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THE ESTIMATION OF COMPLETE EXPONENTIAL SUMS

BY
J. H. LOXTON AND R. C. VAUGHAN

In memoriam Robert A. Smith

ABSTRACT. This paper proves a conjecture of Loxton and Smith
about the size of the exponential sum S(f;g) formed by summing
exp (2mif(x)/q) over x mod g, where f is a polynomial of degree n with
integer coefficients. It is shown that |S(f;¢)| < C/d.(9)g*’*“*", where e
is the maximum of the orders of the complex zeros of f'. An estimate is also
obtained for C; in terms of n, e and the different of f, and a number of
examples are given to show that the estimate is best possible.

1. Introduction. Let g be a positive integer and let f be a polynomial of degree n with
integer coefficients. This paper is concerned with the exponential sum

(1 S(fiq) = 2 e(f(x)/q)

xmodg

where x is taken over a complete set of residues modulo ¢ and e(¢) = exp (2wit).
When n = 1 the sum is trivial and, after the work of Gauss [6], the case n = 2 is

completely understood. The first systematic study of (1) for larger n is by Hardy and

Littlewood [7, 8]. In the case f(x) = ax”" with (a,q) = 1 they obtained the bound

) S(ax";q)| < Cag'™"" ((a,q) = D),
and their argument readily gives C, = n"° (see Vinogradov [19]). They also showed that
€) S(ax";p™) = p"""" (p>n,p/a),

so that (2) is essentially best possible. The bound (2) has been sharpened by Stechkin
[16] who obtained C, = exp (C(n/db(n))).

Another special case that has been extensively studied is that of f(x) = ax" + bx
with (a, q) = 1. As in the work of Hardy and Littlewood this special case was studied
in connection with Waring’s problem. Davenport and Heilbronn [4, 5] showed that

@ S(ax" + bx;q) <. ¢°"(¢,b) ((a,q) =1

with 6 = 2/3 whenn = 3 and 6 = 3/4 when n = 4.
Let C(f) denote the content of f(x) — £(0). When p [ C(f) the estimate
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(&) IS(Hp)| < (n = Dp"™ (pfC(f))

is a well known consequence of the work of Weil [20] on the Riemann hypothesis for
curves over finite fields (see, for example, Schmidt [15]). By making use of (5), Hua
[10] showed that it is possible to take

©) 0=}

in (4) (see Lemma 4.1 of Vaughan [18]). (The earlier work of Davenport and Heilbronn
was based on the ideas underlying Mordell’s estimate [12].)
When p < (n — 1)* the bound (5) is worse than trivial. Very probably

O IS(fip)| < (np)'* (p | C(f)).

It follows at once from Mordell’s argument (see Anderson and Stiffler [1]) that

®) /;plcflj:l).a(i)igfsn ,S(f;p)l > [(n')Z(z) _ p,,]l/Zn

and so (7) would be essentially best possible. It is worth pointing out that
p—1
2 [S@ax";p)P = pp = D((n,p = 1) = 1)
a=1

so that when p = 1 (mod n) one obtains the sharper lower bound ((n — 1)p)"2.

For a general polynomial f of degree n with integer coefficients the principal interest
is to obtain an upper bound for |S(f; ¢)| that is uniform for a large class of f with respect
to n and ¢. Hardy and Littlewood [7] obtained S( f;q) <.q'~%"*¢ uniformly for f with
leading coefficient coprime with g by adapting a method introduced by Weyl [21] for
estimating exponential sums. Hua [9] improved on this by showing that for each fixed
€ >0,

) S(fiq) < g™ ((q.C(f) = 1),

and adumbrates an argument on p. 304 that, after the work of Weil [20], enables one
to take € = 0in (9). Thus Nechaev [13], Chen [2], Nechaev [14], Chen [3] and Stechkin
[17] have successively obtained

(10) IS(fi)] < Cug' ™" (g, C(f)) = 1)

with C, = exp (2")(n = 12), exp (Cn?), exp (5n*/log n)(n = 3), exp (nD,)(D, <
6.1, D, < 4(n = 10)) and exp (n + 0(n/log n)) respectively.
Of course it is immediate from (10) that

an IS(f; )] < Cag'™""(q,C(f D"

