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Abstract

We extend a result due to Zazanis (1992) on the analyticity of the expectation of suitable
functionals of homogeneous Poisson processes with respect to the intensity of the process.
As our main result, we provide Monte Carlo estimators for the derivatives. We apply our
results to stochastic models which are of interest in stochastic geometry and insurance.
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1. Introduction

Let N be an independently marked homogeneous Poisson process (IMHPP) with points in
R? and marks with distribution Q taking values on some complete separable metric space M.
Under the probability measure P, , the intensity of the Poisson point processis A > 0. Moreover,
let (N) be a real-valued functional of the process, and let E; be the expectation under P;. The
function A — E,[¢(N)] is known to be smooth in A under several and different assumptions.

Zazanis [34] focused on functionals depending only on the configuration, up to a finite
stopping time, of a homogeneous Poisson process on the half-line. For this class of functionals,
he proved that the function A — E;[¢(N)] is analytic under a specific moment condition on
the functional, and a light-tailed assumption on the stopping time. However, he did not provide
an explicit expression for the derivatives.

For one-dimensional IMHPPs, Baccelli et al. [S] provided sufficient conditions for the
m-differentiability of E, [¢(N)] with respect to A, in a neighborhood of the origin, and closed-
form expressions for the derivatives in terms of multiple integrals. However, their method did
not address the question of analyticity and their set of conditions was different from ours.

A more general framework was considered in [24]. Let N be a (not necessarily homoge-
neous) Poisson process on a locally compact separable metric space with intensity measure A.
Moreover, let ¢ (N) be a suitable functional of the process. Molchanov and Zuyev [24] studied
the analyticity of the expectation E [¢ (V)] with respect to A. In particular, they proved that,
under some assumptions on ¢, the function A — Ex[¢(N)] is analytic on the cone of positive
measures.
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For Poisson processes with a finite intensity measure A, a relevant work is also that of [1],
where it was proved that the expectation E [¢(N)] is analytic with respect to a perturbation of
A by a semigroup.

In this paper we basically rely on Zazanis’ paper [34] for the analyticity of A — E;[p(N)],
where N is an IMHPP on R? x M. As our main result, we derive explicit formulae for all
the derivatives of A +— E;[¢(N)]. These formulae provide Monte Carlo methods for the
sensitivity analysis of suitable Poisson-driven stochastic systems with respect to the intensity
of the process.

There are several motivations for being interested in sensitivity analysis: the main reasons
are the applications to optimization and control of complex systems occurring, for instance, in
stochastic geometry and insurance. Sensitivity analysis was introduced in [16], and has been
addressed by many authors (see, for instance, [14] and the references cited therein). There are
mainly three ways to handle this problem: the infinitesimal perturbation analysis (IPA), the
likelihood ratio method (LRM), and the rare perturbation analysis (RPA). We refer the reader
to [19] and [32] for more insight into the IPA method, and to [30] for more details on the LRM.
It is worthwhile to mention the work of Decreusefond [11], where, using Malliavin calculus,
it was shown that the IPA, RPA, and LRM could be seen as a part of the stochastic calculus of
variations. The main achievement of Decreusefond’s paper was that he was potentially able to
consider discrete-event systems to be more general than Poisson processes.

As already mentioned, we derive explicit formulae for all the derivatives of A — E; [ (N)].
For this we use the RPA method. Suppose that we wish to compute the derivative dE, [¢(N)]/dA.
We distinguish two different RPA methods: the virtual and the phantom. The virtual RPA
method may be attributed to [29], and has been revisited in [4]. Following the ideas of these
papers, we evaluate the limit

B Exrarle(N)] — E)[p(N)]
1m .
AL—0 AX

The key idea is to use the superposition property of IMHPPs to generate an IMHPP of intensity
A + AA from a small perturbation of an IMHPP of intensity A. By a coupling argument, an
IMHPP of intensity A 4+ AA is generated from the superposition of two independent IMHPPs
of respective intensity A and AX. The phantom RPA method was introduced in [8]. Following
the approach in this paper, we compute the limit

5 E)[o(N)] — Esx—ar[e(N)]
im )
AL—0 AA

The idea is to use the thinning property of IMHPPs to generate an IMHPP of intensity A — AAX:
similarly to the previous case, this process is generated from a small perturbation of an IMHPP
of intensity A by a coupling argument. We generalize this approach to compute the nth-order
derivatives d” Ey [¢(N)]/dA".

Our results can be applied to suitable functionals of random sets arising in stochastic
geometry. Furthermore, by using importance sampling and large deviations techniques, we
show that our results can be applied to ruin probabilities of risk processes with Poisson arrivals
and delayed or undelayed claims. In the case of classical risk processes (undelayed claims) we
provide an asymptotically optimal Monte Carlo estimator for the first-order derivative of the
ruin probability.

The paper is organized as follows. In Section 2 we fix the notation and extend Zazanis’
result about analyticity of functionals of homogeneous Poisson processes. In Section 3 we
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state our results about nth-order derivatives of functionals of homogeneous Poisson processes.
In Section 4 we prove the results given in Section 3. Finally, in Section 5 we apply our results
to stochastic models which are of interest in stochastic geometry and insurance.

2. Preliminaries

2.1. Notation

Letd > 1 be an integer, let M be a complete separable metric space, and let & be the space
of all counting measures on R? x M, defined on the Borel o-field .,‘B(Rd) ® B(M), such that
each measure u € N is simple and locally finite, that is, w({(x, z)}) is equal to 0 or 1 for each
(x,z) € R? x M and p is finite on each set of the form B x M, where B is a bounded Borel
set. We endow the space N with its usual topology (see, for instance, [10] for the details). Any
measure in N can be represented as

(@RI xM) w(RY M)

=Y S = Q. Ou M
n=1 n=1

where (x,, z,) = X, € R? x Mand Sx,z)y (x,2) € R? x M, is the Dirac measure on :B(Rd)@)
B(M): forany B € BRY) and M € B(M), Sx,))(B x M) isequalto 1if (x,z) € Bx M
and equal to 0 otherwise. The elements of the sequence {z,},>1 € M are called marks. The
symbol supp(u) will denote the support of the counting measure p € N, that is, if  is given
by (1), supp(u) = {(xx, Zn)nzl}-

Let B, be the closed ball centered in 0 with radius r, and let B(x, r) = x + B, be the closed
ball centered at x with radius r. If K is a compact set then, throughout this paper, we denote
by Bk the smallest closed ball centered in O which contains K.

Letiu =Y -1 8x, = D p>10(xr.2,) bein N. For B € B(RY) and M € B(M), we set

() (dx) = /B VG D x d2) = Y s 2, (B X M)

BxM n>1

for any measurable functional ¥ : R x M — R such that the sum is well defined.

Let B € R? be a Borel set. Throughout this paper, we denote the set of points of supp (i)
in B x M by u|p and the number of points of x in B x M by ug. With an abuse of notation,
| B| denotes the Lebesgue measure of B and, for real numbers x € R, the symbol |x| denotes
the usual absolute value.

For any measurable functional ¢: & — R and x € R? x M, we define the increments

Df () = p(u+8x) — () and Dye(u) = ¢(n) — ¢ — ),
where Dy ¢ (1) is properly defined only if x € supp(u). Similarly, if &’ € N,
Dyig() = ¢ +u)—¢w) and Do) = ¢ — ¢ —u),

where D, ¢(u) is properly defined only if supp(u’) € supp(u).

