae I I , we have by Lemmas (iii) and (iv)

... + (n + 2)H2x2 + ... + (n + m)Kmxm}

= n + sxx + s<p? + ... + smxm + a finite polynomial in x con-
taining only powers higher than xm.
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Hence, equating coefficients of xr,

- 2)Hr_2 - ...
. . . + ( - iy-ipr_,(n+ 1)H, + ( - \)rnpr + sr

But by I. (n + r)(Hr-piKr_i+p.2Hr_i...+(-lYpr) = 0.

Subtracting, we get
Kr_lPl - 2B.r_,Pi + 3H^a>,... + ( - l)'(r - l J H j u - ( - iyrpr = sr

which is the type-formula of II .

To prove formulae III , we multiply both sides of the identity
in Lemma (iv) by (1 + H ^ + H^x? + ... + Hmxm). and making use of
Lemmas (i) and (iii) we get

... + (n + tn)Hmx

. + »mxm + xM+1B,m")( 1 + H,* + ...

Equating coefficients of xr we get
(n + r)Hr = »H, + SiHr_, + 82Hr_2 + ...+sr_1H1

which at once reduces to the typical formula in III .

https://doi.org/10.1017/S0013091500035021 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500035021



