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Regular completions of Cauchy spaces

via function algebras

R.J. Gazik and D.C. Kent

A regular completion with the universal property is obtained for

each member of a certain class of Cauchy spaces by embedding the

Cauchy space in a complete function algebra with the continuous

convergence structure.

1. Preiiminaries

A Cauchy space {X, C) is a set X equipped with a Cauchy structure

C ; that is, C is a set of filters on X (called "Cauchy filters")

subject to the following conditions:

(c.) the ultrafilter x containing {x} is in C for all x

in X ;

(C ) F € C and G 2: F implies G f C ;

(c ) if F, G (. C and F v G t 0 (meaning each set in F

intersects each set in G ), then F n G 6 C .

A Cauchy structure C generates a convergence structure on X defined as

follows: ¥ -*• x in X if z n F € C . Keller[5] showed that a set of

filters on X satisfying (C ) , (c ) , and (c ) is precisely the set of

Cauchy filters for some uniform convergence structure (see [3]) on X . A

definitive study of Cauchy spaces has been made by Ramaley and Wyler ([S],

[9]).

A Cauchy space {X, C) is complete if each Cauchy filter is

convergent. Each convergence space which admits a uniform convergence
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structure (see [5] for a characterization of such spaces) can be regarded

as a complete Cauchy space if the Cauchy structure is taken to be the set

of a l l Cauchy f i l t e r s . A function / : (X, C) •*• [x , C ) is Cauchy-

continuous if F € C implies /(F) € (^ . The pair [[x , Cj , j) is a

completion of a Cauchy space (X, C) if [x, C ) is a complete Cauchy

space, and j : (X, C) -»- [X , C ) is a dense Cauchy embedding. If, in

addition, F •*• x in X implies the existence of a f i l ter G ( C such

that jG •*• x in X and F > clY(jG) , the completion is said to be

strict.

Reed [70], showed that each completion of a Cauchy space {X, C)

induces a completion of each uniform convergence space (X, J) for which

C is the set of J-Cauchy f i l ters . A Cauchy space (X, C) is regular if

cl^F € C whenever F € C . I t is shown in [6] that a s t r i c t , regular,

Hausdorff completion of a Cauchy space, if i t exists, is unique up to

C auchy-h ome omorph ism.

The Cauchy f i l ters in a Cauchy space (X, C) are partitioned into

Cauchy equivalence classes by the following equivalence relation: F ~ G

if and only if F n G € C . Reed [?0] used the set {[F] : F i C} of

these equivalence classes to construct a family of completions for any

Cauchy space. In particular, she showed that every Hausdorff Cauchy space

(that i s , Hausdorff in i t s underlying convergence structure) has a s tr ict

Hausdorff completion; we will make use of this fact later.

A Cauchy space (X, C) is said to be pseudo-topological if a f i l ter

F is in C whenever a l l ultrafilters finer than F are in the same

Cauchy equivalence class relative to C . A convergence space is pseudo-

topological if a f i l te r converges to x whenever each refining ultrafi l ter

converges to x . Note that a pseudo-topological convergence space can be

regarded as a complete pseudo-topological Cauchy space.

Let X be a convergence space, C(X) the i?-algebra of al l

continuous real valued functions on X . The continuous convergence

structure c on X is the coarsest relative to which the function

W : C(X) x X -»• R , defined by w(f, x) = f(x) , is continuous. The

resulting convergence function space C (X) has been studied extensively
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(see, for instance, [/], [2], [4], [77], and [72]). The natural map

i : X * C CiX) is defined by i(x) = F , where Fjf) = fix) , all

f € C(X) . Binz [/], has shown that i(X) = homC iX) , the set of all

continuous algebra homomorphisms from C {X) into R which preserve the

c

multiplicative identity. The space X is said to be a-enibedded if the

function i is an embedding. In order to state a characterization of

e-erribedd&d spaces, we need a few preliminary definitions.

Starting with a space X , let biX denote the finest completely

regular topological space coarser than X on the same underlying set; uiX

is called the completely regular'modification of X . The fact that

C(X) = C(biX) is useful and will be used without explicit mention in what
follows. We will use the symbol "cl " to represent the closure operator

X
for any space X . X i s s a id t o be to-regular i f c l «F ->- x in X

whenever F -+ x in X . The f i r s t p ropos i t i on i s e s t a b l i s h e d i n [72] and,

i m p l i c i t l y , in [ 7 1 ] .