Let (€2, ¥, P) be a probability space. A (simple and locally finite) marked point process on
R¢ with marks in M is a measurable mapping from  to .&. Throughout the paper, we fix a
marked point process N on R¢ with marks in M. For a Borel set B € R¢, define the following
o-field on :

Fg=0c{N(C xM): CeBRY, C<B, M e BM)).
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Let FF and K respectively denote the family of closed and compact sets of RY. We endow these
families with their standard topology (see [22] and [31]). Let S: & — [ be a measurable
mapping. We say that S is a stopping set if S(N) is a measurable mapping from €2 to K such
that {S(N) C K} € Fx foreach K € K. The stopping o -field is the following collection on £2:

?sza{Fe \/ Fx: Fn{S(N)gK}enyforauKeK}.
KeK

For details and properties of stopping sets and stopping o -fields, we refer the reader to [36].
All the random elements considered in this paper are defined on the measurable space (2, ).
We endow such a space with the family of probability measures {P, },~¢ such that, under P;,

the marked point process
N = 25(Xn,zn> = Zfsxn
n=1 n>1

is an IMHPP of intensity A > 0, that is, the ground point process {X,},>1 is a homogeneous
Poisson process with intensity A, the random marks {Z,},> are independent and identically
distributed (i.i.d.) with law Q, and the sequences {X,},>1 and {Z,},>1 are independent. We
denote by E, the expectation associated to P, . Note that N is actually a Poisson point process
on R4 x M with intensity measure AA, where

A(dx x dz) = dxQ(dz)

is the product measure on R? x M of the Lebesgue measure and Q.

Although in Section 2.2 and Section 3 we assume that {X,},>1 is a homogeneous Poisson
process on X = R4, the results therein still hold if ¥ is a Borel subset of R? and {Xn}n>11s the
restriction on X of a homogeneous Poisson process on R4 (for instance, note that in Section 5.2
we apply the results of Section 2.2 and Section 3 to stochastic models where {X},},>1 are the
points of a homogeneous Poisson process on [0, 00)).

2.2. Analyticity of functionals of IMHPPs

Our analysis is based on a result, due to [34], which can be extended to the context of
stopping sets as follows. Let ¢ be a measurable functional from N to R, let f (1) = Ej[p(N)],
let £ (1) = d" f(A)/dA", and let [a, b) be an interval of the positive half-line. We consider
the following assumptions.

There exists a stopping set S such that ¢ (N) is Fg-measurable. 2)
For any A € [a, b), there exists y = y(A) > 1 such that E;[|¢(N)|"] < oc. 3)
For any A € [a, D) there exists s = s(A) > 0 such that E; [exp(s|Bsn)|)] < oo. @

The following theorem holds.

Theorem 1. Assume that (2), (3), and (4) hold. Then f(-) is analytic on [a, b), that is, for a
fixed xq € [a, b), we have

)
f(ﬂ=2¥(x—xo)”, x € [a, b).

n>0
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Zazanis [34] considered a homogeneous Poisson process N on the half-line and stopping sets
of the form S(N) = [0, T(N)], where T(N) is a stopping time with respect to the natural
filtration of the Poisson process. Moreover, he assumed the following stronger condition in
place of (3):

Ek[<p4(N)] < oo foranyA € [a,b).

To prove Theorem 1, we need the following lemmas.

Lemma 1. Under assumptions (2) and (4), for all A € [a, b), there exists s’ = s’ (L) > 0 such
that E, [exp(s'Ns(n))] < o00.

Lemma 2. Under the assumptions of Theorem 1, we have
A4 e\ Vs sy =1 Ay —1)
Exlle(NI\ —— exp(e|Bsv)l) | <00, &€ |0, min , .
A 2y 2y

Here y is given by assumption (3), s is given by assumption (4), and s’ is determined by
Lemma 1.

Proof of Lemma 1. For ease of notation, throughout this proof, we write S = S(N). Let s
be given by assumption (4), and set C = E,, [e’151] and § > eZA. For k > 0, let ry be such that
|B,, | = k/8 (thatis, ry = (k/87a)"/?, where 4 is the volume of the ball B;). We note that

k
P,(Ns > k) < P)L<|Bs| > g) —‘,—P)\(Ngrk > k) forallk > 0. (@)

By a standard large deviation estimate for the Poisson distribution (see, for instance,
[26, Lemma 1.2]) we have, for all k > eZ},

k k k 8
P)\(NBrk > k) < exp(—zlog(MB |)) = exp<—510g<x)). 6)
Tk

Therefore, by (5), (6), and Markov’s inequality, it follows that, for all k > ezk,

k )
P, (Ns > k) < Cexp(—gk) + exp<_5 10g<X))'

Finally, we easily deduce that, for 0 < s’ < min{s/é, %log(B/)»)}, E;lexp(s'Ns)] = 1 +
(exp(s’) — 1)) 40 exp(s'k) Px(Ns > k) < oo.

Proof of Lemma 2. Asabove, wesetS = S(N). The proofis similar to the proof of Lemma 2
in [34]. Following the proof of Lemma 2 in [34] and using Holder’s inequality (in place of the
first application of the Cauchy—Schwarz inequality) and then the Cauchy—Schwarz inequality,
we have

A e\
E{W(NN(T) eXp((‘?lle)}
A4 e\ 7/ =D)Ns (r=1/y
s(EAnq)(N)m)W(EA[( js) exp(ayilw)})

Y @y/(y—=1)Ns ) (y=D/2y
< EulleN)I" D' <EA[< ;’8) ]EA [exp(sy U 1 |Bs|)D :

The claim follows by Lemma 1 and assumptions (3) and (4).
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Proof of Theorem 1. Zazanis’ [34] result can be extended as stated by Theorem 1. We briefly
outline the main changes in the proof: follow the proofs of Theorem 4 and Corollary 2 of [34]
replacing Lemma 2 in [34] with Lemma 2 and the so-called Cameron—Martin—Girsanov change
of measure by the change of measure

dPy s
dPa)S

A\
_ (;) exp(=IS(V)| (. — a)), M

where P, s denotes the restriction of P, to s (note that P, < P, on the stopping o-field Fg
with density (7) due to the results in [36]).

Remark 1. A function g: R — [0, 0c0) is said to be absolutely monotonic in [a, b) if it has
derivatives of all orders that satisfy g®(x) >0 forall x € (a,b) and k > 0. Consider a
nonnegative functional ¢ (i, A) on & x R, which depends explicitly on A in such a way
that, for each u € N, the function A — ¢(u, A) is absolutely monotonic in [a, b). If,
moreover, assumptions (2), (3), and (4) are satisfied with ¢ (u, A) in place of ¢(u), then f (1) =
E,[@(N, A)] is analytic on [a, b). The proof is similar to that of Theorem 1. In particular, note
that the absolute monotonicity of A — @ (N, 1) implies the absolute monotonicity of

Nsvy
A= @(N, /\)<5> exp(—|S(N)|(A — a))

in [a, b). Indeed, similarly to [34], we can prove that the function

Nsn)
A (E) exp(—|S(N)|(A — a))

is absolutely monotonic. The claim follows using the fact that the product of two absolutely
monotonic functions is an absolutely monotonic function.

3. Rare perturbation analysis

Sensitivity analysis is concerned with evaluating derivatives of cost functions with respect
to parameters of interest. It plays a central role in identifying the most significant system
parameters. In this section we give Monte Carlo methods to estimate the derivatives of the cost
function f (1) = Ej[¢(N)]. An application of importance could be the use of such gradient
estimates in stochastic gradient algorithms to find the optimal value A¢ that minimizes the cost
function.

3.1. Monotone mappings

The following notion of monotonicity is crucial in this work.
Definition 1. Let S be a measurable mapping from A to F. We say that S is nonincreasing
or nondecreasing if, for any w1, 1y in N, the inclusion supp(ie;) < supp(uz) implies that

S(e1) 2 S(p2) or S(e1) S S(u2), respectively. The mapping S is said to be monotone if it is
nonincreasing or nondecreasing.

We give a couple of examples as a guide to intuition. Let © = {x,},>1 be a locally finite
counting measure on [0, o). Define the functional ¢ (1) = 1 A x1, where x7 is the first point
of u on [0, 00), and define the measurable mapping S(i) = [0, x1]. Then S is nonincreasing,
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but it is not nondecreasing. Instead, if we define S(u) = [0, 1] then § is nonincreasing and
nondecreasing.

3.2. First-order derivative
In this subsection we state the result concerning the first-order derivative of f(-). Its proof
is given in Section 4.

Theorem 2. Under the assumptions of Theorem 1, with y given in (3) such that y > 2, and if,
moreover, the mapping S is monotone then, for all A € [a, b),

£ = B, lIS(N) | DY p(N)] ®)
N
- EA[ S;N) D;go(N)} )

where X = (£,¢) and X' = (¢, ¢') are random variables on R® x M. Given S(N), £ is
uniformly distributed on S(N); ¢ is independent of N and & and has law Q. Given the
collection of points N\sny, X' = (&', ¢’) is uniformly distributed on the collection.

