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ON p,~ACTIONS ON K3 SURFACES IN POSITIVE
CHARACTERISTIC

YUYA MATSUMOTO

Abstract. In characteristic 0, symplectic automorphisms of K3 surfaces (i.e.,
automorphisms preserving the global 2-form) and non-symplectic ones behave
differently. In this paper, we consider the actions of the group schemes pu,
on K3 surfaces (possibly with rational double point [RDP] singularities) in
characteristic p, where n may be divisible by p. We introduce the notion
of symplecticness of such actions, and we show that symplectic p,-actions
have similar properties, such as possible orders, fixed loci, and quotients, to
symplectic automorphisms of order n in characteristic 0. We also study local
pn-actions on RDPs.
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81. Introduction

K3 surfaces are proper smooth surfaces X with Q% = Ox and H'(X,0x) = 0. The first
condition implies that X admits an everywhere nonvanishing 2-form, and such a 2-form is
unique up to scalar. An automorphism of a K3 surface is called symplectic if it preserves
the global 2-form. It is known that symplectic and non-symplectic automorphisms behave
very differently.

For example, Nikulin [Ni, §8§4 and 5] proved that quotients of K3 surfaces in characteristic
0 by a symplectic action of a finite group G has only rational double points (RDPs)
as singularities and that the minimal resolutions of the quotients are again K3 surfaces.
Moreover, he determined the number of fixed points (which are always isolated) if G is
cyclic. To the contrary, the quotients by non-symplectic actions of finite groups are never
birational to K3 surfaces; instead, they are birational to either Enriques surfaces or rational
surfaces.

These results hold in characteristic p > 0 provided p does not divide the order of G (see
Theorem 5.1), but are no longer true for order p automorphisms in characteristic p. In this
case, the notion of symplecticness is useless, since any such automorphism is automatically
symplectic (since there are no nontrivial pth root of unity in characteristic p) and, for small
p, there exist examples of automorphisms with non-K3 quotients (see [DK1], [DK2]).

In this paper, we consider actions of the finite group schemes p,, (n may be divisible
by p) on RDP K3 surfaces, by which we mean surfaces with RDP singularities whose
minimal resolutions are K3 surfaces. It is essential to allow RDPs since smooth K3 surfaces
never admit actions of p, (see Remark 2.2). We introduce the notion of symplecticness
and fixed points of such actions (Definitions 2.5 and 2.7). Then we prove the following
properties, which are parallel to the properties of automorphisms of order not divisible by
the characteristic.

THEOREM 1.1 (Theorems 6.1 and 6.2). Let X be an RDP K3 surface in characteristic
p, equipped with a p,-action. If the action is symplectic, then the quotient X/u, is an
RDP K3 surface. If n=p and the action is non-symplectic, then the quotient X/u, is an
RDP Enriques surface if the action is fived-point-free (which is possible only if p=2), and
otherwise it is a rational surface.

THEOREM 1.2 (Theorems 7.1 and 8.2).

o There exists an RDP K3 surface X in characteristic p equipped with a ji,-action if and
only if p <19.

e If X is an RDP K3 surface X in characteristic p equipped with a p,,-action, then ¢p(n) <20,
in particular n < 66. Moreover, for each p, we determine the set of n for which such an
action exists.

e For each p, there exists an RDP K3 surface X in characteristic p equipped with a
symplectic p,-action if and only if n <8, and we determine the number of fixed points.

To prove the main results, we first study (in §§3 and 4) u,-actions on local rings of
surfaces at smooth points and RDPs. We define the notion of symplecticness of such actions
(Definitions 3.1 and 4.1) and prove the following result.
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THEOREM 1.3 (Theorem 4.6 and Propositions 4.7 and 4.9). Let X be the localization
at a closed point w of an RDP surface in characteristic p equipped with a py-action. Let
m: X — X/p, be the quotient morphism.

e If w is not fized by the action, then w(w) is either a smooth point or an RDP.

o If wis fized and the action is symplectic at w, then w is an isolated fized point and w(w)
1s an RDP.

o If w is an isolated fixed point and the action is non-symplectic at w, then w(w) is a
non-RDP singularity.

We classify the possible actions in the non-fized case (Table 3) and the symplectic case
(Table 4).

Moreover, we also give a partial classification of local jipe- and p,-actions (Propositions
4.12 and 4.13) and a complete classification of local symplectic u,-actions (Proposition
4.14). We hope that these local results would have applications other than K3 surfaces.

The results on u,-quotients, orders of symplectic p,-actions, and orders of u,-actions on
K3 surfaces are discussed in §§6—8, respectively.

In §9, we give several examples of u,-actions on K3 surfaces.

Throughout the paper, we work over an algebraically closed field & of chark =p > 0.
Varieties are separated integral k-schemes of finite type (not necessarily proper or smooth),
and surfaces are two-dimensional varieties. We denote the smooth locus of a variety X by
xsm,

§2. Preliminaries

2.1 K3 surfaces and rational double points

RDP singularities of surfaces are precisely the canonical surface singularities that are not
smooth. They are classified into types A4,, (n >1), D,, (n >4), and E,, (n=26,7,8) by their
dual graph of the exceptional curves of the minimal resolution, which are Dynkin diagrams
of type A,, D,, or E,. The number n is equal to the number of the exceptional curves,
and we say that the RDP is of index n. The dual graph determines the formal isomorphism
class of an RDP except in certain cases in characteristics 2,3,5. For the exceptional cases,
we use Artin’s notation D, and EJ, (see [A2]).

We recall the classification, given by Bombieri and Mumford [BM2], of proper smooth
surfaces X with numerically trivial canonical divisor K x: they consist of four classes, with
the characterizing properties as reported in Table 1. Here, b; = dim H, (X, Q) is the ith
l-adic Betti number for an auxiliary prime [ # chark. Enriques and (quasi-)hyperelliptic
surfaces in characteristics 2 and 3 may have unusual values of dim H*(Ox) and ord(Kx).

The distinction between hyperelliptic and quasi-hyperelliptic surfaces is not important
in this paper. Furthermore, the choice of the origin of an abelian surface is not important.

DEFINITION 2.1. RDP surfaces are surfaces that have only RDPs as singularities (if
any). Hence, any smooth surface is an RDP surface by definition.

RDP K3 surfaces are proper RDP surfaces whose minimal resolutions are (smooth) K3
surfaces. We similarly define RDP abelian, RDP Enriques, and RDP (quasi-)hyperelliptic
surfaces.

However, since abelian surfaces and (quasi-)hyperelliptic surfaces do not admit smooth
rational curves, any RDP abelian or RDP (quasi-)hyperelliptic surface is smooth.
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Table 1. Surfaces with numerically trivial canonical divisors.

dim H'(Ox) b1 bo ord(Kx) char
Abelian 2 4 6 1 Any
K3 0 0 22 1 Any
Enriques 0 0 10 2 Any
Enriques 1 0 10 1 2
(Quasi-)hyperelliptic 1 2 2 2,3,4,6 Any
(Quasi-)hyperelliptic 2 2 2 1 2,3

REMARK 2.2. Smooth K3 surfaces in characteristic p > 0 admit no nontrivial global
vector fields ([RS, Th. 7], [Nyl, Cor. 3.5]), and hence admit no nontrivial actions of p, (or
ap). However, RDP K3 surfaces may admit such actions.

ProproSITION 2.3. For any RDP surface X, the pullback by the morphism X5™ =2
X\ E < X to the minimal resolution X of X induces an isomorphism HO(X*™, (Q3%)®") =
HO(X, (Q?Z)@"), where E is the exceptional divisor. Nonvanishing forms on one side
correspond to nonvanishing ones on the other side.

Proof. This follows from the following local version applied repeatedly. U

PROPOSITION 2.4. Let (A,m) be the localization at a closed point of an RDP surface.
Then HO(SpecA\{m},Qi/k) is a free A-module of rank 1. If A is smooth, then this space
s 1somorphic to HO(SpecA,Qi‘/k). If A is an RDP and (A',w’) is the localization at a
closed point of Bly A, then any generator of the above space extends to a generator of
HO(Spec A"\ {m'}, %, ;).

Proof. 1If A is smooth, then Qi‘/k is free of rank 1 and the assertion is clear. Suppose A
is an RDP. Then it is a hypersurface isolated singularity, and it is well known that for such
singularities, the canonical divisor is trivial, and then the former assertion follows. Since an
RDP is a canonical singularity, the pullback of the canonical divisor to Bl,, A is also trivial,
and hence the latter assertion follows. O

2.2 Group schemes of multiplicative type

Recall that we are working over an algebraically closed field k.

We consider finite commutative group schemes G of multiplicative type over k. This
means that G is of the form [],u,; for some positive integers n;. The Cartier dual
GY = Hom(G,G,,) of G is a finite étale group scheme and can be identified with the
finite group GV (k) of k-valued points. Using this finite commutative group GV, we have
the following explicit description: G = Specklt;|icav/(tit; — titj,to — 1), with the group
operations m: G x G — G, e: Speck — G, i: G — G given by m*(t;) =t, ®t;, e*(t;) =1,
i*(t;) =t_;.

An action a: G x SpecB — SpecB corresponds, via a*(b) = ), vt ® pry(b), to
decompositions B = @, v B; to k-vector subspaces satisfying B;B; C B;1;. We say an
element b or a subset of B; to be homogeneous of weight i and we write wt(b) = .

Such a decomposition B = €, B; naturally extends to a decomposition Q7 k=
@i(Q*B/k)i satisfying d(B;) C (QIB/k)i and (QE/k)z( *B/k)j C (Qg/k)iﬂ'-

If G acts on a scheme X that is not necessarily affine but admits a covering by G-stable
affine open subschemes (which is the case if, e.g., X is quasi-projective or G is local),
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then the G-action admits a quotient 7 : X — X/G, and induces decompositions m,Ox =
D, (7. 0x)is Ty = B(m D )is and HO(X, (2 0)®") = @, (HO(X, (2 ,0)°™)i
compatible with multiplications.

If chark does not divide the order of GV, then B; are the eigenspaces for the action of
G(k) with eigenvalues i € GV (k) = Hom(G(k),k*).

If chark =p >0 and GV is cyclic of order p (hence G = u, = Specklt1]/(t] — 1) for a
choice of a generator 1 of GV), then giving such a decomposition is also equivalent to giving
a k-derivation D on B of multiplicative type (i.e., D? = D) under the correspondence B; =
BP=t = {be B| D(b) =ib} (this correspondence depends on the choice of a generator 1 of
G"Y). Moreover, D extends to a k-linear endomorphism on Q7% /i satisfying D(df)=d(D(f)),
DP = D, and the Leibniz rule D(wAn) =wAD(n)+ D(w) An.

Now, we generalize the notion of symplecticness of automorphisms to actions of group
schemes like p,,.

DEFINITION 2.5. Let G be a finite group scheme of multiplicative type. Let X be either
an abelian surface or an RDP K3 surface, equipped with an action of G. We say that the
action is symplectic if the one-dimensional space H°(X5™, QAQX / ,) with respect to the action

of G is of weight 0.

REMARK 2.6. Under the assumptions of Definition 2.5, suppose G is reduced. Equiv-
alently, this means that G is a constant group scheme corresponding to a finite abelian
group of order prime to p. Then, by Proposition 2.3, our symplecticness is equivalent to
the symplecticness of the induced G-action on the minimal resolution X in the usual sense
(i.e., preserving the global 2-form). This suggests that our definition of the symplecticness
of p,-actions is a natural generalization of that of Z/mZ-actions (order m automorphisms)
for m not divisible by chark.

On the other hand, if G = Z/pZ (which does not belong to the class considered in
Definition 2.5), then any action of G preserves the global 2-form, since there are no nontrivial
pth roots of unity. Thus, the usual definition of symplecticness is useless in this case. We
do not know whether there is a useful notion of symplecticness in a larger class of group
schemes containing Z/pZ or «,.

2.3 Derivations of multiplicative type

In this section, assume that chark =p > 0.

Recall that, given an action of a group scheme G on a scheme X, the fixed point
scheme X¢ C X is characterized by the property X¢(T') = Homg(T, X) for any k-scheme
T equipped with the trivial G-action. If G = 1), and D is the corresponding derivation, we
write Fix(D) = X¢ and also call it the fixed locus of D.

DEFINITION 2.7. We say that a closed point w € X is fized by the u,-action, or by the
corresponding derivation if n = p, if w € X#».

PROPOSITION 2.8. Let k be an algebraically closed field. Let X = Spec B be a Noetherian
affine k-scheme equipped with a fuye -action. For each closed point w € X, the assertions (1)-
(4) are equivalent. If e=1 and D is the corresponding derivation, then the assertions (1)—(6)
are equivalent, and if moreover X is a smooth variety, then (7) is also equivalent.

1. wis a ppe-fized point.
2. The mazimal ideal m,, of Ox ., is generated by homogeneous elements.
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3. The canonical morphism B — B/my, is piye-equivariant, where B/m,, is equipped with
the trivial action (i.e., the decomposition concentrated on (—)o).

4. B; Cmy, for each i # 0.
5. D(my,) C my,.

6. D(OXJU) Ccmy,.

7.

D has singularity at w in the sense of [RS, §1].
Finally, if (1) holds, then the pye-action extends to the blowup Bl, X.

Proof. Let B=@,., /peZ B; be the corresponding decomposition.

(I <= 3) By the definition of X*#» a closed point w € X is a (k-valued) point of X#»
if and only if B — B/m,, is compatible with the projections pr; to the ith summand (—);
for all 4, where B/m,, is equipped with the trivial decomposition.

(2 <= 3) If (3) holds, then we have pr;(m,,) C m,, for all 4, and then each element z
of m,, is the sum of homogeneous elements pr,(x) € m,,. Conversely, if m,, is generated by
homogeneous elements, then pr;(m,,) C m,, for all 4, which implies (3).

(3 < 4) Easy.

Assume e = 1.

(2 <= 5) Assume D(m,,) C m,,. Take a system of generators (x;) of m,. For each j,
let xj =) ,cp ;i be the decomposition of z; in B =P, B;. Then DY (z;) = ilaj; is
b z_zlo is invertible, this implies that z,; € m,,. Thus m,, is
generated by eigenvectors. The converse is clear.

(5 <= 6) This is clear since Ox , =m,, +k and D|; = 0.

(5 <= 7) Take coordinates z1,...,z;, at a point w and write D=3 f;-(0/9z;). Then
both of the conditions are equivalent to (f;) C m,,.

We show the final assertion assuming (2). If the maximal ideal m is generated by
homogeneous elements x; € B;, then, for each j, we can extend the action on the affine
piece Spec B[z}, /x;]p, of Bl, X by declaring xj,/z; to be homogeneous of weight ij, —i;. U

also in m,,. Since the matrix (i)

The next lemma enables us to take useful coordinates at a point not fixed by D.

LEMMA 2.9. If B is a Noetherian local ring, D is a derivation of multiplicative type, and
the closed point is not fixed by D, then the mazimal ideal m of B is generated by elements
T1,...,Tm—1,y with wt(z;) =0 and wt(1+y) =1. If m is generated by n elements, then we
can take m=n. If dim B > 2, then D does not extend to a derivation of the blowup Bl, B.

Proof. Recall that a subset of m generates m if and only if it generates m/m?2.

Take elements z7,...,2;, generating m, and let 2 = ZieFP x’; ; be the decompositions to
eigenvectors. By assumption, there exists a pair (j,7) with x;Z ¢ m. We take such jg,%9, and
we may assume ig 7 0. We may assume x;-mio —1lem. Then y = x;-wo — 1 satisfies y € m and
D(y) =io(y+1). We have y € m?, since D(m?) C m. By replacing y with (y+1)?—1 for an
integer ¢ with gip = 1(mod p), we may assume 7o = 1. For each j, let z; = >, (y+1) "2} ,.
Then we have D(z;) =0 and, since z; = 2’;(mod (y)), the elements z;,y generate m/m?* and
hence generate m. We can omit one of the z;’s and then the remaining elements satisfies
the required conditions (after renumbering).

To show the latter assertion, it suffices to show that D does not extend to B" := B|z; /y];.
If it extends, then we have D(z;/y) = —z;(y+1)/y* € B’, hence z;/y* € B, and then on

Spec B’ we have that y = 0 implies x;/y = 0, which is impossible since dim B’ > 2. U

https://doi.org/10.1017/nmj.2022.20 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.20

ON pun-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 17

Before stating the next proposition, we recall the following notion from [RS]. Assume X
is a smooth irreducible variety and D is a nontrivial derivation. Then Fix(D) consists of its
divisorial part (D) and non-divisorial part (D). If we write D = f)", gia%i for some local
coordinates x1,...,2,, with g; having no common factor, then (D) and (D) correspond to
the ideals (f) and (g;), respectively. If D is of multiplicative type with (D) = (), then it
follows from Proposition 2.8 that for suitable coordinates near any fixed point, we have
D = axy, - (0/0x,,) and that Fix(D) is a smooth divisor (possibly empty).