In view of the example (3) this is essentially best possible. However, in view of (4)
(with (6)) and (5) one might hope frequently to do better. Recently Loxton and Smith
[11] have obtained a bound for S(f;q) which improves on (11) in nearly all cases.
Given a polynomial of degree m,
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(12) F(x) =aux™ +ax"'+ ... +a,

with integer coefficients, write
(13) F(x) = ao [] (x - &)
£

where the £ are the distinct zeros of F, and e; is the multiplicity of &, so that 2, e, =
m. The semi-discriminant A of F is defined by

(14) AF) = a2 > [] (& — m)ee

£+ m

where the product is over all ordered pairs &, ) of zeros of F with £ # . Let

(15) e(F) = max.e;.

Loxton and Smith show that

(16) IS( )] < du-i(@)g' (8, )V
where

(17) e=-e(f), A=A

This gives a smaller bound than (11) when e < n/2 and ¢ is large in terms of f. Also,
in the case f(x) = ax" + bx with (a,q) = 1, (16) gives a bound of the same quality
as (4) with (6).

Loxton and Smith further conjecture that

(18) IS(f,q)] = cfd"_l(q)qe/(eﬂ)

and this fits very well with the evidence of (2), (3), (4) with (6), (5) and (8). The object
of this paper is to prove this conjecture and obtain a good estimate for c;.

The quantity A appearing in (16) is used as a measure of the local separation of the
zeros of f'. However, it is somewhat inefficient for this purpose and in some cases can
be excessively large. For example, when p > n, the argument of Lemma 4.1 of
Vaughan [18] gives

(19) S(x" — nxp™nV; pmmy = pmn=b,
whereas (16) only gives
(20) |S(xn — nxpm(nwl);pmn)l < npmn/2+(n—2)(,,_|),,,/2

which is worse than trivial when n = 4.

In order to give a better measure of the local spacing of the zeros of f* we instead
build on the different 9 introduced in Theorems 2 and 3 of Loxton and Smith. Let F
be as in (12) and let K denote the algebraic number field generated by the roots of F.
Let ord, denote any extension to K of the additive p-adic valuation, normalized so that
ord, p = 1. For a given prime p define
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(21) 3(F;§) = 8,(F;£) = ord, (F9(§)/e!),
(22) 3(F) = d,(F) = mgax 3,(F;€).
Note that
Fo(§)
(23) —=a I &-mn
(43 nn*EE

where the product is over all distinct roots 1 of F with n} # £. Now define & (F) to be
the intersection of the fractional ideals generated by the numbers F(£)/e;!. Then

(24) 3(F) = ord, D(F).

Note that @ (F) is an integral ideal because at least one of the numbers (23) is a p-adic
integer.
The bulk of this paper is taken up with establishing

THEOREM 1. Let f be a polynomial of degree n = 2 with integer coefficients, let & =
ord, (D(f")), and let

1 when p < n,
1-:{0 when p > n.
Then
IS(f;p™)| < (n — I)plectdr/icsn,
In the special case f(x) = x" = nxp"“~", p > n, the above theorem gives
(25) IS = naxp™=; pmm)| < (n = 1)pmD,

Indeed, by inspecting the proof for the particular polynomial in question, it is possible
to replace the right hand side of this inequality by p™”~". This can be compared with
(19) and (20).

For a given positive rational integer g we define

(26) (@(F)’q) — H pmin(ord,,(_‘n(F)‘ordp(q))‘

p

Note that fractional exponents may occur.
Also, whenever (q,,q,) = 1 we have

27 S(fiq192) = S(uif,q)S(u2f, q2)

where u;q, + u,q, = 1 (mod g,¢,). The following theorem is an immediate con-
sequence of Theorem 1, (26) and (27).

THEOREM 2. Suppose that f is a polynomial of degree n = 2 with integer coefficients.
Then
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d(n)
IS(fi9)| < exp (—;1><” = DB, ) gD
e

where ¥(n) = 2,<, log p and w(q) = 2, 1.

