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Endpoint Estimates of Riesz Transforms
Associated with Generalized Schrodinger
Operators

Yu Liu and Shuai Qi

Abstract. In this paper we establish the endpoint estimates and Hardy type estimates for the Riesz
transform associated with the generalized Schrodinger operator.

1 Introduction

The Riesz transform is a singular integral operator in harmonic analysis and has been
investigated by many scholars. In [8,9], Shen studied L? estimates for the Riesz trans-
form related to the Schrédinger operator and the generalized Schrédinger operator,
respectively. It should be noted that these operators might not be Calderon-Zygmund
operators if the potential satisfies some weaker conditions. Recently, Wu and Yan [11]
studied the Hardy space by means of a maximal function associated with the heat
semigroup generated by the generalized Schrédinger operator and obtained charac-
terizations via atomic decomposition and Riesz transform. Following their works, the
goal of our paper is to obtain the weak type estimates and Hardy type estimates for
the Riesz transform associated with the generalized Schrédinger operator.

In order to state our main results, we recall some basic facts about the generalized
Schrodinger operator which, in this paper, is defined as follows:

L=-A+ponR", n2>3,

where y is a nonnegative Radon measure on R” and p # 0 satisfies the following
conditions: there exist positive constants Cy, C; and & such that

(L1) u(B(x,1)) < Co(é)nizw‘u(B(x,R)),
(1.2) u(B(x,2r)) < Crpu(B(x,r) +1"7)

for all x € R” and 0 < r < R, where B(x, r) denotes the open ball centered at x with
radius r. As in [9], the measure y satisfies conditions (1.1) and (1.2) for some & > 0 if
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dy = V(x)dx and V(x) > 0 satisfies

( |B(i, 31 Jueny YO dy) " <

1
|B(x, 1’)| B(x,r)

V(y)dy);

in other words, V'(x) is in the reverse Holder class (RH), /. Moreover, by virtue of
[9], the auxiliary function m(x, ) is defined by

1 u(B(x,7))
= L <Gy
m(x, u) i‘iE{r )

where C; is the constant in (1.2) and the distance function is defined by
1
A, yo) = inf [ m(y(e.w)ly (0lde
with the modified Agmon metric

ds® = m(x, u){dx} +---+dx'},

where y: [0, 1] - R” is absolutely continuous satisfying y(0) = x, y(1) = y.
Let R = V(-A + y)% be the Riesz transform associated with the generalized
Schrodinger operator. Using functional calculus, we can write

(<A +p) :%[owr%(—mwm-lda.

For f € Cg°(R"),
Re(x) = [ K f )y,
where
K(x,y) = % /O /\_%Vxl"w/\(%)’)d/\

and I, (x, y) denotes the fundamental solution of A + y + A.
The following is the first main result of the paper.

Theorem 1.1 Let u be a nonnegative Radon measure in R", n > 3. Assume that
satisfies conditions (1.1) and (1.2) for some & € (0,1). Then

[{x eR": [Rf(x)| > a}| < ¢ | fllzr,  foreverya>0.
o

Remark 1.2 Theorem 1.1 combined with the L?>-boundedness given in [9] implies
the L?-boundedness of the generalized Riesz transforms by the Marcinkiewicz inter-
polation theorem for 1 < p < 2.

As we know, the classical Hardy space is a good substitute for the Lebesgue space
LP(R™) with p € (0,1] in the study for the boundedness of some singular integral
operators, and it is essentially related to the Laplace operator A on R". And its gener-
alization, the Hardy space associated with £, which has been studied by Wu and Yan
in [11], is the counterpart of the classical Hardy space in the study for the bounded-
ness of some singular integral operators associated with the generalized Schrodinger
operator. In particular, this Hardy space was introduced in [3] when dy = V(x)dx
and V € (RH),».
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To state our next result, we need to recall some basic facts on the Hardy space
associated with £. We denote by T° (x, y) the kernel of the semigroup {T* : s > 0} =
{e** :5 > 0}. It follows from [11] that the kernel of the semigroup {T* : s > 0} has
a Gaussian upper bound, that is,

lx=y1?

0< TE (x,y) < (4ms) "2 &

The following Hardy space H, has been investigated by Wu and Yan in [11] and is
defined as follows.

Definition 1.3 A function f € L'(R") is said to be in HY, if the maximal function
M?* f belongs to L'(R"). The norm of such a function is defined by | £l ey =
|M* £ 11 (n)> where M* f(x) is the maximal function associated with {T;* : s > 0}
defined by M*“ f(x) =sup., | T f(x) | .

Definition 1.4 Let1 < g < oo. A function a € L1(R") is called an HIL’q-atom if

r<— (XI and the following conditions hold:
0:H)

(i) suppac B(xg,7);
(i) [ afgaqany <IB(xo )]s
(iii) ifr< m, then [y, a(x)dx=0.

In [11], Wu and Yan gave the following atomic decomposition for H, (R").

