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Curvature and the c-projective mobility of
Kahler metrics with hamiltonian 2-forms

David M. J. Calderbank, Vladimir S. Matveev and Stefan Rosemann

ABSTRACT

The mobility of a Kahler metric is the dimension of the space of metrics with which
it is c-projectively equivalent. The mobility is at least two if and only if the Kéhler
metric admits a nontrivial hamiltonian 2-form. After summarizing this relationship, we
present necessary conditions for a Kéhler metric to have mobility at least three: its
curvature must have nontrivial nullity at every point. Using the local classification of
Kahler metrics with hamiltonian 2-forms, we describe explicitly the Kahler metrics with
mobility at least three and hence show that the nullity condition on the curvature is
also sufficient, up to some degenerate exceptions. In an appendix, we explain how the
classification may be related, generically, to the holonomy of a complex cone metric.

Introduction

This paper weaves together two threads in Kéhler geometry which have been running in parallel
for 40-60 years with remarkably little interaction, given their common themes.

The first thread concerns a notion of projective equivalence between Kéahler metrics. The
classical notion is too strong when applied to Kéhler metrics: if two metrics that are hermitian
with respect to the same almost complex structure have the same geodesics, they have the
same Levi-Civita connection. In 1954, Otsuki and Tashiro [OT54] introduced a complex, but
nonholomorphic, version of projective equivalence, which acquired the unfortunate name of
‘holomorphically projective’ or ‘h-projective’ equivalence in the literature. We prefer the term
‘c-projective’, which is intended to suggest ‘complex projective’, without implying that the
geometry is holomorphic.

DEFINITION 1. Let (M,J) be a complex manifold of real dimension 2m > 4. Then two
J-hermitian K&hler metrics g, g on M, with Levi-Civita connections V, V, are called c-projectively
equivalent if there is a 1-form ® such that

%XY—VXY:<I>(X)Y+<I>(Y)X—@(JX)JY—@(JY)JX (1)
for all vector fields X, Y.

This notion has been extensively studied by Russian and Japanese schools (see [Mik98] for
a list of references up to 1998). One common theme has been the relationship between special

curvature properties of a Kéahler metric and the existence of metrics c-projectively equivalent to
t (e.g. [IT61]).
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The second thread concerns the explicit construction of ‘optimal’ Kahler metrics on complex
manifolds, generalizing the constant curvature metrics used in the uniformization of Riemann
surfaces. The idea of seeking such metrics goes back to Calabi’s famous conjectures in the 1950s
(e.g., [Cal57]), but the problem was attacked primarily using analytical methods until the late
1970s. Then Calabi provided fresh impetus by introducing the notion of an extremal Kéahler
metric and constructing explicit examples on total spaces of complex projective line bundles
[Cal79, Cal82]. Calabi’s construction has been refined and extended considerably by many
authors (e.g., [Abr98, HS02]), providing a rich supply of Kéahler metrics with special curvature
properties (such as extremal Kéhler metrics). These generalizations have in common that they
introduce first order structure to simplify the second (and higher) order partial differential
equations (PDEs) that describe curvature. A single source for this structure was identified
in [ACGO6], where it was observed that Calabi’s construction and its generalizations reflect
the presence of a nontrivial solution to an overdetermined linear differential equation, called a
hamiltonian 2-form.

DEFINITION 2. Let (M, g, J,w) be a Kéhler manifold of real dimension 2m > 4. Then a (real)
J-invariant 2-form ¢ on M is hamiltonian if

Vxé=i(dtr, o A JX" — Jdtr, ¢ A X°) (2)

for all vector fields X, where X° = g(X,-), JX* = =X’ o J = (JX)’, and tr,, ¢ = g(w, ¢) is the
trace of ¢ with respect to the Kéhler form w.

Kéhler manifolds with hamiltonian 2-forms are classified locally in [ACG06] and globally
in [ACGTO04], with applications to extremal Kéhler metrics in [ACGTO08].

The origins of the present paper are somewhat serendipitous. In April 2011, the first author
was asked to referee the paper [MR12] by the second and third authors, which proves that the
only compact c-projective manifold with a one-parameter subgroup of ‘essential’ symmetries
is complex projective space. This drew the first author’s attention to the ‘main equation’ of
c-projective equivalence ((4) below), which is manifestly equivalent to the equation for
hamiltonian 2-forms (see Remark 1).

As noted in the published version of [MR12], this equivalence has two main ramifications.
First, the organizing principle observed in [ACGO6] to underpin explicit constructions of
Kahler metrics coincides with the notion of a c-projectively equivalent metric, a topic studied
independently for many years previously. Secondly, the classification results in [ACG06, ACGT04]
solve open problems in the theory of c-projective equivalence, as well as providing new examples.

Our interest here is in a third ramification: although the methodologies employed in the
theories of c-projective equivalence and hamiltonian 2-forms have a large overlap (e.g., as both
depend upon the theory of overdetermined PDEs of finite type), they have quite different flavours
which might be combined with profit to prove new results. This paper is a first attempt to exploit
both theories in this way.

We focus on the mobility D(g, J) of a K&hler metric g on (M, J), which is the dimension of the
space Sol(g, J) of solutions of (4), or equivalently (2). Since the identity map Id (corresponding
to the Kéhler form w) is always a solution, D(g,J) > 1, and the presence of an independent
solution (or a nontrivial hamiltonian 2-form) means equivalently that D(g, J) > 2.

Our plan is to study the case D(g, J) > 3, using [FKMR12, Theorem 5], quoted as Theorem 1
below, which states that any such Kéhler metric g is Cg(B) (for some B € R) in the sense of
Definition 4 (unless all solutions of (4) are parallel). The converse is not true: it is straightforward
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to construct Cg(B) metrics with mobility two (e.g., using the cone construction described in the
appendix; see § A.4). In Theorems 2 and 3 we establish necessary and sufficient conditions for
a Kéhler metric to be Cg(B), and then, in Theorem 6, describe the additional conditions such
that a Cg(B) metric g has mobility D(g, J) > 3.

Whereas Theorem 2 draws upon curvature conditions from the theory of c-projective
equivalence, Theorem 3 uses hamiltonian 2-form methods. It follows, in Corollary 2, that an
extremal Kéahler metric with mobility at least three must have constant scalar curvature.

Our results are closely related to the cone construction of [MR15] (cf. [Arm08a, ArmO8b,
Mik98]) discussed in the appendix. More precisely, for Cg(B) metrics with B < 0 (and we may
assume B = —1 by rescaling), this construction gives an explicit 1somorphlsm between Sol(g, J)
and the space of parallel hermitian endomorphisms on a complex cone (M q, J ) over (M, g,J),
which we summarize in § A.1. The cone is a Kéhler manifold of dimension dim¢ M + 1, and
(M, g,J) may be recovered from it by taking a Ké&hler quotient. It is known, at least since
Eisenhart [Eis23], that the existence of a parallel hermitian endomorphism A on M is (locally)
equivalent to a decomposition of M into a direct product of Kéhler manifolds.

