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ON THE UNIFORM APPROXIMATION OF 
SMOOTH FUNCTIONS BY JACOBI POLYNOMIALS 

J. PRASAD AND H. HAYASHI 

1. Introduction. Let con(x) denote the Jacobi polynomials with the weight 
function 

p(x) = (1 - x)a(l + %Y,a > - 1 and/5 > - 1 . 

If we denote the corresponding normalized Jacobi polynomials by ûn(x) we 
have 

(1.1) ûn(x) 

Now let 

(2w + a + P + l )r(w + l )r(w + a + P + 1) 
2 a + / î + 1r(» + a + l ) r ( » + 0 + 1) 

Sn(x) = X) bkœk(x) 
k=0 

1 
2 

w»(*). 

be the nth partial sum of the Fourier series of Jacobi polynomials of a function 
f(x). In the second of three volumes on Constructive function theory Natanson 
proved the following: 

THEOREM 1 [1]. Let a = max (a, p) ^ — \ and let p be a positive integer 
which is not less than 2a + 2. Then on the interval [ — 1, 1] every function j\x) 
with a continuous pth derivative can be expanded in a uniformly convergent 
Fourier series of Jacobi polynomials cbn(x). 

As far as we know this is the latest result on this topic. In our note we 
improve Natanson's result by proving the following: 

THEOREM 2. Iff(x) has p continuous derivatives on[ — l, 1] andf {v) (x) £ Lip /z 
(0 < fj. < 1), then for p + fx ^ a + § and — 1 ^ x ^ 1, 

(1.2) \f(x) - Sn(x)\ ^ a* In n/nr+i™-*; 

forp + v ^ i , 

(1.3) (1 - *) i ( 2 a + 1 )(l + x)*w+»\f(x) - Sn(x)\ g c2* In n/np+»; 

and for p + n^(r + 2r+% and r ^ 1, 

(1.4) |/<r> (x) - Sn^ (x)\ g c3* In » / w ^ - ^ 2 r - i f 

where a = max (a, fl,aèO,^0. 

It is worthwhile to point out that the recent results of Suetin [4] and that 
of Saxena [3] are particular cases of Theorem 2. 
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UNIFORM APPROXIMATION 217 

2. Jacobi polynomials. We state in this section some well-known results 
which will be required later. 

From [1] we have for y > —1 and X > — 1, 

(2.1) 
r(rc + 7 + A + l ) ^ , x 

—, ; —77 < difl , 

r(» + 7 +1) 
where d\ is a positive constant. Hence we obtain that 

(2» + a + /? + l ) r ( » + a + 0 + l ) r ( » + 1) 
(2.2) 2-w+1r(» + « + i)r(» + /? + l) - din-
Also from [5] we have for — 1 ;S x ^ 1, 

(2.3) |«,(*)| ^ d8»'f 
where a- = max (a, (3) ^ — | and d3 is a constant depending on a and 0 and 

(2.4) (1 - *)*<**-« (1 + aO^^M*)! ^ d*»"4 

for a ^ - i /3 è ~ i Then from (1.1), (2.2), (2.3) and (2.4) it follows that 
for - 1 ^ x ^ 1, 

(2.5) !«»(*)| ^ ^5»'+* 

and 

(2.6) (1 - x)^2»4-i)(i + x)^2^+1>|^(x)| ^ d6 

for a ^ — h 0 = "~ 2- Further upon applying Markov's inequality [1] to (2.3) 
and (2.5) we obtain 

(2.7) k ( r ) ( * ) | ^ dz*n*+*r 

and 

(2.8) k(r)(*)l ^ d,*n°+2r+K 

3. Some lemmas. In order to prove Theorem 2 we need the following 
lemmas. 

LEMMA 1. If — 1 S oc ^ 1 and a è — è, 0 ^ — è *&ew 

(3.1) f (1 - /)a(l + *)' Ê «*(*)*>*(0 

(3.2) (l-x)*(2a+1)(l + x)*C2/s+1) 

X f (1 - 0a(l + *)' 

(3.3) f (1 - *)°(1 + 0" E **W (*)**(*) 

zt^ere o- = max (a, /3). 

d/ ^ C 6 V + \ 

J3 ûk(x)ûk(t) 

it ^ cfn'+2r+\ 

it g d*nh 
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Proof. First of all, we evaluate the integral 

J ^ (l - 0"(i + tfdt. 

