GENERALISATIONS OF SOME INTEGRALS INVOLVING
BESSEL FUNCTIONS AND E-FUNCTIONS

by FOUAD M. RAGAB
(Received 30th October, 1950)

§ 1. Introductory. 1In §3 a generalisation of the formula [MacRobert, Phil. Mag., Ser. 7,
XXXI, p. 258)

4J-m/\'"—1K,,(2A)E(p; ot q; psi TATY) d)\:E(p+2; Ol g3 Pri Xy eereenenienenns (1)
0

where a,, ;=3m+in;, «, ,=3m—in, BR(m +n)>0, and x is real and positive, will be estab-
lished. In the course of the proof Hardy’s formula [ Mess. of Maths., LVI, (1927), p. 190],

f : K, @)K, (;2) Q2 =1K 3y (2/B), +reerereerrsseeseeeses e @)

where R (b)>0, will be required. This was originally proved by an application of Mellin’s
Inversion Formula. An alternative proof is given in §2, and some related formulae are
deduced.

§ 2. Proof of Hardy’s Formula. Denote the integral on the left of (2) by F(b) ; then
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But, on replacing x by b/ in F (b), it is seen that
® b\ 1
Hence
BEF(B)+bF (B)— B+nAF(B)=0. ocevvveririiinniciiniinnennanns (3)
Now in the equation '
22y t+xy ~ (@2 +dnP)y=0, ........... T (4)
with solutions K,, (x) and I,, (x) put x=2./b, and it reduces to (3). Therefore
f K. < )dx AK ,,,(2/5)+ By, (2/b).

Here let b;—>oo , and it is seen that B must be zero. Thus

[T R {10(5)-1.(3)} do=gems {T-sn20D) - Luni2yn)}

Now assume that R (n)>0, multiply by b* and let 50 ; then

2 * n —_ A - .
T'l-n) fo Bn(@)an do=g- oo nal (1 —2n)
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But, if B(m +n)>0,

f K, (z)am1 do= 2m—2r(m+”>r<%’)- .......................... (5)

2%n~1 A
Fi=m LD T =5 T2
gnd from this it follows that 4 =.
From (2) other formulae of the same type can be derived as follows.
In (2) let amp b decrease by i, finally writing b/¢ in place of b ; then, since

Ep(B)=iGa(i), covvvvevnennnissssnsencecnincnnnniennnen 6)

Therefore

the formula becomes

f K, (@)0 <>dx 5 Ky (Bfb €Y, eoreereeeereereseeneans 1)

provided that —§<R(n)<$.
Similarly, on replacing b by b, it is seen that

f K, ()G, (2 e"") dr=m1"" Ky (2/b . €7%), oovrvieiiiriieeeniinnann, -(8)
0

where —$<R(n)<35.
Hence, using the formula

mid , (1) =G, () — 12" G, (8e7), ccnenn..... P 9)
it follows that )

f K. ()dx i Ky (20 . emim4) —n K, (2./b . e74), ..o, (10)

where —§<<R(n)<§. This formula also is given in Hardy’s paper.
Again, let amp « and amp b increase simultaneously by 4=, so that  becomes iz and b
becomes b ; then

f @, (e J,, (2) Ky (246 . e"’/z) K 3 (2ufB), erererrereerenens (11)
where —}<R{n)<%.
Similarly, if amp « and amp b decrease mmultaneously by 37, (10) becomes
f G, (x)d, (;0) de=1"2" K., (2/b . e7m2) = Ky (2/D), evvvrinrnnnnnin, (12)
0

where —1<R(n)<$.
Finally, from (9), (11) and (12) it follows that

of a3

——2n K an 2Jb . e—inlz) —32n K2n (2Jb i e""/z)
=Gy, (24/0) — 1% Gy (2D . €'7)

=mid 5, (2./D),
so that
f J @), ( > T NS (13)
where R (n)> — 4. This formula was given by Bateman (Proc. Camb. Phil. Soc., XXI, (1908),
p. 186).
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§ 3. Generalisation of the Integral. The formula to be proved is

