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A NOTEON U, x U, MODULAR INVARIANTS

NONDASE. KECHAGIAS

ABSTRACT. We consider the rings of invariants R®, where R is the symmetric
algebraof atensor product between two vector spacesover thefield Fpand G = Up X Up,.
A polynomial algebrais constructed and these invariants provide Chern classes for the
modular cohomology of Upm.

1. Introduction. Quillen calculated the cohomology of GL, in the non-modular
case. The modular case, important mainly becauseof its universal role in modular group
representation, is still under investigation.

In [4] Milgram and Priddy generalizing a method of L. Dickson [1] constructed
a family of invariants of GL, x GL, and provided elements in the cohomology of
the Unipotent group Un:m(Fp). Then using the transfer, they gave explicit classes in
H* (GLn+m(Fp); Fp).

Using adlightly different approach from[4], we study the case of the Unipotent group
and its relation with GL+m. In Section 2, notation and an embedding of GL, x GLp, in
GLn+m isgiven. An action on the symmetric algebra of the tensor product of two vector
spaces is induced from the action of the corresponding Weyl group in cohomology.
Invariant polynomialsof U, x U, are studiedin Section 3 whereapolynomial subalgebra
of the ring of invariants is constructed. Application in the modular cohomology of the
Unipotent group is discussed at the end.

We would like to thank Professor J. Milgram for introducing their work to us and
E. Campbell and I. Hughesfor helpful conversations while visting Queen’'s University.

2. Notation. LetV and W be nand mdimensional vector spacesover F, wherepis
aprime. If basesarefixed, (X1, . ... %) and (y1. . ... ym) for V and W* respectively, then
(Xj=x@y|1<i<nl1<j<m)isabaseforVoWwW:.

SinceV ® W* = Hom(W, V), we may identify V @ W* and M,, m,, the additive group
of n x m matrices over Fp. We consider x;; as the n x m matrix with 1 in the (i, j)-th
position and zeros elsewhere.

L et U, bethe subgroup of upper triangular matriceswith onealong the main diagonal.
ThenUp x Uy < GLp X GLy < GLpm.

Let My m 2 Ic’)‘ N:’r;m
Un X Upandin GLpm isGLp x GLm. An action isinduced on My, by conjugation (see

[4]) (91- 92)N(g1 . G2 1) = Grhg, .
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< Up+m < GLp+m. Then the Weyl group of My m in Upem is
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The action of GL,, x GL,, on M,,,, aboveis given by (g, h)M := gMh™2.
SinceMpm = Fgm as vector spaces, GL nm acts on My, m, naturally:

@D Axj = Z Z A(i—1)mH, (t—1)msXt,s

t=1s1

Here A = (aj—ym+,@-yms) € GLam and X is a base element for M, ,. Hence
GLp x GLm < GLny and we consider this inclusion as follows: Let g = (a;;), h = (by),
and M = (my), then

2 gMh = (Cij = i ﬁ anmtsbq-).

t=1 s=1

Explicitly: (9.h) := (dj) € GLom Where dj = & 1y;1,Bmodmy( modmy. Here [L) =

[L]+1. i#0modm . ,_ {imodm. i#O0Omodm
{[#]. i:Omodmand(I modm) _{m. i =0modm’
allh alnh
Namely, (g-h)=( : )
anth -+ amh

Let S(Mnm) be the symmetric algebra on My, then the action above is extended
to SMm) via the diagonal action. We are interested in studying the invariant rings:
S(Mn’m)unxum and S(Mn_m)GL” X Glm

We note here that since M, = Fgm and under this isomorphism x;; is identified
with the dual (€ji—ym+j)* := Zi—ym+j Of the basis element gj_1ym+j, the rings of invariants
above and the isomorphic ones Fy[z1. ... , Zun] VY and Fy[z1. . . . , Zyn] G0 % Gt wiill
be interchanged for the shake of convenience. The algebras above are graded, where
|z2] = 2,if pisodd and |z| = 1, otherwise.

Instead of studying (M, .,), we work only with S(Mnm), since My, ,, =2 Mm, and the
|ast isomorphism is-equivariant. Here i GL, X GLm — GLm x GLy, (see [4]).