Assuming that Fix(D) is divisorial, in which case the quotient is a smooth variety by
[S, Prop. 6], the highest differential forms on smooth loci of X and XP are related in the
following way.

PROPOSITION 2.10. Let X be a smooth variety of dimension m (not necessarily proper)
equipped with a nontrivial derivation D of multiplicative type such that Fix(D) is divisorial.
Let A be the divisor Fix(D). Then there is a unique collection of isomorphisms

(e (R (D))o = (A b . (2 (A))) 2"

for all integers n, compatible with multiplication, preserving the zero loci, and sending (for
n=1)

fo . dfl JARER /\dfm_1 /\dlog(fm) —> fo . df1 ARER /\dfm_1 /\dlog(fﬁl)

if fo,.-., fm—1 are homogeneous of weight 0 and f,, is homogeneous of some weight (not
necessarily 0).
In particular, if the action is fived-point-free, then we have isomorphisms

(W*(anl/k)(@n)og( ;D/k)@m and

HO(X,(2%),)%™)0 = HO(X P, (%5 ,,)®")
with the same properties.

Proof. The isomorphism for n =0 is clear. It suffices to construct the isomorphism for
n =1 that is compatible with multiplication with n =0 forms and with restriction to open
subschemes.

Take a closed point w € X. Let e =1 (resp. e =0) if w & A (resp. w € A). By Lemma
2.9 (resp. by [RS, Th. 1]), there are coordinates z1,...,z,, on a neighborhood of w with
D(x;) =0 for j <m and D(z,,) = a(e +z,) for some a € F;. We define

¢ (m(Q%/x (D))o = Qb (T (A))
frdzi A Ndxy—1 Adlog(e +xp,) — frdzi A~ ANdxy,—1 Adlog(e + b))

for f of weight 0 (note that dxq A--- Adxy,—1 Adlog(e + x,,) is a local generator of the
left-hand side). We show that then ¢ sends

fo . df1 JARER /\dfm_1 /\dlog(fm) —> fo . df1 ARER /\dfm_1 /\leg(fgl)

for any fy,..., fim—1 and f,, as in the statement. This implies that ¢ does not depend on
the choice of the coordinates and hence that ¢ induces a well-defined morphism of sheaves.
Then since dxy A+ Adxy,—1 Adlog(e +x,,) (resp. dzy A---Adzp,—1 Adlog(e+2P,)) is a local
generator of (Qy/k(A))o (resp. Q?D/k(w* (A))), it follows that ¢ is an isomorphism and ¢&™
are well-defined isomorphisms.
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We may pass to the completion, so consider f, € k[[x1,...,Z]]. By the assumption on the
weight, we have fj, € k[[z1,...,Zm_1,28,]] for h <m and f,, € (e + ) k[[x1,. .., Tm_1,28,]]
for some 0 < b < p. Then we have 0f/0x,, =0 for h <m and 9f,,/0xm =bfm/(e+xm).
Hence, we have

fo-dfi Ao ANdf—1 /\dlog(fm)
= fo((e+xm)/ fm)det(Ofn/0x;)1<h j<m - dx1 A+ ANdTy—1 Adlog(e + )
= bfo det(afh/al'j)lgh’jgm_l . dJCl AREE /\dl’m_l /\leg(8+l‘m)

|£) bf() det(@fh/ﬁmj)lghngm_l . dacl VAR /\dl’m_l /\leg(E—Fl’%).

On the other hand, in the invariant subalgebra k[[z1,...,2m—1,2%,]], we have OfP /0z; =0
for j <m and OfF /OxP, =bfP /(e +aP,). Hence, we have

fo-dfy A--- Adfom—1 Adlog(f7)
== bf() det(afh/axj)lthgm,l 'd.fCl VAR /\dwm,1 /\dlog(s—i—a:ﬁﬁ.

The assertion follows. U

We will give another abstract proof of Proposition 2.10 in [Mat3, Prop. 2.12].

2.4 Global properties of derivations
LEMMA 2.11. Let C CP? be a quadratic curve (not necessarily irreducible nor reduced)
in characteristic p, and let D be a p-closed derivation. Then Fix(D) # ().

Proof. Suppose C is integral. Then C'= P! and the result is well known (indeed, Tp1 =
Op1(2)).

Suppose C' is reducible. We may assume C = (xy = 0). Let U = Speck|z,y|/(xy). Then
Ty = (2L —yd%) Oy and hence the origin belongs to Fix(D).

Suppose C is non-reduced. We may assume C = (X3 = 0). If p # 2, then D induces a
derivation Dieq on Cieq = P!, and we have Fix(D) ~ Fix(Dyeq) # (). Suppose p = 2. It is
easy to see that H(C,T¢) = H(C,Tp2|c) < HY(P2,Tp2). Hence, there exist f1,f2,f3 €
HO(P2,0(1)) = @°_, kX, such that D(%) = )sz - % If f3 € kX3, then D induces
a derivation Dyeq on Creq = P!, and we conclude as ]above. Suppose f3 € kX3. By a
coordinate change, we may assume f3 — Xy € kX3. Letting z; = X;/X; (i = 2,3) and
restricting to Speck|[ra,x3]/(23) = (X1 # 0) C C, we have D(x3) —x2 € (x3), in particular
D(z3) € m:= (x2,x3). If D(x3) € m, then the origin is a fixed point. Suppose D(x2) € m
and D? = hD. Then h = D*(z3)/D(x3) € O, and hence D(x3) = D?(z3) = hD(x3) =0
(mod m), contradiction. 0

COROLLARY 2.12. Suppose p, acts on an RDP surface X and fizes an RDP w. Then
the action extends to the blowup Bl, X and there exists a fized point above w.

Proof. The action extends to the blowup by Proposition 2.8. Let D’ be the induced
derivation on Bl, X. Let C C Bl, X be the (possibly non-reduced) exceptional divisor,
which is a quadratic curve in P? since w is an RDP. Since D'(Z¢) C Z¢, D' induces a
derivation Dy, (of multiplicative type) on C. By Lemma 2.11, D, has at least one fixed
point, and that point is also a fixed point of D’. U

Later we will also need the following Katsura—Takeda formula on rational vector fields
(i.e., derivations on the fraction field k(X )). For a rational derivation D locally of the form
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f~ID’ for some regular function f and (regular) derivation D', we define the divisorial and
nondivisorial parts by (D) = (D’) —div(f) and (D) = (D’).

ProprosITION 2.13 [KT, Prop. 2.1]. Let X be a smooth proper surface, and let D be a
nonzero rational vector field. Then we have

deges(X) = deg(D) — Kx - (D) — (D)

83. Tame symplectic actions on RDPs

Hereafter, all action of groups and group schemes on schemes are assumed faithful.

Throughout this section, we work under the following setting. B = Ox ,, is the localization
of an RDP surface X over an algebraically closed field k at a closed point w (either a smooth
point or an RDP), m C B is the maximal ideal, G is a finite group acting on X, and the
action restricts to Spec B. Assume that the order of G is not divisible by p = chark.

DEFINITION 3.1. We say that the G-action on B is symplectic if it acts on the one-
dimensional k-vector space HO(SpecB\{m},Q%/k) ®@p (B/m) trivially.

If G =7Z/pZ, then any action is symplectic (cf. Remark 2.6), and hence the notion is
useless in this case.

REMARK 3.2. If B is as above and the G-action is symplectic, then the rank-1 free
B-module HO(SpecB\{m},Q%/k) admits a generator w that is G-invariant. Indeed, take
a generator w’, then w:= (1/|G|) }_ .o g*w’ is clearly G-invariant and it is nonvanishing,
since it is nonvanishing after ®(B/m).

REMARK 3.3. If X is an RDP K3 surface and w € X is a fixed closed point, then this
is consistent with the usual notion of symplecticness, since a generator of H®(X™ Q?) =
H°(X,02) (Proposition 2.3) restricts to a generator of this one-dimensional space. Thus,
the symplecticness of an automorphism of an RDP K3 surface can be checked locally at
any fixed point (if there exists any). The same for abelian surfaces.

PROPOSITION 3.4. Let B and G be as above (in particular, the order of G is not divisible
by p = chark). Then the invariant ring B® is again the localization at a closed point of an
RDP surface.

Let X — X be the minimal resolution at w. Then X /G — X/G is crepant.

Proof. Let w be a generator of the rank-1 free B-module HO(SpecB\{m},QZB/k). By
Remark 3.2, we may assume w is G-invariant. The action of G on X induces an action on
X, and w extends to a regular nonvanishing 2-form on X. At each closed point w’ € X, the
stabilizer G, C G acts on Ty X via SLo(k) since G preserves w. Hence, the quotient X/G
has only RDPs as singularities. Since w is preserved by G, it induces a regular nonvanishing
2-form on (X' /G)*™, and since RDPs are canonical singularities, it extends to a regular

nonvanishing 2-form on X /G, the minimal resolution of X /G above w. Thus, B is a
canonical singularity, that is, either a smooth point or an RDP. 0

REMARK 3.5. We [Matl, Prop. 3.8] described possible symplectic actions of finite tame
groups on RDPs. For actions of cyclic groups G = Z/nZ (n > 1), we have a complete
classification: possible n and the types of X and X/G are listed in Table 2.

REMARK 3.6. Singularities of quotients by order p automorphisms in characteristic
p > 0 tends to be worse than those in characteristic # p. For example, the quotient of a

https://doi.org/10.1017/nmj.2022.20 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2022.20

20 Y. MATSUMOTO

Table 2. Tame symplectic cyclic actions on RDPs.

n=|G| X X/G
Any Am—l Amn—l
2 Am—l (m Z 4 even) Dm/2+2
4 Am—l (m Z 3 Odd) Dm+2

3 D, (p#2) Eg

3 Dy (p=2,r=0,1) E§

2 D7n+2 D2m+2
2 Eg (p#3) E7

2 E§ (p=3,r=0,1) E?

supersingular abelian surface in characteristic 2 by the automorphism x — —x is a rational
surface with an elliptic singularity [Ka, Th. C].

84. p,-actions on RDPs and quotients

Throughout this section, we work under the following setting. B = Ox 4, is the localization
of an RDP surface X over an algebraically closed field k of characteristic p > 0 at a closed
point w (either a smooth point or an RDP), m C B is the maximal ideal, n is a positive
integer possibly divisible by p, ., acts on X, and the action restricts to Spec B. (Note that
w is not necessarily fixed by puy,.)

If n =p > 0, then the corresponding derivation of multiplicative type is denoted by D.

4.1 Symplecticness of u,-actions

Assume w is fixed by the p,-action. Then the action on B induces an action on V :=
H(Spec B\ {m},Q2B/k) ®p (B/m), that is, a decomposition V' =€P,cz,,, Vi of k-vector
spaces. Since dim V =1, V is equal to one of the summands. In other words, V is of some
weight i € Z/nZ.

DEFINITION 4.1. We say that the u,-action, or the corresponding derivation if n = p,
on B is symplectic if V is of weight 0.

We say that a pn-action, or a derivation D of multiplicative type, on an RDP surface
X is symplectic at a fixed closed point w if the induced action or derivation on Ox ,, is
symplectic in the above sense.

REMARK 4.2. If p{n, then u, is (noncanonically) isomorphic to Z/nZ and this definition
is consistent with Definition 3.1.

REMARK 4.3 (cf. Remark 3.2). If B is as above and V is of weight i, then the rank-1
free B-module HO(SpecB\{m},QQB/k) admits a generator w of weight . Indeed, take a
generator ', let w’' =) w; be its decomposition, and write wj = f;w’ with f; € B. Since
> fi =1, there exists i, € Z/nZ with f;; € B*. Then ig =i, and hence we can take w = wj. .
If n = p, then this means D(w) = igw.

From this, it follows that if u, acts on an RDP surface, then the weight ig is a locally
constant function on the fixed locus.

REMARK 4.4 (cf. Remark 3.3). If X is an RDP K3 surface and w € X is a fixed closed
point, then the action is symplectic in the sense of Definition 2.5 if and only if action
is symplectic at w, since a generator of H°(X"™ Q?) restricts to a generator of this one-
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dimensional space. Thus, the symplecticness of a u,-action on an RDP K3 surface can be
checked locally at any fixed point (if there exists any). The same for abelian surfaces.

LEMMA 4.5. Suppose the closed point w of B is fized under the uy,-action. Then B
is generated by 2 or 3 homogeneous elements, respectively, if B is smooth or an RDP.
Moreover:

1. If B is smooth and generated by elements x,y of respective weights a,b, then the action
is symplectic if and only if a+b=0 (in Z/nZ).

2. If B is an RDP and generated by x,y,z of respective weights a,b,c, then there is d € Z/nZ
and a homogeneous power series F € k[[x,y,2]] of weight d such that B = k[[z,y, z]]/(F).
The action is symplectic if and only if a+b+c=d.

Proof. The first assertion follows from Proposition 2.8.
(1) HO(SpecB\{m},QQB/k) is generated by dz Ady, which is of weight a +b.
(2) Take an element H € k[[z,y, z]] such that B = k[[z,y,z]]/(H), and let H = >icznz Hi

be the decomposition with respect to the u,-action. Since H =0 in B, we have H; =0 in
B, and hence there are f; € k[[z,y,z]] such that H; = f;H. Since Y. f; = 1, there exists
d € Z/nZ with f4 € k[[z,y, z]]*. We can take F = H,4, which is of weight d.

Then HO(Specé\{m},Q%/k) is generated by w = F; 'dy Ndz = F'dz Nde = F 'dx A
dy (this means that the restriction of w to the open subscheme Spec B [F71] is equal to
F;ldy Adz, and so on), and we have wt(w) = a+b+c—d since wt(F, ') = —(d —a) and
wt(dy Adz) = b+ ¢, and so on. 0

4.2 pp-actions on RDPs

As noted in §2.3, we know by [S, Prop. 6] (see also [RS, Th. 1 and Corollary]) that the
quotient of a smooth variety by a p,-action with no isolated fixed point is smooth. We
need to consider, more generally, the quotients of surfaces with RDP singularities and with
isolated fixed points.

Let Ox 4 and p, be as in the beginning of §4, and suppose n=p. Let 7: X =Y = X/p,,
be the quotient morphism.

THEOREM 4.6.

1. Assume w is non-fized. If w is a smooth point, then w(w) €Y is also a smooth point. If w
is an RDP, then w(w) is either a smooth point or an RDP. In either case, X xy'Y — X
is crepant, where Y —Y is the minimal resolution at m(w).

2. If wis fized and the action is symplectic at w, then w is an isolated fized point and w(w)
1s an RDP.

3. If w is an isolated fized point and the action is non-symplectic at w, then w(w) is a
non-RDP singularity.

First, we consider non-symplectic actions on isolated fixed points.

Proof of Theorem 4.6(3). By Proposition 2.10, we have an isomorphism

(H°(SpecOx,w \ {w},92?))o = H®(Spec Oy, r(wy \ {m(w)}, %)
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Table 3. Non-fized pp-actions on RDPs.

P equation X Yy =xP XxyY
Any Ty + 2™MP (m>2) Amp_1 A1 mA,_1
Any xy + 2P Apq Smooth —

5 2?2 +y3+2° EQ Smooth —

3 22+ 23 +yt E Smooth —

3 22+ +y2? E? Ay E

3 22+ 23+ EQ Smooth —

2 22+ 2%y +ay™ (m > 2) DS, Smooth —

2 2? +y2® +ay™ (m>2) DY i1 Ay D3,
2 2?2 +a22 43 E As DY

2 22+ a3+ ay? E? Smooth —

2 224 a3+ EQ Smooth —

preserving the zero loci of 2-forms. If 7(w) is either a smooth point or an RDP, then
the right-hand side has a nonvanishing 2-form and hence there is a nonvanishing form w
on SpecOx 4, \ {w} of weight 0. Being nonvanishing, w is a generator of H°(SpecOx 4 \
{w},0?). However, this contradicts the non-symplecticness assumption. 0

Next, we consider non-fixed points. In fact, we can classify all possible actions and give
explicit equations.

