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1 . Introductory. Airy's integrals

r°°
cos (A3 ± xX) dX

J o
can be expressed ([1], [2]) in terms of Bessel functions. In this paper integrals of the types

(Xn±xXl)Xk~1dX
Jo sin v '

are discussed. Various subsidiary formulae are given in § 2, some integrals of the type

f°° exp(-A-)/(A')AJ:-1dA
J o

are evaluated in § 3, and from these the integrals of the Airy type are derived in § 4.

2 . Formulae required in the proof. The first of these is the Gamma function formula

The second is Ragab's formula ([2], p. 406, ex. 27, [3])

The following two formulae are also required.
If m is a positive integer and if R(k)>0, ([2], p. 406, ex. 30),

foo
e-^Xk-1E(p; <xr:q;\ps:z/Xm)dX = mk-l(2TT)i-lmE(p+m; *r:q; p , : z\mm), . . . (3)

J o
where av+v+1 = (k + v)/m, v = 0, 1, 2, ... , ra — 1.

If m is a positive integer and if | amp z \ < TT, ([2], p. 407, ex. 32),

; P,:zm™), (4)

where the contour starts at - oo on the real axis, passes round the origin in the positive
direction, and returns to - oo, and pQ+v^ = {p+v)jm, v=0, 1, 2, ..., m - 1 .

3. Some infinite integrals. Consider the integral

r ex f-A»H
J o

where n and I are positive integers such that l<n, and E(k)>0. On expanding exp^A1) in
powers of 2 and putting A=^1'n, this becomes

n r=0 r\ \ n
and therefore
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f° exp(-A"+zA')A*-1dA
J o

n t-o \ n Jt\

k+tl k + tl+n
~nT'~~nl ' ••"

t+l t+2
nl

t+n
•~n~~

.(5)

n n
the asterisk indicating that the parameter njn is omitted.

Now assume that n is odd, replace z by - 1/z, and apply (1) with (k+tl)j(nl) for z and
for m and also with (t + !)/«. for z and n for m ; then the equation can be written

f"
J o

-nl-ll"z)-* E
t-0

:l-l{nz)n

t+l t+2 t+n

(6)
On generalising, using (3) and (4), it is found that, if n and I are positive integers such that

n is odd and l<Cn, and if B(k)>0,

; <xr:q; Ps: z/A!) A*"1 dX

( - 0

k+tl
nl '

n '

k+tl + (l-
nl

t+n p
• • * - ' n '

\)n
J

n '

a.x+t
n

. • * ,

, . . . ,

, + t+n-
n

-t + n-1 ,_,. 0_o +, , ,n

n
1

(7

J o

Note. If n is even the argument of the ^/-function should be multiplied by e±iir.
For example, on applying formula (2) it is found that

exp ( - A") - 1 dX

1 n—1

•-"- ' Z -. Z
i,-i * (=0

k + l + 2tl k + l + 2tl+{2l-l)n
~2nl ' • "" ' 2nl '

xE i
- 2 e'n"

" (2Z)21

t+l t + n \ + 2t
I T ' • • •*• ' • ' " ' " I n "

. + 2t + 2n-2

2w

.(8)

where n and J are positive integers such that n is odd and n>2l, and #(&)> -I.

4. Integrals of the Airy type. In formula (5) swing the line of integration through a
positive angle ir/(2w), so that A becomes 7je'"'(2n), and let z = ± ̂ e1'""1'""2"', where x is real and
positive ; then
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l n-1 /b 4-tl\ I
*-1*?=^e-'*"'l8n) s r ( ^ " )

nl ^ nl ' - ' nl
t + l t + 2 t+n

[ n ~ ' " n ~ ' " • • • • • • ' " n "

where n>R(k)>0 and n>l.
On putting n = 3,1 = 1, & = 1, and equating real parts, Airy's integrals are obtained.
The same method may be applied for other values of n and I.
For instance, if w = 5, 1 = 3, and if A; is real and such that 0<A;<5, x real and positive,

f°° cos . . . , t . . 1 * n/k + StX cos fk-2t \ ( T X ) '
Jo sin ' ' ' ' 5 t = 0 \ 5 / sin \ 10 / 4!

A; + 3< + 5 A;

l-l t + 2
.(10)

r
J 0

_ , , ........ , _
0 0 O

e. From these formulae numerous others can be deduced. For instance, if the cosines
with arguments ± x on the left of (10) are added, integrals of the type

(*00

COS TJ6 COS (xn3) rik~1 dv
1 0

are obtained. The second cosine and the functions on the right can then be expressed as
^-functions and generalised.

REFERENCES
1. Watson, G. N., A treatise on the theory of Bessel functions (2nd edition, Cambridge, 1944),

188-190.
2. MacRobert, T. M., Functions of a complex variable (4th edition, London, 1954), 402-403.
3. Ragab, F. M. A product of two ©-functions expressed as a sum of two ©-functions,

Proc. Glasgow Math. Assoc. 2 (1955), 125.

THE UNIVERSITY

GLASGOW

https://doi.org/10.1017/S2040618500033487 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500033487