3. Invariantsof Uy X Uy, Let fy(X) = TTueqwny- (X — U), then f,(X) isa GLy-invariant
and fp(X) = ZiLo(— 1)”‘ixd Dni, where D, ; are the generators of the Dickson polynomial
algebra: Fy[z. . ... z,]°n. The generators of the upper triangular invariants are given by
evaluating the polynomial above, V; := fi(z) = [Tyei-2)(z — u), for 1 <i <n{2], [6].

Next, we construct a family of polynomial invariants for U, x Uy, and discuss their
relation with the invariants for Uy,

The {V1,...,Vm} contains invariant polynomials for U, x Uy, Instead of Vi1, we
take the following: let the subscript of z; in V; be replaced by m+ 1 and cal it Vy.1.
Let Vi1 = Hae,:p(zwl +az)). We define Vr(rI:;-T) = V11Vig10)- L€t Vo be V, where al
subscripts have been shifted by mand Viz.1,0) = Tlber; IlacF, (Zmv2 + b2 + aZms1 + abz,).

We define V) := V.1 V(21 ). For the general case:

DEFINITION 1. L€t Vik = Tlaer, (Zm+i + C1<t<i—1 @Zamt), i-€. @l subscriptsof V; have
been shifted by km.
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DEFINITION 2. Let

Viikooka) = 11 (> bzgmi+ > > basdms)

beFp.bi=laseF, 1<j<t 1<s<i—11<<t

i.e., the corresponding V;,, are added componentwise.

Finally:
DEFINITION 3. Let V™ =TTy o cyea Tock, < <kemk itk k) fOr 0 <k < n— 1.
1. Thedegreeof V™™ isgivenby V"] = [V | Vi and |Vi] = 2p 12, if p= 2).

ProPOSITION 4. The VI™™'sare U, x U, invariants.

PROCF. First, we note that the following polynomial is U, x Uy, invariant:

Let V\/{*1 be the vector space generated by {x;i_1. ..., %1}, for 1 <t < k. Let
We(aki—1,----81) = Z';ll a Xts, Where (ayi—1,...,8c1) describes an element wy €
WL Using the same element, we describe a vector space of dimension k — 1,
VKL w) = (Xeeam + Wi (@i—1s - - - @1): - - - s Xem + Wi(@ki-1,- - &.)). For -
ements of VK~1(1, w) we write v(w). Now we are ready to describe the invariant
polynomia we mentioned above.

©) I1 IT (X * W+ V(W) )X + Wi + V(W)
Wi W V() €VE1(1wy)

i—1 k=1 i-1
= Z—nymei T Bk sZk—1)mes ., b (Z(tfl)m-i-i +3° ak.sz(tfl)rm-s)
s=1 t=1 s=1

k ko ie1
= b(Ze—nm+i) + b (Z ak,sz(tfl)r'm-s)
t=1 t=1 =1

and the non-zero by’s define a partition asin (2).
Let (9. h) € Un x U. Then (g, h) (i +Wic + V(W) = (9, h)Xei + (g, h)wic + (@, h)v(wi)
and the action is given by:
i) From (2), (g, )w = h(wy) € WL,
i) From (2), (@, h)v(wk) = (9(v)) (h(wi))-
i) From (1), (9. h)Xi = i + W +V/ (W), wherew; € Wit and v'(w}) € VK=1(1,w]).
From 1), ii), and iii) abovewe seethat (3) is U, x U, invariant.
It remains to show that Vﬁm) and the polynomial (3) above are equal and this is
obviousfrom (1).

4 | T (X + Wi+ v(w)

Wi €W v(wi) €VE1(Lwh)
[ ]

It is known that generators for U, are given by its subset {u; | 1 <i.j < n}, where
uij — In isthe zero matrix except at position (i, j) wherethereisaone. Hencethefollowing
is obvious.
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LEMMA 5. Let U, x Uy, be considered as a subgroup of GLm under the inclusion
described above. Then the set {u"™w{M | 1 < i.j < n.t < s} provides a
generating set for U, x Up,.

Here u(n M jsthe matrix with 1'sal ong themain diagonal and at positions (km+i, km+j)

forall approprlate k; and V\ém sm1 CONSistsof 1'salong themain diagonal and at positions
(tm+r,sm+r)forl<r <m.
Uy x Um isnot generated by pseudorefl ections. Thus, (Mpm)Y»*Ym isnot apolynomial

algebra.