PROPOSITION 4.7. Assume w is not fized.

o If w is a smooth point, then there are coordinates x,y of Ox . satisfying D(x) =0 and
D(y) #0, and hence Oy, x(w) has x,y? as coordinates and in particular m(w) is a smooth
point.

e If w is an RDP, then there is an element F € k[[x,y,2P]] and an isomorphism éX,w o
kl[x,y,z]]/(F) with D(z) = D(y) =0 and D(z) # 0, and hence @y’ﬂ-(w) = k[[z,y,2P]]/(F).
Moreover, we can take F to be one in Table 5.

Proof of Theorem 4.6(1) and Proposition 4.7. If w is a smooth point, then taking
coordinates z,y as in Lemma 2.9 (i.e., D(z) =0 and D(y) =1+y), we have (’A)y’ﬂ(w) =
E[[x,y"]], and hence Oy, () is smooth.

Assume w is an RDP. By Lemma 2.9, we have coordinates z,y,z satisfying D(x) =
D(y) =0 and D(z) # 0. We have Ox ., = k[[z,y,2]]/(F) for some F € k[[x,y,2]] such that
D(F) € (F), and we may assume F € k[[z,y,2P]]. We show that, after replacing F' with a
multiple by a unit, and after a coordinate change of k[[z,y,z]] that preserves the subring
k[[z,y, zP]], F coincides with one in Table 3. (Such coordinate changes are given by a’,y/, 2" €
m that are linearly independent in m/m? and satisfy 2’,y’ € mnNk[[z,y,2P]].) A similar
classification is given in [EH+, Prop. 3.8], but they missed the case of E? in characteristic 3.

Assume the classification for the moment. Then, in each case, we observe that 7(w) is
either a smooth point or an RDP, and it is straightforward to check that X xy Y is an RDP
surface crepant over X. (In Table 3, the entries of the singularities of X xy Y are omitted
if Y is already smooth.) For example, consider X = Speck[z,y,z]/(F), F = xy+ 2™P with
m > 2. Then X' := X xy Bl (Y is covered by three affine pieces
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X{ = Speck[z,y1,v1,2)/(y1 + 2™ 0 a0y — 2P), v =y/x, v = 2P/,
= Speck[za,y,v2,2]/(x2 +y™ ™ 2U§n7y02—2p)a Ty =1x/y, v = 2P [y,
Xé = SpeCk[ﬂfsays,Z]/(ﬂfz‘sy?, +2(m_2)p)a T3 = x/zpa Yz = y/zp~

One observes that Sing(X') consists of two RDPs of type A, at the origins of X{ and X}
and, if m Z~3, one RDP of type A(;,_2),—1 at the origin of X’. Repeating this, we observe
that X xy Y has mA,_;.

Now, we show the classification. We say that F' has a monomial if the coefficient of that
monomial is nonzero. We also write F' = Zh’m ahijxhyizj.

First, assume p > 2. We may assume that the degree 2 part I, is either zy or z2.
Assume Fy = xy. We may assume that F' has no xz/ and yz?. F must have 27, j = mp,
=127 and y with y—i—ahojxh_l
and so on, we may assume that F has no 3’27 with ¢ > 0 and no z"2/ with h > 0. Thus,
F =wujzy+us2z™P for some units uy,us, and then by replacing x,y, F' by suitable multiples,
we obtain F = zy+ 2™P.

Assume p > 3 and F; = 2. We may assume that the degree 3 part Fyis 3. If p> 7,
it cannot be an RDP. If p =5, then F must have 2°, and then it is EJ. We have
F = u2? —I—u2y + w3z, and then by replacing z,y, F by suitable multiples, we obtain

and then it is A,,,_1. Then, by replacing z with x +a;;y 27,

F =22 +y3+ 2% (For example, we let F' = usF’, x = (uzuy )22, y = (usuy *)/3y’. Note
that we can take nth roots of units provided ptn.)

Assume p = 3 and Fg = 22. We may assume F3 = 33 or F3 = z3. If F3 = 23, then
F must have y* or y°, and then it is £y or EY. We may assume ajzp = ajqo = 0 by
replacing  with x + (1/2)(a130y> + a140y*), and then we transform F' as above. If F3 = y?,
then F must have yz® and then it is EQ. We eliminate ay;; as above, then we have
F = u122 +usy® +ugyz® + 289(23) for some power series g € k[[z%]]. We may assume u; = 1
(mod m). We eliminate g by replacing y with 3+ 23g, and then we transform F as above.

Now, consider p = 2. We may assume F} is one of zy + 22 (if irreducible), zy (if reducible
but not a square), 22
or Fy = zy, then as above, it is A,,,_1 and F' becomes zy + 2P

, or 22 (square, of a linear factor containing z or not). If I, = zy + 22

Assume p =2 and F5 =22 If F3 has yz?, then F must have zy™ and then it is D3, ;. We
obtain F = u12? +ugyz? +uszy™ + 24g(2) + f(y) + v*™g' (v), where f(y) = fo(y)? +yfi(y)?
is a polynomial of degree < 2m, g(z) € k[[z]], and ¢'(y) € k[[y]]. We may assume u; =1
(mod m). We eliminate f by replacing z with z+ fo(y) and z with z+ f1(y) and so on. Then
we eliminate g and ¢’ by replacing y and z suitably, and take multiples by units as above.

If F3 has no yz2, then F must have y® and 222 and then it is E§. We obtain F = u;2? +
uoy® +uzzz? +ay?2? +2%g, 9= go(2?) +yg1(2?) +9%g2(2?). We may assume u; = 1(mod m).
We eliminate a and g by replacing y and z suitably, and then we transform F' as above.

Assume p =2 and F» = 22, Let E = (F3 mod (z)) € k[[x,y]]. If F3 has three distinct
roots then we may assume Fj = 23 —|—y and then it is DJ. We can transform F to
22+ 23+ 93 as above, and then to 22 + 2%y + 2y?. If F3 has two distinct roots, then
we may assume F3 = x?y and F must have zy™ and then it is DY . We obtain
F = u12® + uga®y + ugzy™ + g(x) + f(y) + > g/ (y )7 where f(y) = fo(y)* + vf1(y)*

a polynomial of degree < 2m —1 and g € k[[z]] and ¢’ € k[[y]]. We argue as in the case of
DQm +1- If F3 has one (triple) root, then we may assume F3 = z® and F must have zy> or
y® and then it is EY or EJ. We transform F as above. 0
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Next, we consider symplectic actions on fixed points.
LEMMA 4.8. Assume w is fized, and the action is symplectic at w.

1. Assume w is a smooth point. Then w is an isolated fized point and w(w) is an RDP of
type A,—1. The eigenvalues of D on the cotangent space my,/m2 are of the form a,—a
for some a € F}.

2. Assume w is an RDP. Let f: X' =Bl, X — X. Then X' is an RDP surface, D uniquely
extends to a derivation D' on X' which is symplectic at every fixed point above w, and
g:Y' = (X)P" =Y is crepant.

Proof. (1) By Lemma 4.5(1), we have D = az-(9/0x) —ay-(0/Jy) with a € F,, for some
coordinates x,y, and a # 0 since D is nontrivial. Hence, w is an isolated fixed point of D.
We observe that a,—a are the eigenvalues of the action on the cotangent space. We have
@;%w = k[[zP,zy,yP]], and it is an RDP of type A,_;.

(2) By Remark 4.3 and assertion (1), w is an isolated fixed point. By Proposition 2.8,
D uniquely extends to D’ on X’. Let w be a generator of H%(SpecOx ,, \ {w},Q?) with
D(w) =0. Since w is an RDP, X’ is again an RDP surface, and it follows from Proposition
2.3 that w extends to w’ on (X')™, which generates H°(SpecOx: v \ {w'},Q?) at any
closed point w’ € X’ above w, and that D’(w’) = 0. Hence, D’ is symplectic at every fixed
point above w. Since as above such fixed points are isolated, Y’ is smooth outside finitely
many isolated points. Applying Proposition 2.10 to w on X \ {w} and w’ on X'\ (Sing(X")U
Fix(D’)), we obtain 2-forms ¢ on Y \ {m(w)} and ¢’ on Y\ 7((Sing(X’) UFix(D’))), which
are nonvanishing. Comparing 1 and ', we observe that ¢ is crepant. O

Proof of Theorem 4.6(2). By Remark 4.3 and Lemma 4.8(1), w is an isolated fixed
point. By shrinking X, we may assume that D has no fixed point except w.

We construct a finite sequence (X, D;)o<;<n (n>0) of RDP surfaces X; and derivations
D, on X; of multiplicative type that is symplectic at each fixed point. Let (X¢, Do) = (X, D).
If X; has no fixed RDP, then we terminate the sequence at n = j. If X; has at least one
fixed RDP, let X, ; be the blowup of X; at the fixed RDPs and D;,; the extension of
Dj to Xj ;. Since any RDP becomes smooth after a finite number of blowups at RDPs,
this sequence terminates at some n > 0. By Lemma 4.8(2), Dj41 on X, ; is symplectic
at each fixed point, and (X;4+1)P7+1 — (X;)P7 is crepant. By Theorem 4.6(1) and Lemma
4.8(1), Y, = (X,,)P» has canonical singularity (i.e., has no singularity other than RDPs),
and since Y, — Y = X P is crepant, also Y has canonical singularity. If n > 0, then 7 (w) is
not a smooth point since Y,, — Y is a crepant morphism non-isomorphic at that point, and
if n =0, then 7(w) is not a smooth point by Lemma 4.8(1). Hence, in either case, m(w) is
an RDP. O

Moreover, we can classify all possible symplectic j,-actions on RDPs.

PROPOSITION 4.9. Assume w is a fited RDP, and the action is symplectic at w. Then
there is a p,-equivariant isomorphism Ox ., = k[x,y,2]]/(F) with F equal to one in Table
4 and pp, acts on x,y,z by respective weights a,—a,0 for some a € ¥,. The singularities of
X, X' =Bl, X, X/pp, and X'/p, are displayed in the table.

REMARK 4.10. A polynomial f € k[z1,...,x,,] is called quasi-homogeneous if, for some
ai,...,am € Z>1, the monomials appearing in f have the same degree with respect to a (i.e.,

degree of the monomial x}! a:m’ is i1a1 + -+ +imam). RDPs whose completions are not
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Table 4. Symplectic pp-actions on RDPs.

D Equation X X/ pp

Any — (Smooth point) Ao Ap_q

Any zy+2m (m >2) A1 Amp—1

3 22+ 2+ y3 + a?y? E} E}

3 2+t +yP+aty Ed EY

2 22 +y?rayk + 2 (k>1,1>2) DQL;/_S D;ll_k)+

2 224 2% ayz 4y (n>3) Dy DL

2 22+ 22+ 23 oyl E2? DY

2 2?2+ 23 +yt +ayz E3 E3

2 22422 +yt + 2y E3 E?

p X X' X/ 1y X'/

Al’ly AO — Ap,1 —

Al’ly Amfl (m 2 3) Am73 + 2A0 Ampfl A(m—2)p—1 + 2Ap—1

Al’ly A1 2A0 A2p,1 2Ap,1

3 Eé A5 [n] + 2A0 Eé Al + 2A2

3 Ed E2[n]+ 24, EY A +2A4,

1/2 1/2]—1 I—k)* 1—2—k)*

2 Dl (2 DA D D,
(1=3,k>2) DYy [n] + Ao+ Ay D Ay+ A+ Aq
(123,]€:1) Ag[n]+Ao+A1 Dg A1+A1+A3
(1=2,k>2) D[]+ A D} A
(l = 2, k= ].) 2A1[n] +A1 Di A3

2 D[] (n=3) Dy, %[+ Au[n) D, D

2 E? D} DY DY

2 E3 D[] + A E2 Di+ A

2 E3 E2+ A E2? DY+ A,

e Ay is a smooth point that is an isolated fixed point of D.

e [n] means that the RDP is not fixed by D.

e |g| :=max{n € Z|n < ¢} denotes the integer part of a real ¢.

e ¢ :=max{q,0} denotes the positive part of a real .

e [x]: It follows from the classification that for each (formal) isomorphism class of RDP, there

exists only one fixed symplectic pp-action up to isomorphism, except for the case of Dy ! (n>3)

in p =2, in which case there are two and they are distinguished by the degree 2 part F, being a

square of a homogeneous element or not. We distinguish them by notation Dy, ! and D3 *[+]. We
use the convention that D}[+] = Dj}.

defined by quasi-homogeneous polynomials, which exist only if p = 2,3,5, are precisely D]
and E) with r # 0. It follows from the classification given in Proposition 4.9 (resp. given
in Proposition 4.7, resp. which is omitted) that if an RDP of type D,, or E,, admits a fixed
symplectic (resp. non-fixed, resp. fixed non-symplectic) p,-action, then the singularity is
not defined (resp. is defined, resp. is defined) by a quasi-homogeneous polynomial. We do
not know any explanation of this phenomenon.

Proof of Proposition 4.9. We consider tuples (a,b,c, F') with a,b,c € Fj,, not all 0, and
F € k[[z,y, z]] such that F' =0 defines an RDP and only monomials of weight a+b+c (€ F))
appear in F, where z,y,z have respective weights a,b,c. By Lemma 4.5(2), it suffices to
consider k[[z,y, 2]]/(F') of this form. We show that there exist a p,-equivariant isomorphism
kllx,y,z]]/(F) = k[[«',y,2]]/(F’) with F’ in Table 4 and wt(z’,3/,2") = (1,—1,0) up to
Aut(p,) =F; (which amounts to replacing (a,b,c) with (ta,tb,tc) for some t € Fy).
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We write F' = Zh%j ahijxhyizj, and we say that a polynomial or a formal power series
has a monomial if its coefficient is nonzero.

First, assume the degree 2 part F5 is a non-square. Then we may assume that F5 contains
a non-square monomial, say zy. (Indeed, if this is not the case, then p # 2 and F» contains
at least two square monomials, say 22 and 2, then z and y has the same weight, and
then after a linear coordinate change, we may assume F5 contains xy.) Then we have
c=0.If a+b¢{0,a,b}, then F € (z,y)?, which implies that F' =0 is not an RDP. If
a+b=a#0, then F € (x), again not an RDP. The same if a+b=0b# 0. So we have
a+b=0 and hence F € k[[zP,zy,yP,z]]. Since F cannot belong to (x,y), there exists an
integer m such that F' has the monomial 2. Let m be the smallest such integer. We have
F =1 2™ 4 uszy + g1(xP) + g2 (yP) for some units ug,us € k[[2P,xy,yP, z]]* and power series
91,92. We may assume u,us = 1(mod m). We eliminate g;,g> by replacing z with x4+ g2/y
and y with y+ ¢g1/x (and repeating this), and we obtain F' = uy2™ + uszy. By replacing
x,y, 7z, F with suitable multiples, we obtain F' = 2" + xy.

Next, assume p > 3 and F, is square. We may assume Fy = z2. We may assume F3 # 0
(mod z). If F3 has 2%y, then by 2c = 2a+b=a+b+c, we have b= 0 and a = ¢, and hence
F € (x,2)%, which is absurd. Hence, we may assume F3 has y3. By 2c=3b=a+b+c, we
have (a,b,c) = (a,2a,3a). If F does not have 23, then F € (22,232, zyz, 25, 2%y, 22y?,y?), and
F =0 cannot define an RDP. Hence, F' has 23, hence p = 3, and then F € k[[z3, 2y, 3, 2]]. We
may assume that F does not have zyz. To define an RDP, F must have one of z2y?, z*y, zy*.

If it has 22y, then it is E}. We can eliminate z"y’z, and we have

F=72u+2° +y° + 2%y us + Z apijay'zd + Z by’ + Z chizy’,
(h,i,5)€S1 (h,i)€S2 (h,i)€S3

Slz{(47170)7(17470)}’ SZZ{(670)7(771)}7 532{(076)7(177)}7

where ap;j € k, by; € k[[23]], cni € k[[y?]], and uq,us € k[[z3,2y,y3, 2]]*. By replacing z with
r+ty? and y with y+t'z2, we eliminate a410 and ai49. Then, by replacing F with (1+
23bgo + xybr +1y>co6 +xy4cl7)F, we eliminate all by; and cp;. Finally, we replace z,y, z, F’
with suitable multiples and achieve u; = us = 1. (For example, we let F'=u; SF! x= Uy Lyt
y=uy 'y, and z = (ugul)~1/22")

If it does not have z2y? but has zy or zy*, then it is Ei. By replacing F with a unit
multiple, we may assume that it has z*y and does not have zy*. We can eliminate x"y’z,

and we have

F=2u;+2°+ y3 + 3042/U2 + Z ahijxhyizj + Z bmxhyi + Z Chi$hyi7
(h,i,j)ESL (h,i)ESs (h,i)ESs
Sl:{(6ﬂ070)7(373,0%(07670)}7 SQ:{(gvo)}v 53:{(0,9),(1,7),(2,5),(3,6)},

with apij, bni, chi, and uq,up as in the previous case. By replacing y with y+tx?, we
eliminate aggo. By replacing z with z+t'y? and F with (1+t"y3)F, we eliminate ag3o and
aoeo- By replacing F with (14 22y%cos +aytcir +yPcoo) F', then with (1+25bg + 2333 c36) F,
we eliminate all by; and c¢p;. We replace x,y, z, F' with suitable multiples and achieve u; =
U9 = 1.