PROPOSITION 1.1. A spaoe X is c-embedded iff X is pseudo-

topological, Hausdorff, and os-regular.

Binz [2 ] , has shown that the space C (X) i s always e-embedded.

Next, l e t (X, C) be a Cauehy space, and l e t C"(X, C) be the

.ff-algebra of a l l real-valued Cauchy-continuous functions on (X, C) . Let

C~ denote the continuous Cauehy structure on C{X, C) , defined as

follows: a f i l ter * on C"(X, C) is in (T iff $(F) is fl-Cauchy

(that i s , i?-convergent) whenever F € C . If one defines the notion of

product Cauehy structure in the natural way, then there is no difficulty in

establishing the following proposition; we omit the details.

PROPOSITION 1.2. For any Cauehy space (X, C) , C" is the coarsest

Cauehy structure on C"(X, C) relative to which the function

w : <TU, C) x {x, C) ->• R , defined by w(f, x) = fix) , is Cauehy-

continuous.

PROPOSITION 1.3. For any Cauehy space iX, C) , the Cauehy function

space {c"ix, C), C~) is complete.

Proof. Let $ € C" , and le t / : X •* R be defined by
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f{x) = lim$(x) , all x € X .

To show that / € C"(X) , let F € C ; then <S>( F) •* a , for some

a i R . Let V be a closed neighborhood of a in i? ; then there is

i4 £ * and P f F such that A{F) a W . If i ( ? , then /}(x) c V , and

so f(x) € c l ^ U ) c j/ . Thus /(F) c V , and /(F) -»• a in /? .

To show that $-»•/, it must be shown that $ n / "€ CA . If F c X ,

/I € $ , and a; € F , then 4(F) (. $(ar) , and so /(F) c cl^(F) . Thus, if

F € C , /(F) > cl_$( F) , and hence /(F) and $(F) must converge to the

same point in R .

A complete Cauchy space is merely a convergence space in which the

convergent filters are designated to be Cauchy. Thus the Cauchy structure

C^ on the function space is somewhat redundant and will usually be

deleted. Also, it is convenient to shorten the notation from C(X, C)

to C"(X) if there is no danger of confusing which Cauchy structure on X

is being considered.

The next proposition follows by inspection of the respective

definitions.

PROPOSITION 1.4. If (x, 0 is a complete Cauchy space, then C"{x)

coincides with C (x) .c

Reed [JO], proved that each Hausdorff Cauchy space (X, C) has a

strict, Hausdorff completion ((̂ ,> C ) , j) with the regular extension

property. The latter term means that each Cauchy-continuous function from

(X, C) into a Hausdorff, regular, complete Cauchy space fe,> Cp) has a

Cauchy-continuous extension /, : [X , C ) -»• [x , C ) . The existence of

such a completion (but not the details of the construction) are needed for

the following proposition.

PROPOSITION 1.5. Let (X, C) be a Hausdorff Cauchy space, and let

((# , C ) , j] be a strict, Hausdorff completion with the regular

extension property. Then C*(X) and C"[x ) are both isomorphic and

homeomorphic.

Proof. Let Y : (T[X) •* C~[x^) be defined by ¥(/) = f , where f
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is the extension from X to X whose existence is derived from the

regular extension property. The uniqueness of / is guaranteed by the

Hausdorff property, and so V is well defined. It is a trivial matter to

verify that f is an algebra isomorphism.

To show that V is Cauchy continuous, let $ be C~(#)-Cauchy and

let A € C . Since X is complete, A converges in X , and by the

strictness of the completion, there is F € C such that A 2 cly j'F . It

then follows easily that (Vi)(A) > clD$( F) . But <J>( F) is ^-convergent,

n

by definition of the Cauchy structure on C~(X) , and, since R i s

regular, (4"I>)(A) is likewise ^-convergent. Thus ¥$ i s C"{xA-Cauchy.

To show that f i s continuous, l e t A be a C"[x )-Cauchy f i l t e r ,

and l e t F € C . Then (<i'"1A)(F) > (jF) , and i t follows that T1A is

<TU)-Cauchy.

