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Cofiniteness of Generalized Local
Cohomology Modules for
One-Dimensional Ideals

Kamran Divaani-Aazar and Alireza Hajikarimi

Abstract. Let a be an ideal of a commutative Noetherian ring R and M and N two finitely generated

R-modules. Our main result asserts that if dim R/a ≤ 1, then all generalized local cohomology mod-

ules Hi
a(M, N) are a-cofinite.

1 Introduction

Let R be a commutative Noetherian ring with identity, a an ideal of R and M and

N two finitely generated R-modules. In 1969, Grothendieck conjectured that the

R-module HomR(R/a, Hi
a(N)) is finitely generated for all i. One year later, Hart-

shorne [Ha] provided a counter-example to this conjecture. He defined an R-module

L to be a-cofinite if SuppR L ⊆ V(a) and Exti
R(R/a, L) is finitely generated for all i and

he asked when Hi
a(N) are a-cofinite for all i. Concerning this question, the following

are the most significant results.

(i) If a is principal, then Hi
a(N) is a-cofinite for all i [K].

(ii) If R is local and dim R/a = 1, then Hi
a(N) is a-cofinite for all i [DM, Yo].

(iii) If N has finite dimension d, then Hd
a (N) is a-cofinite [Me2].

(iv) If dim N ≤ 2, then Hi
a(N) is a-cofinite for all i [Me2, Proposition 5.1], [MV,

Proposition 2.5].).

Yassemi [Ya] asked whether the assertions (i) and (ii) hold for the generalized

local cohomology modules Hi
a(M, N)’s. Remember that the i-th generalized local

cohomology module of M and N with respect to a is defined by

Hi
a(M, N) := lim

−→n
Exti

R(M/anM, N);

see [He]. Clearly, this notion is a generalization of the usual notion of local coho-

mology module Hi
a(N), which corresponds to the case M = R.

In this paper, we deal with analogues of the assertions (i)–(iv) in the context of

generalized local cohomology modules. Asadollahi and Schenzel, in an unpublished

work, proved that if a is principal, then Hi
a(M, N) is a-cofinite for all i. This provides

a complete answer to Yassemi’s question in case (i). Under some extra assumptions,

the first author of the present paper and Sazeedeh [DS] extended assertion (ii) to
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generalized local cohomology modules. Namely, they showed that if R is local with

the unique maximal ideal m and it is complete in its m-adic topology, a prime with

dim R/a = 1 and M has finite projective dimension, then Hi
a(M, N) is a-cofinite for

all i. Recently, over regular complete local rings, assertion (ii) has been extended to

the generalized local cohomology modules Hi
a(M, R)’s, [AD, Lemma 3.5]. See [HV]

for more results regarding the extension of (ii) to generalized local cohomology mod-

ules. More recently, in a slightly different direction, Bahmanpour and Naghipour

removed the assumption on R to be local in (ii), [BN, Corollary 2.7].

In the present paper, we give a complete answer to Yassemi’s question in case (ii),

even without assuming that R is local. Namely, we prove that if dim R/a ≤ 1, then

Hi
a(M, N) is a-cofinite for all i. We do this by adopting the method of the proof of

[BN, Theorem 2.6]. For an a-cofinite R-module L, it easily follows that AssR L is finite

and also all the Bass numbers µi(p, L) are finite. So, as an immediate application, we

generalize the main result of [KK], see Corollary 2.9(i) below. Next we try to extend

the assertions (iii) and (iv) to generalized local cohomology modules. Assume that

d := dim(M ⊗R N) + sup{i ∈ N0 : Exti
R(M, N) 6= 0} is finite. Then we show that

Hd
a (M, N) is a-cofinite. In particular, in the case d ≤ 2, this implies that Hi

a(M, N) is

a-cofinite for all i.