Hereafter, assume p = 2 and that F, is a square. If \/F; is homogeneous, then we may

2

assume Fy = 12, we may assume F3 has y?z or 23, and then we have (a,b,c) = (1,1,0), and

hence F € k[[z2, zy,y?, 2]]. If v/ F3 is not homogeneous, then we may assume Fy = 2+ 22 and
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a=1 and ¢=0, and then again we have (a,b,c) = (1,1,0), and hence F € k[[z%, zy,y?, 2]],
and Fy has xyz, y°z, 23, or 222.

Assume (Fy is 22 or 22 + 22 and) F3 contains y?z. Furthermore, since F' ¢ (z,y)?, we see
that F has z! (I >2). We have F = 22 +y2z+ 2! (mod (2*, 23y, 22y?, 2>, y*, 222, 2yz, 94222,
). Write F = Fy(22,y%,2) + 2yFi (22,92, 2). Then there exist unique f,g € k[[z]] such
that Fy € (22 — f(2)%,9% — g(2)?), and they satisfy [ = min{2ord,(f),20rd.(g)+1}. If [ is
even, then, by replacing y with y —xg/ f, we may assume g = 0. If [ is odd, then, by replacing
z with z —yf/g, we may assume f =0. We eliminate ap;; with h > 2, (h,i,7) # (2,0,0),
by replacing F' with (1—|—am]xh_2y'zj)F and ap;; with i> 2, (h,i,j) #(0,2,0),(0,2,1),
by replacing z with z + api;2"y" =227, We obtain F = 2%+ y?z + 2'u(z) + zye(z), where

e(z) € k[[z]] and u(z) € K[[z]]*. We have e(z) # 0, since if e(z) =0, then F = Fy € ((x —
f(2)%, (y—g(2))?), which is absurd. Write e(z) = zFv(z), k > 1, and v(z) € k[[2]]*. Tt is
DQLL/E If [ is even, then, since Fy € (22 — f(2)%,3% — g(2)?) and g =0, we have z'u(z) = f(z)?
and hence u(2) is a square, and then by replacing = with u(z)'/?z and by replacing F with
a unit multiple, we obtain F = 2% +y?zu/(2) + 2! + zye(z) for some u'(z) € k[[z]]*. Similarly,
if [ is odd, then, since f =0, we have 2'u(z) = zg(2)? and hence u(z) is a square, and then
(by replacing y) we obtain F = x2u/(z) + %2+ 2! +zye(2). By replacing z,y, z, F with unit
multiples, we can achieve v’ =v = 1.

Assume F, = 22 and F3 has 22 but no y2z. To define an RDP, F must have y* and must
have xyz or zy3. If F has xyz, then it is E3. We have

F=x —I—y4 + 23u1 +xyzus + Z ahijxhyizj
(h,i,j)€S1
Y bty Y oyt Y duaty
(h,i)€S, (h,i)€Ss3 (h,i)€S4
Sl:{(37170)7(17370)7(17570)7(07272)7(27071)7(27072)7(07471)7(07472)}7

52:{(4a0)7(571)}a 53:{(()?6)7(1’7)}? 54:{(272)}7

where Qhij € k, by; = Z?:o bhijzj with bhij S ,ICHJZ2”, Chi = Z?:o Ch,‘jzj with Chij € k[[yQH,
dpi € k[[22,2y,v?]], and u1,us € k[[2?,2y,y?,2]]*. We may assume u1,us = 1(mod m). We
replace z with 2 + az1022 + a130y? + a150y*, = with z+tyz (which eliminates ags2), ¥ with
Y+ ag01® +a20222, and = with @ +agq1y> + apa2y® 2, and thus eliminate all ap;; ((h,i,5) € S1).
We replace F with (1+22byg +y2cos) F, F with (1+23ybs; +zy3c17)F, and z with z+daozy,
and thus eliminate all by;, cps, and dy;. We replace x,y, 2z, F' with suitable multiples and
achieve u; = ug = 1.
Next, if F' does not have xyz but has xy?, then it is E3. We have

F =2 +y* +25u; +ayus + Z ahijxhyizj + Z by’ + Z cnizy’,
(hyi,5)E€Sy (hyi)ES> (h,i)€Ss
S1={(2,0,1),(2,0,2),(0,4,1), (0 2,2),(1,1,2),(0,6,0),(0,4,2),(0,6,1),(0,6,2),
(2,2,0),(2,2,1),(2,2,2)}, ={(4,0),(3,1),(4,2))},  S3={(0,8)},
with apnij, bni, chi, and ug,us as in the previous case. We may assume u;,u2 = 1(mod m). We
replace F' with (1+as012 + a2022%)F, * with o +tyz and z with z +#'y? (which eliminates

aogs1 and aga), z with z+aj122y, © with x +#"y® (which eliminates aggo), = with x +
a0a2y2% + ape1y>z, T with @ + age2y®22, and y with y 4 (a0 + a2012 + a2222%)x, and thus
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eliminate all ap;; ((h,i,5) € S1). We replace F with (1+22bs + zybs1 + 22y?bas + y*cos) F,
and thus eliminate all by,; and cp;. We replace z,y, z, F' with suitable multiples and achieve
U3 = Ug = 1.

Assume Fy = 22+ 22 and F3 does not have y?z and has xyz. F moreover needs zy°, y'z,
or y'. Replacing z with z+zy*~! (resp. z with x +3"~12), we may assume that there are
no xy’ (resp. y°z) of low degree. Thus, we have

F=a2?+22+ayz+y?" 2

2 2

n >3, and this is Dy '[]. We eliminate x"y? (h,i > 1, (h,i) # (1,1)) by replacing z with
2+ apor" 'y'~!, and 2"z and y’z7 similarly. We eliminate z", ¢, 29 (h >3, i > 2n—1,
j > 3) by replacing F with a unit multiple. We obtain F' = 22 + 22 + zyzu + y?" 2 for some
u € k[[2?,zy,y?,2]]*, and we can achieve u= 1.

Assume Fy = 2% + 22 and F3 does not have y?z nor zyz. By replacing F with (1+
a201x22)*1F , we may assume that F does not have z2z. Then F has 22 and F moreover

needs zy3, and then it is E2. We have

F=2%+22+2%u +ay’us + Z ahijxhyizj + Z bix™y + Z chiz"y’,
(hyi,j)ES1 (h,i)E€Sa (h,i)ESs
Sl = {(0747 0)7 (0747 1)7 (07 6? 0)’ (07 27 2)’ (37 170)7 (27 270)7 (17 17 2)7 (470? 0)? (2707 2)}7

82:{(4’0)’(3’1)’(272)}’ S3:{(074)}7

with anij, bni, chi, and wuj,us as in the case of E2, and moreover by; € (2%z) and
chi € (¥4, 9y%2,22). We may assume up,us = 1(mod m). We replace z with z—i—aéﬁyz, x
with 2 +ags1y2z, z with x+ty> (which eliminates aggo), F with (1+agay?)F, y with y+t'z
and z with z+t"zy and F with (14+¢"zy)F (which eliminates as19, as20, and aj12), z with
z+t""2% and F with (1+#""2%)F (which eliminates a40o and asg2), and thus eliminate all
anij ((hyi,j) € S1). We replace z with x +ycos and F with (14 byoa? + bz1zy + bogy?)F
to eliminate all bp; and cp;. We replace x,y,z,F with suitable multiples and achieve
U1 = Ug = 1. D

4.3 pp-actions on RDPs
In this section, we classify p,-actions on RDPs under each of the following assumptions.

e w is not fixed by p,, (Proposition 4.12).
e n = p°, and the subgroup scheme p, fixes w and is symplectic (Proposition 4.13).
e w is fixed by u, and the action is symplectic (Proposition 4.14).

In Propositions 4.13 and 4.14, we use the convention that a smooth point is of type Ajg.

LEMMA 4.11. Let X be a k-scheme equipped with a pu,2-action. Let m: X — X1 =X/,
be the quotient morphism by the action of the subgroup scheme i, C pip2. If w € X is non-
fized by the action of up, then m(w) € X1 is non-fized by the action of 2/ jp,.

Proof. Let Ox =B =@, /p2Z B; be the corresponding decomposition. Since w is
non-fixed by p,, there exists y € my, C B with 14y € ,_ (04 ) Bi (Lemma 2.9). Then,
since y? € My, () C Ox, r, (w) Satisfies 1 +yP = (1+y)? € By, we conclude by Proposition
2.8 that 71 (w) is non-fixed by fi,2 /1. O
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Table 5. Non-fixed pn-actions on RDPs (listed in order of appearance in the proof).

29

P n p° p’ wt(z,y,142) Equation RDP
Any pér p° p! 1,-1,p/r xy+zp67fm Ape—tm—1
#2 2p° p* 1 0,p°,2 a? +y? 2P Aperm—1
5 30 5 1 15,10,6 22 +y3+ 25 EY
3 12 3 1 3,6,4 2?34y E?
3 12 3 1 6k,3,4 22+ 23 ot EY
3 6 3 1 3,3k,2 22+ 23 o EY
3 30 3 1 15,6,10 22423440 EY
3 18 9 3 3,2,6 22+ +23(1+2) EY

2 4m —2 2 1 2m,2,2m—1 22 +y2? +xy™ D8m+1
2 4(m—1) (*) 2¢7t 1,2,2(m—1) 2?2 +y22 +ym(1+2) Ds
2 6 2 1 0,2,3 22 +a2? 498 EY

2 24 8 2 3,2,6 223+ 24 (1+2) EY

2 12 4 2 3,2,6 22+ 3424 (1+2) EY

2 4m —2 2 1 2m —2,2,2m—1 22+ 22y +axy™ DS
2 dm (*)  2¢7d 1,—-2,2m 22+ 22y +ym(1+2) DY, 1
2 6 2 1 2,2k, 3 22448 DY

2 18 2 1 6,4,9 224+ 23 + ay? E?

2 30 2 1 10,6,15 22423 0 EY

2 12 4 2 3,2,6 22+ y3+22(1+2) DY

2 4 4 2 1,0,2 22(14y)(142) + 22 4 y?>m+L DY,
2 8 8 4 2,1,4 2%+ 22(1 4 2) + 2y? D?

2 12 4 2 3,1,6 22+ 22(1+2) +ay® E?

2 20 4 2 5,2,10 22+ 22(1+2)+y° EY

2 2 (e>2)  2° 2 0,—1,2 24 2(1+2)+z22 ™ DY,

(*): In the cases where n =4(m —1) or n =4m, p° is the highest power of p = 2 dividing n.

Suppose X is a scheme equipped with a p,-action, n = p®r with pt{r, and w € X is a
closed point fixed by p, C p,. Let f be the maximal integer with 0 < f < e such that the
subgroup scheme fi,,s C ppe C iy, fixes w. We say that s, is the stabilizer of w and denote
it by Stab(w).

ProOPOSITION 4.12. Let Ox ., together with a p,-action, be as in the beginning of
§/, and assume w is an RDP. Write n = p°r with p{r, and Stab(w) = pi,r,. Suppose
Stab(w) C p, (hence f < e, in particular e > 1). Then there exist x,y,z € m generating
m, with x,y,1 4 z homogeneous such that, up to replacing r with a multiple and up to
Aut(p,) = (Z/nZ)*, the weights and the type of singularity are as in Table 5.

In this case, we do not pursue the exact equation, and the equations in Table 5 are merely
examples.

Proof. We first show that there exist elements x,y,z € m generating m and satisfying
wt(z,y,1+2) = (a,b,c) with c=n/p*~/ = p/r. Since the stabilizer of the ,-action is Hptr &
In, there exist i € Z/nZ and a homogeneous element ¢ of weight i such that ¢t ¢ m and
ged{i,n} = pr. We may assume ¢ = 1(mod m), and then 2’ := —1+¢ € m satisfies wt(1 +
2') =i. Take an integer g such that ¢i = p/r (in Z/nZ), and then 1+ z := (1+2")9 satisfies
z€m and wt(1+ z) = p/r. Now, take 2/, 2/(®) 2/®) generating m. We may assume each
2’(") is homogeneous with respect to psy, that is, there exists i@ 6) ¢ Z/nZ such that
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z'(h) = Z?c:_of_lm’(hJ) with wt(z'("7)) = i(") 4 jpfr. Let (W = Z?:Of_l(l + 2) g (),
Then wt(z(™) =i and, since (") = 2/ (mod (z)), the elements (1), 2(?) (3 > generate
m. We can omit one of these four elements, which cannot be z since m is not generated by
homogeneous elements.

In this proof, by a monomial, we mean a polynomial of the form xiyjzpc_fl(l +2)™ with
0 <m < p*~f. Any polynomial (resp. formal power series) is uniquely expressed as a finite
(resp. possibly infinite) sum of monomials with k-coefficients, and we say that a polynomial
or a formal power series has a monomial if its coefficient is nonzero. Expressions such as
F=2?+y%(1+2)+--- will indicate that F has these monomials. However, when we say of
degree m part F), of F, this is understood with respect to the usual monomials x*y7 2!,

Assume the degree 2 part Fy of F' is either irreducible or the product of two distinct
homogeneous linear factors. Then we may assume F = xy(1+2)*+---, and F must have
2™ (14 2)7, we may assume i = j = 0 by replacing y and F, and it is A,,_1 with m’ = p*~'m.

Assume F5 is the product of two distinct nonhomogeneous linear factors. Then we have
p#2 and we may assume F = 22(142)  +132(1+2)7 + 2™ (1+2) +--- and b= a+1/2
(mod 7). We may assume k = 0 by replacing F with (1+2)"*F and i = j = 0 by replacing
z and y with z(14 2)*®"+D/2 and y(1 + 2)7 " +1/2 We have 2a = 2b = 0 and then we have
f =0 and r = 2. (Otherwise, a,b,c cannot generate Z/p°rZ.) It is A,,/—1 with m' = p°m,
and we may assume (a,b) = (0,n/2).

Assume p > 5 and F) is a square. We may assume Fy =22, Fy =93, F =22 +y>+---,
and then F must have 2°(1+ 2)" and we have p =5, it is E, and we may assume i = 0. By
2a =3b =0, we have n | 30 and we may assume a = 15 and b = 10.

Assume p =3 and F, is a square. We may assume F = 22 +---. We may assume F3 mod
(z) is either y3, 23, or Y3+ 23. If F =22 +y3+ -, then F must have yz> and it is EY. If F =
22423+, then F must have y* or y® and it is EJ or EJ. If F =22+ 93 +23(1+2)'+---,
then we may assume i = 1 (if i = 0, then by replacing z with y(1+ 2)! + 2, we reduce this
case to the previous case) and then it is EY.

Assume p =2 and Fy is a square. We may assume Fy is 22, 22, 22 + 22, 22 4+ 92, or
24 y? + 22

Assume Fy = 22. We may assume F' = 2%+ ---. Then F must have y2?(1+2)" or y3(1+2)/.
If F has yz?(1+ 2)?, then we may assume i =0 and F must have xy™(1+ 2)* (m > 2) or
y™(1+42) (m > 3). In the former case, we may assume i =0 (by replacing = with z(1+ 2)?)
and we have DY, ., with (a,b,c) = (2m,2,2m —1), n | 2(2m —1). In the latter case, we
have DS, with (a,b,c) = (1,2,2(m — 1)), n | 4(m —1). Now, assume that F' does not have
y22(1+2)" and has y3(1+2)?. We may assume j = 0. Then F must have either xz?(1+ 2)°
or z4(1+2)% If F has 22%(1+2)?, then we may assume i =0 and then F =22 +y>3+x22+---
is By, and we have e=1, f =0, a=0, and ¢ =n/2. If F does not have z22(1+2)" and has
24(1+42)%, then we may assume i = 1 and then F =22 +y3+24(1+2)+--- is Ef, and we
have e— f <2, f =1, (a,b,c) = (1,2/3,2)(mod 2°).