In § A.2, we derive a formula for the Kéhler quotient metric g in terms of radial and angular
coordinates on M coming from the decomposition of M induced by A. In §A.3, we (partlally)
rederive the local classification formula (9) for g relative to A € Sol(g,.J) corresponding to A; this
yields another proof of (one direction of) Theorem 3 by a direct calculation; see Proposition A.1.
In § A.4 we use the cone construction to give an alternative proof of Theorem 6 for a Cc(—1)
metric.

1. C-projective equivalence and hamiltonian 2-forms

1.1 C-projective equivalence and Cc(B) metrics

Let (M,J) be a complex manifold of real dimension 2m > 4. For J-hermitian metrics g,g
on M, we introduce the nondegenerate (g,J)-hermitian (i.e., g-symmetric, J-complex-linear)
endomorphism

N det 3\ /20D
A= (50)

where we view g,g: TM — T*M as bundle isomorphisms. A fundamental observation by Mike§
and Domashev [MD78] is that g and g are c-projectively equivalent if and only if there is a vector
field A such that A = A(g, g) satisfies the ‘main equation’

iy, (3)

VxA=X" @A+ A @ X +JX° @ JA+JN @ JX. (4)
Conversely, a nondegenerate solution A of (4) determines a Kéhler metric
g = (det 4)~1/2gA™ (5)

(obtained by solving (3) with respect to g) c-projectively equivalent to g. Since Id is always
a solution of (4), we can add a multiple of Id to any solution A to obtain (at least locally) a
solution which is nondegenerate. In this sense, the solutions A of (4) are (locally, generically) in
bijection with K&hler metrics g that are c-projectively equivalent to g.

DEFINITION 3. The space of hermitian endomorphisms A satisfying (4) will be denoted by
Sol(g,J). The mobility' D(g, J) of (M,g,J) is the dimension of Sol(g,J).

' In the classical c-projective literature, this is known as the ‘degree of mobility’.
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Remark 1. Obviously, two metrics ¢g,g are affinely equivalent (% = V) if and only if the
endomorphism A = A(g,g) is parallel. By (4), if the metrics are c-projectively equivalent, they
are affinely equivalent if and only if the vector field A is identically zero.

Taking the trace on both sides of (4) shows that

A= igradg tr A, (6)

hence (4) is a linear PDE system on A, which is equivalent to (2) for a hamiltonian 2-form ¢ by
writing g(AX,Y) = ¢(X, JY).

In [ACGO06, MR12], the nonconstant eigenvalues &1, . . ., & of A, considered as functions on M,
are shown to be continuous, and smooth on a dense open subset M°. Moreover, their (complex)
multiplicity on this subset is one. Thus we can express A on MY as

¢
1
A= 5 E grad, &;. (7)
i=1

For each nonconstant eigenvalue ¢; of A, grad,¢; lies in the corresponding eigenspace (see
[ACGO06, MR12]). Hence the vanishing of A is equivalent to all eigenvalues of the endomorphism
A (considered as functions on the manifold) being constant.

An important standard result in c-projective geometry is the fact that JA is Killing.

LEMMA 1. Let (M,g,J) be a Kéhler manifold of real dimension 2m > 4. Then for any
A € Sol(g,J), the corresponding vector field A is holomorphic, and JA is a Killing vector field;
equivalently VA is (g, J)-hermitian.

Proof. This is well known: see [MD78, (13)], [ACGO06, Proposition 3] and [FKMR12, Corollary 3].
g

As the introduction explains, our study builds on the following theorem.

THEOREM 1 [FKMRI12]. Let (M, g, J) be a connected Kéahler manifold of real dimension 2m > 4
and mobility D(g,J) > 3. Then there is a unique B € R such that for every A € Sol(g,J), with
corresponding vector field A, there is a function p such that the system

VxA=X"@A4+ AL X +JX" @ JA+ JA @ JX,
VA=pld+BA, (8)
Vi = 2BA°

holds at every point of M.

Remark 2. If for A € Sol(g,J), A # const - Id, with corresponding vector field A, there exists a
function p such that (A, A, ) solves (8) for a certain constant B, then this holds for any other
element A € Sol(g,J). This is clear if A is a linear combination of Id and A and follows from

Theorem 1 if Id, A, A are linearly independent.

DEFINITION 4. Let B be a real number. A Kihler metric (g, J) is called? Cc(B) if it admits a
solution (A, A, ) to the system (8) with A not identically zero.

2 Here ‘ Cc’ suggests constant /curvature/cone and complex/c-projective, and replaces the term ‘K, (B)’, often used
in the classical c-projective literature, in which K, denotes a Kdhler n-manifold.
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Remark 3. In Definition 4 we require B to be a constant. If B is initially assumed to be a
function, it turns out that this function must be (locally) constant provided there exists at
almost every point a nonzero vector contained in the B-nullity of the curvature; see Definition 5
and Theorem 2 below.

Remark 4. Neither (2) nor (4) provides the most natural formulation of c-projective equivalence
and mobility because they treat the metrics ¢ and g asymmetrically. This can be remedied by
observing that the definition (1) for c-projective equivalence is really an equivalence relation
between complex affine connections (connections V on TM with VJ = 0). A c-projective
structure on a complex manifold (M, J) is a c-projective equivalence class of such complex
affine connections. Equation (4) can be rewritten without reference to a background metric g by
replacing A with the metric h on T*M defined by h(«, 8) = g(ao A, 3). Then (4) becomes

Vxh=XA+ A X +JXQJA+JA®JX

(for all vector fields X) and this equation for h depends only on the c-projective class of V
provided that h is viewed as a section of £* ® S2T'M, where £L2(m+1) = AZnT 7S

This viewpoint is developed in detail in a forthcoming survey [CEMN] on c-projective
geometry; see also [Yos78]. For the present paper, we shall always have in mind a background
metric, and so we do not pursue this reformulation any further.

1.2 The classification of hamiltonian 2-forms

According to [ACGO06], a Kéhler metric (g, J,w) admitting a hamiltonian 2-form (or equivalently
an A € Sol(g,J)) is locally a bundle over a product of Kéhler 2m,-manifolds indexed by the
constant eigenvalues 7 of A (m,, being the multiplicity of 1), whose ‘orthotoric’ fibres are totally
geodesic with the nonconstant eigenvalues £1,...,& of A as coordinates. On a dense open set,
we may write

DA = 9() o 2R
9= Pucgn+ Y g dd + > —E (Y o1 (§)6,) (9)
n i=1 i(&5) j=1 7 =1
base metric fibre metric
Y
W= pacmwy+ > doy Ay, with df, => (1)1 "wy, (10)
n r=1 n

where pp.(t) = Hle(t —&), o, is the rth elementary symmetric function of {&1,...,&}, Ur,l(éj)
is the (r — 1)th such function of {& : k # j}, Aj; = [;;(&§ — &), and

0,(&)) ¢ ) . LA .
M&:&J;md@%{m:HJ;@éﬁ dé;. (11)

For any metric of this form,

Vi y4
¢ = Z npnc(n)wn + Z é.]' df] A (Z UT_l(éj)aT)
n j=1 r=1

L

= annc(n)wn + Z(O’rdO'l — do-/’s+1) A6,

n r=1

is a hamiltonian 2-form. The extension of this local classification to pseudo-riemannian metrics
is the subject of the forthcoming paper [BMR15].
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Curvature properties of the metric g in (9) are also computed in [ACGO06], to which we refer
for details and explanations. Let p.(t) =[], (t —n)™" be the (monic) polynomial whose roots are
the constant eigenvalues 7 of ¢, counted with multiplicity.