The closed-form formulae provided by (8) and (9) both give a Monte Carlo method to
simulate the derivative of f(A). We also note that if we consider an IMHPP on (—o0, 0] with
marks in (0, c0), and the assumptions of Theorem 2 hold, our formulae for the first-order
derivative coincide with the corresponding formula in [5] (see [5, Equation 10] with k£ = 1).
This easily follows by equality (9) and the forthcoming equalities (37) and (38). A similar
remark holds for the nth-order derivatives (see Theorem 3, below).

3.3. Higher-order derivatives

We now generalize Theorem 2, stating the result for the nth-order derivatives £ (). The
details of the proof are given in Section 4.

Let ¢ be a measurable functional from N to R. As in [6] and [29] for © € N, n > 1, and
xi =i, z) €RExM, i=1,...,n,define

Pxron (1) = 81, X)) Y (D)"Y ¢<M+Zaxi), (10)
k=0

mel(™)) iex
where e(xy,...,x,) = 1({xy, ..., x, are distinct}) and {(Z)} denotes the collection of all
subsets with cardinality k of {1, ..., n}. We will also consider the functionals
n
@I () = (X1, X)) Pxy s <M - Zﬁx,), (11)
i=1
which are properly defined only if x, ..., x, € supp(u). Note that ¢y, . x, (and therefore
@X1---¥n) ig invariant by permutations in the sense that, for any permutation o of {1, ..., n},
B (1)1 X ) () = ¢x,.....x, (). Furthermore, as can be easily seen, reasoning by induction on
n > 1, we find that if e(x1, ..., x,41) = 1 then

Dxq,sXpsl (n) = DOx1,....%n (n+ 5x,,+1) — Qx1,...,x, (n) = D;;H_] DOxy,....xp, (n) (12)
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and
gttt () = @t () — @t (= 8y, ) = Dy @ (). (13)

In particular, gy, (1) = Djl @(p) and *! () = Dy, @(). In the following theorem we use the
standard convention that the sum over an empty set is 0 and k!/(k — n)! = 0 forn > k.

Theorem 3. Under the assumptions of Theorem 2, for all A € [a, b) andn > 1,

F™0) = EAlIS(N)"gx,.... x, (N)] (14)
_ EA|:<NS;N)> g0)(;,...,)(;,(1\]):| (15)
_ Nsw)! XU, X!
= EA[ Wy =i ? (N)], (16)

where, for 1 <i <n, X; = (&;,¢), X, = (&, ¢)), and X = (&', {[") are random variables
onR? x M. Given S(N), (¢i)1<i<n are independent and uniformly distributed on S(N), and
independent of N; (£i)1<i<n are independent, independent of N and (&;)1<i<n, and have law Q.
Given the collection of points Ns(n), (X[)1<i<n are independent and uniformly distributed on
the collection; {X1, ..., X))} is uniformly distributed on the set of subsets of n distinct points
of Nisw)-

Note that (16) implies that £ (1) = 0 if Ns(y) < n with probability 1.
Putting together Theorems 1 and 3, we obtain the following corollary.

Corollary 1. Under the assumptions of Theorem 2 and the notation of Theorem 3, for all
A € la,b),

Nsny n
r—a\'N , ,
f(sza[ ) j( “) A n(N)}.

a
n=0

4. Proofs of Theorems 2 and 3

4.1. Integrability lemmas

In the core of the proof of Theorems 2 and 3 we use the integrability of some functionals.
In this subsection we prove such integrability results.

We start with a simple continuity result.

Lemma 3. Under the assumptions of Theorem 1, for all a € [0,y (X)), the function '
Ex[lo(N)|¥] is defined in an open neighborhood of A and is continuous at A.

Proof. Throughout this proof, we set S = S(N). The conclusion is trivial for « = 0.
Assume that « > 0. We prove that

lim Esi6[lo(N)|“] = Exllo(N)]]. (an
e—>0"
A similar argument can be used to prove the same limit as ¢ — 07. Lets = s(A) > 0

be given by assumption (4), 8 = y/a > 1, and ¢ € (min{—XA, —s(B8 — 1)/B},0). By the
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Cameron—Martin—Girsanov change of measure (7), it follows that

A Ns
EA+8[|‘P(N)|O[]=EA|:|¢(N)|O[< j\”’“) e—s|S|}

By the choice of ¢ we have

A+e

Ng
T) e Bl < Jp(V)[7e 15! < |¢(N)|“exp<

— 1S
|¢><N>|°‘< s(6 — Disl '>.

B

Now, Holder’s inequality and assumptions (3) and (4) give

s(p — DIS]|

EAI:|(/’(N)|a eXP( 5

>i| < EA[|(p(N)|V]“/V E)L[eSISI](ﬁ*l)//3 < oo.

The limit (17) is then a consequence of Lebesgue’s dominated convergence theorem.
Forany u € N,n > 1,and x; = (x;,z;) € RY x M, i =1, ...,n, define the functionals

V0= [ o, 01 AR Al
(R‘{ x M)"
and (with the convention that the sum over an empty set is 0)

X() = > ™1 ()

{x1,....x2 }Csupp()
where the sum is taken on sets of n distinct points of p. The following lemmas hold.

Lemma 4. Under the assumptions of Theorem 1, and if, moreover, the mapping S is nonin-
creasing then, for all . € [a,b) and a € [1, y), Ex[Y(N)*] < oo.

Lemma 5. Under the assumptions of Theorem 1, and if, moreover the mapping S is nonde-
creasing then, for all . € [a,b) and a € [1, y), Ex[x (N)*] < oc.

Proof of Lemma 4. For ease of notation, set P = P, and E = E,. Let ¢ > 1 be such that
ga <y andlet p > 1 such that 1/p + 1/ = 1. Moreover, let N = anl 5()?,.,2,.) be an
IMHPP with intensity AA, such that Z; has law Q and N is independent of N. Here AX is
chosen so that & + AA < b and E[exp(2paAL|S(N)|)] < oo. Reasoning by induction on
n > 1, we find that assumption (2) and the monotonicity of S imply that

Ox...x, (N) =0 forany (xq,...,x,) ¢ S(N)". (18)
Indeed, for n = 1, the F5-measurability of ¢ (N) and the inclusion S(N + §x) € S(N) for all

x = (x,2) € RY x Mimply that (N + 8,) = ¢(N) foreachx = (x,z) € (R? \ S(N)) x M.
The general case is proved similarly. Therefore,

WN) = / (x,n (N AED) -~ A(dxy).
(S(N)xM)”
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By the superposition property of Poisson processes, N + N is an IMHPP with intensity A+ AA.
It follows that

YN < ISWI"Y <Z>|S(N)|‘k/
k=0 s

SNWIES (Z) Ellp(N + N)| | Nsav) =k, N1
k=0

k
¢<N + Zax,.> ‘A(dxo - A(dxg)
i=1

(N)x M)k

n J — (n \ -1
< [S(NI"Ellg(N + N)| | N1 i) PVsan =k | N)

k=0

k!
< IS(N)["Ellg(N + Q)] | N] Z ( )memmm

nl s (AXS(N)"*
= a0 Ellp(N + N)| | N]Z—_ o
n! Q2AMS(N)]
< — (Ak)" E[l¢(N + N)| | N].

Using Jensen’s inequality and Holder’s inequality, we deduce that

E[y/(N)*] < ( ) E[e?*ASMIE[o(N 4+ N)| | ND?]

(A"

n! \* 20 ALS(N)| SN
=< <(AA)”) Ele E[lp(N + N)I® | N]]

I\ Y
< (m"x)n) E[e?P*MHSMNYPEllo(N + N)|947'/4

< Q.

Proof of Lemma 5. SetP = P; and E = E;, and let N®" and N S"N) respectively be the set
of the n-tuples of n distinct points of N and N g(v). Let p,q > 1 be such that «g < y and
1/p+1/q = 1. Let {B,},>1 be ani.i.d. sequence of Bernoulli random variables, independent
of N and defined by

AX
P =0)=1-PBr=1)=—.