We remark that in some circumstances d can still be too large, particularly when the
maximum in (22) occurs for a £ for which e¢; < e. By following up the remark after
Lemma 1 below it is possible to prove Theorem 1 with 3 replaced by

(28) o =3} = m)aox mgax (B,(f', &) + i(e: — e))

and Theorem 2 with (2 (f"), q) replaced by
(29) H pmin(a;:,ord,,q)'
P

In §2 we give a construction, related to the p-adic approximation to the roots of f’,
which is basic to the proof of Theorem 1, and establish some properties of the approx-
imations. In §3 we show how the p-adic approximations relate to S( f; p®), and estimate
the sum in certain special cases. We complete the proof of Theorem 1 in §4.

In §5 we give some examples which show that in many situations Theorem 1 is
essentially best possible.

2. The sequences of p-adic approximations. Let p be a prime and fbe a polynomial
with p | C(f). We define a sequence of polynomials f; and a sequence of non-negative
integers x; inductively, as follows.

Let f, = f. Given f; we choose a non-negative integer 7; so that the polynomial p ™"
fihas integer coefficients but p does not divide its content, and we choose r; to be any
residue class modulo p for which p™™ fi(r;) = 0 (mod p). Now let x; be the least
non-negative integer in r; for which ord, (Ejzox,pf — &) < i+ 1 for each root £ of f'.
If no such x; (i.e. r;) exists, then the sequences terminate with f; and x;_,, with the
obvious interpretation if x, does not exist. When such an x; does exist we choose the
non-negative integer o, so that the polynomial p ~%{f,(x; + px) — fi(x;)} has integer
coefficients but p does not divide its content, and we set

fir1(x) = p~%{ filx; + px) — filx)}.

At each stage of the construction there may be several choices for r; and hence for
X;, so it may be possible to construct many such sequences. We denote by o the set
of all sequences ¥ = {x;} which can be constructed in this way and we write f;(x; %),
o;(X) and 7,(X) for the associated quantities arising in the construction of ¥. For
convenience we will often suppress the & in the notation. If there is no x, satisfying
P f (xo) = 0 (mod p), then s is empty.

We further define

i—1

5, (%) =0, (&) =2 (%) (i=1)

j=0
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and
i—1
X(%) = 2 xp’.
j=0
Then the polynomials f;(x, X) are given by
filx, %) = Pix"{f(xi + Pix) - f(X)}
We first of all establish some bounds for o:(%), 7.(X) and 2,(%).

LEMMA 1. Let f be a polynomial of degree n = 2 with integer coefficients and let p
be a prime withp [ C(f). Let e = e(f') and & = 3(f'), and let X be constructed as
above. Then

()2 s o(X) <n,

(i) 0 < 1(%) < [log n/log p],

(i) (X)) + 1(X) < i(e + 1) + d.

We remark that the proof of (iii) will enable one to replace the right hand side by
maxy g)-o (i(e; + 1) + 3,(f";€)) which is sometimes sharper.

=
=

PrOOF. The first inequality o;(¥) = 2 is a trivial consequence of the definition of
x;, and the upper bound o;(¥) < n follows from the observation that if f,(x) = 2}_,

k —_ n ko ks — h
ax", then fi(x; + px) — fi(x;) = Ek:I bip'x" withb, = a,, b,y =a,_, + an(l’l'— l)xi,
and so on.

The inequalities in (ii) follow at once from the fact that for some integer m with
1 < m < n we have p" | m.
The third assertion is the most important and is somewhat more delicate. We define

p; = max ord, (X; — &)
3

where the maximum is taken over the distinct roots & of f'. Note that by the construction
of x; we have p; < i. Let ¢ denote the total multiplicity of the roots p for which this
maximum is attained. Further, let

N = ord, f“"V(p)/€!

where p is used to indicate one of these roots. We have
ferre/et=all (p=mm+ ..
m

where m is used to indicate roots m of f* with ord, (X; — m) < p;, and the terms indicated
by the dots have larger p-adic order than the main term. Thus

A = ord, (a0 1 (p = m) = ord, (a0 IT X, = m)

and so is independent of the choice of p. Hence
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ord, f'(X;) = ord, (ao [T x = w11 o - p)7)

=N+ 2 e, i

p

=Nt ep
On the other hand

%+ m — i =min ford, (p* V(X /KN
Thus
SihTSN gt
We also have
f(p)
e,!