2 The Results

To prove our main result, we need the following lemmas. The statement of the first

lemma involves the notion of attached prime ideals. For the convenience of the

reader, we review this notion briefly below. Let M = S1 + · · · + Sn be a minimal

secondary representation of a representable R-module M. Then pi := Rad(AnnR Si)

is a prime ideal for all i = 1, . . . , n and it is known that the set {p1, . . . , pn} is inde-

pendent of the chosen minimal secondary representation of M. This set is denoted

by AttR M and each of its elements is said to be an attached prime ideal of M. It is

known that a representable R-module M is zero if and only if AttR M = ∅ and that

if 0 → N → M → L → 0 is an exact sequence of representable R-modules and

R-homomorphisms, then AttR L ⊆ AttR M ⊆ AttR N ∪ AttR L. Also, it is known that

any Artinian R-module is representable. Let f : R → T be a ring homomorphism

and L a T-module. As for any T-module K, we have AnnR K = f −1(AnnT K); it

follows that if L is representable as a T-module, then it is also representable as an

R-module and AttR L = { f −1(p) : p ∈ AttT L}. For the basic theory concerning

attached prime ideals, we refer the reader to [Ma, §6, Appendix].

In what follows, we denote the set of maximal ideals of R by Max R. The following

slightly extends [BN, Lemma 2.4].

Lemma 2.1 Let A be an Artinian R-module. Then A has finite length if and only if

AttR A consists of maximal ideals. In particular, if for a finitely generated R-module N,

the set SuppR N ∩ AttR A consists of maximal ideals, then A ⊗R N has finite length.

Proof Assume that A has finite length. This, in particular, implies that V(AnnR A) =

SuppR A ⊆ Max R. It is clear from the definition that each element of AttR A contains
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AnnR A. Thus AttR A ⊆ Max R. Conversely, assume that

AttR A = {m1, . . . , mn} ⊆ Max R.

Then there exists t > 0 such that (m1 · · ·mn)t A = 0. So A has finite length.

Let N be a finitely generated R-module. Then one has

AttR(A⊗
R

N) = SuppR N ∩ AttR A,

see [Zo] or [D, Theorem 2.2]. So, the last assertion of the lemma follows immediately

by its first assertion.

Lemma 2.2 Let a be an ideal of R and M and N two finitely generated R-modules.

Assume that dim R/a = 0. Then Hi
a(M, N) is Artinian for all i, and so

Ext
j
R(R/a, Hi

a(M, N))

has finite length for all i and j.

Proof By [Za, Theorem 2.2], for each integer i, the generalized local cohomology

module Hi
a(M, N) is Artinian. Since dim R/a = 0, it becomes clear that V(a) consists

of finitely many maximal ideals m1, . . . , mn, say. Thus for any two integers i and j,

Ext
j
R(R/a, Hi

a(M, N)) is an Artinian R-module which is annihilated by some power

of the ideal m1m2 · · ·mn, and so it has finite length.

For reference we summarize the following easy facts in a lemma.

Lemma 2.3 Let a be an ideal of R.

(i) Let M → N → P → Q be an exact sequence of R-modules and R-homomor-

phisms. Assume that M and Q are finitely generated and N and P are supported

in V(a). Then N is a-cofinite if and only if P is a-cofinite.

(ii) Let Y be an R-module such that HomR(R/a,Y ) is finitely generated. Then for any

finitely generated submodule Z of Y , the R-module HomR(R/a,Y /Z) is finitely

generated.

Proof The proof is easy and we leave it to the reader.

In the next result, we are concerned with minimax modules. For its proof, we

apply part of the argument given in the proof of [BN, Theorem 2.6]. Recall that an

R-module M is said to be minimax if there exists a finitely generated submodule N

of M such that M/N is Artinian [Zo].

Lemma 2.4 Let a be an ideal of R with dim R/a = 1. Let U be an a-torsion R-module

such that HomR(R/a,U ) is finitely generated. Assume that for any one-dimensional

associated prime ideal p of a, the Rp-module Up has finite length. Then U is minimax

and a-cofinite.

https://doi.org/10.4153/CMB-2011-046-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2011-046-8


4 K. Divaani-Aazar and A. Hajikarim

Proof Let {p1, . . . , pn} be the set of all one-dimensional associated prime ideals of a.

Let 1 ≤ i ≤ n. Since Upi
has finite length, there exists a finitely generated submodule

Ui of U such that Upi
= (Ui)pi

. Set V := U1 + U2 + · · · + Un. Then V is a finitely

generated submodule of U and

SuppR(U/V ) ⊆ V(a) − {p1, . . . , pn} ⊆ Max R.