(i) g is Bochner flat if and only if the functions ©,(t) are equal, given by a polynomial ©(¢) of
degree at most £ + 2, with ©(n) = 0 for all constant eigenvalues 7, and the base metrics g,
have constant holomorphic sectional curvature (CHSC), given by —©’(n). The metric g is
itself CHSC if and only if in addition deg©(¢) < ¢+ 1.

(i) g is weakly Bochner flat if and only if the functions (p.©;) (t)/pc(t) are equal, given by
a polynomial W(t) of degree at most £+ 1, and the base metrics g, are Kéhler-Einstein,
with (1/my)Scaly, = —¥(n). The metric g is Kdhler-Einstein if and only if in addition
deg ¥ (t) < L.

In particular (applying (1) fibrewise, using the case that there are no constant eigenvalues),
the orthotoric fibres have CHSC if and only if the functions ©;(t) are equal to a common
polynomial of degree at most £ + 1.

It will also be useful to recall from [ACGO6] that there is a ‘Gray—O’Neill’ formula [Gra67,
O’Ne66] for the Levi-Civita connection of g in terms of the fibre and base metrics, where the
Gray—O’Neill tensor of the horizontal distribution is given by

¢
20(X,Y) =) ((X,Y)JA, — Q.(JX,Y)A,) (12)
r=1

for Q, = En(—l)rné”wn and A, = grad, ;.

2. Curvature nullity and the extended system
Let R € Q?(M, gl(TM)) denote the curvature of the Kihler manifold (M, g, .J),
R(X,Y)Z = (VxVy = VyVx = Vixy])Z,
and let
KX, V)=1Y"0X - X oY +JY"®JX - JX"® JY +2¢(X,JY)J) (13)
be the algebraic curvature tensor of constant holomorphic sectional curvature.

LEMMA 2. Let (M, g,J) be a Kihler manifold of real dimension 2m > 4. Then every A € Sol(g, J)
satisfies the identity

at every point for all tangent vectors X,Y .

Proof. Equation (14) is well known in the theory of c-projectively equivalent metrics; see, for
example, [MD78, Mik98]. To prove it, consider the identity

[R(X,Y),A] =Vx(VA)y —Vy(VA)x (15)

which holds for any endomorphism A € T'(gl(T'M)). Assuming that A € Sol(g, J), we can replace
the covariant derivatives of A in (15) with (4), to derive an integrability condition for (4). A
straightforward calculation yields the desired (14). We note that we have to use the fact that
VA commutes with J (see Lemma 1). O
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DEFINITION 5. For p € M and B € R, the B-nullity space of the curvature R at p is the linear
space
NB),={Ze€T,M :Np(X,Y)Z=0VX,Y € T,M}, (16)

where N(X,Y) = R(X,Y) + 4BK(X,Y).
Remark 5. Since g(Ng(-,-)-,-) is a section of S*(A*T*M), N(B), is the set of Z € T,M whose

contraction into any entry of g(Ng(-,-)-,-) is zero. Note also that N(B), is J-invariant, i.e., a
complex linear subspace of T,,M .

Remark 6. The real number B in the definition of the nullity is unique: if Z € N(B), and Z’ €
N(B'),, are nonzero vectors, then B = B’. To see this, we replace X by Z’ in the nullity condition
for Z, and apply the nullity condition for Z’ to obtain (B — B")K(Z,Z') = 0. Hence, B = B’ or
K(Z,Z") = 0. The last equation implies Z’ is a multiple of Z. Thus (B — B')K(X,Y)Z = 0 for
all vectors X,Y, which, for Z nonzero, forces B = B’.

However, B may depend on the point p, and (of course) the metric g.

PROPOSITION 1. Let (M,g,J) be a Kéhler manifold of real dimension 2m > 4, and let A €
Sol(g,J) with corresponding vector field A. Then for any functions B, u, we have

[K(X,Y),VA—BA—pld] + 1[(N(X,Y),A] =0 (17)
and, if B and u are smooth,

Vx(VA—BA— uld) + JNB(X, JA) + (Vxu — 2Bg(A, X)) Id+dB(X)A=0.  (18)

Proof. Equation (17) is immediate from Lemma 2 (identity (14)). Recall from Lemma 1 that
JA is a Killing vector field, and hence VxVA = —JVxVJA = —JR(X,JA) (by the standard
formula VxVK = R(X, K), X € TM, which holds for any Killing vector field K; see [Kosb5]).
Equation (18) follows from this by expanding Vx (VA — BA — p1d) and substituting for Vx A
from (4). ]

LEMMA 3. Let Q be a hermitian endomorphism and Z a nonzero tangent vector at p € M such
that [K(X,Z),Q] =0 for all X € T,M. Then @ is a multiple of the identity.

Proof. We may assume @ is trace-free and prove it vanishes. By definition (13) of K,
220X -X@Z+J2°9JX —JX ®JZ, Q] =0. (19)

Let eq,...,eam be an orthonormal frame of T,M. We take a trace by applying (19) to e; with
X = e; and summing over i. Since () and @ o J = J o ) are trace-free, and @ is hermitian, we
obtain (with summation understood)

0=9(Z,Qe)e; — g(Z,e;)Qe; + g(ei, e)QZ + g(JZ,Qe;)Je; — g(JZ,e;)QJe; = 2mQZ.
Thus QZ = 0, which we substitute into (19) to obtain
Z70QX+ QXY R Z+J2@Q(JX)+Q(JX) ®JZ =0.
For any Y € span{Z, JZ}+ this yields (using the fact that @ is hermitian)
0=g(QX,Y)Z + g(QUJX),Y)JZ = ¢(X,QY)Z + g(JX,QY)J Z.
Since Z # 0, @ vanishes on span{Z, JZ}*. But @ vanishes on span{Z, JZ}, so Q = 0. O
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THEOREM 2. Let (M, g,J) be a connected Kéhler manifold of real dimension 2m > 4. Then for
any A € Sol(g,J) with corresponding vector field A such that A is not parallel (equivalently,
A #0) the following statements are equivalent.

(i) There is a constant B such that [Np(X,Y), A] =0 for all vector fields X,Y .

(ii) There is a constant B and a smooth function p such that VA = BA + pl1d.