COROLLARY 1.6. For any Hausdorff Cauchy space (X, C) , there is a

convergence space X such that C"{x) is isomorphic and homeomorphic to

C [X ) . Consequently, C"(X) is a Hausdorff, ^-regular, pseudo-

topological convergence space.

Proof. These statements follow immediately from Proposition 1.1, the

remark following Proposition 1 .1 , Proposition l .U, and Proposition 1.5.

I t follows from the preceding resul ts t ha t , for any Cauchy space

(X, C) , W(X) i s equal to C C~{X) and is equivalent, in the sense of

Corollary 1.6, to C C (x) , where [X , C ) i s the completion of

Proposition 1.5. A Cauchy space (X, C) i s said to be e^-embedded i f the

function i : U , C) + r c " (X) , where i(x)(f) = f(x) for a l l / in

C(X) , i s a Cauchy embedding. In order to obtain an internal

characterization of e^-embedded spaces, we wi l l introduce several new

Cauchy space concepts.

For any Cauchy space (X, C) , l e t \iX be the set X with the weak

topology induced by the set of functions C(X) . Since C"(X) c C(X) , i t

follows that ]iX < utf , and ]iX = mX i f (X, C) i s complete. (X, C) i s
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said to be ^-regular i f c l / f C whenever F € C . I t i s clear that

y-regular implies u)-regular implies regular.

A Cauchy space (X, C) i s said to be Cauchy-separated i f X i s

Hausdorff and, whenever F, G € C and F n G f C , there i s / £ C"U)

such that lim/(F) # lim/(G) in J . In other words, (X, C) i s Cauchy-

separated i f f there are enough functions in C~{X) to separate Cauchy

equivalence c lasses . Since dis t inct points in a Hausdorff Cauchy space

correspond t o d i s t i nc t equivalence c lasses , i t follows that \lX i s

Hausdorff whenever (X, C) i s Cauchy-separated.

•PROPOSITION 1.7. Let {X, C) be a Cauchy space, A a \iX-closed

subset of X , and x € X-A . Then there is a function f in C"[X) such

that fix) = 0 and f(A) = 1 .

Proof. Let J be the uniformity on X generated by sets of the form

J(e, / ) = {(x, y) : \f(x)-f(y)\ < e} , where e > 0 and ft C~(X, C) .

Note that the J-Cauchy f i l t e r s are precisely those f i l t e r s F such that

/ € C~{X, C) implies that f{¥) i s Cauchy on R . Thus, i f C, is the

set of J-Cauchy f i l t e r s , C c C , . I t also follows from th is construction

tha t C. i s an admissible Cauchy structure for v^ •

Let x and A be as stated in the proposition, and le t [x. , J.) be

a complete uniform space containing (X, J) . Then there i s an AT -closed

se t BcX such tha t A = X, n B . Since X i s a completely regular

topological space, there i s g £ C[X-.) such that g(x) = 0 and g(B) = 1 .

If / i s the r e s t r i c t i on of g to X , then / € C"[x, Cj) , f(x) = 0 ,

and f{A) = 1 . Since C c C , , C"{x, Cj) c C"(X, C) , and the proof is

complete.

PROPOSITION 1.8. A Cauchy space {X, C) which has an it-regular,

Hausdorff completion is \i-regular and Cauchy-separated.

Proof. Let ([X , C J , j ) be a Hausdorff, to-regular completion of

(X, C) . We wi l l f i r s t show that (X, C) i s u-regular. Let F € C ;

then c l (j'F) EC. . If. A c X , then
UVU 1

https://doi.org/10.1017/S0004972700043665 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700043665


Completions of Cauchy spaces 83

clux ^A) = n v 1(S) : B closed subset of R> Jk c f1^)' f e C(x1)\ '

by Proposition 1.7, and

clJi = n{rX{B) : B closed subset of R, A c f 1 (B) , / € C~U)} .

If / € £(*-,) , then the res t r i c t ion of / to X i s in C"(X) . Thus

<7'(cl jA) <= c l ^ (j'4) , and i t follows that cl ^ > j ' 1 c l ^ (j'F) . Thus

cl VF € C , and (X, C) i s y-regular.
UA

To show that {X, C) i s Cauchy separated, l e t F, G € C and

F n G f C , Then j'F and jG are in dis t inct Cauchy equivalence classes

in C , and so jf •*• a in X , jG •+ b in X , and a ? b . Since

X i s o>-Hausdorff, there is a function / in Cfc) which separates the

points a and b . If g = f ° 3 , then g 6 C~(X) , and limg'F + limgG .

