
Note on a formula connected with Fourier Series.
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An expression for the sum of a series of terms which takes
account of the different rates of oscillation of the functions in-
volved is of importance for series such as occur in the problems of
diffraction, and a relation of this kind has been given by Poisson.*
This relation can be written in the form

Sm (un - un+m) +
Cm

un+t
Jo

dt + 2
k =

un+t cos 2 k ir t dt,

where Sm denotes the sum of m terms of the series SM, beginning
with the term un. This formula can be deduced from Dirichlet's
integral, for

+ /{rh + 1 - ) + ..

when k -> oo, where rtj, n2
 a r e the two integers which satisfy

the relations

« ; > « > « ! - 1, 1 > b > n2,

and therefore

= f f(t)dt + 2 f 2°° f(t) cos 2* 7T tdt,
Ja Ja i=l

where f(t) is a function of t satisfying the Dirichlet conditions.

It follows that

J [/("I") +/(»i + ) + •- + / ( "»+) ]

= \b/(t)dt + 2%* \"f(t) cos 2 kir tdt (1),
J a *=1 J •
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when the series on the right hand side converges, or

2 M,,! u,dt + 2 2 M, cos 2kTT I dt (2),

n = n, Ja k-\ Jo
when a is an integer the first term on the left hand side of relation
(1) has to be omitted, and when b is an integer the last term on
the left hand side of relation (1) has to be omitted; therefore

"in,, = \u,, _+[' iitdl + 2 2°° I utcos2k7rtdt (3),
n = n, ' J l *=1 Jn1

2M,, = J M , , O + + I ~utdt+-Z 2 ~ut cos'2kITtdt (4),
2 J < j

+ I ' u, dt + 2 2 " ?/, cos 2 A TT t dt,
J", *=i J

or 2 u n = i ( u - «-.

ns+i *=» fn2 + l
M,rf< + 2 2 I u, cos 2kir t dt (5),

«, t = l Jn,

which is the same as the relation

Sm = J (uB - MB+m) + I un+tdt
Jo

+ 2 2 1 wB+( cos 2kirtdt (5'),
*=i Jo

when Sm is the sum of m terms of the series beginning with the
term wn.

When ux oscillates slowly as x varies, the first integral on the
right hand side is more important than any of the others; the
formula obtained for the approximate value of the sum by
neglecting all the subsequent integrals is effectively the Eame as
that given by Maclaurin.*

If, however, the rate of oscillation of ux is in the neighbourhood
of the rate of oscillation of cos 2pwx, where p is an integer, the

• Treatise on Fluxions, Bk. II, Cb. IV.
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most important term on the right hand side is the integral
un+t cos 2pirtdl, and, if the rate of oscillation of vx is in theJ.o

neighbourhood of the rate of oscillation of cos (2p + l)irr, the

consecutive integrals on the right hand side I wn+( cos 2pwtdt and
Jo

un+c cos 2 (p + l)irtdt are of equal importance and contributeio
the most important part of the sum. Again, it may happen that
there is a group or groups of termi. of a series whose sum con-
stitutes the most important part of the sum of the series. In this
case, if the terms of one of the groups lie between w,, and un , the
sum of the terms of this group is by the preceding

rb it = » /*!>

I u, dt + 2 2 I u, cos 2 k z-1 dt;
Jo *=1 Jre

and, in general, the origin of t being chosen conveniently, it will
be possible to write from the range from a to b

u, = v, + wt,
where

fop r6 /*6

I v, cos 2kirtdt - I v, cos 2 k ir t dt + I w, cos Ikvtdt
J —oo Ja Ja

can be neglected for all values of k, and the principal part of the
sum due to this group is then

/•JO k=<x> r>s

I vt dt + 2 2 vt cos 2 k v t dt,
J -» t=i J -»

the most important term in this expression depending on the rate
of oscillation of vt. An example of this is afforded by the series
that occur in connection with the effect of a spherical obstacle on
a train of waves.