Now Lemma 2.3(ii) yields that HomR(R/a,U/V ) is finitely generated. It is also Ar-

tinian, because it is supported only at maximal ideals. Hence, by [Me1, Theorem 1.3],

the R-module U/V is Artinian, and so U is minimax. Next, since HomR(R/a,U ) is

finitely generated, [Me2, Proposition 4.3] implies that U is a-cofinite.

Now it is time to prove our main result.

Theorem 2.5 Let a be an ideal of R with dim R/a ≤ 1 and M and N two finitely

generated R-modules. Then Hi
a(M, N) is a-cofinite for all i.

Proof In view of Lemma 2.2, it remains to consider the case dim R/a = 1. Hence,

in what follows, we assume that dim R/a = 1.

The claim will be proved if for any non-negative integer t , we show that Hi
a(M, N)

is a-cofinite for all i < t and HomR(R/a, Ht
a(M, N)) is finitely generated. To do this,

we apply induction on t . The claim clearly holds for t = 0. Now assume that t > 0

and that the claim holds for t − 1. It remains to prove that Ht−1
a (M, N) is a-cofinite

and HomR(R/a, Ht
a(M, N)) is finitely generated. [DH, Corollary 2.8 i)] yields that

Hi
a(M,Γa(N)) ∼= Exti

R(M,Γa(N)) for all i. Hence, from the short exact sequence

0 −→ Γa(N) −→ N −→ N/Γa(N) −→ 0,

one can deduce the exact sequence

· · · −→ Exti
R(M,Γa(N)) −→ Hi

a(M, N) −→

Hi
a(M, N/Γa(N)) −→ Exti+1

R (M,Γa(N)) −→ · · · ,

so by Lemma 2.3(i), we may assume that N is a-torsion free. Let T := {p1, . . . , pn}
be the set of all one-dimensional ideals in AssR(R/a). By Lemma 2.2,

Hi
aRpk

(Mpk
, Npk

) ∼= Hi
a(M, N)pk

is an Artinian Rpk
-module for all i and all k = 1, . . . , n. Set

U =

t−1
⋃

i=0

n
⋃

k=1

AttR(Hi
aRpk

(Mpk
, Npk

)),

and take

x ∈ a −
(

⋃

p∈(U−V(a))∪AssR N

p
)

.
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Then for any j ≥ 0, the short exact sequence 0 → N
x
→ N → N/xN → 0 induces

the exact sequence

(∗) 0 −→ H
j

a(M, N)/xH
j

a(M, N)
ρ j

−→ H
j

a(M, N/xN) −→ (0 :
H

j+1
a (M,N)

x) −→ 0.

Now the induction hypothesis yields that H
j

a(M, N/xN) is a-cofinite for all j < t −1

and HomR(R/a, Ht−1
a (M, N/xN)) is finitely generated. Set

U j := H
j

a(M, N)/xH
j

a(M, N) and V j := H
j

a(M, N/xN)

for j ≤ t − 1. For any p ∈ T, from the choice of x, it follows that

V(xRp) ∩ AttRp
(H

j
aRp

(Mp, Np)) ⊆ {pRp},

and so Lemma 2.1 implies that (U j)p = H
j

aRp
(Mp, Np)/xH

j
aRp

(Mp, Np) has finite

length for all j ≤ t − 1. On the other hand, it follows from (∗) that the R-modules

HomR(R/a,Ut−2) and HomR(R/a,Ut−1) are finitely generated. Therefore, Lem-

ma 2.4 implies that Ut−2 and Ut−1 are minimax and a-cofinite. Now by using the

exact sequence

0 −→ Ut−2
ρt−2
−−→ Vt−2 −→ (0 :Ht−1

a (M,N) x) −→ 0,

we deduce that (0 :Ht−1
a (M,N) x) is a-cofinite. Next, since both R-modules

(0 :Ht−1
a (M,N) x) and Ht−1

a (M, N)/xHt−1
a (M, N)

are a-cofinite, [Me2, Corollary 3.4] implies that Ht−1
a (M, N) is a-cofinite. Finally, the

long Ext sequence induced by the exact sequence

0 −→ Ut−1
ρt−1
−−→ Vt−1 −→ (0 :Ht

a(M,N) x) −→ 0

implies that HomR(R/a, Ht
a(M, N)) ∼= HomR(R/a, 0 :Ht

a(M,N) x) is finitely generated.