THEOREM 6. The algebra, V™™ | 1 < i < nml, generated by
A= (V™ VM s a polynomial subalgebraof Fy[z. . . . , Zym] U< Ur.

PrROOF. Let Hnm = {(a;) | & € Fp,a = 0if i <j or (imodm) > (jmodm)} such
that Hom € Upm.

It is easy to see that Hny, is a subgroup of U,y Moreover, Hn, is generated by
pseudoreflectionsand hence Fy[z, . . . . Zym] ™™ is a polynomial algebra.

Theorder of H equals |Hpm| = |Um|m‘ #25=!_Calculating the degree of the elements
of A, we observe that [Hnm| = TI V™). It remains to show that elements of A are
algebraically independent. We proceed by inducting on the length nm. For n = 1, the
assertion follows from the generators of Fp[zs. ..., Zn]Y". Next, we prove the assertion
for m+ 1 (Hmey asabove). VY = TTacr, (zme1 + az1). Assume, there exists a polynomial
f such that f(Vy,.... V1) = O Letting Zna = 0, we get a polynomial g such that

o(Vi, ..., Vm) = 0. The general step is the same as the one above. ]
To demonstrate the ideas above, let uswork out a particular example (see[4]).
1 b a ab
_(1 a 1 b 01 0 a
EXAMPLE 7. Letg—(O 1) and h = ( ) Then (g, h) = 001 b
0 00 1

The following polynomials are easily seen to be U, x Us-invariants.
i) Vi=21=x11 = Va(yr).
i) Vo =22(22 + z1) = Xp2(X2 + X1.1) = Vi(y2)Vi(y2 + y1).
ii) V%,Z 2 = 7323 + z1) = Xp1(Xe1 + X1.1) = Va(Ya).
iV) VP2 = 24(z4+ 25)(za + 22)(2a + Zs + 22+ 21) = X02(%0.2 + Xo.1) (K22 + X1.2) (Xo.2 + X1 +
X1.2 +X1.1) = Va(y2)Va(y2 + Y1)-
V) det = 47y + 2525 = Va(y2) + Va(y2 + Y1) + Va(¥1).
We give here the relation between the invariants above and the usual polynomial
invariant generators of Uy.
V3 = VA (VD + V).
E v(2 & (v(2 A+ V3V, + det(det +VZ) + VRV + Vv E),
Itis obV|ous that the polynomial algebra generated by {V1, V2, V3, V4} isnot asubal-
gebra of the polynomial algebra generated by {Vi, V,, V&2, V&21.
A) Y1=Daa(yr) =3 +xuXa +33; = VZ + V52
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B) Y2 =Dai(y2) = X5, + X12X22 + X3,

C) Daa(yr +Y2) = X4, + X3, + (Xa1 + X12)(Xo1 + Xp2) + X3, + X3,

D) D21(D21) = Y2+ Y1Y2+ Y5+ (Y1 +Y2) Suew D21 (U) = X, + X2, X3, + X3, ++X3; X0 +
X Xa2Xa1 + X35 + X11X3y + XEpX5, + X11X12X5y + X5, X5, + X11Xo1Xa2Xa2 + Xa1X1 X5y +
X31X12X02 + XipXo1Xop + X12Xo1XG,X + XyXg, + XipX5y + XiyX5oX11XooXd, + XpXor +
X11X21X%2 + X%_»I_X12X22X]_1X22X%1 + X11X12X%l + X]_zxgl + X%1X21X22 = Vi' + V% + (V:(32,2))2 +
V22 + det? + det(VZ + V, + VE?),

F) Yuew D21(U) = Yvev V(D21) = det = Xq1Xo2 + X12Xz1.

Polynomials D) and F) in the last example are GL, x GL-invariants.

It is obvious that the polynomia algebra generated by {D21(D21). D21(D20),
D20(D21), D20(D20)} (see [4]) is not a subalgebra of the polynomial algebra gener-
ated by {Vi, Vo, V&2 VAY,

Hence, both Fy[z. . .., Zom] YU and JCni(Cmj) [0 <i<n—1,0<j <m-—1] are

not subalgebrasof V™™ | 1 <i < nm.