=a |l (p - &
3

where the product is over the zeros & of f' with § # p. When ord, (X; — &) = n; we
have ord, (p — &) = w; and when ord, (X; — &) < p; we have ord, (p — &) = ord,
(X; — &). Thus

fet(p)
8 Zordp-—-—'—-Z )\,- + p,,-(e,- - ep) 22, + T — i— p,,-ep.
ep.
Hence
S+ T <d+it me, <8+ i(l+e).
For a positive integer o with a = 7 + 3 we define subsets B, = B, (a), €, = G, ()

and €, = é,(a) of the set A, as follows. Let %B, denote the subset of 4 formed from
those sequences & with at least k elements and satisfying

2k4| (%) + Tk—](%) +3=<a and Ek (%) = Q.

Let €, denote the subset formed from those sequences with at least k£ elements and
satisfying

2/(»[ (%) + Tk—l(%) +3<a and Ek (%) <a< Ek (%) + Tk(%) + 3.

Finally, let €, denote the subset of those sequences with at least k elements and
satisfying
2 (&) + 7(%) + 3 < .

Since 2;(¥) + 7,(¥) increases with i, the sets %, and €, are disjoint and €, is the
union of the %; and 6; with j > k. Let @, = &, U €,. By Lemma 1, (i), the sets &,
€, D, €, are empty for all sufficiently large k.
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When g is a polynomial with integer coefficients, not all divisible by p, we denote
by deg, (g) the degree of g modulo p, that is, the largest integer k for which the
coefficient of x* in g is not divisible by p. Set

max(1, deg, (p™™fi), deg,(fi) — 1) when 7,_, =0,

Ny = N(X) =
: (@) {max(l,deg,,(p_"ﬂ)) otherwise.

LEMMA 2. Let p be a prime and let f be a polynomial with integer coefficients and
p | C(f). Then

2 2 Nd(@) < deg, (p7).
k=1 ZEY,
PROOF. We show by induction on K that
K
2 2 Nt 2 Nesdeg, (pf),
k=1 ZED; 2EE,

The lemma then follows because € is empty for large K. The inductive step will follow
if we show that

> Nks1 < 2 deg, (p7™fk)
XEDg 41Uk, xECY
and this in turn will follow if we establish the inequality
(30) > niyy < deg, (p7"f)
p‘*if,f(x,);mmodm
with
B {max (1, deg, (p7"*'fisy), deg,(fi+;) — 1) when 7, =0,
Mixt max (1, deg, (p "*'fi+1)) otherwise.

Moreover the case i = 0 of (30) yields the case K = 1 of the inductive hypothesis.
We prove (30) by adapting an argument of Hua [9]. Let x; be a root of p ~"if/(x)
modulo p with multiplicity m;. Then we can write

pfi(x; + x) = by + bix + ...+ bx"

where the b; are integers, b; = 0 (mod p) when 0 < j < m; — 1 and b,, ¥ 0 (mod p).
Now

fini(x) = p~ % (filx; + px) — fi(x:)).
Thus

Pl (x) = p! I e p T, + px)
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and this polynomial also has integer coefficients. For k > m; the coefficient of x* is
divisible by a higher power of p than the coefficient of x™, so

deg, (p~ " 'fir1) < m.

Again the coefficient of x™ is a p-adic integer, so 1 — o; — 7,4, + 7, + m; = 0. Note
also that deg, (fi+;) < o; from the equation defining f;,,. Thus, when 7; = 0 we have

degp (f;'+|) = g; = m; + 1.
Taken together, these inequalities give
Ry S m;.

Moreover the sum of the multiplicities m;, taken over all the roots x; of p ~"f{(x) modulo
p, is at most deg, (p"f)) and this establishes the required inequality.

3. The reduction of the exponential sum and a special case.

LEMMA 3. Let p be a prime and let f be a polynomial with integer coefficients and
plC(f). If a =19+ 3, then

S(fpH =2 2 e(fXap™p" ™+ 2 2 e(fXap IpH S (fis p* ).

k=1 ZEB, k=1 XEC
In particular, if A is empty, then S(f;p®) = 0.

PROOF. We show by induction on K that

K K
S(p =2 2 e(fXop ™t + 2 2 e(fXop (™t S(fip )

k=1 ZER; k=1 X%,

+ 2 e(f(X)p Op™> K S(fi;pe ).