2. The natural completion

In th is section, we wi l l characterize the c^-embedded Cauchy spaces

both internally and externally; the external characterization leads to

what we ca l l the natural completion. The natural completion i s an

to-regular, Hausdorff, pseudo-topological completion obtained by embedding

{X, C) into C"C"(X) under the natural injection i .

Let hom~C~(X) denote the subspace of C"C(X) consisting of a l l

continuous algebra homomorphisms from C"(X) into R which preserve the
multiplicative ident i ty . honTC~(X) coincides with hom C~(X) , and by

c

Corollary 1.6, hom"C~(.X') i s an OK regular, Hausdorff, pseudo-topological

convergence space, since a l l of these properties are inherited from

C C(X) . We wil l assume that hom"C~(JO is equipped with the Cauchy
.structure inherited from C~C^(.X) .

PROPOSITION 2 . 1 . Let {X,C) be a Hausdorff Cauchy space,

i : (X, C) ->• C~C"(X) the natural function.

(a) i(X) is a dense subset of honTC~(Jf) .

(b) i is Cauchy - continuous.
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(o) If (X, C) is Cauchy-separated, then i is one-to-one.

Proof. Let ( ( * , C ) , j) be a strict, Ha\isdorff completion of

{X, C) (see remarks preceding Proposition 1.5). Consider the following

commutative diagram:

(x, c) 1- crc(x)

4 <
In this diagram, id is the identity map and T the homeomorphism

and algebra isomorphism derived from the homeomorphism ¥ : C"(X) -*• C~ [X )

of Proposition 1.5- By the work of Binz [!], i is always continuous and

onto horn C [X J . Thus i is a composition of Cauchy-continuous

G G _]_

functions (recall that all the spaces in the above diagram except (X, C)

are complete Cauchy spaces, and continuous functions between complete

Cauchy spaces are Cauchy continuous). jX is dense in X , and therefore

i.jX is. dense in hom C [X J . Since T is an algebra isomorphism, T

carries hom C [X ) onto hom^C"{X) , and (a) is thus established.

G G _L

Finally, assume that (X, C) is Cauchy-separated, and let

i(x) = i(y) . This implies f(x) = f(y) , all / (. C(X) . But \iX has

the weak topology induced by C*(X) , and x = y follows from the fact

that VX is Hausdorff whenever (X, C) is Cauchy-separated (see the

remark preceding Proposition 1.7).

Let (X, C) be a Cauchy space. A collection B of subsets of X

will be called a Cauchy covering system if each member of C contains a

member of B . This definition is the obvious extension to Cauchy spaces

of the notion of "covering system" defined for convergence spaces in [4].

Starting with a Cauchy system B for {X, C) , let (J be the

uniformity on the set C"(X) with basic sets of the form

T{B1, ..., Bn, e) = {(/, g) : \f(x)-g(x)\ < e for all x, y € UZL} U A ,

where A is the diagonal in C(X) x C~U) , {B1, ... , B^} is an

arbitrary finite subcollection of B , and £ > 0 . Let 0 be the zero
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function in C*(X) , and N(0) the neighborhood f i l ter at 0 in the

uniform topology on C"(X) .

LEMMA 2.2. In the notation of the preceding paragraph, N(0) f Ĉ  ,

the continuous Cauchy structure on C(X) .

Proof. Let H E C ; then H contains a set B € 8 , and, for any

E > 0 , (T(B, E ) ( O ) ) ( B ) C (-e, E) .

THEOREM 2.3. The following statements about a Cauchy space {X, C)

are equivalent:

(a) (X, C) is c"-embedded;

(b) {tionTCU), i) is a completion of (X, C) ;

(c) {X, C) has an in-regular, Hausdorff, pseudo-topological

completion;

(d) (X, C) is \i-regular, Cauchy-separated, and •pseudo-

topological.

Proof, (a) implies (b). By Proposition 2 .1 , i{x) is a dense subset

of hom~C"(X) . hom~CT(jO is a closed subspace of the complete Cauchy

space C"C~(X) , so ham^C^(X) Is also a complete Cauchy space.

