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1. Introduction

Longitudinal elastic waves in solid circular cylinders were first investigated
by Pochhammer (1) and Chree (2) but they did not take into account the
effects that thermal properties have on the propagation of these waves. In
this paper we shall consider waves in solid and hollow cylinders as well as
in the infinite medium with a cylindrical cavity, and in each case we shall
take account of the thermoelastic effects.

The type of wave considered can be characterised in eylindrical polar
co-ordinates by the components of displacement

w,=R(r)e?e*+9t) o =Z(r)efes+P8) 4, =0. ... (1)
Here the z-axis is the axis of the cylinder and we consider wave propagation
with cylindrical symmetry. R and Z are functions of the radial coordinate r
only,and the problem is to find expressions for them such that the field equations
and the boundary conditions are satisfied. In all the problems considered
here the boundary conditions are such that the components of stress o, and
7,, vanish on the cylindrical boundaries. There is also a thermal radiation
condition.
¢ The field equations for thermoelasticity have been given by Biot (3). We
shall use a particular dimensionless form of these equations due to Chadwick
and Sneddon (4).

If p is the density of the medium, ¢ its specific heat at constant strain,
vp and vs are the velocities of P- and S-waves, A and p are Lamé’s constants,
k is the thermal conductivity, « the coefficient of linear expansion, y=w(3A+42u),
and T is the absolute temperature of the medium in its reference state of zero
stress and strain, then we can define a frequency

WF=PCVPIE  eeeeireeeeiiree et 2)

and take the quantities 1jw*, vp/w*, T and p as our units of time, length,
temperature and stress respectively. The field equations can then be written
in terms of the dimensionless forms of the displacement vector u and the
temperature distribution 8 as

B? grad div u—2 curl @ —b grad 6=§? % —F
B e 3)
20= %Y 1.9 (diva)—
V= 3t+gat(d1vu) b4
where @=4% curl u,
B=vrfvs, b=yT|p, g=v[(pc) ...vvrev... reeraereeneranas “4)
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and F and ¥ are the dimensionless forms of the body forces and heat sources
respectively.

Since all frequencies obtainable in practice are much smaller than w*,
the main advantage of this system of units is that all frequencies obey the
inequality w<1. This fact would be extremely useful in an approximate

numerical analysis of the results.
In an analysis where thermal effects are ignored it is obvious that equations

(3) are replaced by the simpler vector equation

B? grad divu—2 curlm:ﬁziu —F. (5)

ot
In the actual problems considered there are no body forces or heat sources
present. However, we need to retain them in equations (3) and (5) to enable
us to apply the method of solution given by Lockett (5), which appears as a
companion paper in this issue.

2. Non-Thermal Analyses

(1) Solid Circular Cylinder. The results of Pochhammer (1) and Chree
(2) for this problem are well known. However, we shall re-derive their results
here, since it illustrates the method on a relatively simple example whose result
is already known, and because the results of the other two problems are quickly
obtainable from this analysis.

Following the method of the companion paper, we consider the infinite
medium subjected to wave propagation of the type (1) and to the action of
body forces concentrated on the radius r=d, where d>a. We write these
body forces in the form

F,=Ad-18(r—d)eiw=+pt) F_=Bd-1§(r—d)ei‘es+ot) .. ... (6)

where §(xz) is the Dirac delta function and 4 and B are to be chosen so that
the components of stress o, and 7., should vanish on r=a. The exponential
dependence is necessitated by the choice of the expressions (1) and the term

d-1is put in for convenience at a later stage.
Substitution from (1) and (6) into (5) gives us the set of differential equations

g (R”+ ;R’-— :—2R-}-iqZ’) VigligR—2')= — B2p?R— Ad8(r—d)
()

— ; ((qR+iqR' —Z' —rZ")= — B%p*Z — Bd™13(r —d)

ﬁ%q(R' + %R—{—iqZ)

which can be solved by the transform method.
Defining the Hankel transforms

R(&)= f i rJy(EnR()dr, Z(£)= f . I ENZWNAr oo (8)
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equations (7) may be transformed and simplified to read
(B*p*— 6>~ g*) R— (B*—1)igtZ= — AJ,(£) } s ©)
(B*—1)igéB+(B*p* — B*q* — £9)Z = — BJ (£d)
The solutions of these dlgebraic equations can be expressed in the form
R=~ B-p2igBET (£){(£2+11) 7~ (£4-k7) )
—B2AJ (fd) —p AR o R | (10)
=~ B BIEd)(p ()~ p g
+ B2 %ig AL (ED{(E2+1R) 1 — (2415

where
=g 2% M3=®—D% .coovereeeeerereeerrennn (11)
and these expressions are in a convenient form for applying the inverse
transforms
0 @K
E= fo ERJ\(ér)dE, Z= fo EZT(ENAE. oo (12)

If we use the notation
L =1p(kyr), Km'n=Km(knd)
and re-group the terms in the resulting expressions, these integrations give

E= _B_ZP—Z{(kgAKm+iqu2K02)I12— (A¢*Ky, +igBly K o)) I} } ...(14)
Z = —B~*p~*{(igk, A K13 — §*BK ) I oo — (iq Ak K3y — BRTK 1)1 12}

The required integrals can be found in Erdélyi (6), p. 49, and have been
evaluated for 0<r<d. Thus it is at this stage that the physical requirement
(that the body forces should be outside or on the radius r=a) enters the
mathematics.

