
A NOTE ON EMBEDDING 

P . A. Pi t tas 

Let Q = [0, 1] be equipped with the topology consisting of Q , 
t t 

the empty set and all subsets of Q of the form [0 , x) , 0 < x < 1 . 

R. Nielsen and C. Sloyer [1, p . 514] proved that every T - space can be 

F 
embedded in Q for a suitable F . The purpose of this note is to 

general ize this r e su l t . 

THEOREM 1. Let X be any T -space which is not a T - space ; 

let Y be any T - space and let F be the family of all continuous functions 
F F 

f : Y -* X . Then the evaluation map e : Y-*- X , where X is taken in 
the product topology defined by e(y)f = f(y) , is a homeomorphism of Y 

onto e fYjCX 1 

'f 
.F 

Proof. Since X is not a T, -space , there is an x, in X such 1 i 
that {x } t {x } ; since X is a T - space there is a neighborhood U 

of x such that for x in {x }<v{x }, U O {x } = 0 . Given y and y 

distinct elements of Y, and V a neighborhood of y not containing y , 

the function f : Y -*• X , defined by f(y) = x if y is in V and f(y) = x 

if y is not in V , is an element of F , and f(v ) = x i x = f(v ) . 
yl 1 2 y2 

Also, if C is a closed set in Y and y is not in C, then g : Y -*• X , 
defined by g(y) = x if y is not in C and g(y) = x if y is in C, is an 

element of F , and g(vQ) = x is not in g[C], for x is not in U . 

In other words F distinguishes points and also distinguishes points and 
closed se t s ; thus by the Embedding Lemma [2, p . 116], e is a homeo-

morphism of Y onto e[Y] C X . 

CI is a T - space which is not a T -space , so the main theorem in t U 1 
[1] is a par t icular case of the above theorem. A par t icu lar ly simple space 
which may serve as the X of the above theorem is the space {a , b} 
equipped with the topology consisting of { a , b } , 0 , and {a} . ( F o r an 

F example showing that e is not onto X see [3] . ) 

The following example shows that if we replace T by T and T 
0 1 1 

by T in Theorem 1, then the theorem is false without additional conditions. 
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Let the set of na tura l numbers N be equipped with the finite 
complement topology ( i . e . the topology whose closed sets a r e the whole 
space, the empty set and all finite se t s ) . N is a T - space which is not 

T . Let A be an uncountable set equipped with the finite complement 

topology. Let F be the family of all continuous functions f : A -* N . 
Clearly f is in F if and only if f[A] is a singleton. Therefore F does 
not distinguish points and thus e is not a homeomorphism. However we 
can prove the following resu l t . 

PROPOSITION 1. Let X be an infinite set equipped with the finite 
complement topology, let Y be a T - space and F be the family of all 

continuous functions f : Y -*- X . Then a sufficient condition for Y to be 
F 

homeomorphic to a subspace of X is that for each y in Y there exists 
an open neighborhood U of y with card U < card X . 

C 6 y — y -

Proof. F dist inguishes points and closed sets , for if C is closed 

in Y and y is not in C, then N = U D (Y ~ C) is an open neighbor

hood of y with card N < card X . Thus g : Y -*• X , defined by 

g[Y ~ N] = x and the r e s t r i c t ion of g to N is a one-to-one mapping into 

X /v {x } , is an element of F and g(yn) is not in {x } = g [C] . Since 

Y is a T - s p a c e , F also dist inguishes points . Thus by the Embedding 

Lemma [2, p . 116], e is a homeomorphism of Y onto e[Y] C X 

The following example shows that the condition of Proposi t ion 1 is 
not neces sa ry . Let X be the set of natura l numbers equipped with the 
finite complement topology. X is a T - space which is not T . Let 

Y = [0 , Q ] be the set of ordinal numbers which a re less or equal to the 
f i rs t uncountable ordinal £2 . Let Y be equipped with the order topology 
i. e. , the topology generated by all sets of the form {x : x < a} and 
{x : x > (3 } , where a and (3 a re m e m b e r s of Y . Y is a T - space and 

each neighborhood of Œ has cardinali ty g rea te r than Hn = card X . Let 

F be the family of all continuous functions from Y to X . It is easy to 
•p 

show that the evaluation map is a homeomorphism of Y onto e[Y] C X 

Remark . If card Y < card X then the space Y is the required 
neighborhood for each y in Y . 

PROPOSITION 2. _Let X , Y and F be as in Proposi t ion 1 and 
card Y > card X . Then a neces sa ry condition for Y to be homeomorphic 

F 
to a subspace of X is that there be at least one proper closed subset C 
of Y with card C = card Y . 

Proof. Suppose card C < card Y for each proper closed subset 
C of Y . Then c lear ly f is in F if and only if f[Y] is a singleton 
(because card X < card Y). Suppose for a contradict ion that there is a 
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F 
homeomorphism h of Y into X . If y and y a re distinct elements 

of Y, then h(y ) i h(y ) and, for some f in F , h(y ) i h(y ) so 

that the composition P oh : Y-*-X of the projection P and h is a 

continuous mapping with P oh[Y] not a singleton, which is a contradiction. 

The following example shows that the condition of Proposi t ion 2 is not a 
sufficient one. Let X be a countable set equipped with the finite complement 
topology and A any set such that card A > c , where c is the power of 
the continuum. Let Y = {A} U A be equipped with the topology 
consisting of {A} and all the sets in the finite complement topology on 
Y. Let F be the family of all continuous f : Y -*- X . Since f G F if and 
only if f[A] is a singleton, we have card F = ^ , so that card 

F K 

X = v 0 = c < card A and Y cannot be homeomorphic to any sub-

space of X . 
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