The substitution t = 2u — 1, yields 

(3.4) f (1 - *)"(! + ')"<& = 2a+/3+1 f (1 - «)V 
«7-1 t /o 

</M 

= 2 a + ? + 1 5 ( a + 1,0 + 1) 

= 2a + f i + 1r(a + i ) r ( |8 + i) 

!'(« + / ? + 2) 

Now, if cr = max(a, /3) ^ — §, we get by making use of (2.5), 

(3.5) f (i - oa(i + m E «*(*)«*(*) * = £ !«*(*) Is 

•/ —1 L /c=o J /c=0 

Finally, with the help of Cauchy's inequality and (3.4), (3.5) we obtain 

Çx (i - oa(i + ̂  E ûk(t)wk(x) dt 

- [ X' i ( 1 ~ ° B ( i + ° i s ^w^w/^jt X'i(i _ tr(i+t)$dt 

from which (3.1) follows. By similar arguments (2.6) will yield (3.2), while 
(2.8) will yield (3.3). 

LEMMA 2. If -1 ^ x ^ 1, a ^ 0, p ^ 0 and p + n ^ % then 

X) âk(x)ô>k(t) (3.6) J ' ( l - ^ ( p + , x ) ( l - / ) a ( l + 0 

( 3 . 7 ) ( l - ^ ( 2 " + 1 ) ( l + x ) ^ + 1 ) 

xj (l -t2)Uv+li\\ -o a ( i + 0 

d/ 5g c8*na+'2ln n, 

X ) «ifc(^)wjfc(0 
A=0 

dt g £9*ln w, 

and 

(3.8) J (1 -/2)^+/x)(l -*)"(!+ 0* 

X ]£ Û, (O(*)Û,(0 d* g c10*n+2r+^ In ». 
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Proof. We denote by An(x) the part of [ — 1, 1] on which \x — t\ ^ 1/n and 
by 8n(x) the rest of the interval. Consider now 

(3.9) ç (1 _ ^)j^)(i _ , r ( 1 +tA± «,(*)«.(o 
« J - 1 I *=0 

-J" +J 

XI ùk(x)ûk(t) d* 

Since 

Jx= f (l - /2) è ( p + M )(i-0 a(i + 0^ 
^A„(x) 

ècA (1 - f*)****-» £ [(1 - ;)i(2"+1)(l + 0i(^|».(0|]|u*(x)|*, 
J A „ ( Z ) fc=0 

making use of (2.5) and (2.6) we obtain 

n n 

Ji è c s Z ^"+è dt, for p + M g: 1/2 

(3.10) ^ c-tnT*. 

To find an estimate for the integral over 5n(x) we make use of the Christoffel 
formula [5]: 

/o „ N v* - , >> - /A - T(n + 2)T(n+a + fi + 2)2-^)  

(3.11) 2-, «*(*)«»(0 - r ( B + a + 1 ) r ( n + -fi+1){2n + a + -/i + 2y 

X 
(»n+i(x)un(t) — co„(a;)tjw+i(f) 

x — t 

Since |x — i| > 1/w for < 6 5„(x), we have therefore, making use of (2.1), 
(2.3), (2.4) and (3.11), 

J2 = f (1 - ^ ^ ( l - tf{\ + /)i E **(*K(«) 

^Cin f (l-f*) i ( P +">(l-0a(l+0e 

(ft 

X 
1 cow+i (x) 11 a;w (01 + 1 wn (x) 11 wn+i (Q | 

\x-t\ 
dt 

^ c%n«\ f (i _ ^^-l(i _ 0«/» (1 + ^jJL 

d* 
M z ) x - * 

, f or p + M ^ J 

*+i (3.12) ^ cnn f f ^ In n. 
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From (3.9), (3.10) and (3.12) we obtain (3.6). The proof of (3.7) can be 
given in same manner, using (2.1), (2.4), (2.6) and (3.11). 

The proof of (3.8) is as follows: 

(3.13) f (1 - ff^\l - /)"(1 + if £ «t(0**(r)(*)U 

= f + f = /l* + /2*. 
*/A„(s) «/««(a?) 

Making use of (2.6) and (2.8) we obtain 

(3.14) Jx*£ f ( l - / 2 ) ^ + / t M ( l - / ) a / 2 ( l + 0^/2 

«J Ante) 

x £ fd - 0i(2a+1)d + OiwWJ5|s»(*)l Wr)(*)l<« 

^ c12JT k°+2r^ f dt, îor p+ vi^i 
k=0 ^An(x) 

^ a+2r+h 

To estimate the integral over dn(x) we differentiate both sides of (3.11) 
r times to obtain 

£ û*(*Wr)(*) = *» X — t 

y^1 ( ~ l ) r vrl[œn(t)o)n+1
iv\x) - œn+1(t)œnv)(x)] 

h v\(x-ty-v+l 

^here 
n T(n + 2)T(n + a + (3 + 2)2~a-0 

n T(n+a + l)F(n + P + l)(2n + a + 0 + 2) * 

Hence we have 

(3.15) 

/»* ^ ci*» f (i - ^ ^ ^ « ( î - ty"\i + tYl2[(i - t)ii2a+1\i + rf™+1) 