Assume Fy = 22. We have e — f = 1. Suppose F' has 22y(1+ 2)*. We may assume i = 0.
We may assume F does not have monomials z?M (M # 1) nor 22M (M # 1,y) of low
degree (by replacing F or y with (1+M)~'F or y+ M, respectively). F must have xy™
or y™(1+z) and then it is DY,, or D3, ;. Now, suppose F does not have z?y(1+ z)* nor
ry?(1+ 2)% and has x3(1+ 2)*. We may assume i = 0. Then F must have y3(1+ 2)7 (DY),
ey (142 (B), or y*(1+2)7 (EQ).
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Assume Fy = 2%+ 22. We may assume F =22+ 2%(1+2)"+---. If i = 0, then by replacing
z with z+x or z4+x(1+ z), we reduce this case to the previous case. Assume i = 1. F' cannot
have x3(1+ 2)* nor x22(1+2)%. (If F has 23(1+ 2)*, then we have 2a = ¢ = 3a+ic and this
implies (2i+ 1)c = 0, contradicting ¢ = n/p®~/. Other cases are similar.) We may assume
that F does not have y22(1+2)". If F has y>(1+2)*, then F does not have zy*(1+2)’ and it
is DY. If F does not have y3(1+2)% and has 2%y(1+2)*, then F cannot have zy?(1+2)?, and
F must have y>™T(142)7, and it is DY,,,. If F' does not have y3(1+2)® nor 2%y(1+2)* and
has zy?(1+ 2)?, then it is DY. If F does not have 33(1+2)% nor xy?(1+ 2)® nor z2y(1+ 2)?,
then F must have zy3(1+2)% or y°(1+2)%, and (we may assume i = 0 and) it is £2 or EY.
(This E2 is the only example of D!, or E with r > 0 in this proposition.)

Assume Fy = 22 + 4%, Write F' =22 +y?*(1+2)? +---. If j =0, then by replacing z with
r+y(1+2)*, we reduce to the Fy = 22 case. Suppose j = 1. We may assume F does not
have monomials 22M (M # (1+2)%) nor y>M (M # (1+ 2)*) of low degree (by replacing F
or z with (1+M)™'F or z+ M, respectively). F must have z2?™(1+ 2)* or y22™(1 +2)¥,
by symmetry, we may assume F has 222™(1+ 2)*, we may assume k = 0, and then it is
DY,...

Assume Fy = 22 + 9%+ 22. Write F = 22(1+2) + 92 (1+2)  +22(14+2)k +--- 4,5,k € {0,1}.
If i = j, then we reduce this case to F' = 2%+ 22 case by replacing = with = +y(1+2)'. If
i # 7, then either i = k or j = k and then we reduce this case to F' = 22 4 22 case by replacing
z with 2z +x(1+2)! or z+y(1+2)". 0

PROPOSITION 4.13. Let Ox ., together with a py,-action, be as in the beginning of §4.
Suppose n = p® with p >0 and e > 2. Let Stab(w) = p,r (0 < f <e). Suppose f >0 and
that the subgroup scheme p, C Stab(w) acts symplectically. Then one of the following is
true.

o wis Ape—sp,_q for some integer m > 1.
o wis B2 and (pf,p°) = (2,4).
e wis Dyl (n>2) or B3, and (p7,p°) = (4,4).

Proof. Let Oy, =B = @iez/pzz B; be the corresponding decomposition.

Assume w is a smooth point. Since p, acts symplectically, the maximal ideal m is
generated by two elements = € B,— ,mod ) Bi 20d ¥ € D=y (moa p) Bi for some a,b € Z/p°Z
with a,b# 0 and a+b = 0(mod p). Since a,b# 0(mod p), we may assume moreover z € B,
and y € By. Then w is fixed by the whole group scheme j,c and hence e = f. This case is
done (with m = 1: recall the convention that a smooth point is of type Ag).

Hereafter, we assume w is an RDP. Let e=0if e= f and e =1 if e > f. By arguing as in
the beginning of the proof of Proposition 4.12 and by using Proposition 4.9, m is generated
by three elements x,y,z with x € B,, y € By, and e+ z € B., and we may assume a = —b# 0
(mod p), and if e > f then we may moreover assume ¢ = p’.

If e > f, then, since p, acts symplectically, it follows (from the classification given in
Proposition 4.12) that either the RDP is A,,,,—1 and then we may assume F' = :cy+zm, +--
and hence p®~/ | m’, or the RDP is E2 and (p/,p®) = (2,4).

Hereafter, assume e = f. If the RDP is A,, 1, then there is nothing to prove. The
remaining possibilities are given in Table 4 (Proposition 4.9) and in particular we have
p<3.
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Table 6. Symplectic pn-actions on RDPs.

P n X X/ tin Multiplicity
Any Aﬂy Am—l (m > 1) AnLn—l m
#£2 2 A1 (m >4 even) Dy jago 2

;é 2 4 Am—l (m > 3 Odd) D7n+2 1

7& 2 2 D7n+2 D2m+2 m+1
#+23 3 Dy Eg 2

2 3 Dy (r=0,1) E§ 2
#+23 2 Eg Ey 3

3 2 E§ (r=0,1) E7 3

3 3 E} E} 2

3 3 E} E 2

2 2 Dy, 1<r<m-—1) pEr=m’* o
2 2 DI+ pLm/2] 2

2 2 D5, (1<r<m-—1) DT 2 +1
2 2 E2 DY 2

2 2 E3 E3 3

2 2 Egl E%l 3

2 4 Doyt Do 1

2 4 E3 D? 1

Assume p = 3 and the RDP is E} or EZ (as in Proposition 4.9). We may assume that
F=22+234+y3+--- with wt(z,y,2) = (1,—1,0)(mod 3). Then F cannot be homogeneous
since wt(z3) # wt(y®)(mod 32).

Assume p =2 and the RDP is D,, or E,,. By the classification in Proposition 4.9, we have
(a,b,c) = (1,1,0)(mod 2), and F» & kz2. If (a,b,c) = (1,£1,0)(mod 4), then F € (z,y)? and
F cannot define an RDP. If (a,b,c) = (1,1,2)(mod 4) (then we may assume Fy = x2), or if
(a,b,c) =(1,—1,2)(mod 4) and F, =22, then F € (22, 2yz, 293, 23, 2%y%, 23*,9/°) and hence F
cannot define an RDP. Hence, we may assume (a,b,c) = (1,—1,2)(mod 4) and Fy = 22 +¢2,
and hence p® = 4. If F has xyz, then F must have 2?"~! for some n > 2, and then it is
Dy +11. If F does not have xyz, then F must have 22 and F must also have z3y or x>, and
then it is E3. 0

PROPOSITION 4.14. Let p > 0. Let Ox .y, together with a p,-action (n>1), be as in
the beginning of §/. Suppose the action fixres w and is symplectic. Then p, n, the type of
singularity at w, and the quotient singularity are as in Table 6.

Proof. If ptn, then this is Remark 3.5 (Table 2). If n = p, then this is Proposition 4.9
(Table 4). If n = p© with e > 2, then by Proposition 4.13, the possibilities are Dgn_il, E3,
and A,,_1 (with quotient A,,,—_1). In the other cases, we conclude by comparing the tables
of the tame case and the n = p case. For example, E§ with (p,n) = (3,6) is impossible since
the po-quotient E7 of Eg does not admit a symplectic ps-action. O

To a point w fixed by a p,-action, we define its multiplicity m(w) inductively by:

e if w is a smooth point, then m(w) =1, and
e if w is an RDP, then m(w) = 3" cpix(u, ~B1., x) M(W).
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The multiplicity for each case is displayed in Table 6. We observe that m(m,.(w)) = rm(w)
for any divisor r < n of n, where 7, : X — X/, is the quotient map and m(mr.(w)) is the
multiplicity with respect to the pu, /,-action on X / .

4.4 p,-actions on smooth points

Let B = Ox 4, together with a p,-action, be as in the beginning of §4, and assume it is
smooth. Assume the u,-action fixes w and is symplectic at w. As shown in Lemma 4.8(1),
there exists j € (Z/nZ)*, unique up to sign, such that the maximal ideal of B is generated
by two homogeneous elements of respective weights j and —j. (We say that the weights of
the p,-action on the tangent space are j and —j.)

Now, let ¥ be the minimal resolution of ¥ = X/, at 7(w), andlet 7': X' =X xy Y =Y.
Let e (k=1,...,n—1) be the exceptional curves of Y, ordered in a way that e Nepr # 0 if
and only if [k —’| <1. The p,-action induces a decomposition m,Ox' =D, cz/n7 (T Ox")i-
Let I; :== Im(((7,O0x);)®" — Oy ) for i =0,...,n—1. Then I; are described as follows.
(Clearly, I() = OX/.>

LEMMA 4.15. (7,Ox/); and I; are invertible sheaves. After possibly reversing the
ordering of the exceptional curves, we have an equality

I; =0y (—an((j_li mod n),k)ek>,
k

foreachi=1,...,n—1.

Here, j~'i mod n denotes the unique integer h € {0,1,...,n— 1} satisfying hj =i(mod n),

and the function f,, : {1,2,...,n—1}2 — Z is defined as

hk, (k<n—h),

(k) =
fn(h. ) {(n—h)(n—k:), (k>n—nh).

Proof. Straightforward. 0

85. Tame quotients of K3 surfaces and abelian surfaces

The following fact should be known to experts. (For example, if X is a K3 surface in
characteristic 0 and G is symplectic and commutative, then this is a result of Nikulin.) We
give a proof since we could not find a complete reference (covering all characteristics).

THEOREM 5.1. Let X be either an abelian surface or an RDP K& surface in character-
istic p >0, and G a finite group of order not divisible by p acting on X.

If X is an RDP K3 surface and G is symplectic, then the quotient X/G is an RDP K38
surface.

If X is an abelian surface and G is symplectic, then X/G is either an abelian surface or
an RDP K3 surface.

If X is an RDP K3 surface and G is non-symplectic, then X /G is either an RDP Enriques
surface or a rational surface.

If X is an abelian surface and G is non-symplectic, then X/G is either an RDP Enriques
surface, a (quasi- )hyperelliptic surface, a surface birational to a ruled surface, or a rational
surface.
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Proof. By Proposition 3.4, we may assume X is smooth. Let 7: X — X/G =Y be the
quotient morphism, and let Y — Y be the minimal resolution.

We have b1 (Y) = b1 (Y) < by(X), where b;(X) = dim H} (X,Q) is the ith l-adic Betti
number for an auxiliary prime [ # chark. Hence, if X is a K3 surface (hence b;(X) = 0),
then Y cannot be abelian, (quasi-)hyperelliptic, nor nonrational ruled.

First, suppose G acts non-symplectically. If some nontrivial g € G satisfy dimFix(g) =1,
then by the usual ramification formula, Ky has negative coefficients at the corresponding

divisors of Y, and hence £(Y') = —oo. If ¥ has a non-RDP singularity, then Ky has negative
coefficients at the corresponding exceptional curves, and hence x(Y) = —oo. In either case,
Y is either ruled or rational. Suppose neither is the case. Then Ky is an RDP surface with

numerically trivial Ky . Since we have
HO(Y™" 03) = HO(n ' (Y*),0%)° = HO(X.0%)° = 0,

Ky is not trivial. Then, by the classification of such surfaces (see Table 1), Y is either an
Enriques surface or a (quasi-)hyperelliptic surface. This settles the non-symplectic case.

Now, suppose G acts symplectically. By Proposition 3.4, Y is an RDP surface with
Ky trivial. By the classification of surfaces with trivial canonical divisor, Y is an RDP
K3 surface, an abelian surface, a non-classical RDP Enriques surface (p = 2), or a
(quasi-)hyperelliptic surface (p = 2,3). (Note that abelian and (quasi-)hyperelliptic surface
admit no smooth rational curves.)

Since Y has only RDP singularities, we have h'(Y,0y) = h'(Y,0Oy). Since p{ |G|,
(0Ox)% Cc Ox is a direct summand and hence we have h'(Y,0y) = h'(Y,(m.0x)%) <
h' (Y, 7.0x) = h'(X,0x). Therefore, if X is a K3 surface, then Y cannot be a nonclassical
RDP Enriques surface.

It remains to show that if X is an abelian surface, then Y cannot be a (quasi-)hyperelliptic
surface. (If p # 2,3, then this is clear since (quasi-)hyperelliptic surfaces always have
nontrivial canonical divisor.) If X is an abelian surface and Y is a (quasi-)hyperelliptic
surface, then since a (quasi-)hyperelliptic surface admits no smooth rational curves, no
element of G\ {1} has fixed points. It suffices to show that any fixed-point-free symplectic
automorphism g of an abelian surface X of finite order not divisible by p is a translation,
since the quotient of an abelian variety by a finite group of translations is an abelian variety.

Suppose ¢ is such an automorphism. Endow X with a group variety structure (i.e.,
choose an origin) and write g(z) = h(z)+a with h an automorphism of the group variety
(i.e., h fixes the origin) and @ a point. Then h is symplectic (since g and the translation
by a are symplectic) and of finite order dividing ord(g), since z = ¢°*4(9) () = ho*d(9) (1) 4
(hor49)=1(q) +.--4a). If h =1id, then g is a translation. Suppose h # id. Then & acts on
the tangent space of each fixed point via SLy(k) (since h is symplectic and of finite order
not divisible by p), and hence Fix(h) is isolated. Hence, h —id has finite kernel and hence
is surjective. Let x be a point with h(x) —z = —a. Then g(x) = z, contradiction. i

86. pp-quotients of RDP K3 surfaces and abelian surfaces

The following theorems are the p,-analogue of Theorem 5.1.

THEOREM 6.1. The quotient of an RDP K3 surface by a symplectic p,-action is again
an RDP K3 surface.
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THEOREM 6.2. The quotient X/u, of an RDP K3 surface by a non-symplectic action of
Wy 18 either a rational surface (possibly with non-RDP singularities) or an RDP Enriques
surface. The quotient is an RDP Enriques surface if and only if the action is fixed-point-free,
and this can happen only if p = 2.

THEOREM 6.3. A ppe-action on an abelian variety is always symplectic, in the sense
that the one-dimensional space of top differential forms is of weight 0, and the quotient is
again an abelian surface.

Proof of Theorem 6.5. It suffices to consider p,-actions. A ppy-action on A corresponds
[GP, Th. VIL7.2(ii)] to an element v € H°(A,T) = TyA satisfying v = v, and hence
the action can be identified with the translation action by a subgroup scheme of A.
Then the quotient is again an abelian variety, and hence this action is symplectic by
Proposition 2.10. 0

Proof of Theorem 6.1. By Theorem 4.6(1,2), Y = X/p, is an RDP surface. Then, by
Proposition 2.10, Ky is trivial, and by the classification of surfaces, Y is either an RDP K3
surface, an abelian surface, a nonclassical RDP Enriques surface, or a (quasi-)hyperelliptic
surface.

Since 7: X — Y is purely inseparable, we have dimHZ (X,Q;) = dimH, (Y,Q), in
particular b;(Y) = b;(X) = 0 (where b; = dimH}, is the ith Betti number). Since
Y is an RDP surface and since Oy = (m.O0x)p is a direct summand of m.Ox, we
have h!'(Y,05) = h1(Y,0y) < h'(Y,7.0x) = h'(X,0x) = 0. Hence, Y is an RDP K3
surface. [

Proof of Theorem 6.2. Let X be an RDP K3 surface equipped with a nontrivial non-
symplectic pp-action. Let Y = X/u,. We have b1(Y) = b1(X) =0, and hence as in the
tame case (§5), the minimal resolution Y of Y cannot be abelian, (quasi-)hyperelliptic, nor
non-rational ruled.

If D has non-isolated fixed points, then by the Rudakov—Shafarevich formula Kx ~
(p—1)(D) +7*Ky [RS, Cor. 1 to Prop. 3], or by Proposition 2.10, x(Y) = —co. If D has
an isolated fixed point w € X, then by Theorem 4.6(3), 7(w) € Y is a non-RDP singularity,
and then hence £(Y) = —oo. In either case, Y is a rational surface.

Now, assume D is fixed-point-free. Then, by Theorem 4.6(1), Y is an RDP surface and,
by the Rudakov—Shafarevich formula, Ky is torsion. Moreover, it follows from Proposition
2.10 that the space HO(Y*™ (Q2)®") is 0 if 0 <n < p and is generated by a nonvanishing
multicanonical form if n = p. Thus, Ky is nonzero and p-torsion. By the classification
of surfaces, it follows that Y is an RDP Enriques surface. Then, since 2Ky ~ 0 and

HO(Ys™ O(nKy)) =0 for 0 <n < p, we have p = 2. 0

There is also the following relation with the height of K3 surfaces. The height is an
invariant of a K3 surface in positive characteristic which is either co or an integer in
{1,...,10}. See §8 for more details.