TET)

We first establish the case K = 1. We have

S(fip) = 2 e(fp ™+ 2 e(f(x)p7).

xmodp® xmodp®

PO () POt )
The second sum here is

> 2 e(fu+prov)pT)

umodp® 70! vmod p™0*!
plpfm/’(u)

and this can be rewritten as

2 e(f(u)p_”‘ +p o (wyvp L

u,v

Vk
+ p‘-rof (k)(u)Fp(k—l)(a—m*Z)kaZ + . )
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For k = 2 we have ord,(k!) < 2k — 3. Moreover the polynomials p ™ f ¥(x) have
integer coefficients. Hence when a = 7y + 3 the double sum above is

> e(fwp™ 2 e(pf'(uyvp) =0.

umodp® 0~ vmod pT0+!
plpTT0f ()

When o is empty there are no solutions to p ™™ f"(x) = 0 (mod p) and so S(f; p*) =
0. This establishes the second part of the lemma. Otherwise

S(ip =2 2 elfs(x)p™)

xo  xmodp®
x=xo(modp)

=2 e(f)p™) 2 e(filx)p™®).

xmod p@ !

The terms with 2, = o, = « contribute

> e(f(X)p)p!

2B,

The terms with 2, < a are of two kinds, those with ¥ € 4, and those with X € €,.
For each kind the summand is

e(fX)p~ P>~ S(fi;p* ).

This establishes the case K = 1 of the inductive hypothesis. Now suppose that the
inductive hypothesis holds for some K = 1. Consider the sum

2 e(fX)p ™K S(fi; pe ).
XESK

By repeating the argument used above, we see that for ¥ € éx we have
S(fx; p*~*¥) = 0 unless there is an xx such that p ™% fx(xx) = 0 (mod p). In that case
the summand corresponding to & in the above sum is

2 e(f(XK+|)p‘a)pa*K*l or 2 e(f(XKJrl)p'“)pzkH—K-l S(fx“’,Pu*Z'”')

according as 2x; = o or 2x+; < a. This leads to the desired conclusion.
The reduction step can also be made to work in the case a = 15 + 2.

LEMMA 4. Let p be a prime and let f be a polynomial with integer coefficients and
pICU). If a =7+ 2, then

ISCfip)| < p*™' deg, (p7f).

PROOF. Suppose first that p > 2. When k = 3 we have ord, (k!) < k — 2. Moreover
ord, (2!) = 0. Hence, by the argument used in the first part of the proof of Lemma 3
we have
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S(fip) = 2 pele(f(w)p®).

umod p
plpTTOf (u)

The congruence p ™ f' (1) = 0 (mod p) has at most deg, (p ™ f') solutions. This gives

the desired conclusion.
Suppose now that p = 2. Then

S(f;2%) = 2 X e(f(u+2v)2T07?)

umod2 vmod270%!

= 3 efur 2 e 3 2mphwviaii).

umod?2 vmod 270! k=1
The exact power of 2 dividing k! is k — 1 when k is a power of 2 and less than k —
1 in all other cases. Consequently, the terms in the sum over k are all integers except

possibly for those in which k is a power of 2, and these have denominator at most 2.
The summand over v is always 1 when v is even and it is (—1)¥* with

x(u) = 2 270f0u)2k k!
k=2¢
=0

when v is odd. Thus

S(f;2%) = 2 20 e(f(u)2707).

umod?2

2|x(u)
When deg, (27™f") = 2 the conclusion is trivial. When deg, (27™f") = 1 we have
27"f"(x) = a + x (mod 2) where a is a constant. Thus x(«) =a + u + 1 (mod 2).
Hence the summation condition is satisfied by only one choice of u. Thus

IS(f;2%)] < 27" deg, 7™ f")

as required. When deg, (27 f") = 0 we have 27 f'(x) = 1 (mod 2) and the summation
condition is never satisfied. Thus S(f;2%) = 0 = 2" deg, (2 ™ f’) which proves the
lemma in this case also.

4. The proof of Theorem 1. It clearly suffices to establish the theorem in the case

plCf).
The argument is divided into a number of cases. First of all we suppose that o = 1.
By (5) we have

ISCp| < (n = Dp"™ < (n = Dpe/e™.