(iii) There is a constant B and a smooth function p such that A satisfies the extended system (8).

(iv) There is a constant B such that A is in the B-nullity space N(B), at every p € M;
equivalently Ng(X, JA) =0 for all X € TM.

(v) At every point p of a dense subset, there is a real number B = B(p) such that the B-nullity
space N(B), is nonzero.

(vi) There is a constant B such that, for any open subset U of M and any eigenvalue & of A
smoothly defined on U, grad, § is in the B-nullity of the curvature on U.

If for given B, these conditions hold for some nonparallel A € Sol(g,J), then they hold for
all A € Sol(g,J) (with the same constant B). In particular, the metric g is Cg(B).

Proof. (1) & (2) by (17): if VA — BA commutes with K(X,Y) for all X,Y € T,M, then it
commutes with all skew-hermitian endomorphisms of 7),M and is hence a multiple of the identity
at p.

(2) < (3) by (18), which reduces to

gWNB(X, JA)Y, Z) = (Vxpu —2Bg(A, X))g(JY, Z)

for all X,Y, Z: the left-hand side satisfies the Bianchi identity in X,Y, Z while the right-hand
side does not (for n > 1), so they must vanish independently.

(3) = (4) by (18) again: the extended system (8) implies Np(X, JA) = 0.

(4) = (5) is immediate: if A is not identically zero, it is nonzero on an open dense subset,
because JA is a Killing vector field by Lemma 1.

(5) = (3). Given a nonzero Z € N(B),, substitute Y = Z and ¢ = 0 in (17) to obtain
[K(X,Z),VA—BA] =0. Hence by Lemma 3 there is a scalar u = u(p) such that VA—BA = p1d
at p. This holds at every point of a dense subset for functions u, B defined on this subset.
Moreover, A is not proportional to the identity at every point of a dense open set (this
is straightforward to show using (4): for a proof, see [FKMR12, Lemma 4]). Then on a
neighbourhood U of any point in this dense open set, B and p are smooth functions (being
solutions of an inhomogeneous linear system of maximal rank with smooth coefficients). We
need to show that B is constant and 7 := du — 2Bg(A,-) is identically zero on U. For this,
suppose that a nonzero vector Z is in the B-nullity of the curvature and insert VA = uld 4+ BA
into (18) to obtain

JNB(X,JA) +7(X)Id+dB(X)A =0, (20)
and hence, by applying this identity to Z, 7(X)Z + dB(X)AZ = 0. If Z is not an eigenvector
of A, we have 7(X) = dB(X) =0 for all X € TU, which is what we wanted to show. We may
thus assume AZ = £Z for some function &£, so that 7 = —£dB and

NB(X,A) = dB(JX)(A—¢£1d)J
= ((A—€1d)X) @ (dB)* — dB® (A — £1d) X, (21)

where of denotes the metric dual of a 1-form «, and the second line follows from the Bianchi
symmetry satisfied by g(Np(X, A)Y, W) = g(Np(Y,W)X, A). Comparing the second and third
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lines, it follows that A — £Id has complex rank at most one. It remains to show the following
lemma.

LEMMA 4. Suppose that A € Sol(g,J) and that, on an open subset U, A is not parallel with
exactly two (distinct) eigenvalues, both smooth, and Z is an eigenvector of A in the B-nullity of
g for smooth B. Then dB =0 on U.

Given this lemma, proven below, we obtain also 7 = —£dB = 0 on U, and hence the system
(8) holds in a neighbourhood of every point of an open dense subset for a (local) constant B and
a smooth function p. On the other hand, it was proven in [FKMR12, §2.5] that the constants
B are the same for each such neighbourhood. Taking the trace of the second equation in (8), we
obtain 2mu = tr VA — Btr(A), so that the functions p coincide on overlaps and patch together
to a globally defined function. Hence the system (8) holds everywhere on M for a constant B

and a smooth function pu.
(1)-(5) = (6). Since Np(X,Y)A =0, (7) implies

l
0=>) Np(X,Y)grad,&, (22)
i=1
where &1, ...,& are the eigenvalues of A. It was shown in [ACGO06, Proposition 14] and [MR12,
Proposition 1] that the gradient grad, §; is contained in the eigenspace of A corresponding to
&i. Since [Np(X,Y), Al =0, Np(X,Y) leaves the eigenspaces of A invariant. Then at any point
where N(X,Y) grad, §; is nonzero, it is an eigenvector of A corresponding to the eigenvalue &;
and (22) shows that Np(X,Y)grad, & = 0.
(6) = (5). It was shown in [ACGO06, Proposition 14] that every nonconstant eigenvalue £ of
A € Sol(g,J) has nonvanishing differential on an open and dense subset.
The final observation of the theorem follows because condition (5) is independent of A €
Sol(g,J), and if A is V-parallel (i.e., the corresponding A is zero), then (17) and Lemma 3 imply
that A is a multiple of the identity or B = 0. a

Proof of Lemma 4. Since A is nonparallel (i.e., A # 0), it has at least one nonconstant eigenvalue.
We consider first the case that A has one nonconstant eigenvalue £ and one constant eigenvalue,
which we may assume to be zero. The £-eigenspace is therefore spanned by A, and if this is in the
nullity, then (20) implies dB = 0. Thus we may assume AZ = 0, hence du = 2Bg(A,-) = B d¢,
so that p and B are functions of £. For any X with AX = 0 we have

X = —(A— € Id)uX = —(A— € 1) VxA = (Vx A — dE(X))A = g(A, A)X
since VA = pId + BA, d¢(X) =0 and VA is given by (4). Hence {u = g(A, A).
On the other hand, using the Gray—O’Neill formulae [ACG06, Gra67] or the explicit form
d¢? 2
9=—8p0+ 577 +O()f
of the metric, we obtain that
4g9(4, 1)
€2
for X, Y in the zero eigenspace of A, where Ry denotes the curvature of gy (the Kéhler quotient
by JA), lifted to the zero eigenspace. Thus Ro(X,Y)Z = 4(B{—p)Ko(X,Y)Z, where Ko = —K /¢

—ABK(X,Y)Z = R(X,Y)Z = Ry(X,Y)Z — K(X,Y)Z, (23)
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is the algebraic constant holomorphic sectional curvature tensor of gy. Taking the trace over X
(on the zero eigenspace), Rico(Z) = 2(m—1)(B&—pu)Z and so B — p is independent of &, hence
constant. This combines with du = B d§ to give dB = 0 as required.