COROLLARY 6.4. Let X be an RDP K38 surface in characteristic p equipped with a

nontrivial p,-action. If X is of finite height, then the action is symplectic and the quotient
is an RDP K3 surface.

Proof. We assume that the action is non-symplectic and show that then X is not of
finite height. By Theorem 6.2, the quotient ¥ = X/pu, is a rational surface or an RDP
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Enriques surface. Hence, X admits a purely inseparable finite morphism Y (/?) — X from
a rational surface or an RDP Enriques surface. Hence, H é2t(X ,Q1), which is isomorphic to
H? (Y(l/ p),(@l), is generated by algebraic cycles, which is impossible if X is of finite height
by Lemma 8.3(2). 0

REMARK 6.5. In a subsequent paper [Mat4, Th. 1.3], we prove that also the converse
holds, and we moreover determine the height in terms of the singularities of X and Y.

We call a proper birational morphism X’ — X between RDP surfaces to be a partial
resolution if it is dominated by the minimal resolution X of X. The following proposition
often enables us to reduce assertions on p,-actions to simpler cases.

PROPOSITION 6.6. Let X be an RDP surface equipped with a ji,-action.

1. Among partial resolutions of X to which the p,-action extends, there exists a unique
mazximal one, which we call the mazximal partial resolution of X.

2. A partial resolution X' — X is mazimal if and only if it satisfies the property Sing(X')N
7! (Sing(X' /1)) = 0.

3. The action on X is fized-point-free if and only if the action on the maximal partial
resolution is fixed-point-free.

4. Suppose X is an RDP K3 surface. The action on X is symplectic if and only if the action
on the maximal partial resolution is symplectic.

We say that an RDP surface X equipped with a pi,-action is mazimal if it is the maximal
partial resolution of itself.

Proof. Note that isomorphism classes of partial resolutions are in one-to-one correspon-
dence to subsets of the set of exceptional curves of X — X.

(1) Let X’ be a partial resolution. Let D and D’ be the rational derivations induced by
D on X and X'. Clearly, D’ is regular and thus corresponds to a pp-action if and only if
the coefficient of (D’) for each exceptional curve of X’ — X is nonnegative. Therefore, the
contraction of all exceptional curves on X with negative coefficients in (D) is the maximal
partial resolution.

(2) First, suppose X’ does not satisfy the property. There is an RDP w € X’ such that
7(w) is not smooth. If w is a fixed RDP, then let X{ = Bl,, X’. If w is a non-fixed RDP,
then let X| = X’ xy Y/, where Y’ is the p,-quotient of X’ and Y{ — Y” is the minimal
resolution at m(w). Then the p,-action extends to X| (by Proposition 2.8 in the former
case, clear in the latter case) and X7 is a partial resolution of X’ (clear in the former case,
by Theorem 4.6(1) in the latter case). Thus, X’ is not maximal.

Conversely, suppose X’ satisfies the property. Let w € Sing(X’). To show that X' is
maximal, it suffices to show that every exceptional curve of X above w appears in (D) with
negative coefficient, since then it must be contracted in the maximal partial resolution.
This follows from the Rudakov-Shafarevich formula K ¢ ~ (p—1)(D) +7*K¢ [RS, Cor. 1
to Prop. 3|, where Y=X /1p: for each exceptional curve, its coefficient in K ¢ (resp. 7* Ky )
is 0 (resp. positive) since X is the minimal resolution of the RDP w (resp. since m(w) is a
smooth point). Alternatively, one can use the explicit computation of (D) given in Lemma
6.7. (w is non-fixed since w(w) is a smooth point [Theorem 4.6(2,3)].)

We also observe that the maximal partial resolution of X can be constructed by
repeatedly applying the procedure of constructing X from X’. Indeed, the total index
of RDPs strictly decreases through the procedure.
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(3) Tt suffices to show that the procedure above preserves the (non-)fixed-point-freeness.
If w is a non-fixed RDP, then there is no fixed point above w by the functoriality of the
fixed-point scheme. If w is a fixed RDP, then there is a fixed point above w by Corollary
2.12.

(4) The spaces of 2-forms in question are naturally isomorphic. 0

LEMMA 6.7. Let X be an RDP surface, and let D be a derivation of multiplicative type.
Let w e X be a non-fixed RDP of index n, and suppose the image of w is a smooth point. Let
X be the minimal resolution at w, and let D be the induced rational derivation on X. Let
(D) and (D D) be the divisorial and isolated fized locus of D above w. Then every exceptional
curve of X above w appears in (D) with negative coefficient, and we have deg(D) = E=2n

p—1
and (D)2 :—I%n.

Proof. We compute (D) and (D) by a straightforward calculation using the classification
of non-fixed RDPs given in Proposition 4.7. See [Mat3, Lem. 3.11] for the result. Then the
assertions follow. []

PROPOSITION 6.8. Suppose each of X and Y is either an RDP K3 surface or an RDP
Enriques surface. Let m: X =Y be a p,-quotient morphism. Suppose X is mazimal with
respect to the py-action. Then the total index N1 of non-fized RDPs and the number No of
fixed points on X are as follows:

(2457, 24-17), if (X.Y) is (K3,K3),
(N1, Na) = (12251,12522) = (12,0), if (X.Y) is (K3, Enr),

(12253,122%=1) = (0,12), i (X,Y) is (Enr, K3),

(12%712%1) if (X,Y) is (Enr,Enr)

In the cases where (X,Y) is (K3,Enr) or (Enr,K3), only p=2 is possible.

Proof. Let D be the corresponding derivation of multiplicative type. Since Y is of
Kodaira dimension 0, Fix(D) consists only of isolated points (possibly none).

Define the rational derivation D on X as in Lemma 6.7. Since the fixed locus of D consists
of those above non-fixed RDPs on X and the 0-cycle of fixed points on X, by Lemma 6.7,
we have

2 ~ p—2
D)?=——""N;, deg(D)=Ny+—-N
(D) po1h eg(D) 2+p—1 1
and by the Katsura—Takeda formula (Proposition 2.13), we have
- -2 2
degea(X) = (No+ L2 N 40+ —— Ny = No+ 2Ny
p—1 p—1 p—1

On the other hand, we have dim H2 (X, Q;) = dim HZ,(X,Q;) — Ny = by(X) — N;. Since Y
is an RDP surface whose RDPs are precisely the images (which are A,_1) of the fixed smooth
points of X, we have dim H2 (Y,Q;) = dim H2 (Y, Q;) — (p— 1) Ny = by(Y) — (p — 1) Ny. Since
X —Y is purely inseparable, we have dim HZ (X,Q;) = dim HZ (Y,Q;). Therefore, we have
(p— l)NQ — N1 = bQ(Y) — bQ(X)

Combining the two equalities, we determine (N7,Ns) in terms of p. In two cases, only

p =2 is possible since 12 ;}2:21 21 i
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87. Possible orders of symplectic u,-actions on RDP K3 surfaces

The following theorem is again parallel to the case of automorphisms of finite tame order,
but the proof (for j,-actions) is quite different.

THEOREM 7.1. Let X be an RDP K3 surface in characteristic p equipped with a
symplectic pp,-action (n > 1, divisible by p or not). Then:

1. n<8.
The number of fixed points, counted with the multiplicities defined after Proposition 4.1/,
depends only on n and is as in Table 7.

3. Assume all fized points are smooth points. Then the decomposition of @weFian)TZ?X
with respect to the p,-action is concentrated on the subset (Z/nZ)* C Z/nZ, and for
every i € (Z/nZ)*, the ith summand has dimension as in Table 7.

If ptn (resp. if n = p), then assertion (3) means that every primitive nth root of 1 (resp.
every element of ) appears as an eigenvalue of a fixed generator of p, = Z/nZ (resp. of
the corresponding derivation) on the space €D, crix(,,,) TwX With equal multiplicity.

For each p and each n < 8, there indeed exists an RDP K3 surface equipped with a
symplectic uy-action in characteristic p. See §9.1 for explicit examples.

Proof of Theorem 7.1 for the case pfn. We may assume X is smooth.

Assertions (1) and (2) are proved by Nikulin [Ni, §5] (p = 0) and Dolgachev—Keum
[DK2, Th. 3.3] (p > 0). (Both proofs overlooked the case n = 14, but their arguments for
the nonexistence of the case n =15 apply to case n = 14.)

(3) (If p=0, then this follows from the argument in [Mu, Prop. 1.2]. We give another
proof, applicable to all p > 0.)

Let w € X, and let p,, = Stab(w) C p, be its stabilizer group. Suppose the decomposition
of T X (=m,/m?) with respect to the u,-action is concentrated on two (not necessarily
distinct) weights j1,j2 € Z/rZ. Then since the action on Q% = AT X is trivial, we have
j1+j2 =0. We have j1,j2 € (Z/rZ)*, since if ged(j1,7) = ged(j2,7) =1 > 1, then p,r acts
trivially, contradicting the assumption that the action is faithful. This already proves the
assertion if n = 2,3,4,6, since up to sign there is only one element in (Z/nZ)*.

For each divisor r # 1 of n and for each 0 < j < |r/2], let S, ; be the set of the points
w € X with Stab(w) = p, and with p, acting on T, X by weights j and —j. Then S, ; is a
finite set and it is empty if j ¢ (Z/rZ)*. Let S, j = S, ;/n be the set of p,-orbits of points
of Sr,j- Leit NT,j = |Sr,j| and NT,]' = |S,«7j| = Nm-/(n/r). ~

Let p: Y —Y = X/u, be the minimal resolution (then Y is a smooth K3 surface), and let
X' =XxyY =Y. Let n.Ox = @iez/nz(ﬂ;(’)xr)i be the decomposition induced by the
pn-action. Then, by Lemma 4.15, (7, Ox-); are invertible sheaves, and they are described
as follows. For each i € Z/nZ, let C; be the corresponding class of Cartier divisors. For each
orbit w € Sm-, its image 7(w) is an RDP of type A,_1, and let e, (k=1,...,7—1) be the

Table 7. Symplectic prn-actions on K3 surfaces.

n 2 3 4 5 6 7 8
Number of fixed points 8 6 4 4 2 3 2
Dimension of each summand 16 6 4 2 2 1 1
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exceptional curves in Y above 7(w), ordered in a way that e, Ney,  # 0 if and only if
|k — k'| < 1. Then, after possibly reversing the ordering, we have a linear equivalence

/2] r—1

—rCy ~ Z Z Z Zf” i~1i mod r), k)ew k

rin,r#1 j=0 yweg,.

(see Lemma 4.15 for the definition of the function f,. : {1,...,r —1}? — Z) for each i # 0.
Let m be any integer with 1 <m <r — 1. Using the equality

< fo(m,k) 1, ifk =r—m,
Ziew,k CCw k! = .
k=1 r

0, otherwise,

we compute that

Hence, we have

Lr/2] , y
o2 Z Z ~Li mod 7)(r —j i mod r)

r
rin,r#1 j=0

and this must belong to 27Z.
Assume n = 5. Then we have N5 ; = N5 j, N5 1+ N5 2 =4, and
4 6
_Cl = N51—|—5N52€2Z
Hence, (N571,N572) = (2,2)
Assume n = 7. Then we have N7 ; = N7 j, N7 1+ N7 2+ Nz 3 =3, and
6 12 10
—C}=-N71+—Nro+—Nq3€2Z.
1= 7,1+ 7 72+ 7 N3
Hence, (N7’1,N772,N773) = (1, 1,1)
Assume n = 8. By assertion (2) for the cases n =2,4,8, we have Ny; =1, Ny =1,
N&l +N8’3 =2, and

1 -~ 3 - 7 ~ 15 -
2
— =—-Ny1+—-Nyg1+—=Ng1+—N; 27..
Ci gVt Nan+ Ve 1+ Ny €

Hence, (N871,N873) = (Ng’l,Ngyg) = (1,1) D

REMARK 7.2. By above, we have 02‘2 =—4forany2<n<8andany 1<i<n—1. Aswe
see below, this holds also if p divides n. This implies (Y, (7.Ox);) = 0 for i # 0. Then we
obtain x (Y, (7.Ox);) =0 for i # 0, since p,((7,.O0x);) = (m.Ox); and Rip,((7,Ox);) =0
for ¢ > 0. This is finer than the equality

D XY (m.0x)i) = x(X,0x) = x(Y,0y) =2-2=0.
17#£0

Proof of Theorem 7.1 for the case n =p. We may assume that X is maximal. (For
assertion (2), the multiplicity is by definition compatible with blowups at fixed points.) This
means that all fixed points are smooth points, and that the singularities of the quotient
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surface Y are all A,_; and are precisely the images of the fixed points. Let D be the
corresponding derivation.

As in the previous case, let Y be the minimal resolution of ¥ (hence a smooth K3 surface)
andlet 7: X' =X xyY — Y. The sheaf 7 Ox admits a decomposition to invertible sheaves
(7}, Ox);. For each i € Z/pZ, let C; be the corresponding class of Cartier divisor. As in the
previous case, we have

2o L%%J N G timod p)(p—j~ti mod p)
? = p,J P

By Proposition 6.8, we have N := Zj N, ;=24/(p+1). Hence, p € {2,3,5,7,11,23}. If
p =23, then N =1 and the exceptional curves generate a negative definite sublattice of
rank p—1 = 22 of the indefinite lattice Pic(Y) of rank < 22, contradiction. If p = 11, then
N =2 and then C? (for any i € (Z/pZ)*) cannot be an integer since the sum of two nonzero
squares in Fq; cannot be zero. Hence, we have p € {2,3,5,7}, and we can determine the

multiplicities of the weights as in the ptn case. O

COROLLARY 7.3. Let X be an RDP K3 surface equipped with a symplectic pq-action
with ¢ =5,7. Here, both p=q and p # q are allowed.

e If ¢ =17, then any fixed point is a smooth point.
e [f =5, then any fixed point is a smooth point or an RDP of type A;.

Proof. Let w € X be a fixed point. By Proposition 4.14, w is of type A,,_1 for some
m > 1. Let 44 € (Z/qZ)* be the nonzero weights of m,,/m2, with respect to the yu,-action.
Let X be the minimal resolution of X at w (to which the pq-action extends). One can
calculate the local equation to show that all (smooth) fixed point of X above w has weights
+i. Since there are m such points, it follows from Theorem 7.1(3) that m <1 if ¢ =7 and
m <2 if ¢ =5. O

Proof of Theorem 7.1 for the case n=p° (e>2). For each 0 < j <e, let mj: X —
X; = X/, be the quotient morphism by the subgroup scheme p,; C ppe, and for each
0<j<e—1,let D; be the derivation on X; corresponding to the action of fiyi+1/ftps.

Let w € X be a j,-fixed point. Let p,; = Stab(w) (then 1 < f <e). Then, by Remark
4.4, p,r acts symplectically at w. By Proposition 4.13, either w is of type A,,_; for some
m > 1 with p*=/ | m, or w is Dyl or E2 or Ef and p® = 4. (Again, we use the convention
that a smooth point is of type Ay.) Then since each D; (j < f) is symplectic at 7, (w), we
observe that m¢(w) € Xy is of type Ape,n—1 or DY or D'l (Since X has a i,-fixed point
and since Xy is an RDP K3 surface, this already implies p® —1 < 22.)

By Lemma 4.11, any preimage of any fixed point of D; is again fixed. In other words,
the fixed points of D; on X; are precisely the images of the fi,;+1-fixed points on X.

Foreach 1< f <e, let S’f C X be the points with stabilizer equal to p,s. For each w € S’f,
let m(w) be its multiplicity of w defined after Proposition 4.14 with respect to the j,s-
action. Then, by Propositions 4.13 and 4.14, we have p*~/ | m(w). Let M; = Zweéf m(w)
for each 1 < f < e, then by above p*~/ | M ¢. Using the equality mentioned after Proposition
4.14 and assertion (2) for D,_1 and D._5 on X._; and X._, we obtain p¢~! M, = p*~2(M,+
Me_1) =24/(p+1), and hence M, =24/(p*~ ' (p+1)) and M_1/p=24(p—1)/(p*(p+1)).
Since M,_1/p is an integer, p° divides 24. Therefore, p® = 22,23. Moreover, we obtain My =
pe=/-24(p—1)/(p¢(p+1)) (1 < f <e—1) by applying assertion (2) to D; (0<j<e—1).
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Assertion (3) is trivial if n = 4. Suppose n = 8. For each 1 < f <3 and 0 < j < 2//2,
let Syr ; be the set of the points with stabilizer pos and with primitive weights +j €
(2/27Z)*, and let Nos ; = (26_f)_1zwe§2f’j m(w). We have 3, Nos ; = (2¢=1)"1M; for

each 1 < f < e. Then we again have ]\7271 =1, N471 =1, Ng,l —1—]\7873 =2, and

1~ 3 - 7 - 15 -
—012 = §N2,1 + ZN4,1 + §N8,1 + §N8,3 € 2Z.