Consider the thinned IMHPP of intensity A — AX given by N = Y =1 Bndx,.z,)- Lets >0
be such that E[exp(s Ngnv))] < oo (see Lemma 1). Here we choose AL in such a way

that 2pa log(A/(A — AA)) < s. Reasoning by induction on n > 1, it can be proved that
assumption (2) and the monotonicity of S imply that

Xt Xa(NY =0 for Xy,..., X, € supp(N): X1,..., X, & S(N). (19)

Indeed, for n = 1, the Fs-measurability of ¢(N) and the inclusion S(N — éx) € S(N) for
all X = (X, Z) € supp(N) imply that ¢(N — §x) = ¢(N) for each X € supp(N) such that
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X € R?\ S(N). The general case is proved similarly. Therefore,

X(N) = > X1 Xa (W) (20)
{XT..... X5} Csupp(N)
1 X*,.., X
== 2 et @1)
(X}, X})EN®"
1 X5 X*
== Nt (22)
0. X:;)eNI%;’N)
=;E[<NS<N>>"|¢X" ~~~~~ Xo(N)| | N1, (23)

where the equality in (21) follows from the invariance by permutations of ¢*!~*(u), the
equality in (22) follows by (19), and the equality in (23) follows by the definition of (X l’ N<i<n
(see the statement of Theorem 3). If Ngu) < n then x(N) = 0. On the other hand,
if Ng(vy = n, we deduce that

X (N) < E[(Nsn))" 19X 1 Xn(N)| | N]

n k
o 2 o) 2]
=1

k=0 (i1, ....ic}el(}))

n - n N7 N7
= (Nsv)" Y (k) E[le(M)| | N, Nsvy — Nsvy = k]
k=0

< (Nsv))"Elle(N)| | N1 (Z) P(Nsv) — Nsavy =k | N)™!

k=0
= (Vson)" Ellp| | M3 (1) 2 s — ot (A% ( _ﬂ>
= (Nsv)) E[|¢(N>||N]]§O(k> Noor] (k) 1-=

Nsv) .
< K(NS(N))"< ) E[le(N)| | N1,

A —AA

where K = (A/AL)" Y i _ k! (Z) Finally, using Jensen’s inequality, Holder’s inequality, and
Cauchy—Schwartz’s inequality, we obtain
aN. S(N) »
) lp(N )Ia}

paNsw)71/p .
) } Ello(N)[1%]'/4

2 2paNsny)1/2p B
sK“E[<N3<N>>2P“"]1/2PE[( ) ] El|p(N)[1%]"/4

E[x(N)*] < I("[E[U\’S(N))a"(A AR

< KO(E N pan
=< [( S(N)) (A—Ak

A —AX
< Q.

4.2. Case of nonincreasing mappings

In this subsection we prove the closed-form formulae given by (8) and (14) in the case of
nonincreasing mappings S. More precisely, the following propositions hold.
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Proposition 1. Under the assumptions of Theorem 2, and if, moreover, the mapping S is non-
increasing then, for all A € [a, b), (8) holds.

Proposition 2. Under the assumptions of Theorem 2, and if, moreover, the mapping S is non-
increasing then, for all A € [a, b) and n > 1, (14) holds.

We start by proving Proposition 1. The proof is based on the virtual rare perturbation method
considered in [4].

Proof of Proposition 1. For ease of notation, we set P = P, and E = E, . A straightforward
computation gives

[IDYo(N)| | N DIo(N)|A
E[|IDye(N)| | N] = S| S(N)XMI T o(N)|A(dx)
1
DIo(N)|A 24
|S(N)| RxMI + 9(N)|A(dx) (24)

almost surely (a.s.), where the latter equality follows by assumption (2) and by the assumption
that S is nonincreasing. Indeed, as in the proof of Lemma 4, the ¥5-measurability of ¢ (N) and
the inclusion S(N +8x) € S(N) foreach x € RY x M imply that (N +8x) = ¢(N) for each
x = (x,z) € (RY\ S(N)) x M. Thus, the mtegrablhty of the random variable |S(N)|D o(N)
follows by Lemma 4. Now, as in Lemma 4, let N = D =16 (%,.2,) b€ an IMHPP with intensity
A such that Z haslaw Q and Nis independent of N. By the superposmon property of Poisson
processes, N + N is an IMHPP with intensity A + AA. Here we choose small enough A\ so
that A + AL < b. Owing to the monotonicity of S, we have S(N + IV) C S(N), and so the
Fs-measurability of ¢(N) yields

@(N) = ¢(Nisvy) and  @(N + N) = ¢((N + N)\S(N))- (25)
‘We then note that
FO4 A0 — f0)  EIDEeN)]

AL AL
= E[Z I(NS(N) = k)D;‘ N)@(N):|
k>1
_ ! e = DT
= HE[I(NS(N) = 1)D1¢,|S(N)<P(N)] (26)
1 “
+ — E[I(NS(N) > 2)DJfS( p(N)], 27

where the second equality follows noticing that by (25) on {NS(N) = 0} we have p(N) =
o(N + N) Fix @ € (2,y())), by Lemma 3, the function A" — E[|@(N)|¥] is continuous
at L. Therefore, there exists a positive constant C > 0 such that E[|p(N)|*] < C* and
E[|o(N + N)|] < C¥ for small enough AA. Using Holder’s inequality and Minkowski’s
inequality, we have

|EI(Nsv) =2 2D oM < PWsvy = 2)' ™V Ello(N + Nisny) — oWV)|“D*

IS(V)
1-1/a
- 2C(E[Z (A)t)k|S(N)|keAAS(N)|i|) /
- k!

k>2
< 2C(AN?IVOELIS(N) P! e, (28)
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By assumption (4) we have E[|S(N) |2] < 00. Therefore, by inequality (28), it follows that the
term in (27) goes to 0 as AA — 0. Since N is independent of N, it follows that

E[1(Nsvy = DDE  o(N)] = E[E[1(Ngvy = DDE @(N) | N1
Nis(vy Nisvy
= E[AMS(N)le”HEVIEIDL  o(N) | N, Ny = 1]

= E[AAIS(N)[e AMSMIE[DEo(N) | NT]
= ALE[|S(N)[e” 25N DFo(N)].

Thus, by the dominated convergence theorem, the term in (26) converges to E[|S(N)| D}Wp(N )]
as AL — 0.

Proof of Proposition 2. Set E = E,, and note that by (18) we have

Y (N) =E[IS(M|"lx,....x, (N)| | N].

Thus, the integrability of |S(N)["¢x, .. x,(N) for any n > 1 follows by Lemma 4. We
prove (14) by induction on n > 1. As already shown, it holds for n = 1. Let ¥ be the
functional defined as i without the absolute value. By (2) and (18), it follows that 1Z(N ) is
Fs-measurable. Assume the inductive hypothesis £ (1) = E[&(N)] for n > 1. Fix
a € (2,y), by Lemma 4 we have E[|1ﬂ(N)|°‘] < 00. Define the random variable X, 1| =
(Ent1, Cas1) With values on R? x M as follows: given S(N), &,41 is uniformly distributed
on S(N) and is independent of N and X1, ..., X,; {41 has law Q and is independent of N,
X1,..., Xy, and &,11. By Proposition 1 we obtain

FD Q) = E[IS(N)| DY

X1

U (N)].

The conclusion follows noting that, by (12) and (18), we have

E[IS(M)|D, , ¥(N)] = f E[D{ 4 (N)]A(dx)
R4 xM

= / El@x;....x,01 (N)A(dX1) - - - A(dXny1)
(RdxM)”'H

=E[ISVMI" M ox,, . x,0 (N1

4.3. Case of nondecreasing mappings

In this subsection we prove the closed-form formulae given by (9) and (15) in the case of
nondecreasing mappings S. More precisely, the following propositions hold.

Proposition 3. Under the assumptions of Theorem 2, and if, moreover, the mapping S is non-
decreasing then, for all A € [a, b), f' (L) equals the term in (9).

Proposition 4. Under the assumptions of Theorem 2, and if, moreover, the mapping S is non-
decreasing then, for all . € [a, b) andn > 1, "™ (1) equals the term in (15).