We now turn to the case where A has two nonconstant eigenvalues &; and &;. Note that in
this case, M is necessarily real four-dimensional. Let Vi = grad &1, V2 = grad, §; and suppose
that V5 is contained in the B-nullity of the curvature R. To compute B and p, we apply Vi and
V5 to the equation VA = puld + BA to obtain the linear system my = pu+ & B, mo = u+ £B,
where mj, ma are the eigenvalues of VA, i.e., Vy; A =mVj and Vy, A = maVs. Hence,

_ §omy — §1mo _myp —ma
p=——F—"7—", B=—-—-

§2— &1 §1—&
To calculate mq, ma, we recall that A = (1/2)(V5 + V3) and so V4 = (1/2)(m1Vh + maVa), or,
dually, d(g(A, A)) = myd& + madés. The classification of hamiltonian 2-forms from § 1.2 shows
that, in a neighbourhood of almost every point, g takes the form

_a—& & -G (&) Fy(&2)
Fi(&1) Fy(&2) §&1—& &—&

in local coordinates &, &2, t1,t2. From this, we obtain g(A, A) in terms of the functions Fy, Fs.
Calculating d(g(A, A)) and comparing coefficients, we obtain

Comi—my  (F1(&) + F5(&2)) (&1 — &) — 2(F1(&1) — Fa(&2))
R iE &) ' 24

Replacing X in (21) by the vector JV5 in the nullity, we see that dB(V2) = 0, i.e., B does not
depend on the variable &». Using (24), it is straightforward to show that the condition dB/d&; =0
is equivalent to

dét + dés + (dty + Eadta)? + (dt1 + &1 dta)?

0= F3(&)(& — &)* + 2(F1 (&) + 2F5(£)) (&1 — &) — 6(F1(&1) — Fa(&)). (25)

Taking three derivatives of this equation with respect to &; yields F1(4) (&1) = 0, hence Fi(&;) is
a polynomial of degree at most three. Inserting this condition back into (25), a straightforward
calculation shows F} = F. Inserting these polynomials into (24) shows that B is a constant.
This also follows from [ACGO06] where it is shown that (g, J) has constant holomorphic sectional
curvature (and hence B is constant) if F; = Fj is a polynomial of degree at most three. O

Remark 7. Recall from Remark 1 that A not being parallel is necessary for (5). All other
conditions are automatically fulfilled for parallel A, in which case we have y = B = 0.

To relate this result to the local classification of metrics with hamiltonian 2-forms (see §1.2),
observe that at each point in a dense open set, the J-linear span of the gradients of the eigenvalues
of A is the tangent space to the orthotoric fibres of the metric g.

COROLLARY 1. A € Sol(g,J) satisfies the extended system (8) for B € R if and only if A is
parallel (in which case, we may assume B = 0) or the orthotoric fibres of A are in the B-nullity
of g. In particular, since these fibres are totally geodesic, they have constant holomorphic sectional
curvature —4B.
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By Definition 4, a Ké&hler metric is Cc(B) for a constant B if one of the conditions in
Theorem 2 is satisfied for some nonparallel A € Sol(g, J). We next describe the conditions on
the parameters in formula (9) under which a Kéhler metric is C¢(B).

For this, we first observe that the extended system (8) is equivalent to the special case
70 =0, 71 = —4B, 75 = —4u of the system [ACG06, § 2.3, Equation (30)], with the term ‘W’ ()’
omitted. Hence (the proof of) [ACGO06, Proposition 5] applies to show that the polynomial

F(t) = —4(Bt + p)pa(t) — g(K, K(t)) (26)

has constant coefficients, where p4(t) is the characteristic polynomial of A, K = J grad, o1 and
K(t) = Jgrad,pa(t) (thus K coincides with the Killing vector field 2JA). To interpret this
fact geometrically, we next observe that any triple (A, A, pu) € g(TM)®TM & M x R, with A
hermitian, defines a hermitian (bundle) metric on {(o, p) € Hom(TM,C) & M x C: o(JX) =
io(X)}, via the expression

HT [71 ﬂ m = ppp’ +7(A)p +po’(4) +g(@ 0 A, o). (27)

o

When B = —1, this bundle may be identified with the (holomorphic) tangent bundle of the
complex cone over (M, g, J) studied in [MR15], which we discuss in the appendix. For any B € R,
the bundle carries a connection D defined by

Px m - [VXU —Y )lgfg)&afgx, ~)p:| : (28)

This connection induces the extended system (8) in the following sense (cf. [FKMR12, §§4.1-4.2]
in the case B # 0).

LEMMA 5. For any sections (A, A, u) and (o, p) as above, we have

oe([e] 3 31D - (e D) T AT [ Ao

[pr Vxu—2Bg(A, X) VxA—puX — BAX o
= B B XA+ RX [ /] .
o] [VxAd=pX =BAX Vxd ( +JXb®JA+JAb®JX) o

The proof is a straightforward computation. Up to a normalization constant, the function
F(t) is the (complex) determinant of the hermitian form on Hom(7T'M,C) @ M x C defined by
(A —tld, A, u + Bt), so its roots are the relative eigenvalues of the hermitian forms defined
by (A, A, ) and (Id,0, —B). This gives another proof that F'(¢) has constant coefficients when
(A, A, p) solves (8), and further shows that the relative eigenspaces are D-parallel subbundles of
Hom(T'M,C) & M x C.

THEOREM 3. Let (g,J,w) be a Kahler metric with a nonparallel hamiltonian 2-form, given
explicitly by (9) on a dense open set. Then g is Cc(B) if and only if ©;(t) = ©(t), a polynomial
of degree at most ¢ + 1 (independent of j) with leading coefficient —4B, and ©(n) = 0 for all

constant eigenvalues 1.

Proof. 1f g is Cc(B) then the (totally geodesic) orthotoric fibres have CHSC. The hamiltonian
2-form restricts to a hamiltonian 2-form on each fibre whose characteristic polynomial is
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pa(t)/pe(t). Applying [ACGO6, Proposition 18] fibrewise, we thus have ©;(t) = O(t) := F(t) /p.(t)
for all j (where we recall that p.(¢) is the monic polynomial whose roots are the constant
eigenvalues n of A). It remains to show that any root n of p.(t) is a root of O(¢), i.e., the
multiplicity of 7 as a root of F(t) is greater than its multiplicity as a root of p.(t). The latter
is the dimension of the kernel of A —nId in Hom(7T'M, C) which is a subspace U of the relative
n-eigenspace, i.e., the kernel of the hermitian form defined by (A — n1d, A, u + Bn). However,
by (28), U cannot be D-parallel, so the dimension of the relative n-eigenspace is strictly larger,
hence so is the multiplicity of 1 as a root of F(t).

Conversely, if ©(t) = ©(t) as stated, then the orthotoric fibres belong to the B-nullity of g. To
see this, observe that the Gray—O’Neill curvature formulae [Gra67, O’Ne66] (with Gray—O’Neill
tensor (12)) imply that all components of the curvature of g, apart from the purely horizontal
part, depend on the base metrics g, in (9) only to first order at each point. Hence, to compute
R(X,Y)Z for Z vertical, we may use a metric ¢ which agrees with g at a given point, but where
we replace the base metrics g, with metrics g, which have CHSC equal to ©'(n) at that point.
By [ACGO06, Proposition 17], g has CHSC given by a multiple of B, hence the fibres are in the
B-nullity. Consequently, the same holds for g. O

COROLLARY 2. Let (g,J) be a Cc(B) Kéahler metric (e.g., with D(g,J) > 3) which is weakly
Bochner flat (or is Bochner flat). Then g is Kéahler-Einstein (or has constant holomorphic
sectional curvature, respectively).