Hence, (Ng 1,Ng3) = (1,1). 0

Proof of Theorem 7.1 for the remaining cases. First, we show that if n = pq where ¢ is
a prime # p, then n = 6. We have p,, = p, X f1g = pip X Z/qZ. We may assume that X is
maximal with respect to the p,-action. Let my: X — X, = X/pq and mp: X — X, = X/ .
Note that w € X is fixed by the p,-action if and only if 7, (w) € X is fixed by the p,-action.
Let a; and a4 be the number of pg-orbits of length 1 and ¢ of p,-fixed points of X (which
are all smooth by assumption). Then the p,-fixed points of X, consists of a; points of
type A4—1 and a, smooth points. Applying assertion (2) to the p,-actions on X and X,
we have aq +qaq = ga1 +aq =24/(p+1). Therefore, a; = a, =24/(p+1)(¢+1) and hence
(a1, {psa}) = (2.{2,31), (1,{2,71), (1, {3,5}).

The cases (a1,{p,q}) = (1,{2,7}),(1,{3,5}) are impossible since letting w € X be the
unique fipq-fixed point (which is a smooth point), if pg = 14 then m(w) € X5 is a pr-fixed
RDP of type A;, and if pg = 15 then m3(w) € X3 is a ps-fixed RDP of type Ag, both
contradicting Corollary 7.3.

Now, we consider general n. It remains to show that the cases (p,n) = (2,12),(3,12) are
impossible.

Assume (p,n) = (3,12). As above, we may assume X is maximal with respect to the
pus-action. There are exactly six us-fixed points, all smooth. By the above argument for
(p,n) = (3,6), exactly two of them are uo-fixed, and among the images of these two points
in X/ua, exactly one is (u4/p2)-fixed. This is impossible since non-(u4/p2)-fixed points in
X/ uo come by pairs.

Now, assume (p,n) = (2,12). As in the proof of the n = p® case (applied to the u4-action),
let S; be the set of po-fixed non-juy-fixed points, and then we have M; = Y wes, M(w) =4
and 2 | m(w). Hence, |S1| is 1 or 2. Since the ps-action on X preserves this 1- or 2-point
set Sy, it acts on S; trivially, and hence fixes at least four po-fixed points (counted with
multiplicity m(w)), contradicting the observation a; = 2 for ug-actions.

Assertion (3) for n =6 is trivial. 0

88. Possible orders of p,-actions on RDP K3 surfaces

Let Scye(p) (resp. Su(p)) be the set of positive integers n for which there exists an RDP
K3 surface equipped with an automorphism of order n (resp. a p,-action) in characteristic p.
We clearly have Seyc(0) = S, (0) and Seye(p)?’ = S, (p)?, where (—)P" denotes the subset of
prime-to-p elements.

REMARK 8.1. Keum [Ke, Main Theorem| proved the following results on Scyc(p). (This
set is denoted by Ord,, in his paper.) The sets Scyc(p) for p # 2,3 are given by

Seye(0) = {n: 6(n) < 20}
={1,...,22,24,25,26,27,28,30,32,33,34, 36,38,40,42,44,48, 50, 54,60,66 },
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and
SCyC(0)7 lfp =Tor p= 237
SCyC(O) \ {p,2p}, if p=13,17,19,
SCyC(p) = )
Seye(0)\ {44}, if p=11,
Seye(0)\{25,50,60}, if p=>5.

’

Moreover, Seye(p)? = Seyc(0)?" for all p > 2. (The sets Seye(2) and Seye(3) are not

determined.)
In this section, we determine the set S,(p) for all p.

THEOREM 8.2. We have

(Seye(0), ifp#2.3511,
Seye(0)\ {33,661}, if p=11,
Su(p) = { Seyo(0)\ {25,40,50}, if p="5,
Seye(0)\ {27, 33,48, 54,66}, ifp=3,
[ Seye(0)\ {34,40,44,48,50,54,66}, if p=2.

In particular, there exists an RDP K3 surface equipped with a nontrivial p,-action in
characteristic p if and only if p <19.

We need some preparations. The height h of a K3 surface X in characteristic p > 0, whose
definition we do not recall here, is either co or an integer in {1,...,10}, and X is called
supersingular or of finite height, respectively. If h < oo, then the inequality p <22 —2h holds
(Lemma 8.3(2)), where p = rankPic(X) is the Picard number. This implies that if p > 21,
then X is supersingular.

In fact, the Tate conjecture for K3 surfaces, now a theorem, states conversely that if X
is supersingular, then p =22 (see Lemma 8.3(4) for references). In this case, the Z,-lattice
HZ,, o (X/W (k))F=P is isomorphic to Pic(X) ® Z, [02, Cor. 1.6], and the discriminant group
of HZ  (X/W(k))F=F (isomorphic to the discriminant group of Pic(X)) is of the form
(Z/pZ)?°° for an integer og € {1,...,10}. This og is called the Artin invariant of X. Here,
the discriminant group of a nondegenerate lattice (resp. nondegenerate Z,-lattice) L is
defined to be the finite group L*/L, where L* = Homgz(L,Z) (resp. L* = Homg, (L,Z,)) is
the dual of L.

We define the crystalline transcendental lattice T(X) = Terys(X) C Hayo(X/W (k)) to be
the orthogonal complement of the image of Pic(X)® W (k), where W (k) is the ring of Witt
vectors over k. We have p+rankT'(X) = 22.

We collect some facts.
LEMMA 8.3. Let X be a K3 surface in characteristic p > 0.

1. Aut(X) acts on HZ, (X/W(k)) and HZ (X, Z;) (for any prime l # p) faithfully, and the
characteristic polynomial of any element is independent of the cohomology (and 1) and
has coefficients in Q.

2. If X is of finite height h, then p <22 —2h.

3. Let g € Aut(X) and suppose it acts on H°(X,Q?) by a primitive Nth root of 1. If X

is of finite height and p > 3, then the characteristic polynomial of g* on Terys(X) is
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the product of cyclotomic polynomials ® npe: with nonnegative integers e;. In particular,
H(N) | rank Teyys (X)), in particular rank Topys(X) > ¢(N).

4. If X is supersingular, then p = 22.

5. Let g € Aut(X) and define N as in (3). If X is supersingular of Artin invariant oy, then
N | (p°°+1).

An immediate consequence of (5) is that, letting g € Aut(X) and N be as in (3), if there

exists no integer oy with N | (p?° +1), then X is not supersingular. This applies to, for
example, (p, V) = (3,8),(5,4).

Proof.

(1) [Ke, Th. 1.4].

(2) [1, Prop. 11.5.12].

(3) See [Mat2, Lem. 2.4(3)], which deduces the assertion from [J, Th. 3.2].

(4) This assertion, the Tate conjecture for supersingular K3 surfaces, is proved by
Madapusi Pera [Mad, Th. 1] for characteristic > 3 and by Kim and Madapusi Pera [KMP,
Th. A.1] for characteristic 2.

The assertion under the assumption that X admits an elliptic fibration, which is true,
for example, if p > 5 (which is always the case when we use this assertion in this paper),
was proved much earlier by Artin [Al, Th. 1.7].

(5) This is proved by Nygaard [Ny2, Th. 2.1] under the assumption p # 2. The argument
is in fact valid for p =2 (see [Mat2, Rem. 2.2]). 0

Proof of Theorem 8.2. Let S} (p) be the set on the right-hand side of the statement. If
n is a positive integer not divisible by p, then u,-action is equivalent to the action a cyclic
group of order n and, as noted in Remark 8.1, Keum [Ke, Main Theorem| proved that n is
the order of some automorphism of a K3 surface in characteristic p if and only if n € S, (p)
(equivalently n € S,(0)).

If n € S),(p) and p|n, then the examples given in Example 9.6 show that n € S, (p).

Now, take n € S, (p) with p | n, and we will show n € S, (p). Write n = p°r with p{r.
Since a smooth K3 surface never admits a f,-action, an example X must have an RDP w.
Since ppe-fixed RDPs can be blown up, we may assume w is not p,--fixed. Note that such
RDPs are classified in Proposition 4.12. We show in each case that n belongs to S/ (p).

Suppose w is D, or Ep,. Let p,rs = Stab(w) C ppe, (with p{s). Then the pair (w,p®s)
appears in Table 5 and we have (r/s)m < 22. Then we observe that n € S, (p) except in the
following cases: (p,n, s, (r/s)w) = (2,54,9,3E%),(2,40,5, DY), (2,34,17,D%), (2,34,17, DY,).
These exceptional cases do not occur, since it follows that us acts trivially on the classes
of every (21,21,18,19) exceptional curves, which gives a too large invariant subspace
of H ezt(f( ,Qq) for an order s automorphism (which must act on HZ faithfully with a
characteristic polynomial with coefficients in Q by Lemma 8.3(1)).

Suppose w is Ay, 1. Let pu,r s = Stab(w) C pipe, (with pts). We have 0 < f <e. It follows
from Proposition 4.12 that p¢~/ | m/, so write m’ = p*~/m with m > 1, and that Hpst acts
on w symplectically where either s =t or (s,t) = (2,1). Then X/p,,s; has (7/s)Aprm—1. We
have 22 > (r/s)(p/tm’ —1) = (r/s)(ptm — 1) > r(t/s)m(p® — 1). If s =t, then this implies
(p*—1)r < (p®—1)rm <22, and if (s,t) = (2,1), then this implies (p # 2 and) 2 | r and (p® —
1)r < (p® —1)rm < 44. We observe that this condition implies either n € S, (p) or (p,n) =
(5,40),(3,48),(2,34). It remains to show that each of the latter three cases is impossible.
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If (p,n) = (3,48), then (m,s,t) = (1,2,1). Since ps does not act symplectically, the
generator of pig acts on H O(X' ,02) by a primitive 16th root of unity. If X is of finite
height, then by Lemma 8.3(3), we have rank T'(X) > ¢(16) = 8 and we have p(X) >8-2=16
(from 8A4,), contradicting p + rankT(X) = 22. By the remark after Lemma 8.3, X cannot
be supersingular.

If (p,n) = (2,34), then (m,s,t) =(1,1,1). Let e; (i € Z/17Z) be the exceptional curves
above the py7-orbit of w, numbered in a way that a generator g € 7 acts by g(e;) = e;41.
Let L C Pic(X) be the sublattice generated by e;’s, and L' = Pic(X)NQL its primitive
closure.

First, suppose X is of finite height. Then, by Corollary 6.4 the us-action is symplectic.
We may assume that X is maximal, in which case the number of RDPs on X (which are
all of type A;) is 8 by Proposition 6.8, which is not compatible with the p;7-action.

Next, suppose X is supersingular. By Lemma 8.3(5), the only possible Artin invariant
is 09 = 4. By Lemma 8.4 (applied to Ly = L', Ly = L', M = Pic(X), M = Pic(X)*, and
L; = L}), we have

rank(disc(L’)) < dimg, (disc(Pic(X))) 4 rank(disc(L'*))
< dimp, (disc(Pic(X))) +rank(L'*)
=200+ (22 —rank ') = 13.

Since disc(L) = (Z/27)®'7 has rank 17, we obtain L C L'. Let V C 2%/172 be the set
of subsets S C Z/17Z such that (1/2)) ,.ge; € L'. Then V is naturally a g-stable Fa-
vector space, and is nonzero, and we can identify it with a nonzero Fs[z]-submodule V of
Falz]/(2'" —1). Clearly, V = Q(x) - Fa[x]/(2'" — 1) for some Q(z) € Fy[z] dividing z'7 — 1.
Using the factorization z'7 — 1= (z — 1) Fi71(x) Fi72(x) in Fa[z], where

Fipi(x)=a®+2"+2+at+ 22 +2+1 and
Fira(z) =28 +2° + 2t +2° +1

are irreducible, it follows that V contains at least one of

@71/ 1) ="t
(' =1)/Fizi(z) =2+ 2%+ 2% +2° +2+1, or
(' —1)/Fi7a(z) =2 +2® + 25 +2* + 23+ 1.

Hence, there exists a set S € V with #S =17 or #5 = 6. But then, ((1/2)Y,cq€i)* =
(1/2)%-#S - (—2) & 2Z, contradiction.

If (p,n) = (5,40), then (m,s,t) = (1,2,1) and there are four non-us-fixed A4 on which
g acts transitively, where ¢ is a fixed generator of ug C j40, and g* is non-symplectic.
Moreover, Fix(g*) is one-dimensional, passing through the four points of type Ay.

By the remark after Lemma 8.3, X cannot be supersingular. This implies that the ps-
action is symplectic (Corollary 6.4) and hence the quotient Y = X /u5 is an RDP K3 surface.

We will show in a subsequent paper [Mat3, Prop. 2.15(4)] that the p,-action induces
a canonical nonzero element v € H°(Y™,Q?) ® Der(Y), which we can write v = wy ® Dy
(uniquely up to k*), such that Dy is p-closed and satisfies YP¥ = X(P) Tt is characterized
by D(f)? Dy (h)wy = d(fP)Adh for local sections f of Ox and h of Oy . Since the ps-action
in our case is g-invariant, it follows that v = wy ® Dy is g-invariant.
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Fix a decomposition v = wy ® Dy. We have DY, = ¢ Dy for some meromorphic function
é. Since both Y and the quotient Y2 = X(®) are RDP K3 surfaces, it follows from the
Rudakov—Shafarevich formula [RS, Cor. 1 to Prop. 3] that Dy has only isolated fixed points,
and this implies that ¢ is holomorphic, hence constant. We have ¢ # 0, since if ¢ =0,
then, as we will prove in a subsequent paper [Mat3, Lem. 3.6 or Th. 4.6], the ay-action
corresponding to Dy must have quotient singularities different from A,_;, but X has only
RDPs of type A, 1. Since Fix(Dy ) is isolated and Y Pv =Y 9 (P¥) e have g*(Dy) = ADy
with A € HO(Y,0)* = k*, and since D}, = ¢ Dy with ¢ € k*, we have \?~! =1, and hence
(¢*)*(Dy) = Dy.

On the other hand, since Fix(g* ~ Y) is homeomorphic to Fix(¢g* ~ X) and hence
is one-dimensional, we have (¢*)*(wy) = —wy. This contradicts the g-invariance of
v =wy ®Dy. U

LEMMA 8.4. Let Ly C Ly, Ly C Ly, and Ly ®Ly C M C M C Ly ® Lo be sequences of
abelian groups, where the bars have no specific meaning. Assume that the projection M — Ly
are surjective and that M N (L, ®0) = Ly ®0. Then we have rank(L1/Ly) < rank(M /M) +
rank(Lo/Ls), where the rank of an abelian group is the minimum number of generators.

Proof. We may assume L; = 0. The assumption then implies that M — Lo is injective.
Since the rank behaves subadditively with respect to subgroups, quotients, and extensions,
we obtain rank(L;) < rank(M) < rank(M) +rank(M /M) < rank(Ly) +rank(M /M). 0

§89. Examples

For a projective variety with projective coordinates (x;), we use the notation wt(z;) =
(n;) to mean that wt(z;/x;) = (n; —n;) on the affine piece (x; # 0) for each i. Note that
wt(z;) = (n;) is equivalent to wt(z;) = (a+n;). We use a similar notation for subvarieties
of P(3,1,1,1).

9.1 Symplectic actions

EXAMPLE 9.1 (Symplectic p4 X pg-action). The quartic surface X = (w*+az*+y* + 2%+
wzxyz = 0) in characteristic p = 2 is an RDP K3 surface. It has six RDPs, all of type Ags, at
the points where two of w, x,y, z are 0 and the others are 1. This surface admits a symplectic
action of G = Hy X Hy, where Hy = 4 and Hy = py act by wt(w,z,y,z) = (0,0,1,—1) and
wt(w,z,y,2) = (0,1,0,—1), respectively.