These forms for the integrals, as stated in the published tables, also require

~ that Rk, >0 and Rk,>0. However, it can be verified that the results (16)
satisfy the given conditions even when these conditions are not satisfied.

We can now introduce the parameters

L= —p=2p~2(k,A K,y +igBK,) } ..................... (15)
M=—B-2p—2iqAK,,— Bk, K )

and write
E=k,LL,+igMIy, } ................................. (16)
Z=iqLIy,—kMI
Since
_ ou, u, , Ou, ou,
or=(F-2) (W t az) T2
.................. (17)
ou,  ou,
™% *
the expressions (16) and the boundary conditions, ¢,=7,,=0 on r=a, imply
that
2ighy I L~ [(B*~ 2)p*Lop — 2K3T15] M =0 } .................. (18)
(B — 24" Iy L-+2igk, I, , M =0
EM.S8.—K2
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where the modified Bessel functions are now evaluated for r=a. These are
the equations determining the ratio L/M. (The initial amplitude of the wave
is arbitrary).

The compatibility of equations (18) leads to the frequency equation

p= | 2igk, 1’1( 1w) —(g2— 2)p210(k2a)+2k211(k2a) —0 .. (19)
(Bp*—2¢°) (k@)  2igkyT,(kya)
ie. )
4q%ky ko100 11 = (BP0 — 202 I [(B2 — 2) P2l 0y — 2h3115) oo (20)

which apart from slight differences of notation is the result obtained by
previous authors (see e.g., Sneddon and Berry (7), Eq. (73.24)).

(2) Infinite medium with cylindrical cavity. The only difference
between this and the previous analysis is that d<a<r and we are therefore
interested in evaluating the integrals (12) for d<r. It can be seen from the
published tables that the result of this inequality is to reverse the roles of
the modified Bessel functions I and K in the previous analysis. Thus B and
Z are given by expressions of the form

R=k,LK,,+igMKy } .............................. 21)
Z=iqLK,,— kMK,

and the frequency equation becomes

2iqk1K '1(k1a —(B*—2)p°K(kea) +2k3K 1 (ksw) | ¢ 2
(B*p*—2¢%) Ky (kya) 2igh, K, (k)
(3) Hollow circular cylinder. We now have to consider the extra
body forces
F,={A4,d7"'8(r —d;)+A,d35 "8(r —d,)}eitaz+rt) } ........... 23)
F, ={B1d1—18(7'— d1)+B2d518(r— dy)}eitaz+pt)
where

dza>a,>d,
a, and a, being respectively the external and internal radii of the tube.
The components with suffix *“1” behave like the forces in the solid cylinder
analysis, and those with suffix * 2 ” behave like the forces in the cavity analysis.
Tt is easily seen that their combined effect leads to the expressions

B=koLndyy+igM Ly 1k LK o +ig MoKy } © eeeeeeeerienanens (24)
Z =iqLyI oy — by My Iy +iqLo Koo — Iy MoK oy
We now have to apply the conditions ¢,=7,,=0 on both r=a, and r=a,,
and this leads to a frequency equation

IP(al) Q(a,)
P(ay) Qa,)
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where the minors P and ¢ are defined in (19) and (22), and the arguments a,
and e, show that they are evaluated for r =@, and r =a, respectively.

3. Thermoelastic effects

(1) Solid circular cylinder. To the forms (1) we now have to add
the temperature distribution 0 in the form

B=O(r)eia=+2, e, (26)

Since there is an extra (thermal) condition to apply we have also to consider
a concentrated heat source

W 0d18(r—d)et @ e @7

in addition to the body forces (6).
Substitution of (1), (6), (26) and (27) into (3) gives the set of differential

equations
P (R"+ R- R+z'qZ') +ig(igR—Z')— b0’ = — fp*R— Ad-15(r ~d)
Brig (R'+ ; R-}-igZ) — Y (igR+igrR — 7' —r2") ~big@= —Bp*Z — Bd-18(r—d) | ..(28)
O+ 10/~ O —ipB-+gip (R'+ }R+iqz) —Cd-18(r—d)

which are the thermal counterparts of equations (7).
We can now transform these equations to the form

(B2p?— B¢ — g R — (B2 — 1)igZ +bEO = — AJ,(¢d)
(B2~ 1)igeR+-(B2p%— B~ £ 0 —big@ = — BJo(Ed) | -vovovvoeveeens (29)
gipER — gpaZ+(E2+¢>-+ip)® = —CJy(&d)
where R and Z are defined by (8) and
O(¢)= f rTENOENAT. eeveveeeiiiiiiieeeiiieen (30)
0