92 +r+1 271 f XMl Ko (2N E(p; ag: 5 pe: x)\—zH-l) dX
0

=E(P+2™1 5 oyt @5 prt Ty eeverrrneennnracnaien
where r=0,1, 2, ..., and

—1 1 k
Opiopr1=3M+ 30+ oF

1y 1y O
%y ok —2M — 3N+

2’!‘
R(m £n)>0 and z is real and positive.
It can be proved by induction ; for, assuming that it is valid, it follows that

E(p+27%; a1 g5 pyt )
=221 rr”—lJ. NE1K o (2HNE (p+27 ;) w: q; pyt ad 2 d),
0 ) .
where
oyl =3+ in+ or

k=0,1,2,...,2r-1,

— 1
Apyar+iponie =3 —n+5;

27‘

©
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Here replace 1 by p/A and get

] .
92r+liorye ,Tzr+1—2f0 N @=m-1 |, (9741 \) dA

X fO ”27‘m—1 K2rn (2r+1 ;) E(Z’ 5 xg : q 5 Pt : x:“'_ZH—l) df’“

Next put I=m+2-" and change the order of integration, so getting
@
22" l42ria partl-g f pTE(p ey g ope ap ) du
0 :

=]
x f Kyrn (27110) K or,, (2r+1 f‘)_\) A,
0
where
2k+1

‘ZTT ]C:O, ]., 2, veey 2’-1,
or

2k+1 —
Oy o+l opps= EM —%7“”_27? 2k+1=1,3,5,..., 21— 1.

S PO
Cpraftlygpy1 =M+ 3N+

But, from (14'),

—1 ’ 1 2k
%+2k+1—§m+§n+§,—+‘1’ k=0,1,2,...,2"-1,
2]6‘ or
ori1| 26=0,2,4, ..., 2712,

_1 1
Xpiokta=3M — 5N+

https://doi.org/10.1017/52040618500035498 Published online by Cambridge University Press


https://doi.org/10.1017/S2040618500035498

SOME INTEGRALS INVOLVING BESSEL FUNCTIONS 75

Therefore

—1 1
Xptak+1 =M + n + 9r+1

£k=0,1,2,..., 2+ 1.

D O T
Xpronr2 =M~ gM+ 57

Now, from (2), the last integral is equal to
1
grd K gr+1, (272 /).
Hence, on replacing u by A%, we have
E’(p_|_27*+2 Jogt g pet x):227+1+r+2 ,n,zr+1_1

f Xt Ko, @) E(p s agt g5 pt @A 270 d),
0 .

which is (14) with r+ 1 in place of r.
But the formula holds when =0 : hence it holds for all positive integral values of r.
If in (14) amp A is decreased by $= and amp = by 27#, it becomes, by (6),

w0
927 +r+1 271 ;27(n—m) f \2'm—~1 Gyry, @HNE(p; ag: q; pe: x)\_zrﬂ) dX
0 ‘ :
=E(p+27; a1 @5 pri: TE), i (15)

where B (m +n)>0, R(3 - 2™m+27+12)>0, s=1, 2, ..., p, and x is real and positive.
Similarly, and subject to the same conditions,

28474l 21 ¢2’<n+m>f NI Qe @XM B (p 5 ot 45 pri @A2 ) d)
0

=E(P+27 ;5 ag: @5 prt 2, ciiieiiiiiien e +.(16)
and, from (9), ‘

QU+rl gt | Am—1 . QrHNE(p; g pt @A) dA
. p P

=¥ =) B(p4+-271; o 1 g5 p,: xe i)
_gormem) Bp 2L ot g pyt RETT). i e (17)

where E(m +n)>0, R(3 - 2™m + 27+10)>0, s=1, 2, ..., p, and x is real and positive.
The case in which r=0 was given in a previous paper (see page 7).
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