Hence the proof is complete by induction.

In order to present our next result, we need to include the following definition

from [DH].

Definition 2.6 Let M and N be two finitely generated R-modules. The Gorenstein

projective dimension of M relative to N is defined by

GpdN M := sup{i ∈ N0 : Exti
R(M, N) 6= 0}.

Let a be an ideal of R and N a finitely generated R-module with finite dimension d.

It is known that Hd
a (N) is a-cofinite and Artinian [Me2, Proposition 5.1]. In the spirit

of our results in [DH, §2], part (i) of our next result might be considered as a natural

extension of this fact to generalized local cohomology modules. It is worth mention-

ing that it also improves [HV, Proposition 3.1] considerably. Also, it is known and

easy to see that if d ≤ 2, then Hi
a(N) is a-cofinite for all i. Part (ii) of the following

result is a generalization of this fact to generalized local cohomology modules. (Mafi

and Saremi [MS, Theorem 2.9] have established another generalization of this fact.

Note that their generalization and ours cannot be deduced from each other.)
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Theorem 2.7 Let a be an ideal of R and M and N two finitely generated R-modules.

Let d := dim(M ⊗R N) + GpdN M.

(i) If d is finite, then Hd
a (M, N) is a-cofinite and Artinian.

(ii) If d ≤ 2, then Hi
a(M, N) is a-cofinite for all i.

Proof (i) Let p := GpdN M. From Grothendieck’s Vanishing Theorem (see [BS]),

one has dim(M⊗R N) ≥ cda(M⊗R N). If this inequality is strict, then Hd
a (M, N) = 0

by [DH, Theorem 2.5]. So we may assume that dim(M ⊗R N) = cda(M ⊗R N), and

then [DH, Theorem 2.5] implies the isomorphism Hd
a (M, N) ∼= H

d−p
a (Ext

p
R(M, N)).

Since Ext
p
R(M, N) is supported in SuppR M ∩ SuppR N = SuppR(M ⊗R N), it follows

that dimR(Ext
p
R(M, N)) ≤ d − p. In the case dimR(Ext

p
R(M, N)) = d − p, the

claim follows by [Me2, Proposition 5.1] and otherwise it follows by Grothendieck’s

Vanishing Theorem.

(ii) The module H0
a (M, N) is finitely generated and it is supported in V(a). Thus,

it is clearly a-cofinite. Since HomR(M, N) is supported in SuppR(M ⊗R N), our as-

sumption yields that dimR(HomR(M, N)) ≤ 2. Hence, by [Me2, Proposition 5.1]

and [MV, Proposition 2.5], it follows that Hi
a(HomR(M, N)) is a-cofinite for all

i. On the other hand, by [MS, Lemma 2.7], H1
a (M, N) is a-cofinite if and only if

H1
a (HomR(M, N)) is a-cofinite. Hence H1

a (M, N) is a-cofinite. Next, [DH, Theo-

rem 2.5] implies that Hi
a(M, N) = 0 for all i > dim(M ⊗R N) + GpdN M. Therefore,

the assertion follows by (i).

Part (i) of the following corollary improves the main result of [KK].

Corollary 2.8 Let a be an ideal of R and M and N two finitely generated R-modules.

Assume that one of the following conditions is satisfied.

(i) dim R/a ≤ 1.

(ii) dim(M ⊗R N) + GpdN M ≤ 2.

Then AssR(Hi
a(M, N)) is finite for all i. Also, the Bass numbers µ j(p, Hi

a(M, N)) are

finite for all i and j and all prime ideals p of R.

Proof Theorem 2.5 and Theorem 2.7(ii) yield that Hi
a(M, N) is a-cofinite for all i.

It is well known that modules cofinite with respect to an ideal have finitely many

associated prime ideals and their Bass numbers are finite.
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