Recall from [ACGO06] that a Ké&hler metric (g, J) of dimension 2m is orthotoric if it admits a
hamiltonian 2-form having m nonconstant eigenvalues &1, . .., &, (these metrics are also ‘Kahler—
Liouville’; see [KT11]).

COROLLARY 3. Let (g,J) be a Cc(B) Kéahler metric (e.g., with D(g,J) > 3) which is orthotoric.
Then g has constant holomorphic sectional curvature.

Remark 8. An analogue of the corollary in real projective geometry, which is also true under
more general assumptions, can be found in [BKMO09].

Theorem 3 has the following global consequence.

THEOREM 4. Let M be a closed connected 2m-orbifold (2m > 4) and suppose (g, J) is a Cc(B)
Kéhler metric on M. Then (M, g, J) is an orbifold quotient of CP™ with a Fubini-Study metric.

Proof. By assumption, M admits a hamiltonian 2-form of order ¢ > 1. The theory of [ACGT04,
§2], which extends to orbifolds following [LT97], shows that the universal orbifold cover of M
has a blow-up M which is a bundle of (connected) toric orbifolds over an orbifold S which
is a complete Kéahler product over the constant eigenvalues 1 of A. Since blow-up does not
change the orbifold fundamental group, M is a simply connected orbifold, hence so is S (since
the fibres of M — S are connected). Now, since every constant eigenvalue 7 is a root of the
function O of Theorem 3, it follows from [ACGT04, Proposition 6] (or rather, its proof, extended
straightforwardly to orbifolds) that S is a Kahler product of complex projective spaces where
the Kéhler metric on the factor corresponding to a root 7 has CHSC —©'(n) (see [ACGT04,
Theorem 5(iv)—(v)]). As discussed in § 1.2(i), these are precisely the conditions (given that © is
a polynomial of degree at most ¢+ 1 vanishing on the constant eigenvalues 1) which ensure that
the metric on M has CHSC [ACGO06]. (This is not a coincidence: the Fubini-Study metric on
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CP™ admits hamiltonian 2-forms of any order 0 < ¢ < m.) Since K = JA is a nonparallel Killing
vector field on M (it is hamiltonian, hence has zeros), the curvature of g must be positive by
Bochner’s argument. Hence the universal cover of M is isometric to CP™ with a Fubini—Study
(positive CHSC) metric. O

COROLLARY 4. Let (M,g,J) be a closed connected Kahler orbifold of dimension 2m > 4 and
mobility D(g,J) > 3. Then either M is an orbifold quotient of CP™ with a Fubini-Study metric,
or every Kahler metric c-projectively equivalent to g is affinely equivalent to g.

Remark 9. This corollary is immediate from Theorems 4 and 1 (i.e., [FKMR12, §2]). In the
manifold case, it is the main result of [FKMRI12], where it was established for metrics of
arbitrary signature. Indeed, on manifolds, the analogue of Theorem 4 for metrics of arbitrary
signature was obtained in [FKMR12, Remark 12]. Furthermore, the proof in [FKMR12] proceeds
by first reducing to the case that —Byg is positive definite, and this part of the argument extends
straightforwardly to orbifolds. Hence Theorem 4 is actually valid in all signatures.

On the other hand, in the remaining case, where (without loss of generality) B = —1 and g
is positive definite, [FKMR12, Lemma 8] shows that the extended system (8) yields a nontrivial
solution of the kdhlerian Tanno equation, and so the manifold case of Theorem 4 follows from
[Tan78, Theorem 10.1]. In fact, as shown in [FR11, § 3, see (4)], the Tanno equation is equivalent
to the extended system in this case, and so Theorem 4 may be regarded as providing a natural
generalization of [Tan78, Theorem 10.1] to orbifolds of arbitrary signature. Note that our method
of proof for Theorem 4 is very different from [Tan78].

The corollary is a rigidity result for closed connected Kahler orbifolds (M, g,J) which are
not quotients of CP™, but admit a c-projectively equivalent metric which is not affine equivalent
(i.e., a hamiltonian 2-form of order ¢ > 0). This has several consequences. First, as observed
in [FKMR12], the isometry group of g has codimension at most one in the group of c-projective
transformations of M: this is because the latter group acts on the projectivization of Sol(M, g),
with the isometry group of g as a point stabilizer. Secondly, since the hamiltonian 2-form is
essentially unique (i.e., A € Sol(M,g) is unique up to a linear combination with the identity
solution), the ¢-torus action it defines must be central.

3. Classification of metrics with c-projective mobility at least three

Let us recall the following result.

THEOREM 5 [ACGT04, FKMRI12]. Let (M,g,J) be a connected Kéhler manifold of real
dimension four. Then D(g,J) > 3 if and only if the holomorphic sectional curvature is constant.

Remark 10. In [ACGTO04, Proposition 10] and [FKMR12, Lemma 7], it was shown that a K&hler
manifold of real dimension four and of mobility at least three has constant holomorphic sectional
curvature. The fact that every CHSC Ké&hler manifold of any dimension 2m has mobility (m +
1)2 > 3 is a standard result; see, for example, [ACG06, Mik98].

By Theorem 1, the condition D(g,.JJ) > 3 implies either that all A € Sol(M, g) are parallel,
or that the metric is Cc(B), i.e., the equivalent conditions of Theorem 2 hold. Conversely, we
now find the metrics satisfying D(g,.J) > 3 among those that are Cg(B).

THEOREM 6. Let (M,g,J) be a connected Kéhler manifold of real dimension 2m > 4 which is
Cc(B). Suppose in addition that there exists A € Sol(g,J) such that:
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e cither the number of nonconstant eigenvalues of A is two or more;
e or the number of constant eigenvalues of A is three or more.
Then D(g,J) > 3.

Proof. Let us choose A € Sol(g, J) satisfying one of the two conditions on the eigenvalues.

First suppose that the corresponding vector field A is identically zero. Then A is covariantly
constant and all eigenvalues of A are constant (see Remark 1). The endomorphism A=A2%is
covariantly constant and hence contained in Sol(g, J). It follows that A, A and Id are linearly
independent and therefore D(g, J) > 3, since otherwise, A would be annihilated by a polynomial
with constant coefficients of order two or lower, and this contradicts the assumption that the
number of constant eigenvalues is at least three. We have proven Theorem 6 under the assumption
A=0.

Let us now suppose that A is not identically zero.

First case: B = 0. A straightforward computation (using the equations in (8)) shows

A= @A+ JA @ JA

is contained in Sol(g, J), where the corresponding vector field is A= pA and p is a constant.