The solutions of eciuations (29) are found to be

D[(E2+¢*+ip) (€2 +B?0® — B°p%) +ipbga®] )

Ao — 164 [(B®—1)(£+¢*+ip) +ipbgléq — K[£*+¢° — BPp?Ibé
.- (E+¢*~Fp")2

iD[(B*— 1)(£24-q%+ip) +ipbyléq , _ >

7 +G1(E2+g*+p) (B~ Bp®) +ipbyf®) +iK[£2-+g*— B2plbg ((B1)
‘ (E2+a* - B*p*)2

. —Dipgf+prq-g(52§2+ﬁzqz—ﬁzp2)
where

D=AJ,(éd), G=BJy(éd), K=CJy(d)
and . . } e, (32)
D = PAE2+q% — p?)(E2+q2 +ip) +ipbg(£2-+-¢2)
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We now write & in the form

D =LUE D) ERAKD) cevereereeriereeeeeeeereenn, (33)

where k2 and k2 are the roots of the equation
BPa?— (28%* +ip B — B*p2+ipbg)x+ B g +ip)(g®— p?) +ipbgg®=0. ...... (34)

It is then easily seen that

B D = (ki — 5) (2 +K5) " — (£2+k) ]

BPEHD = (e — I5) [ — k(2R3 L HRHE2 4]
BYD(E24-k]) = X(£2 k7)1 + ¥ (E2-4-45) 1+ Z(€2+ K5)

B2 D(E24-kD) = — KR X(E2-4-KD) 1 — K5 Y (£24-5) L - K5 Z(E2+AG) L > (35)
B4 D(E2+BD) = K1 X (E24ED) 1 - ks V(E24H-R3) 2 R4 Z(€2 -+ )~
where

X =[(k5— kD) (K5~ BT, ¥ = — (B — kD) (k] — R3)1, 2= [(Rf — ) (ki — )]
Thus the expressions (31) can all be written as the sums of terms like
QE(E+E) 1 u(éd)

where @ is a coefficient not involving £, and where p and p can take the values
0 or 1, and ¢ can take the value 1, 3 or 4.

If we now apply to the new forms of (31) the transforms inverse to (8)
and (30) we find that R, Z and @ are the sums of terms of the type

Q f LML

which, when evaluated for » <d, is of the form
(coefficient) x K (k. d)1,(k;r).

In each of the expressions for R, Z and 6, we then collect together the
terms involving the same Bessel function I,,(k,r), so that these expressions
can be written in the form

(coefficient P,,,) x I, (k,r).

Although we do not give the details of the algebra here, it is found that
the coefficients P,,,, which depend on d, can all be written down in terms of
three new parameters L, M and N. In so doing it is necessary to remember
that k5 and k3 are roots of the equation (34). We then get

R— gL+ bkyMI,;4-bk, N1,
Z— — LIy tibgMIy+ibgNIy b e, (36)
0 = B (k3 +p2—q?) Moy +-Bo(ks+1% — ¢*)N 1oy

and it can be verified that these expressions satisfy (28) for r<d.
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If we now apply the boundary conditions ¢,=0, 7,,=0, 88/dr+hf=0,
on r=g, we obtain three equations in L, M/ and N the compatibility of which
demands that

Us=|2ighdy;  b[2kil15+(24°— 2k5 — PP og)] B2kAT14+ (297 — 205 — B2 oa] | =0
(8°p2—2¢°)1;, 2ibqlesl,, 2ibgk, 1, (37)
Q (P—p*— kg)(kalxa +hly,) (*—p*— ki)(k..tlu +hlo)
where the modified Bessel functions are evaluated for r=a, ie. I,,,=1,(k,2).
Equation (37) is the thermoelastic frequency equation.

(2) Infinite medium with cylindrical cavity. Having already derived
the solutions to problems II and III from the solution of problem I for the
non-thermal case, it is not necessary to describe how this is done for the thermal
case. It is easily seen that the thermoelastic frequency equation is

Vs |2igh Ky O[2k5K s+ (24P — 2K - B K o) B[2KiK 14+ (242 — 26— Bp?) K oq]|=0.
(B2 —2¢0)Ky,  2ibgk, Ky, 2ibqk, Ky, (38)
0 (¢*—p%— K3) (ks K13 +-2 K o) (@*— P2 — K)o K1y +h K o)

(3) Hollow circular cylinder. From the results of problems I and§II and
the reasoning given in the non-thermal theory we see that the new frequency
equation is of the form

Ula)) Vi(a)
Ulas) V(ay)

where the minors U and V are defined in (37) and (38) and the arguments a;
and a, indicate that the Bessel functions are evaluated for r=a, and r=a,
respectively.

0 e (39)
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