We first prove Proposition 3. For this we use the so-called phantom rare perturbation method
introduced in [8].
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Proof of Proposition 3. Set P = P, and E = E;. As in the proof of Lemma 5, the
Fs-measurability of ¢ (N) and the inclusion S(N —§x) € S(N) forall X = (X, Z) € supp(V)
imply that ¢(N — éx) = ¢(N) for each X € supp(N) such that X € R? \ S(N). Therefore,

f D5 (NN (dx) = / D5 (NN (dx). 29)
S(N)xM R4 xM

Thus, the integrability of the random variable f S(N)xM D ¢(N)N (dx) follows from Lemma 5.
Now note that

N N
E[%DW(N)] - E[E[ S;N) Dy 9(N) ‘ N|5(N)H
=E[1/ D;q)(N)N(dx):|. (30)
A Js(vyxm

Finally, we show that

1
') :E[X/ wa(N)N(dx)].
S(N)xM

Let {B,}1>1 be the sequence of Bernoulli random variables defined in the proof of Lemma 5.
Consider the thinned IMHPP of intensity A — AA given by N = > o1 Bndix,.z,)- By assump-
tion (2) and the monotonicity of S, it follows that ¢(N) = (p(N|S(N;) and @(1\7) = (P(N|S(N))~
By the independence of {8,},>1 and N, we have, for 0 < k < Ng(y),

- Ng ALY AM\Nsw =k

This equation implies that

E[1(Nsv) — Nsvy = k) (@(N) — ¢(N))]

e
k A A
X Elp(N) — ¢(W) | N, Nsoy) — Nso) = k]}.

Since p(N) = ¢(N|s(w)) and @(N) = o(Njs(n)), we have E[1(Ngn) — Nsvy = 0)(¢(N) —
¢(N))] = 0. Therefore,

J) - fO - AN

AL
_ Elp(N) —o(N)]
- AL
- LE[Y Nsny = k) (@(N) — p(N)
= [; (Ns(vy — Nsivy = k) (@(N) — ¢ ):|

1 AX AL\l - .
= EE[NS(N)(T) <1 - T) E[p(N) —@(N) | N, Nsv) — Nsv) = 1]]
(31)
1 - -
+ ~ E[1(Ns(ny — Nsivy = 2)(@(N) — ¢(N))]. (32)
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We note that, given N and the event {Ng(n) — N s(v) = 1}, the law of the random variable (p(]\~l )
is equal to the law of (N — &x). Thus,

1

E[p(N) —¢(N) | N, Nsv) — Nsv) = 11 =
Nsvy

f (@(N) — @(N — 8x))N(dx).
S(N)YxM

(33)
By the dominated convergence theorem and (33), it follows that, as AA — 0, the term in (31)

goes to
1
E[—/ nga(N)N(dx):|.
A JS(NyxM

The proof of the proposition is complete if we prove that the term in (32) goes to 0 as AL — 0.
Fix a € (2, y (1)), by Lemma 3, the function .’ — E[|@(N)|*] is continuous at A. Therefore,
there exists a positive constant C > 0 such that E[|¢(N)|¥] < C* and E[|¢p(N)|*] < C* for
small enough AX. Using Holder’s inequality and Minkowski’s inequality, we have
|E[L(Nsv) — Nsvy = 2(@(N) — o(N))]|
< (P(Nsvy = Nsvy = 2)' "V Ellp(V) — o(N)|* D

Ns) k Nsvy—k\ 1—1/a
SZC(E[Z (NS“W)(ﬂ) <1_ ﬂ) " D . (34)
= k A A

As can be easily checked, for any n > 2 and p € (0, 1),

- 1
> (Z)Pm“ =) < ot pt (35)

m=2

Thus, by (34) and (35), the absolute value of the term in (32) can be bounded from above by

2C (1AM =1/
Ax\2\ 2

and this quantity goes to 0 as AA — 0, since E[Ng(N)] < oo by Lemma 1.
Proof of Proposition 4. Again, set E = E;. By (20)—(23), we obtain

NSN " U ’ n‘X(N)
(oo ]2

Thus, the integrability of (Ng(y) /k)”(pX,l """ X, (N) for any n > 1 follows by Lemma 5. We
prove (15) by induction on n > 1. By Proposition 3, (15) holds for » = 1. Let x be the
functional defined by

n! .
v’ _ Tseens Xn
X = Yoo e,
{x1,....xn }Csupp(u)
Let N \??N) denote the set of the n-tuples of n distinct points of Ng(y). Since
~ 1 * *
AN =2 > e

)\‘Vl

®
(X5, XENSY,
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(see (20)—(22)), we know that x (N) is Fg-measurable. Moreover, for each n > 1,

N n ’ !
X (N) ﬂ[(%) X1 X (N ‘ N] (36)

(see (22)—(23)). Assume the inductive hypothesis f(")(k) =E[x(N)] forn > 1. Fixa €
(2, y). By Lemma 5 we have E[|x (N)|*] < oo. Let X;/H-l be a random variable on RY x M
such that, given Nisv), X, 41 is independent of (X D1<i<n and uniformly distributed on the
collection Ng(n). By Proposition 3 we obtain

£y = E[—NS;N) Dy, X(N)].

n+1

The conclusion follows noticing that, by (13) and (36), we have

ElDy, | X(N) | N]

A
NS n ! 7
— [(_;M) Xt X (V) ‘ N].

4.4. Proof of Theorem 2

For ease of notation, we again set E = E,. In view of Propositions 1 and 3, it is sufficient
to show that

N
E[|S(N)| D}o(N)] = E[ ) D,}mp(N)]-
Arguing as for (24), we have
E[D}¢(N) | Nl = L DYo(N)A(dx) as.
X IS(N)| Jraxm *
Therefore,
E[|S(N)| DY ¢(N)] = /R ) ME[Djw(N>]A(dx). 37)

On the other hand, using the same argument as for (29) and the Slivnyak—Mecke theorem (see,
for instance, [10]), we obtain

EU D;go(N)N(dx)} =E[/ D;w(N)N(dx)}
S(N)xM R4 xM
= x/ E[D] ¢(N)]A(dx). (38)
R4 xM

The conclusion follows by (30), (37), and (38), which does not depend on the monotonicity
of S.
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4.5. Proof of Theorem 3

As usual, set E = E,. Let ¢/ and ¥ be the functionals defined in the proofs of Proposition 2
and Proposition 4, respectively. Equations (14)—(15) will follow if we prove that

E[¥/(N)] = E[#(N)]. (39)

Indeed, by the proof of Proposition 2, if S is nonincreasing, we have f () ) = E[&(N )], and,
by the proof of Proposition 4, if S is nondecreasing, we have f M) = E[ X (N)]. Equality (39)
follows since, by the extended Slivnyak—Campbell theorem (see [25]) and the invariance by
permutation of ¢*!>~*1 (1), we have

| * *
ELZ(V)] = o E[ Yoo N n(N)}
(X7,

.. X¥}Csupp(N)

n
=/ E[W ’’’’’ Xn (N+28xi)}A(dx1)-~-A(dxn)
(RdXM)" e

_ / Elgx,....o, (N)IA(xD) - - - A(dxn)
(R4 xM)"

= E[Y(N)],

where we have used (11).
It remains to show (16). To this end, we write

B n! Xt X
W= Y Nt
(X7, . X3ICN sy

Nsv! (NS(N)>_1 Z Xt X*
i i ()

- A(Nsny — n)! n

NS(N)!

— E X/ll ,,,,, X;l/ N N ,
e, 19 (N) | N]

where the latter equality follows from the invariance by permutations of ¢*!>~*»(u) and the
fact that p*t " (u) = 0if e(xy, ..., x,) = 0.

5. Applications
5.1. Stochastic geometry

Stabilizing functionals are widely used in stochastic geometry. This class of functionals was
first introduced in [20] and further developed by Penrose and Yukich (see, for instance, [27]
and [28]). Assumption (2) is closely related to assuming that ¢ is stabilizing. The main
difference is that in (2) we require that S is a stopping set. Thus, stochastic geometry is a
natural field of application of Theorems 1, 2, and 3. In the next two subsections we develop
two examples of application in this field.

