INTEGRALS ALLIED TO AIRY’S INTEGRALS
by T. M. MACROBERT
(Received 13th February, 1956)

1. Introductory. Airy’s integrals
@
f cos (A £ zA) dA
0
can be expressed ([1], [2]) in terms of Bessel functions. In this paper integrals of the types
j 08 (Am £ A AE-1 4
o Sin
are discussed. Various subsidiary formulae are given in § 2, some integrals of the type

f * exp (= A" F(AH)NE-1dA
0
are evaluated in § 3, and from these the integrals of the Airy type are derived in § 4.

2. Formulae required in the proof. The first of these is the Gamma function formula

r@) r<z +?%> .T <z +"—‘n—:l) — (2m)im-tmi=ms T (m2).

The second is Ragab’s formula ([2], p. 406, ex. 27, [3])
_ 1 1 l+p+v l4+p—v 1-p+v l-p-v inn2
R\ K () =g, 27 (g, D= Lok Loy ) )

The following two formulae are also required.
If m is a positive integer and if R (k)>0, ([2], p. 406, ex. 30),

fm eNLE(p; aiq;! pgizfAm)dA=mi2uAm E(p+m; a,:q; pyizfm™), ...(3)
0
where ., =(k+v)/m,v=0,1,2, ..., m-1.
If m is a positive integer and if | amp z | < =, ([2], p. 407, ex. 32),
...... (4)

ﬁfecc""ﬁf’(p; a:q; pyiim2)dl=mi* eI E(p; a,:q+m; p,:zm™),
where the contour starts at — oo on the real axis, passes round the origin in the positive

direction, and returns to — o, and pgy,.1 =(p +v)/m,v=0,1,2, ..., m ~1.

3. Some infinite integrals. Consider the integral
]
J. exp ( — A" +zA) AL d),

0
where n and ! are positive integers such that [<n, and R(k)>0. On expanding exp (zA}) in

powers of z and putting A =pl/, this becomes
1 © 2 F(lc+rl>

N yemo 7! n

and therefore
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f ® exp (= A" +2A)AF- 1d)
4]

b+l k+tl+n k+tl+(l—1)n_ll<z)n

-1 t e IR IR S
17y P<M)z- pi®’ nl nl wol (5)
N =0 n Ji t+1 t+2 t+n
e i e

the asterisk indicating that the parameter n/n is omitted.
Now assume that » is odd, replace z by —1/z, and apply (1) with (k+#)/(nl) for z and I
for m and also with (¢ +1)/n for z and » for m ; then the equation can be written

J' " oxp (~ AW E (:: 2/ 1dA
0

k+tl k+tl+n k+tl+(l—1)n_l

— n=38]—i+kin (2‘”)‘”_“112‘1 (=nl-tnz)— E nl ' ol nl
t=0 t+1 t+2 . t+n

n,n, ...... ,n

= (nz)"

On generalising, using (3) and (4), it is found that, if % and ! are positive integers such that
n is odd and < n, and if R (k)>0,

exp (-A) E(p; a,:q; py:2[A)A-1dA

= Bay— 2oy Ap-HH0—3/2 [—4+En (O 4= in)p—0)+in— il

k+tl’ " E+tl+(1-1)n , a1+t, ’ap+t+n -1 1t (na-p 1)
nE} T nl nl n n
x,_o(— " 2) t+1 L t4m op+t pe+t+n—1
et RN B PR o
...... (7)
Note. If n is even the argument of the E-function should be multiplied by e,
For example, on applying formula (2) it is found that
[+
f exp (= A") K, (2/AY) K, (2/A)AF-1dA
0
-1
= (2./22)"1n-302 (21)t+ K+ DiIn(Qpyi-n-l 5 %"g {(21)-2tinp-2z2)-t
i,—i ¥ =0
k+l+2t E+l+20+20-1m l4+p+v+2¢
ml T 2nl ’ 2n P
1-p—v+20+2n -2 e (2/n)2n
x B o e s aeeens (8)
t+1 t+n 142t 1+2t42n-2
K e o sy, ——
n 7 2n 2n

where n and [ are positive integers such that » is odd and »>2I, and R (k)> -1.

4. Integrals of the Airy type. In formula (5) swing the line of integration through a
positive angle 7/(2n), so that A becomes nei7/@n), and let z = + xef(»—117/2n), where « is real and
positive ; then
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2]
f exp ( —in™ & izyt)nk-1 ol'rz—1 omikrien)” 3 1‘<k+ﬂ> (£2)"
0

t=0 n t!
k+ltl’ k+tll+n’ n,k+tl+ (l—l)n; PR (_i_x)n\
x gft(n=U)r/@n) n " nl " s eerees 9)
t+1 t+2 t+n
T,—n—, ...... N n

where n >R (k) >0 and n>1.
On putting n=3, I=1, k=1, and equating real parts, Airy’s integrals are obtained.
The same method may be applied for other values of » and I.
For instance, if n =5, 1 =3, and if k is real and such that 0<<k<5, x real and positive,

" co sy k17, L 3 k+3t\cos k-2t \(Fx)!
f O en)rtn =g ZT(5) G (o)

o sin sin
E+3t k+3t+5 k+3t+10 o7 z\5
157 15 ° I 5
......... (10)
t+1 t+2 t+5

—5' 3 —5— 3 serlMons —-5——
Note. From these formulae numerous others can be deduced. For instance, if the cosines
with arguments +2 on the left of (10) are added, integrals of the type

[
f cos 1® cos (z4®) n*~1dy
0

are obtained. The second cosine and the functions on the right can then be expressed as
E-functions and generalised.
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