Clearly, A is not proportional to Id (since it is multiplication with g(A, A) on span{4, JA}
and multiplication with zero on span{A, JA}*). If D(g, J) = 2, we have A = a A+ 1d for certain
constants a and 3, but this contradicts the assumptions on the eigenvalues of A. Theorem 6 is
proven in the case B = 0.

Second case: B # 0. Let us multiply the metric with —B, such that the system (8) for the
new metric (which we again denote by the symbol g) holds with B = —1. Note that the mobility
remains unchanged by this procedure. A straightforward computation (one may also compare
[Mik98, p. 1338], [FKMR12, Equation (88) in the proof of Lemma 10] or the cone construction
[MR15, Theorem 9]; see the appendix below) using the equations in (8) shows

A=A+ LA+ T @ JA

is contained in Sol(g, J) with corresponding vector field A = (A + p1d)A. Assuming D(g,.J) = 2,
we obtain (up to rescaling) A = A+ aId for a certain constant a.. Taking the covariant derivative
of this equation shows A = (A + pId)A. Hence, A is an eigenvector of A corresponding to the
nonconstant eigenvalue 1 — p. Equation (7) (together with the fact that for each nonconstant
eigenvalue §; of A, grad,§; is contained in the corresponding eigenspace) implies that A has
exactly one nonconstant eigenvalue. Restricting A = A + aId to the orthogonal complement
U := span{A, JA} shows that the restriction A|y is annihilated by a quadratic polynomial.
Then the number of nonconstant eigenvalues is at most two. We obtain a contradiction to any
of the two conditions on the eigenvalues of A. Hence, D(g,.J) > 3 and Theorem 6 is proven. 0O

Appendix. Cone construction for Cc(—1) metrics

A.1 The cone construction
If g is a Cg(—1) Kéhler metric then the space Sol(g,J) is isomorphic to the space of solutions
(A, A, ) of the PDE system

VxA=X"@A4+ AL X +JX°@JA+ JA @ JX,

VA= pld—A, (A1)
Vi =—2/°
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The cone construction [MR15, Theorem 9] (see also the formulae in [Mik98, pp. 1338-1339] for
the same statement, though the formula for A appearing there seems to have a misprint) asserts
that the space of solutions (A, A, p) of this system is isomorphic to the space of parallel hermitian
endomorphisms A € End(T M ) on the cone

. -1
M =RogxRx M, §=dr’+r*¢*+g), J:;at@)dr—r@r@qb—l—J, (A.2)

where ¢ = dt — 7 and 7 is a 1-form on M satisfying d7 = 2w (w = g(J-,-) denotes the Kéhler
form on M ). The construction is local, but this is sufficient for our purposes. The correspondence
between solutions (A, A, u) of (A.1) and parallel hermitian endomorphisms A € End(T'M) is given
by

G(A- ) = pdr® —rdr © X+ (ug” + ¢ © A(J-) + g(A-, ). (A.3)

Further, we view the manifold N = R x M with metric h = ¢ + ¢ as naturally embedded
into M as the hypersurface N = {r = 1}. The manifold (M, g,J) is recovered from (M LG, J )
as the Kahler quotient with respect to the action of the hamiltonian Killing vector field K :=
(1/2)J grad, r* on the level set N, where the function (1/2)r? serves as the moment map for the
(local) hamiltonian S'-action induced by K

A.2 The Kahler quotient in the presence of a decomposition of the cone into a direct
product

By the decomposition theorem for riemannian manifolds [Eis23], the parallel hermitian

endomorphisms on a manifold are classified by all the ways the manifold can be decomposed into

a direct product of Kéhler manifolds. Let (M g,J ) be the cone over a Kahler manifold (M, g, J)

given by (A.2). Suppose § decomposes into a direct product

MZHMi, QZZ% j:ZjZ- (A.4)

of Kéhler manifolds (M, §;, J;). Recall that the cone structure on (M, §,.J) gives rise to the cone
vector field C = r0, satisfying VC = Id. Conversely, a vector field satisfying this equation induces
a cone structure by defining the radial coordinate to be

r:=+/g(C,C).

The decomposition C = Zfzo C; of the cone vector field with respect to (A.4) defines cone vector

fields C; on each component (]\;[Z, Gis jz) making them into cones over certain Kahler manifolds
(M;, g, J;). Hence, having a decomposition as in (A.4), we may write

V4
Z dr + 73 ¢2 +gi)). (A.5)
=0

=g

Here we allow some of the g; to be zero, meaning that the corresponding cone (Mi, Ji, jz) is
(complex) one-dimensional over a base of dimension zero. In particular, g; is flat.
As a Kéhler riemannian cone, ¢ is of the form (A.2). Using C = Zf:o Ci and C; = r;0,,, we
see that
r, K = %jgradg 72,0y, dr and ¢
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relate to the corresponding objects on the components g; of § in (A.5) by the equations

r? = r?, K = ZK” O = ,Z 7i0p;,
Zrldn and ¢ = 2 Zr2¢z (A.6)
Next we describe the Kahler quotient of the direct product metric g in (A.5) with respect
to the action of the hamiltonian Killing vector field K := (1/2).J grad, r* on the level set r = 1.
THEOREM A.l. The Kéhler quotient metric g of the metric § is given by the formula
Q—Zdr + - Z ¢j +ZT 9gi- (A7)
1,j=0

Remark A.1. The forms ¢; — ¢; are basic, i.e., they can be written as the pullback of forms
defined on the quotient. Indeed, these forms vanish upon insertion of 9, and K, they do not
depend on r and they are K-invariant (that is, invariant with respect to the (local) S!-action).

Remark A.2. Recall that the metrics g; in (A.7) are zero if §; = dr? + r2(¢? + g;) is (complex)
one-dimensional.

Proof of Theorem A.1. Restricted to the level set » = 1, the quotient metric g is given by

4 ¢ ¢
=D dri+ ) el -+ rig (A.8)
i=0 i=0 i—0

Using (A.6), we obtain

¢ ¢
> o ¢—ZT¢>—ZT ¢i®¢j=%z7“?7“]2~(¢i—¢j)2
1=0

1,5=0 1,§=0

which gives us formula (A.7). O

In what follows, let A be a parallel hermitian endomorphism for ¢ with distinct eigenvalues
Co < - -+ < Cy of multiplicities mo, .. ., my. Let (A.5) be the decomposition of § with respect to the
parallel eigenspace distributions of A. If we consider A as a parallel symmetric (0, 2)-tensor field
(by lowering one index with respect to the metric §), it is given by the formula

J4
A=Y "Cr(dr} +r}(67 + b)) (A.9)
1=0
Let us relate the (constant) eigenvalues Cy,...,Cp of A to the (generically nonconstant)

eigenvalues &1, ...,& of A € Sol(g,J) corresponding to A.