This establishes the case o = 1.
Next suppose that 2 < o < 7y + 1. Since 7y < (log n)/(log p) and 7, < 3, we have
7= 1and a < & + 7. Hence a trivial estimate gives

IS(f’pa)‘ < pa < p(x—((x~8—‘r)/(c+l).
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Thirdly we suppose that & = 79 + 2. Then a < 3 + 2 and Lemma 4 gives
|S(f’pa)’ < (n _ l)pu-l < (n _ l)puf(ufﬁ)/(eﬂ'l).

In the fourth case o = 1y + 3, we use Lemma 3. For a sequence ¥ in %, we have
a < 2,. Hence, by Lemma 1 the contribution from ¥ is bounded by

le(f Xp~*)p*~*| < peP/erh,
The contribution from a sequence ¥ in €, is

C, (say) = e(f(X)p )p™* S(fi; p* ™)

and we have 0 < a — 2, < 7, + 2. We now argue in a similar manner to the previous
cases.
When o — 2, = 1 and 7,_; > 0 we have T = 1. Thus, again by Lemma 1, we have

Ickl < pa*k < pa—(a—S—T)/(e+l)‘
When o — 2, = 1 and 7,-, = 0, Lemma 1 gives k = (« — & — 1)/(e + 1). We
have p | C(f,). Hence, by (5) with f replaced by f, we have
|Cil < (deg, (f) = Dp**7*
= (degp (fk) — l)pﬂ-(a—&/(eﬂ).

When 2 <o — 2, <7 + 1 we have, by Lemma 1, a < 2, + 7, + 1 <
k(e + 1) + 3 + 1 and 7 = 1 so that trivially we have

|Ck| < pa*k < pa—(a—8~l)/(z+l).

Finally, when a — 2y =T+ 2, Lemma I gives a < k(e + 1) + 8 + 2. Hence,
by Lemma 4 with f replaced by f; and o by a — 2, we have

|Ck| < deg,, (p—fkfi)pu—k—l < deg,, (pvfkfl:)pu—(tx—ﬁ)/(e+l).

On combining the contributions of all the sequences we obtain

©

IS(f’pa)l < Z 2 Nk(%)pu—(a—ﬁ—'r)/(H»l).

k=1 ZED,
Hence, by Lemma 2,
IS(f;p“)] < (n- l)p(0€+5+‘r)/(€+l)
which establishes the theorem.

5. Some examples. We give here some examples which show that Theorem 1 is
essentially best possible.
When p = 3 it is classical that

pe

> e(x*/p%)

x=1

— pu/2
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so that the theorem is certainly best possible when e = 1 and n = 2. For e = 1
and n = 2 consider f(x) = x" — nx. Then f'(x) = n(x"™' = 1) and f'(x) =
n(n — 1)x"~2. Following the definitions of §2 (except that we replace the condition
ord, (2;:0 x;p’ — &) < i + 1, which is only used in Lemma 1, by the condition
—p/2 < x; < p/2) and assuming thatp > py(n)and (p — 1,n — 1) = 2,n — 1) we
find that X; = 1 whenn — 1 is odd and X; = £1 when n — 1 is even. Moreover
fX)==Xin—=1)=%F(n—1,f(X)=0.f'X)=Xin(n— 1) = £n(n - 1),

Ti = 0, E,‘ = 2i.
Now, by Lemma 3, given a = 3 we see that S(f; p®) is the sum of one or two terms
of the form

e(f(X)p™p*S(fi; p*7*)

where k = [(a — 1)/2] and i(x) = p~*(f (X, + p*x) — f(X1)). For a = 6 we have
filx) == (;)xz (mod p® ). Hence for « = 6 and « even it follows that S(f;p®) is

the sum of one or two terms of the form e(F (n — 1)p ~*)p*/2. Thus for p > p,(n) and
(p —1,n—1) = (2, n — 1) we obtain, for even o = 6,

IS(f;p*)] > 3p"