5.1.1. Cluster in subcritical continuum percolation. Let N = ), 8(x,.z,) be an IMHPP on
RY of intensity A with marks in [0, 7], » > 0. Consider the Boolean model

E= U B(Xn, Zn).

n>1
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Continuum percolation deals with the existence of an infinite connected component in E. It is
well known that there exists a critical value of A, say A > 0, such that if A < A. a.s., there are
not infinite connected components in E, and if A > A a.s., there is a unique infinite connected
component in E (see [23] as a general reference on continuum percolation).

Define by W (V) the connected component (or cluster) of E containing the origin (note that
W (N) is possibly empty) and, with a little abuse of notation, define by N, y) the restriction
of the random measure N to the cluster W (V) (this is indeed an abuse of notation since usually
throughout this paper 1|p denotes the set of points of ;1 on B x M). If 4 < A then W(N) is
a.s. a compact set. We define ¢(N) = 1(Nw ) € A) for some measurable set A C N. Itis
of general interest to analyze the function

f @) =EilpN)], A € (0, A¢).

In this paragraph we provide a continuous analog of Russo’s formula for Poisson point fields;
see [35]. More precisely, for i € N, define the sets of pivotal points of A by

PH) = {x € R x [0, 7]) \ supp(r): ¢(i +8x) = 1, p(n) = 0}
U{x € supp(u): o(u) =1, ¢(u —8x) =0}

and
P (w) = {x € R? x [0, r]) \ supp(p): p(pu + 8x) =0, p(u) = 1)
U {x € supp(u): ¢(u) =0, p(u — 8x) = 1}.
The following theorem holds.

Theorem 4. The function f(A) = P, (Nyww) € A) is analytic on the interval (0, Ac) and

1
') =BiAPT(N) = A(PT(N)] = 7 EalNp+v) = No-anl for0 <A <.

The proof of Theorem 4 is based on Theorems 1 and 2. The main difficulty in applying
these theorems to f(A) is that W is not a stopping set. This difficulty can be circumvented as
follows. The Minkowski addition is defined by

A®B={a+b:acA, be B} A, BeK
(see [22] for a complete treatment of the Minkowski operations). Next, Lemma 6, below,
provides a stopping set S which satisfies assumptions (2) and (4).
Lemma 6. Define the random compact set S(N) = W(N) & B,.. Then
(1) S is a stopping set such that W (N) (and therefore ¢(N)) is Fs-measurable;
(ii) for each A > 0, there exists s = s(X) > 0 such that E; [exp(s|Bsn) )] < oo.

Proof. We first prove that S is a stopping set. First note that if X; = (Xi, Zy) €
supp(Nw(n)) then either X; is a distance at most Z; + Z, from at least one other point
X, with X, = (X, Z,) € supp(Njw(n)) or Xy is a distance at most Z; from the origin. Note
that

W= @ (Xu+Bz)
Xy esupp(Njw(x))
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and, therefore, by the definition of S(N) we have

S(N) = ( b .+ BZ,L)> ® B;.

Xy esupp(Nw(ny)

Letting || - || denote the Euclidean norm in R? and A€ denote the complement of the set A, we
deduce that, for any K € K,

{S(N) C K}¢ = {there exits y € K¢, X1, ..., X,, € supp(N):
1Xill < Z1, 1 Xiy1 — Xill € Zi + Zig1, 1 i <n—1,
I1Xn —yll < Zn + 1}
Now, set in the above expression m = min{k € {1, ...,n+ 1}: X} € K¢} with the convention
Xn+1 = y. Since, by assumption, Z;y+1 < r, | Xi+1 — Xill < Z; + Z;41 implies that
1Xi+1 — X;ll < Z; + r; hence, the event {S(N) C K }° can be rewritten as
{S(N) C K}° = {there exists X1, ..., X;;, € supp(N): X1,---, X;, € K and
1Xill < Zy, 1Xi = Xipill < Zi + Zigy, 1 <@ <m—1,
(X + Bz, 4r) N K® # 2.
It follows that {S(N) € K}° € Fk and, thus, § is a stopping set. Now, by construction, Njw )
is Fs-measurable. We deduce that W (N) is also Fg-measurable and part (i) is proved. Itremains
to prove part (ii). Define rw vy = inf{r > 0: W(N) < B:}. Then Bs) = By, y,+r. Thus,

part (ii) is a consequence of the exponential decrease of the subcritical cluster; see Section 3.7
and Lemma 3.3 of [23].

Proof of Theorem 4. Clearly, the functional ¢ satisfies assumption (3). Moreover, by
Lemma 6, assumptions (2) and (4) are satisfied with S(N) = W(N) & B,. Thus, by Theorem 1,
the function f(-) is analytic on (0, A;). Note that S is nondecreasing; thus, using (8), it
follows that

') =EiIS(N|(1(X € PT(N)) —1(X € P~ (N)]
=Eu[IS(N)|EA[1(X € PT(N)) — (X € P~ (N)) | N1
1
=E, | |S(N)|—— 1 PT(N)) —1 P~(N)) A
x[l ( )I|S(N)| /S(N)X[O’r]( (x e PT(N)) —1(x € P~ (N))A( x)}
=B [A(PT(N) — AP (N)],

where X = (&, ¢) is defined in Theorem 2. In particular, the first equality above follows
since, given S(N), & is uniformly distributed on S(N) and, therefore, X ¢ supp(N) a.s. This
proves the first equality of the claim. The second equality of the claim can be proved similarly,
using (9).

5.1.2. Typical cell of Poisson—Voronoi tessellation. Let A C R? be a locally finite point set and
let g = ) ,c4 8a- The Voronoi cell with respect to A with nucleus y € A is by definition

C(y, pa) = fx € R |lx — yl| < [lx —al| forall a € A}.

Let N = an] dx, be a Poisson point process on R of intensity A. The Poisson—Voronoi cell
with nucleus Xy is by definition the random convex set C (X, N) (see, for instance, [31]). Let
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K g be the set of convex bodies of R? containing the origin, equipped with the Hausdorff metric
and the related Borel o -field. Moreover, let Ny be the point process obtained by N adding a point
at the origin. The typical Poisson—Voronoi cell is defined by C (0, Np). This cell is called typical
since, by Slivnyak’s theorem (see, for instance, [31]), Pg(C(O, N) € A) =P, (C(0, Ng) € A),
where P‘i is the Palm version of P, and A is a Borel set of JC(‘)I .

Let ¢ be a measurable functional from J{g to R. Define ¢(N) = ¢(C(0, Np)) and

Jf ) =Ei[o(C(0, No))] = Ex[p(N)].

The Voronoi flower V(N) is the union of the closed balls that have the origin and d points
of N on their boundary, and no points of N inside. It is known that the centers of the balls
which form V (N) are the vertices of the typical Poisson—Voronoi cell. Then V' is a stopping
set and ¢ (N) = ¢ (C (0, Ny)) is Fy-measurable (see, for instance, [36]). It is also known that
By (v satisfies (4) for all A > 0; indeed, by Lemma 1 and Remark 5 of [13], it follows that, for
all A > 0,

Py (|1By vl > 27%) < exp(—c4t) foreacht > 0,

for some positive constant ¢y depending only on the dimension d. Furthermore, it can be easily
realized that the mapping V is monotone nonincreasing. Hence, our results can be applied to
f (&) provided that E; [|¢(C (0, Ny))|¥'] < oo for some y = y (1) > 2.

Note that this latter condition holds if ¢(N) = ¢ (C(0, Ng)) = 1(C(0, Ny) € A) for some
measurable set A C JCg . In particular, in this case the following analog of Theorem 4 holds.
For each u € N such that 0 € supp(u), consider the following sets of pivotal points of the
measurable set A C J{g:

Py = {x € R\ supp(u): CO, n +8;) € A, C(O0, ) ¢ A}
U {x € supp(n): C(0,n) € A, C(0, u —3x) ¢ A}

and
P (1) = {x e RY \'supp(n): C(0, nu+8) ¢ A, C(0, ) € A)
U f{x € supp(): C(0, 1) ¢ A, C(0, n — 8;) € A}.

The following theorem holds.
Theorem 5. The function f(A) = P, (C(0, Ngo) € A) is analytic on (0, 00) and

1
f'O) =ElP (V) = 1P~ (V)] = 5 EilNp+vy = No-anl. - 2> 0.