LEMMA A.1. Let A be given by (A.9) for numbers Cy < --- < Cy and let the cone metric g over
g be given by (A.5). Let A € Sol(g,J) correspond to A via the isomorphism (A.3). Then the
function pg: M x R — R, given by

0
pa(t) = :2 G mﬂZﬁH (t-C (A.10)
=0

=0  j#i
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is the characteristic polynomial of A. Moreover, we have
Co<& <O < <5 <0y, (A.11)

where &; are the ordered nonconstant eigenvalues of A. In particular, ¢ is the number of
nonconstant eigenvalues of A € Sol(g,J) on the base M and the eigenvalues of A occurring
with multiplicity two or higher are the constant eigenvalues of A.

Remark A.3. The calculations in the proof of Lemma A.1 below are analogous to the derivation
of elliptic separation coordinates on the n-sphere; see [Sch14, §7].

Proof. Recall that A is the horizontal part of A. Tts action on the horizontal distribution
H={XeTM:jX,0o,) =g(X,Jd,) =0}

is then given by X R o
AX = AX — §(AX,0,)0, — g(AX, JO,)JO).

In particular, if § is an eigenvalue of A, ie., AX = (X for some nonzero X € H, we have
(A-¢1d)X = (AX,0,)0,, where (-,-) = g — ig(J-,-) denotes the hermitian inner product
associated to §. Thus, £ is an eigenvalue of A if and only if there exists X # 0 such that

(X,9,) =0 and (A—¢Id)X =¢d, for some ¢ € C.

If £ is not an eigenvalue of A, this condition is equivalent to ((A — £1d)~'9,,d,) = 0. Inserting
A given by (A.9) and 0, = Zf:o (ri/7)0r,, this equation becomes equal to

V4 Tz
i —(. A.12
;oi—g 0 (A.12)

We obtain that each eigenvalue £ of A which is not an eigenvalue of A must be a solution to this
equation. For fixed 7, ..., ry, the function h(§) = Zf:o r2/(C; — €) has £+ 1 poles at Cy,...,Cy
and is monotonously increasing within the intervals (Cy, Ci+1). Hence, it has ¢ zeros &1,...,&
which are the £ nonconstant eigenvalues of A depending on r¢,...,r,. We have just seen that
these eigenvalues have to satisfy the relation (A.11).

On the other hand, if an eigenvalue C; of A has multiplicity m; > 2, the corresponding
eigenspace must have an (m; — 1)-dimensional intersection with H, hence, C; is also a constant
eigenvalue of A of multiplicity m; — 1. The number of eigenvalues of A found so far is

l 4
0+ (mi—1) =1+ m;=—1+dim M = dim M.
=0 =0

Thus, we have certainly found all eigenvalues of A.

Multiplying (A.12) with Hsz(Ci —¢), we obtain Zf:o r2 ;2i(Cj — &) = 0. The left-hand
side is a polynomial in £ of degree ¢, and, since the nonconstant eigenvalues &1, ...,& are the
roots of this polynomial, we obtain

y4
puclt) = 5 S Tt - ),

i=0  j#i

where py(t) = Hle(t — &;) is the nonconstant part of the characteristic polynomial of A. The
characteristic polynomial of A is then given by formula (A.10). O
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Denote by &1, ..., & the nonconstant eigenvalues of A and by 7 its constant eigenvalues of
multiplicity m,,. The characteristic polynomial p4(t), expressed in terms of the radial coordinates
7i, is given by (A.10); hence, we obtain the relation

4 y4
1
[Tt =5 STl o, (A13)
i=1 I=0  J#I
between the two sets of functions {i,...,&} and {rg,...,r¢}. Inserting ¢ = Cr into formula

(A.13), we obtain the functions r; explicitly as functions of the &;:

2 i€ = &)
T yw(Cr=Cy)

(A.14)

Differentiating yields

£ Tw(Cr =€)
i1 HJ#I(CI -Cy)

2rpdry = — dé&;. (A.15)

A.3 A local description of Cc(—1)-metrics
We rederive the part of Theorem 3 stating necessary conditions on the parameters from formula
(9) for g being Cc(—1).

PROPOSITION A.l. Consider a Cg(—1) metric g given by formula (9) with respect to some A €

Sol(g, J) with nonconstant eigenvalues &1, . .., &;. Let Cy < --- < Cy be the distinct eigenvalues of
the corresponding parallel hermitian endomorphism A on the cone. Then ©;(t) = —4 []5_,(t—C)
forj=1,...,¢.

Proof. The part of the metric g in (9) involving the d¢; corresponds to the part Zgzo dr% of g
n (A.7). Using (A.14) and (A.15), we obtain

syt — Szt i (1~ ) M (Cr = 0)d61, © 6,
[1,2(Cr = Ch)ITizi (Cr = &)

Let 42?20 dr? =: Ajyi,d&;, ® dé&;,. For iy # i, (A.16) implies that

(A.16)

;ézl,zz gJ)
1112 Z HJ#I CI — CJ)

The numerator of each term in this sum is a polynomial of degree £ — 2 in C', hence, applying
a Vandermonde identity (see, for instance, the appendix of [ACGO06]) in the ¢ + 1 variables
Co,...,Cp, we see that A; ;, = 0 for iy # ia. For the case i = i; = i3, we obtain

l
o Hj;éi(cl — &)
A= LG - a6

The numerator of each term in this sum is a polynomial of degree ¢ — 1 in C7. Applying
Vandermonde identities with respect to the £ + 2 variables Cy, ..., Cy, &;, we obtain that

B Hj;si(fz‘ - fj) .
[15_(& — Cr)

(A.17)
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Thus we have

¢ ¢
IL2(& — &)
d 2 _ _ J#i J ngQ
; ' ;411?_0(5@-—0[)

Comparing this with (9), we see that 0;(¢) = —4 Hﬁzo(t — C7) as we claimed. O

A.4 Cg(—1)-metrics with mobility at least three

The cone construction provides a more geometric explanation why the conditions on the
eigenvalues in Theorem 6 imply that the mobility is at least three: since for a Cg(—1) metric g
the space Sol (g,J) is isomorphic to the space of parallel hermitian endomorphisms on the cone

(M, g,J), the decomposition theorem for riemannian manifolds [Eis23] implies that the mobility
D(g,J) = dim Sol(g, J) is given by

D(g,J) = f*+1i, (A.18)

where f is the complex dimension of the flat part and i is the number of irreducible (nonflat)
components of § (see also [MR15]). Let Cy < --- < (), denote the (not necessarily distinct)
eigenvalues of a parallel hermitian endomorphism A on M, and let A be the corresponding
element of Sol(g,J). Lemma A.1 shows that each repeated eigenvalue C;_; = C; of A gives rise
to a constant eigenvalue of A, while each gap C;_1 < C} gives rise to a nonconstant eigenvalue
of A taking values in the interval [Cj_1, Cj]. This explains the assumptions in Theorem 6: if the
number of nonconstant eigenvalues of A is two or more or the number of constant eigenvalues of A
is three or more, then the number of distinct eigenvalues of A must be three or more. Now, given
a parallel hermitian endomorphism A on the cone with at least three distinct eigenvalues, the
decomposition theorem, together with formula (A.18), shows that the mobility is at least three.
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