X \un(t)\\o>n+lM(x)\ + (1 - 0 i ( 2 a + 1 > ( l + 0 i ( 2 m W l ( 0 I K W ( * ) | ] ] ^ ~ T 

+ Cl4W f (l - *»)*«*-*-» (i _ oa/2(i + 0W2 

•J*n(*) 

x f r ! [ ( i - 0i(2o+1)(i + 0 i(W)M0ll«*MW(*)l 

+ (1 - O ^ M + 0^+ 1 ) | co .+x(OH^W (x) l ] y i ( | > _ * j ) P 

= Ui + Ui. 
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With the help of (2.4) and (2.7) and bearing in mind that for / Ç 8n(x), 
\x — t\ > 1/n, we get 

(3.16) U\ ^ CuU 
*+2r+§ 

; 
dt 

n(x) \X - / 

Again using (2.4) and (2.7) we have for u2 

r—l 2v r* 

, for p + ju ^ J 

(3.17) «2 à Cnit °+h 
r—l 2v / • j , 

7^0 v\ JSn(x) (I* - /I) 
^ , f or £ + ju à i 

r—l ^ r + y 

'=0 Pi 

r - 1 

é c19n
2T+r+i. 

Thus from (3.13), (3.14), (3.15), (3.16) and (3.17) we obtain (3.8). 

LEMMA 3 [2]. Let / ( s ) ( x ) € Lip M (0 < M < 1)> in [ — 1 , 1]; ^e» i^ere w a 
polynomial Qn (x) o/ degree at most n possessing the following properties: 

(3.18) 

and 

(3.19) 

i/(*) - qn{x)\ ^ 3 Ê [ a - *¥(*+/i) + -iU 

ri*) -rwi« 
C12* [ n __ ; 2\ | ( (Z+M-r) 

+ w«+M-r 

uniformly in [ — 1, 1] awd r = 1, 2, . . . , q. 

4. The proof of Theorem 2. We shall confine ourselves to proving (1.2). 
The proof of (1.3) and (1.4) can be given along the same lines. 

Since fiP)(x) 6 Lip ix (0 < ju < 1), and hence there exists a polynomial 
irn(x) due to Lemma 3, we write 

(4.1) \f(x) - Sn(x)\ ^ \f(x) - *n(x)\ + \irn(x) - Sn(x)\ 

= h + I*. 
With the help of (3.18) we obtain 

(4.2) 

Now consider 

*1 ^ p+u 

np M ^ «^"J np+tl ' 

j^£(i-o8(i + oV.w-/wi ̂  ô)k(t)ô)k(x) dt. 
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From (3.18) it follows t h a t 

I n I 
— dt n f (l - 0a(i + */(i - '2)è(H t, **(')**(*) 

+ - ^ f (l - /f(i + 0' 
71 %/ _ i 

X) âk(t)œk(x) 
£=0 

d/. 

Now using (3.1) and (3.6) we obtain 

(4.3) I2 S cnn*-*-^ \nn + c2,n
(T-2p-^+1, 

consequently from (4.1), (4.2) and (4.3) it follows t h a t 

(4.4) \f(x) - Sn{x)\ ^ c2in-p-» + c2znff-p-^ In n + c2,n°-2v-^+l 

û c2ï,n
a-p-^ In n, p + /x ^ a + J. 

This completes the proof of (1.2). T h e proof of (1.4) requires both par t s of 
L e m m a 3. 

Remark 1. If En{f) is the best approximat ion of the function f{x) by 
polynomials from Hn, where Hn is the set of all polynomials of degree less 
t han or equal to n, then one can easily see from (4.4) t h a t 

En(f) g c* In n/np+»-°-\ for p + /x è <r + h 

Remark 2. If £ w
( r ) is the best approximation o f / ( r ) ( x ) by polynomials of 

degree Sn then it is easy to verify from (1.4) t h a t 

En^
r) ^ c3* In n/np^-ff-2r~^ îor p + n ^ <r + 2r + %. 

Following word for word the proof of the above lemmas and Theorem 2 
and making some minor changes there we also easily establish the following: 

T H E O R E M 3. Iff(x) has p continuous derivatives on [ — 1, 1] andf (p) (x) 6 Lip /x, 
0 < M < 1, then for —1 ^ x ^ 1 and p + /x ^ max(o- + è, è — r ) , 

(4.5) | / ( * ) - Sn(pc)\ ^ c2Q In w / n ^ - * - * , 

and for p + M ^ max (J, J — r ) , 

(4.6) (1 - x)^2«+ 1>(l + tf)*<2*+1)|/(aO - Sn(x)\ g c27 In ?*/V+M, 

where o- = max (a, (3), r = min(a:, /5); a ^ — J, /5 ^ —J. 

In view of the above theorem one can now also find an es t imate for the best 
approximat ion as in Remark 1 under the condition 

p + /x ^ max((7 + è, è — r). 
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