(b) implies (c). We noted in the second paragraph of Section 2 that

is w-regular, Hausdorff, and pseudo-topological.

(c) implies (d). See Proposition 1.8.

(d) implies (a). The function i : {X, C) •+ honrc"(;r) is Cauchy-

continuous and one-to-one by Proposition 2.1. Thus i t remains only to show

that if G is a f i l te r on X such that iC is convergent in honrC1^) ,

then G € C . Since {X, C) is pseudo-topological, i t is sufficient to

show:

(1) each ul t raf i l ter finer than G is in C ;

(2) a l l ul t raf i l ters finer than G are in the same equivalence

class.

To establish ( l ) , assume that F is an u l t raf i l te r , F > G , and

F £ C . Then i(F) converges in hom"C(X) . Since F £ C , and (X, C)

is u-regular, F £ cl i for a l l H £ C . Thus, for each H (. C , there
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i s #„ in H , but not in F , such that #„ is y^-closed. The set

B = {H^ : H (. C} is a Cauchy covering system for (X, C) . Let U be the

uniformity on the set C^(X) derived from 8 , as in the paragraph

preceding Lemma 2.2 , and l e t W(0) be the uniform neighborhood -filter at

the constant function 0 . By Lemma 2,2, W(o) € C~ . Since i(F) is

honT<rU)-Cauchy, t(F)(N(o")) •* 0 ; which implies that (W(o"))(F) ->• 0 in

R .

Let I? be a neighborhood of 0 in R not containing 1 . Then

there are sets B , ..., B in 8 , z > 0 , and F € F such that

{T{B . . . , B , e))(F) c W . Since F i s an u l t r a f i l t e r and -B. ^ F for

i = 1, ..., n , F i s not a subset of B = U{B. : i = 1, . . . , n} . Let

x € F-B . Since B i s yX-closed, i t follows from Proposition 1.7 that

there i s a function / i C(X) such that / U ) = 1 and f[B
Q) = 0 . By

t h i s construction, / (. T[B . . . , B , e) , but / (x) \ W for a; € F , a

contradict ion. This contradiction establishes that F ( C , and assertion

( l ) i s proved.

To establish (2) , suppose that F and H are u l t r a f i l t e r s finer than

G ; thus i(FnH) > i(G) . Let / € C{x) . Then (i(FnH))(/) i s equal

to / (F) n / (H) , and so the l a t t e r f i l t e r i s Cauchy in R . Thus /(F)

and /(H) converge to the same point in R , and th is i s true for a l l

/ € C~U) . Thus, since (X, C) i s Cauchy-separated, F n G € C . This

completes the proof of Theorem 2.3.

If (X, C) i s a e^-embedded Cauchy space, we wil l refer to

hom~C~(.X) as the natural completion of (X, C) . As our concluding resul t

in t h i s paper, we wi l l prove that the natural completion of a e~-embedded

space has the universal property in the class of a l l e~-embedded Cauchy

spaces.

Let <f> : (X, C) -»• [X , C ) be a Cauchy continuous function from one

e~-embedded Cauchy space in to another. Then i t i s a routine matter to show

tha t the function ^ : C"[X^) •* C(X) , defined by ^ ( f ) = f$ for a l l

f € C"\X-J , i s a Cauchy-continuous algebra homomorphism.
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THEOREM 2.4. If U , C) is a c"-embedded Cauchy space, [x , C )

a complete c"-embedded Cauchy space, and <|> : {X, C) -*- [x , C ) is

Cauchy-continuous, then $ has a unique Cauchy-continuous extension

Proof. Define the natural function <|> : C"C~(X) -> C"C" ( l ) in the

manner described in the preceding paragraph. Let O be the res t r ic t ion of

$ to hom"C"(X) . Since <f> is a Cauchy-continuous homomorphism,

o" : hom^C^(j) -»• hom^C" [X, J i s Cauchy-continuous. Since (#-,5 C ) is

complete, [x , C ) i s Cauchy-homeomorphic to hom~C~[x ) . Let

—1 /\ ~ { \

4* = i a , where i. is the natural embedding from X onto horn C [X-,) .

It is clear from this construction that ip is an extension of <$> (in the

sense that ((1 = tyi ) and also that this extension is unique.
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