The proof is similar to that of Theorem 4 and therefore omitted.

5.2. Insurance

In this subsection we apply our results to risk processes described in terms of Poisson shot
noise and compound Poisson processes. The former have been introduced in [17] and [18] to
model delayed claims, the latter correspond to the classical Cramér—Lundberg model (see, for
instance, [2]). The main results of this subsection are Theorems 6 and 7. Under suitable light-
tailed conditions on the claims, Theorems 6 and 7 respectively provide closed-form formulae for
the nth-order derivative of the ruin probability of risk processes with delayed (and undelayed)
claims, and an efficient Monte Carlo estimator for the first-order derivative of the ruin probability
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of the classical Cramér-Lundberg model. The estimator proposed in Section 5.2.2 is alternative
to that of [3] (see Remark 2).

Now we briefly recall the notion of an asymptotically optimal estimator, which will be
considered in this subsection. Let z(u) be a positive function such that z(u#) — 0 as u — oo.
To obtain an asymptotically efficient estimator of z(u), we look for an unbiased estimator 7,
of z(u) whose relative error is asymptotically bounded. In the following we focus on a weaker
concept of efficiency. We say that 7, is asymptotically optimal (as u — o0) if

log /E[F2
lim inf 28 VEUl

u—oo  logz(u)

(see [2] and [3]).

All the random variables considered in this subsection are defined on a measurable space
(2, F). Here we consider marked point processes on [0, co) with marks in [0, co). We endow
(2, F) with the family of probability measures {P; },~o such that,underP,, X1 < X, < --- are
the points of a homogeneous Poisson process on [0, o) with intensity A > 0, and {Z, },> are
1.i.d. nonnegative random variables with distribution Q, and independent of the Poisson process.
We denote by N the IMHPP ) _, §(x,,z,). by N; the number of points of N on [0, ¢] x [0, 00),
by N, the set of points of supp(N) on [0, ] x [0, 00), and by E;, the expectation with respect
to Py.

5.2.1. Derivatives of the ruin probability of risk processes with delayed claims. Consider the
following risk model. Let u — Y (¢) be the surplus of the insurance portfolio described by the
shot noise process with drift

Y(t) =Y H(—Xn, Z) Lon(Xp) —ct,  £>0.

n>1

Here u > 0is the initial capital, ¢ > 01is the premium density (which is assumed to be constant),
and H: R x [0, co) — [0, 00) is a nondecreasing, continuous function such that H(¢,z) = 0
for t < 0. Throughout this subsection, we assume that H (oo, z) = z and P, (Z; > 0) > 0.
Since the law of Z; under P, does not depend on A, from now on, for a measurable function g,
we set Ex[g(Z1)] = Elg(Z1)].

Note that the function H models the delay in claim settlement in the sense that the insurance
company honors a claim at time X, paying the quantity H (¢ — X,,, Z,) attime ¢. The associated
ruin probability is defined by the quantity

Ju) =Pu(Ty(N) < 00), u =0,

where
T,(N) =inf{t > 0: Y(¢) > u}, T,(N)=00 if{--}=g,

is the ruin time. Brémaud [7] proved that under the assumptions
k(0) = E[exp(8Z1)] < oo for all 8 in a neighborhood of 0, say (0, n) withn < oo  (40)

and
¢ > ME[Z1], 41

it holds that
fu@) <e™ forallu >0
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and )
lim —log f,(}) = —w,
U—o0 Y
where w (called the Lundberg parameter) is the unique positive O of the function

A@) =Ak(@) —1) —ch.

(Note that the function A should not be confused with the intensity measure A considered
in the previous sections. In the remaining part of the paper, the symbol A will not be used
anymore to denote the intensity measure). Thus, under (40) and (41), the event {7,,(N) < oo}
is rare as u — oo and this yields problems if we want to estimate f; (1) by an efficient Monte
Carlo simulation (we refer the reader to [9] for an introduction to rare event simulations). Such
difficulties can be overcome using importance sampling. Define the stochastic process

C(t) = Z Zy 10,0(Xn),

n>1

and consider the family of laws {P§}9¢ «(9)<oo defined as follows: the probability measure Pg
is absolutely continuous with respect to the original law P on the o-field o ;] for eacht > 0
and the corresponding density is

Q0C(0)

PP,
E[efC0)]

£, =exp(0C(t) — At(k(0) — 1)).

We point out (see, for instance, [2]) that, under PY, the process {X,},>1 is a homogeneous
Poisson process with intensity Ak (6), independent of the sequence {Z,},> of i.i.d. random
variables, whose common law QY is absolutely continuous with respect to their common law
Q under P,, with density

Throughout this subsection, we denote by Eg the expectation under P‘z. Furthermore, since
the law of Z{ under Pg does not depend on A, for a measurable function g, we set Eg [g(Z)] =

E?[¢(Z1)].
The following result can be found in [33].

Proposition 5. ([33].) Assume that (40) and (41) hold. Then PY (T,(N) < o0) =1 for all

u > 0 and, under P},
P, Py

;L{(N) = ETL,(N)

is an asymptotically optimal estimator of f,,(\).

Let x, = (x5, 2n) € (0,00) x (0,00), n > 1. For each locally finite counting measure
W=, bx,, define the functionals

e 3) = exp(=0 Y Lo () + 460 = DTG0 ). 00 < w,
n>1

and

Puw(n) = eXP(—w (Z 2n 10,1, (1 (xn) — Ty (u))).

n>1
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Moreover, we consider the functionals @ x,,....x, () and @l (), which are respectively
defined by (10) and (11) with ¢,, in place of ¢.

The following theorem provides closed-form expressions for the nth-order derivatives of the
ruin probability. As usual, we use the standard convention that the sum over an empty set is 0
and that k!/(k — n)! =0 forn > k.

Theorem 6. Under the assumptions of Proposition 5, we find that, for a fixed u > 0, the
function f,(-) is analytic in a neighborhood of A and that, for alln > 1,

S0 = (ew) = 1" EL (T (N)) 0w (N)] = BY (T (N)) 9w x,...x, (N)]

Nr,om\" x/...x,
%[(%) o (N)

N7, (v! X/,..., X;'/(N)
(N1, (ny — ) A" fw '

Il
™

E

> €

where, for 1 <i <n, X; = (&, &), X; = (§/,¢)), and X! = (&', ¢/') are random variables
on (0,00) x (0, 00). Given T,,(N), (§i)1<i<n are independent and uniformly distributed on
[0, T, (N)], and independent of N; ({;)1<i<n are independent, independent of N and (§;)1<i<n,
and have law Q. Given the collection of points N\1,n), (X/)1<i<n are independent and
uniformly distributed on the collection; {X{, ..., X} is uniformly distributed on the set of
subsets of n distinct points of N, (n).

To prove Theorem 6, we need Lemmas 7 and 8, below. Here we consider the notion of a
large deviation principle for which we refer the reader to [12].

Lemma 7. Assume that (40) holds. If, moreover, the function 6 — k(0), 6 € (0,n), is
steep, namely lim,_, o ' (0,) = o0 whenever {0,} is a sequence converging to n, we find
that the stochastic process {Y (t)/t};~0 satisfies a large deviation principle with rate function
A*(x) = supyep(@x — A(6)).

The proof of Lemma 7 can be found in [21] (see Proposition 3.1 therein).

Lemma 8. Under the assumptions of Proposition 5, we find that, for a fixed u > 0 and
0 € (0, w]suchthat i’ (0)—c > 0, there existss = s(A) > Osuch thatEi[eXp(sTu (N))] < oc.