By a slightly more careful analysis this example can be extended to all even «, and to
odd o = 3 when either n is even or 2|[n — 1 and p = 1 (mod 4).
In the next example we suppose that p > po(n) and n > e = 2 and take

f(x)=n!J;y"(y— )...(y—n+e+ 1)dy

This time in considering the definitions of §2 we assume that 0 < x; < p. Now there
are n — e sequences ¥, each of the form ¥ = (4,0,0,...) (0 <j<n—e — 1).
Moreover when x, = O we have o, = e+ 1 (i=0,1,...), =0 =0,1,...)and
when xp = jwithl <j<n—¢e —1wehave o, = 2({ = 0,1,...), 1, =
0( =0,1,...). Now Lemmas 2, 3, 4 and the argument of §4 show that when
e + 1|a we have

S(f;p®) = p*/tV + 0(n — 1)p?
with 8] < 1. Thus
|S(f, pu)[ > %pac’/(c'+l)

once more.

Our final example shows that if e(=2) is small compared with n, then even the factor
n — 1 in Theorem 1 cannot be materially reduced.
Let

Px)=1Il x-r), fx)=Px*",
r=0
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so that n = (m + 1)(e + 1). The function P'(x) has all of its m roots real and
interlacing, but not coinciding with, the m + 1 roots of P(x). Let K denote the algebraic
number field generated by the roots of P'. For a given prime p let ord, denote any
additive non-Archimedean valuation on K which coincides with the additive p-adic
valuation on Q (normalized so that ord, p = 1). We assume throughout that p is so large
that ord, (§ — &') = 0O for each pair &, &' of distinct roots of P’ (x). We again construct
sequences as prescribed in §2. We assume that p > py(n). There are at least m + 1 and
at most 2m + 1 possible choices for x,, namely

31) xx=r Osr=m
together with any possible solutions of

(32) P’ (%) = 0 (mod p).

Since P’ (x) = Z._, I/, (x — r) it follows that the solutions of (32) are distinct from
r¥s

those of (31). For sequences arising from (31) we assume that 0 < x; < p, so that
xo = r. For any arising from (32), however, we suppose that max ord, (X; — &) < i
where the maximum is taken over the roots £ of P'. When xy = r (0 < r < m) it follows
thatx, =0(i=1),7=0(i=0),0:,=e+ 1(i=0),f(X;) = 0. On the other hand,
when x, satisfies (32) it follows that X; (if it exists) satisfies p’| f'(X;). Moreover
there is at most one root, & of P’ such that ord, (X; — &) > 0, for otherwise ord,
(§ — &) > 0 for two distinct roots &, & of P’. Hence i < ord, P'(X;) = ord,
(m+ 1)+ Z;ord, (X, — £ = ord, (X; — &) < i. Thus ord, P'(X;) = i. It follows
that, = 0(i=0),0,=2(i=0).

Now we take a = k(e + 1). The arguments of Lemma 2 and §8§3 and 4 show that

S(fp®) = (m + Dp=/* + f(n — Dp*

— n ae/(e+1) + _ a/2
o+ 1” 0(n — p

where |0] < 1. Thus, given any e = 2 there are arbitrarily large n for which there is
an f with degree n such that whenever p > py(n) we have

|S(f,p“)| > npae/(e-#l)‘

In each of the above examples we have & = 0. However if we replace f(x) by
p°f(x), then since we have S(p’f; p*) = p*S(f;p*~®) for a = & we may proceed as
above and obtain the respective lower bounds p©@*/2, ip@ctd/ (€D apd pplactd/terh
for appropriate choices of the parameters.

We may also modify the examples in a less trivial manner. Let g(x) = Z; a,p"~*"x*
where the g, are defined by f (x) = 2, a.x*. Then, in each case, for a sufficiently large
we have S(g;p*) = p" ""S(f,p*"™). In the first example we find that |S(g;p®)| >
sp@t@=2m/2 and § = (n — 2)m (c.f. (19)). In the second and third examples we
find for suitable choices of the parameters that |S(g;p®)| ~ p* and |S(g;p*)| ~
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np*/(e + 1) respectively with X = (ae + nm — em — m)/(e + 1). In each case we
have 8 = maxy - (n — e — 1)m = (n — 2)m so that Theorem 1 is no longer sharp.
However when we replace & by 8* (given by (28)), since * = (n — e — 1)m, the
modified version of Theorem 1 alluded to after Theorem 2 is sharp.
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