The formula can also be used to obtain certain analytical
relations, and some examples of this are given.

(a) Writing in the relation (5') un — n2, the result is

° [" scos 2k rtdt,2 2 ° ["{t + l ) s

t=ljo
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whence, integrating the terms on the right hand side by parts,

1=1 k"ir2'

that is £ = 2 —— or 2 — = —.

(6) Writing iiu = cos n z, the result is

2 cos(n + r)z = \ {cosn«- cos(n + m)z}

+ I cos (n + <) z dt + 2 2 I cos (n + <) z cos 2 A: TT t dt,
Jo *=i Jo

that is
{sin (tt + m - | ) z— sin (n - J) z}/2 sin J z = ^ {cos » i s - cos (n + m)z)

whence
^ {sin (»* + m) z - sin n z) cot J z

f 1 '•="*> / I 1
= {sin(n + m)s-s inws} {—+ 1' - — + —1 Vz i = 1

1 i = °° / 1 1 \
i cot \ z = — + i) ( — j — + —— ).

that is

(c) If relation (5') is applied to the terms on the right hand
side of the identity

sinh r) Icoshr] - cos£) = 1 + 2 2 e'nri cosn£,

the result is

sinh rj / (cosh r] - cos £) = 1 - 1 + 2 I e~tr> cos £ tdt
Jo

+ 4 2 1 e-ty cos£t cos2 kITtdl,
t=i Jo

that is
sinh i) I (cosh r) - cos £) = 2 ?; / (?j2 + f?)
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(d) The relation

S= 1 / a + 2m2°°a cos n z j (a- + re2)
m = l

can be written
ll — CO

S = 2 a exp (inz) / (<v.+ nQ),

and applying the formula this becomes

5 = P o e ' " / ^ + t") dt + 2 2° f"e"' cos 2A ir </ (
J - 0 0 * = 1 J - 0 0

that is, when 2 7r > a > 0,

or S = we—'/(l - e - 2 f
/ ( )

= vr cosh o (TT - s) / sinh o 7r
when 0 > = > - 2 TT,

or S = ir cosh a (IT+ z) / sinh ax.

(«) Applying the formula to the expression
n— QO

/(o,6)= 2 e-°n--2('",
7 1 = - 00

where the real part of a is positive,

f(a,b)= \e-at"-2btdt + 2 2°° fV«<--"< cos 2/fc;r< <fr,
J - « <•=! J -JO

whence
t- = »

/ ( a , 6) = (ff/o)i[exp(6'7«)+ S exp {(6- - A2jr-)/a - 2 A 6 r i / a j

iTexp {(6- - Aa 7r2)/a + 2 kb T i/a]

or

f{a,b) = {Trla)lt/*lu 2 exp ( - A-TT2 / a - 2 A 6 TT i / a);

that is, writing
a1 = -K! j a, bl = T?bi j a,

the relation is
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The formula can also be applied to a single term, for example,
n+t1 k=ui rm+l'

c o s m z ••
rm+t1 k=ui rm+l'

•• I cos ztdt + 2 S I cos z1 cos 2kirtdt,
Jm-t t=lJm-(

where 1 > t > 0, 1 > t! > 0, and m is a positive integer, whence

cos m z = cos m z [(sin t' z + sin t z) ! z

{(

+ sin m « [(cos t' z - cos tz) / z

* = * >
{ ( )

writing <' = <, this relation becomes

+ 2 f Jsi

or S sin«(« + 2A:Tr)/(3 + 2 A'ir) = i, when 1 > I > 0.

Substituting this result above, it follows that

( + 2/;jr)/(z + 2Air)= i! cos «'(« + 2 Air)/(t + 2 k ir),

whence, writing £' = i,

= cos £ z i: cos k TT j (z + 2 k -) = i cot | s.

Therefore combining these results,

S sin 2Air</(s + 2A;?r) = J sin (\ - t)z j sin | z.
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