Proof. In this proof we write T, in place of 7,,(N). Since

7 (a@+0)
(@) = B [exp(aZ)] = K:T

by the assumptions, it follows that «z(a) < oo for @ € (0,7 — 6) and that the function
a — kg(a) is steep. Therefore, by Lemma 7, the stochastic process {Y (¢)/t};~ satisfies a
large deviation pr1n01ple with respect to Pe with rate function A*(x) supgcr (0x — Aj(0)),
where Ae () = Ak (9)(/(19 @) —1)—co. Slnce r’(O) —c >0, by assumption we can choose
B € (0, '(0)) such that y = A8 — ¢ > 0. By the large deviation principle of {Y () /t};0 with
respect to Pg and the regularity properties of the rate function A;(~), we have

t
hm —logP9< E )

y) = —A%(y). 42)
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Moreover, for any u > 0, we find that there exists #; = 71 («, y) such that
g g gY@ i
Po(T, >1t) <P, (Y(t) <u) <P - <y forallt > 1. 43)

Therefore, by (42) and (43), it follows that, for any ¢, u > 0, there exists 7 = (¢, u, y) such
that

Pf(Tu >1) < exp(—(AZ—(y) —¢&)t) forallt >t. (44)

Now, take 0 < s < A;-(y) — ¢. The conclusion follows noticing that by (44) we have
_ o0 _
Eg[exp(sTu)] =1 —i—s/(‘) e Pg(T,, > t)dt

< st +5 ﬁoo eXP(_((AZ(V) —¢&) —s)t)dt
t
< 00.

Proof of Theorem 6. We start by noting that, by the properties of the function 8 — A(0),
0 € (0, n), there exists a strictly increasing sequence {6} converging to w such that 6y € (0, w)
and Ak’ () — ¢ > 0. By the implicit function theorem, the function A — w() is continuous.
Therefore, for each k, there exists a neighborhood of A, say Iy = (A — &k, A + &), such that, for
all A’ € I, we have 6, < w(X') and '’ (6x) — ¢ > 0. We note that, since 6; € (0, w) is such
that Ak’ (8x) — ¢ > 0, it holds that Pi"(Tu (N) < o0) = 1 (see Lemma 3.2 of [33] for details).
Therefore,

fu) =B [1I(Tu(N) < 00)] = E¥[gg, (N, M)].

Note that [0, 7] is a stopping set. Furthermore, the functional ¢g, (N, 1) is F{o,,]-measurable
and absolutely monotonic in A (see Remark 1 for the definition of an absolutely monotonic
function). Also, note that A(0) < 0 for each 6 € [0, w]. Therefore, by the definition of 7, (N)
and the assumption H(t,z) / zast / oo, we find that, for each u,

@o(N,2) <e ™ and ¢,(N) <e™.

In particular, this implies that the functional @g, (N, 1) is bounded. Therefore, by Lemma 8 and
Remark 1, it follows that f,(-) is analytic on /. Consider the functions

Fi(x,y) =E¥lgo(N. 0], (x,y) € Ix x I.
Using obvious notation, we will show later that
0% Fre(x, y) = EFL(Tu(N) " 99 ;... x, N, W1, =1, (45)

and
ay Fie(x, y) = (k(O) — D" E%[(T,,(N))" g6, (N, V)1, n>1. (46)

Therefore,

PO = (@) — 1) EX (T (N))" 05, (N, 1)]
= EX (T (N) ' 0g0 %, x, (N, V], n> 1
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We now show that
hm ES[(Tu(N))" 9. %1 X, (N, )] = EX[(Tu(N)" 0w x,.....x, (V)] (47)
Using the exponential tilting, we have

|Eik[(Tu(N))n§00k,X1 ,,,,, x, (N, )] = EY[(T,(N)"¢u.x,.....x, (N)]]
< EY[(Tu(N))"|exp(—(w — 6 ) (C(T,(N)) — cT,(N)) — AT, (N))
X Qo X1, Xy (N, A) — 0w x,,. x, (N) ] (48)

Note that the argument of the mean in (48) is less than or equal to (27,(N))" (exp(—A(6x)
x T,(N)) + 1). By Lemma 8, there exists s = s(A) > 0 such that E¥ [exp(sT,(N))] < oo.
Fix e € (O s) and choose k = k(¢) such that, for all k > k, it holds that 0 < —A(f;) <& < s
(such a k exists since limg_ o0 A(6r) = A(w) = 0). Then, for all k > k, the argument of the
mean in (48) is less than or equal to

QT (N))" (exp(eTu(N)) + 1),

which is integrable under PY since E}[exp(s7,(N))] < oo. Thus, (47) follows by the
dominated convergence theorem. The limit

Jim EF (T, (N))"0g, (N 1)1 = EY [(Tu(N))" g0y (N)]

can be proved similarly. This shows the first equality in the statement. The other equalities can
be proved as in Proposition 4 and Theorem 3.

It remains to show that F (-, -) has partial derivatives (45) and (46). Equality (45) follows
by Proposition 2. Indeed, by Lemma 8, for each x € I, there exists s = s(x) > 0 such that
Eg" [exp(sT,(N))] < oo, and the mapping S, := [0, T,] is nonincreasing. We now show (46)
with n = 1. The general case follows along s1m11ar lines, reasoning by induction. If we justify
the interchange between the sign of limit and the sign of mean in the expression,

. EX[@g, (N, y + h) — ¢4, (N, y)]
h—0+ h ’

then the right-hand derivative equals the right-hand side of (46). In fact, we can pass the limit
into the sign of the expectation in that a straightforward computation gives

0o, (N, y +h) — @, (N, y)
h

< (k) = DT (N) exp(h(x (Or) — DT, (N)).

Here, again by Lemma 8, the right-hand side of the above inequality is integrable under Pﬁ"
and, therefore, we can apply the dominated convergence theorem. Similarly, we can show that
the left-hand derivative equals the right-hand side of (46). This completes the proof.

5.2.2. Classical risk processes: an efficient Monte Carlo algorithm for the first-order derivative
of the ruin probability. The classical risk model is defined by the surplus u —Y (¢) of the insurance
portfolio described by the following compound process with drift:

Y(t) =Y Zy 1o (Xy) —ct.

n>1
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The interpretation of the quantities in the above formula is exactly as in the previous subsection.
Moreover, we consider the same statistical assumptions and the same notation (clearly, the ruin
probability f,(A) and the ruin time 7,,(N) are now defined with respect to the classical risk
process). For the Cramér-Lundberg model, it is well known that, under the assumptions (40)
and (41), we have

lim ﬂfu/()\) _ w(c — AE[ZI])’

U—00 Ak’ (w) — ¢)?
where w is the unique positive O of the function A(-) (see Proposition 9.4 of [2]). Moreover,
note that in the case of classical risk processes the corresponding Theorem 6 can be proved
along similar lines, and provides the following unbiased estimator of f,, (1) under Py

Su(N) = (k(w) = DT (N)u(N) + Tu(N)(@u(N + 8x) — ¢uw(N)).

Here, X = (&, ¢) is a random variable on (0, 00) x (0, 00); given T, (N), & is uniformly
distributed on [0, 7,,(N)], and independent of N; ¢ is independent of N and &, and has law Q™.
The following theorem holds.

(49)

Theorem 7. Assume that (40) and (41) hold. Then s, (N) is an asymptotically optimal estimator
of fu(\) as u — o0 under the law P}’

log \/E}[(5,(N))?]
lim inf * > 1. (50)

=00 log £, (2)

Proof. We only need to prove that

For any (locally finite) counting measure @ on (0, 00) x (0, 00) and # > 0, we find that
O () < e™"*; thus
1Su (N)] < (k(w) + e T, (N)
and, therefore,
EY[Gu(N))?] < (e (w) + D ™ BY [T, (N)?]. (51)
Denote by {)Z,-} the interarrivals of the Poisson process {X;}. Under P¥, > (Z; — cX;)isa
random walk with positive drift; indeed
. e’ (w) —
EV[Z) — oK)= W =C
Ak (w)
Furthermore, T,,(N) is the hitting time of this random walk. Therefore, by the results in [15],
it follows that
EY[T,(N)*] = O(u®) asu — oo. (52)
Finally, (50) follows by (49), (51), and (52).
While it is tempting to conjecture that a similar optimality result holds for risk processes
with delay in claim settlement, we do not have a proof of this claim.

Remark 2. Note that, under the assumptions of Theorem 7, Asmussen and Rubinstein [3] (see
also [2]) proved that

Nr,(n)

ou(N) = ( - Tu(N)> exp(—w(C(Tu(N)) — cTy(N)))

is asymptotically optimal for f, (1) under P}". The estimator §,(N) is alternative to &, (N).
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