PROPOSITION 8. The relation between Vims1 and V™™ is described by the following

inductive relations: Let Yime11 = Vi = Tac(zma0<ick-1)@met + @) ad Yimess =

Yime1,5-1 Ykmt1,5-1(Zs), then Vienea = Y, m.

PrROOF. Let usrecall the definition and expression of Vime1 = Tlac(z,0<t<km) (Zme1 +

a) = YHO(—1)“"1Z)  Dymi. We construct the last product by adding more basis ele-
ments in the corresponding index vector space.

First step: 1 < s < M. Yime1,2(Z2) = Tae(g.0<i<k-1)(Zme1 + 22 + @). Using the ex-
pression above, the last product can be written as V) + e (5,.., 0<i<k_1) (22 + ). We
rewrite the last product V, TT&;* Ha€<%1_0§j<i>(zw1 + 2, + a). By induction hypothesis
Ha€<4W1.0§j<i>(Zml + 2z, + a) can be expressed as an algebraic combination of gener-
ators of V™™ | 1 < i < nm]. For the general step: Yimis 1(zs) = Yameis 1 +

Vs Hii(:_[i;srl]+l Hae(qml,ogjd)(zirml +Zs+a) and Vi1 = Yimezm- n

4. Chernclassesof Upim. LetVi € Fy[Xq. . ... %Y andyx € W, then Vi@ (yk+w) €
SMnm). Let Bix = {(x +U) @ (Y +W) |ue VLwe W) forl <k <nand
1<i<m

The coefficients of

Pu = I (x=Viem+w)= I x—y)
we(Wk-1)* YER K
provide an invariant set for the ring M, m)Y<Yn for 1 <k <nand1 <i <m.
Thefollowing is obvious.

PROPOSITION 9. i) The polynomial Tl cyi-1 yeq1)- (x —(Xt+tu) (Wt W)) isa
Un X Uy invariant.

ii) For x =0 theaboveis V((E;"l))m.

iii) The polynomial >,  w.ewrty Il Vilyk + W) is @ Up x U invariant, for
1<s<pl
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A good source for Chern classes and modular invariants of finite groupsis[3].

Let N = p" and P:U, x Uy, — Xy — U(N) be the representation induced by
the action of U, x Uy on Mpm = FQ. Let Unm be given as the semidirect product:
Mnm © (Un x Un) ((h, (91, 92)) o (. (1. 95)) = (91h'gz* + h. (0105 920%)))-

The following composition provides a representation

& Mnm = Unem — Fy © Zy — UV © Zy € U(N).

Here 3 C (Mnm)" isaUn x U invariant set, Fy — U(1) is given by mapping the
generator on e and ITues(—U): Mym — FB. Here U(N) is the unitary group. The total
Chern class of p; satisfies p;(C) = TTyecc( — U) (see[3]).

THEOREM 10. Let 8ix C (Mnm)*, then the coefficients of P; \(x) are Chern classes of
pg,, belonging to the image of the restriction

i*1 H* (Unem) — H* (Mg )<Y

forl<k<nand1l<i<m

The proof is aroutine checking of the proof givenin [4].

REFERENCES

1. L. E. Dickson, A fundamental system of invariants of the general modular linear group with a solution
of the form problem, Trans. Amer. Math. Soc. 12(1911), 75-98.

2. Huyhn Mui, Modular invariant theory and the cohomology algebras of the symmetric groups, J. Fac.
Sci. Univ. Tokyo Sect. IA Math. (1975), 319-369.

3. B.M. ManandR. J. Milgram, On the Chern classes of the regular representations of some finite groups,
Proc. Edinburgh Math. Soc. 25(1982), 259-268.

4. R.J. Milgramand S. B. Priddy, Invariant theory and H*(GLn(Fp); Fp), J. Pure Appl. Algebra 44(1987),
291-302.

5. R.P. Stanley, Invariants of finite groups and their applications to combinatorics, Bull. Amer. Math. Soc.
(3) 1(1979), 475-511.

6. C. Wilkerson, A primer on Dickson invariants, Contemporary Math. 19(1983), 421-434.

Department of Mathematics

University of Aegean

Karlovassi, 83200

Greece

e-mail: kexagn@pythagoras.aegean.ariadne-t.gr

https://doi.org/10.4153/CMB-1997-006-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1997-006-7