With respect to the action of the subgroup scheme uy C Hy, the two RDPs at (0,0,1,1)
and (1,1,0,0) are fixed and the other four RDPs are non-fixed and non-maximal. The
quotient surface by this pg-action is (W2 +X2+Y?+ 224+ AB=WX - A?2=YZ - B?=0)
in P5, where W =w?,...,Z = 2? and A = wx, B = yz, with two RDPs of type A; at (Y =
Z=B=W+X=W+4+A=0,W=X=A=Y+Z=Y + B =0) and four of type A; at
WX=A=YZ=B=W+X+Y+2Z=0).

The quotient morphism by the subgroup scheme po X po (resp. the full group G) is the
relative Frobenius morphism X — X (resp. X — X®)).

EXAMPLE 9.2 (Symplectic uz X psz-action). The surface X = (v3+w? + 2% +y> + 23+
vwr = v? —yz = 0) C P* in characteristic p = 3 is an RDP K3 surface, and has 245 at
(1,0,0,1,1),(0,1,—1,0,0) and 44, at (0,1,0,—1,0),(0,1,0,0,—1),(0,0,1,—1,0),(0,0,1,0,—1).
This surface admits a symplectic action of G = Hy X Hy, where Hy = us and Hy = 3 act by
wt(v,w,z,y,z) = (0,1,—1,0,0) and wt(v,w,z,y,z) = (0,0,0,1,—1), respectively. Let Dy, Dy
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Table 8. Examples of symplectic pn-actions on RDP K3 surfaces.

n Monomials wt(w,z,y,2)
) ) wiz, 23z, 23y, 2w, w? 2% wryz, 2?y? 1,2,3,4
6 2,3 w wy?, wryz, 23z, 24 w22, 1?y? 0,1,2,3
7 7 w, 232, 22y, 32, wryz 0,1,2,4
8 2 w2t 32,923 wryz 0,2,1,5

be the corresponding derivations. The fixed points of D; (resp. Ds) is the first (resp.
second) As point. The fixed points of Dy + Dy (resp. D1 — D5), which corresponds to the
diagonal (resp. anti-diagonal) subgroup of G, are the first and the fourth (resp. the second
and the third) A, points. The quotient morphism by G is the relative Frobenius morphism
X - X0,

EXAMPLE 9.3 (Symplectic p,-action (n =5,6,7,8)). For each n =15,6,7,8, let F be
a linear combination of the monomials listed in Table 8, in characteristic p, and then
X = (F =0) Cc P? admits a u,-action with the indicated weights. If F' is a generic such
polynomial, then X is an RDP K3 surface and the u,-action is symplectic. The fixed locus
is X N{(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}.

For example, for n = 5,6,7,8, respectively, the polynomials with coefficients
(1,1,1,1,0,0,0), (1,1,1,1,1,0,0), (1,1,1,1,1), (1,1,1,1,1) satisfy the condition.

9.2 Non-symplectic actions

ExAMPLE 9.4 (Non-symplectic ps-action with Enriques quotient in characteristic 2).
Following [BM1, §3], let L1, Lo, L3 be three linear polynomials in 12 variables, and let X C P°
be the intersection of three quadrics F1, F5, F3 defined by Fj, = Lh(xi,mimj,y,%,yi:cj +xy; +
Yilj)1<k<31<i<j<3 € k[r1,T2,23,y1,Y2,y3]. Then, for generic L;, X is an RDP K3 surface
(with 12 RDPs of type Ap), o acts on (P and) X by wt(z;,y; + ;) = (0,1) without any
fixed point on X, and the quotient X/uy is an Enriques surface.

EXAMPLE 9.5 (Non-symplectic po-action with rational quotient in characteristic 2). The
quartic surface w?(zy + 22) +2* +y* + 2 + yz(y* 4+ 2%) = 0 is an RDP K3 surface, and the
po-action with wt(w,z,y,2) = (0,1,1,1) is non-symplectic. The fixed locus consists of the
curve (w =0) and the RDP (r =y =2 =0) of type A;. The image of this RDP in the
quotient surface is a non-RDP singularity.

In the following example, for two polynomials A(t), B(t) with deg A <8 and deg B < 12,
the elliptic (or quasi-elliptic) surface defined by the equation y? = x3 + A(t)x + B(t) is an
abbreviation for the projective surface that is the union of four affine surfaces

Specklz,y,t]/(—y* +2° + A(t)z + B(t)),

[y 171/ (—y? + 2 TP A2+t 2 B(1)),
Speck[z,w,t]/(—z +w* + A(t)wz* + B(t)z%),
Speck[z/,w',t71] /(=2 +w +t B A(t)w' 22+t 2 B(1)2"?),

Speck

1 46,,—1

glued by the relations o’ =t %z, v/ =t %y, 2=y, w=ay™ !, 2/ =y~ y~ !, and
1, 0—1

w' = a'y'~! =t?zy~!. For generic A and B, this is an RDP K3 surface.
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Table 9. Ezxamples of non-symplectic prn-actions on RDP K8 surfaces.

P n Equation wt(z,y,t) RDPs References
19 38 Y =a3+tTe+t 2,3,6 Ag [Ko]

17 34 2=t T+ 12 4,23,6 Ass [Ko]

13 26 Y =3+t +t 2,3,6 Ay [Ko]

11 44 y?=a3+a -+ttt 22,11,2 2410 [Ko]

7 42 =23 +tTr+1 14,21,4 3Ag ?

7 28 Yy =a+a+t’ 14,7,2 246 [Ko]

5 60 yr=a3+¢(t10-1) 2,3,6 2B [Ke]

3 60 yr=a3+¢(t10-1) 2,3,6 104, [Ke

3 42 yr=a3+t(t"-1) 2,3,6 7TAy [B]*

3 36 yP=a3 —t(t°-1) 2,3,6 2E¢ [Kol*

3 24 Y =a3+t2(t% 1) 2,3,3 8A, ?

2 60 yr=a+t(t10-1) 2,3,6 5D [Ke]

2 38 Y =a3+tTe+t 2,3,6 194, [Ko]

2 36 y?=a3 —t(t°—1) 2,3,6 3D§ [Ko]*

2 32 y? =3+ 24t 18,11,2 DY, [O1]

2 26 Y =3+t +t 2,3,6 134, [Ko]

2 24 v =2+ 5t +1) 2,3,6 EY [B]

P n Equation wt(w,z,y,2) RDPs References
7 42 w? =2’y +yPz+2x -1,0,-2,8 346 ?

3 42 w? =2y +ySz+ 252 -1,0,-2,8 TA ?

2 42 w? =2’y +yPz+2x -1,0,—2,8 214, ?

2 22 w? = 2Py +ydz +zy?23 -1,0,-2,8 11A; ?

P n Equation wt(w,z,y,2) RDPs References
2 28 witdy+yPz+ 232 =0 0,1,—3,9 TAs ?

EXAMPLE 9.6 (Non-symplectic pp,-actions). Table 9 proves the existence part of
Theorem 8.2 for n divisible by p. The first group consists of elliptic (or quasi-elliptic)
RDP K3 surfaces, the second of double sextics, and the third of quartics. Only the non-y,,-
fixed RDPs are listed, except in the example for (p,n) = (2,32), the DY, point is fixed and
after blowing-up this point, we find a non-fixed D point.

The examples are characteristic p reductions of the examples (of an automorphism of
order n) in characteristic 0 obtained, respectively, by Brandhorst [B, Th. 5.9], Keum [Ke,
Exam. 3.2], Kondo [Ko, §83 and 7], and Oguiso [O1, Prop. 2], except that for the ones
marked “?” we could not find a reference. An asterisk means that we made a coordinate
change t >t~ 1.

9.3 pp-actions on abelian surfaces
As shown in Theorem 6.3, the nontrivial p,-actions of abelian surfaces A, up to
automorphisms of j1,,, are precisely the translations by subgroup schemes of A[p| isomorphic

to pp.

REMARK 9.7. In the case of finite order automorphisms on abelian surfaces, there are
examples with non-abelian quotients. Kummer surfaces in characteristic # 2 are the minimal
resolution of the RDP K3 quotient (with 16A4;) by the symplectic involution z — —z on
abelian surfaces (for characteristic 2, see Remark 3.6). Furthermore, certain non-symplectic
(or sometimes symplectic) actions give (quasi-)hyperelliptic quotients. It seems that there
are no p,-analogue of these actions.
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REMARK 9.8. If we consider rational vector fields (i.e., possibly with poles) of
multiplicative type, there are other kinds of examples. See [KT, Exam. 6.2] for a rational
vector field of multiplicative type on an abelian surface (in characteristic 2) with a general
type quotient.

Acknowledgments. I thank Hiroyuki Ito, Kazuhiro Ito, Shigeyuki Kondo, Christian
Liedtke, Gebhard Martin, Hisanori Ohashi, Shun Ohkubo, and Tomoaki Shirato for helpful
comments and discussions. I also thank the anonymous referee for a number of corrections
and suggestions.

REFERENCES

[A1] M. Artin, Supersingular K3 surfaces, Ann. Sci. Ec. Norm. Supér. (4) 7 (1974), 543-567
(1975).
[A2] M. Artin, “Coverings of the rational double points in characteristic p” in Complex Analysis and
Algebraic Geometry, Iwanami Shoten, Tokyo, 1977, 11-22.
[BM1] E. Bombieri and D. Mumford, Enriques’ classification of surfaces in char. p. III, Invent. Math.
35 (1976), 197-232.
[BM2] E. Bombieri and D. Mumford, “Enriques’ classification of surfaces in char. p. II” in Complez
Analysis and Algebraic Geometry, Iwanami Shoten, Tokyo, 1977, 23-42.
[B] S. Brandhorst, The classification of purely non-symplectic automorphisms of high order on K38
surfaces, J. Algebra 533 (2019), 229-265.
[DK1] I. V. Dolgachev and J. Keum, Wild p-cyclic actions on K3-surfaces, J. Algebraic Geom. 10 (2001),
101-131.
[DK2] I. V. Dolgachev and J. Keum, Finite groups of symplectic automorphisms of K3 surfaces in positive
characteristic, Ann. of Math. (2) 169 (2009), 269-313.
[EH+] T. Ekedahl, J. M. E. Hyland, and N. I. Shepherd-Barron, Moduli and periods of simply connected
Enriques surfaces, preprint, arXiv:1210.0342
[GP] P. Gille and P. Polo, eds., Schémas en Groupes (SGA 3). Tome I. Propriétés générales Des schémas
en Groupes, Doc. Math (Paris) [Math. Doc. (Paris)] 7, Soc. Math. France, Montrouge, 2011
(in French). Séminaire de Géométrie Algébrique du Bois Marie 1962-64. [Algebraic Geometry
Seminar of Bois Marie 1962-64]; A seminar directed by M. Demazure and A. Grothendieck with
the collaboration of M. Artin, J.-E. Bertin, P. Gabriel, M. Raynaud and J-P. Serre; Revised and
annotated edition of the 1970 French original.
[1] L. Illusie, Complexe de de Rham-Witt et cohomologie cristalline, Ann. Sci. Ec. Norm. Supér. (4)
12 (1979), 501-661 (in French).
[J] J. Jang, A lifting of an automorphism of a K3 surface over odd characteristic, Int. Math. Res.
Not. IMRN 2016, 1787-1804.
[Ka] T. Katsura, “On Kummer surfaces in characteristic 2” in Proceedings of the International
Symposium on Algebraic Geometry (Kyoto Univ., Kyoto, 1977), Kinokuniya Book Store, Tokyo,
1978, 525-542.
[KT] T. Katsura and Y. Takeda, Quotients of abelian and hyperelliptic surfaces by rational vector fields,
J. Algebra 124 (1989), 472-492.
[Ke] J. H. Keum, Orders of automorphisms of K3 surfaces, Adv. Math. 303 (2016), 39-87.
[KMP] W. Kim and K. Madapusi Pera, 2-adic integral canonical models, Forum Math. Sigma 4 (2016),
e28, 34 pp.
[Ko] S. Kondo, Automorphisms of algebraic K3 surfaces which act trivially on Picard groups, J. Math.
Soc. Japan 44 (1992), 75-98.
[Mad] K. Madapusi Pera, The Tate conjecture for K8 surfaces in odd characteristic, Invent. Math. 201
(2015), 625-668.
[Matl] Y. Matsumoto, Ezxtendability of automorphisms of K8 surfaces, to appear in Math. Res. Lett.,
preprint, arXiv:1611.02092v2
[Mat2] Y. Matsumoto, Degeneration of K3 surfaces with non-symplectic automorphisms, to appear in
Rend. Sem. Mat. Univ. Padova, preprint, arXiv:1612.07569v4

https://doi.org/10.1017/nmj.2022.20 Published online by Cambridge University Press


https://arxiv.org/abs/1210.0342
https://arxiv.org/abs/1611.02092v2
https://arxiv.org/abs/1612.07569v4
https://doi.org/10.1017/nmj.2022.20

ON pun-ACTIONS ON K3 SURFACES IN POSITIVE CHARACTERISTIC 49

[Mat3] Y. Matsumoto, up,- and ap-actions on K3 surfaces in characteristic p, to appear in J. Algebraic
Geom., preprint, https://www.ams.org/journals/jag/0000-000-00/S1056-3911-2022-00804-X/,
DOI: http://doi.org/10.1090/jag/804
[Mat4] Y. Matsumoto, Inseparable maps on Whp-valued Ext groups of mon-taut rational double point
singularities and the height of K3 surfaces, to appear in J. Commut. Algebra, preprint,
arXiv:1907.04686v3
[Mu] S. Mukai, Finite groups of automorphisms of K3 surfaces and the Mathieu group, Invent. Math.
94 (1988), 183-221.
[Ni] V. V. Nikulin, Finite automorphism groups of Kahler K3 surfaces, Trudy Moskov. Mat. Obshch.
38 (1979), 75-137 (in Russian). English translation: Trans. Moscow Math. Soc. 1980, 71-135.
[Nyl] N. O. Nygaard, A p-adic proof of the nonezistence of vector fields on K3 surfaces, Ann. of Math.
(2) 110 (1979), 515-528.
[Ny2] N. O. Nygaard, Higher de Rham—Witt complezes of supersingular K3 surfaces, Compos. Math.
42 (1980/81), 245-271.
[01] K. Oguiso, A remark on the global indices of Q-Calabi—Yau 3-folds, Math. Proc. Camb. Philos.
Soc. 114 (1993), 427-429.
[02] A. Ogus, “Supersingular K3 crystals” in Journées de Géométrie Algébrique de Rennes (Rennes,
1978), Astérisque 64, Soc. Math. France, Montrouge, 1979, 3-86.
[RS] A.N. Rudakov and I. R. Shafarevich, Inseparable morphisms of algebraic surfaces, Izv. Akad. Nauk
SSSR Ser. Mat. 40 (1976), 1269-1307, 1439 (in Russian). English translation: Math. USSR-Izv.
10 (1976), 1205-1237.
[S] C. S. Seshadri, “L’opération de Cartier. Applications” in Séminaire C. Chevalley, 3iéme année:
1958/59. Variétés de Picard, Ec. Norm. Supér., Paris, 1960, 1-26 (in French).

Yuya Matsumoto

Department of Mathematics

Faculty of Science and Technology
Tokyo University of Science

2641 Yamazaki, Noda, Chiba 278-8510
Japan

matsumoto.yuya.m@gmail.com
matsumoto_yuya@ma.noda.tus.ac.jp

https://doi.org/10.1017/nmj.2022.20 Published online by Cambridge University Press


https://www.ams.org/journals/jag/0000-000-00/S1056-3911-2022-00804-X/
http://doi.org/10.1090/jag/804
https://arxiv.org/abs/1907.04686v3
mailto:matsumoto.yuya.m@gmail.com
mailto:matsumoto_yuya@ma.noda.tus.ac.jp
https://doi.org/10.1017/nmj.2022.20

	1 Introduction
	2 Preliminaries
	2.1 K3 surfaces and rational double points
	2.2 Group schemes of multiplicative type
	2.3 Derivations of multiplicative type
	2.4 Global properties of derivations

	3 Tame symplectic actions on RDPs
	4 μn-actions on RDPs and quotients
	4.1 Symplecticness of μn-actions
	4.2 μp-actions on RDPs
	4.3 μn-actions on RDPs
	4.4 μn-actions on smooth points

	5 Tame quotients of K3 surfaces and abelian surfaces
	6 μp-quotients of RDP K3 surfaces and abelian surfaces
	7 Possible orders of symplectic μn-actions on RDP K3 surfaces
	8 Possible orders of μn-actions on RDP K3 surfaces
	9 Examples
	9.1 Symplectic actions
	9.2 Non-symplectic actions
	9.3 μp-actions on abelian surfaces