Proposition 1.5 Let y be a nonnegative Radon measure in R", n > 3. Assume that p
satisfies conditions (1.1) and (1.2) for some 8 > 0. Then f € HY, (R") ifand only if f can
be written as f = ¥;A;j aj, where a; are H* (R"™)-atoms, Y 1Ajl < oo, and the sum
converges in the HY, (R™) quasi-norm. Moreover,

£l oy ~ inf { 24,1}
J

where the infimum is taken over all atomic decompositions of f into H ;* -atoms.

By Proposition 1.5, we can conclude that the classical Hardy space H'(R") is a
subspace of the Hardy space H}, (R"). Furthermore, it is really easy to check that an

H%*-atom is also an H};?-atom for 1 < g < co. Then we immediately have another
equivalent characterization using the atomic decomposition.

Proposition 1.6  Let y be a nonnegative Radon measure in R", n > 3. Assume that y
satisfies conditions (1.1) and (1.2) for some § > 0. Then f € Hy, (R™) if and only if f can

be written as f = 3.; Aj aj, where aj are qu-atoms with 1< q <00, 3;|Aj| < oo, and
the sum converges in the H}, (R") quasi-norm. Moreover,

[f L, qeny ~ inf { 2451}

j

where the infimum is taken over all atomic decompositions of f into HlL’q—atoms.
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Next, we state our second result.

Theorem 1.7 Let y be a nonnegative Radon measure in R", n > 3. Assume that y
satisfies conditions (1.1) and (1.2) for some 8 € (0, 1). The Riesz transform R is bounded
from H}, (R") into the classical Hardy space H' (R™). Moreover, there exists a positive
constant C such that for all f € H}, (R"),

[ R 1 ey < ENF s, rony-

Remark 1.8 1f § > 1, it follows from [9] that the Riesz transform R is a Calderén-
Zygmund operator. So the weak-type estimate and the boundedness in (classical)
Hardy space for R are therefore already known. If 0 < § < 1, however, R is not a
Calderén-Zygmund operator. Hence, the weak-type estimate for R is not obvious.
Moreover, since the classical Hardy space H!(IR") is a subspace of the Hardy space
Hj, (R"), Theorem 1.7 implies that R is bounded from H} (R") into Hj, (R"). We
also conclude that R is bounded on H! (R").

Based on the previous argument, the Schrodinger operator —A + V can be re-
garded as a special case of generalized Schrédinger operators, where V € (RH), with
1 < g <oco. As we know, the boundedness of Riesz transform associated with the
Schrodinger operator has been studied by several scholars (cf. [1,5,7,8,13]). The end-
point estimates and Hardy type estimates have been investigated in [2,6,7,12], respec-
tively. The ideas of proofs in [7] and [2] provided us with the inspiration to prove our
main results in this paper. During the proof of the first main result, we need some es-
timates for the Riesz transform that can easily be obtained from [9], such as Lemmas
3.1 and 3.2. We also need to apply some new methods and techniques to deal with
the proof of the main results. Moreover, since the Laplace operator adds a potential,
the atom has no vanishing condition when r > 1/(4m(xo, ¢)), which is the impor-
tant difference between H'(R") and H}, (R"). Therefore, the proof of the second
main result will be more complicated than the classical case, where the classical Riesz
transform V(-A)"? is bounded from H'(R") into H' (R").

Throughout the paper, the letters ¢ and C will denote (possibly different) constants
that are independent of the essential variables. By A ~ B we mean that there exists a
positive constant C such that % < % < C. By U SV we mean that there is a constant
C > 0suchthat U< CV.

2 Estimates for Kernels

In this section we recall some basic properties of the function m(x, ) proved in [9].
In the sequel, Cy, C; and § are positive constants in (1.1) and (1.2).

Lemma 2.1 Assume that y satisfies conditions (1.1) and (1.2). Then

(i) 0<m(x,pu)< oo foranyxeR"
(i) Ifr=m(x,u)7", then r" 2 < u(B(x,r)) < Cyr" 2.
(i) m(x,u) ~ m(y, ) if | =y < s
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(iv) There exist constants C, ¢ > 0 such that

m(x, 1) < C(1+|x = ylm(y, p))*m(y, u),
)—ko/(1+k0)

m(x, 1) 2 em(y, ) (1+|x = ylm(y, u) ,
where ko = % and C, =1log,(Cy + 2m72),

Remark 2.2 Remark 0.13 in [9] implies that (1.1) is equivalent to the condition

/ dp(y) _ #(B(x.R))

(x.R) |x —y|"2 " Rn-2
Moreover, there exist two positive constants C and k; such that

#(B(x, R))

= < C{1+Rm(x,u)}"

forall x e R" and R > 0.

Denote by T, (x, y) the fundamental solution of —A+u. Then we have the following
estimate of the fundamental solution (cf. [9]).

Lemma 2.3 Let y be a nonnegative Radon measure in R”, n > 3. Assume that
satisfies conditions (1.1) and (1.2) for some & > 0. Then

Ce—szd(x,y,y) Ce—sld(xr)”l‘)
O <Tu(xy)s e

>

|x = y["2 lx = y|"2
where €1, &2, C, ¢ are positive constants depending only on n and constants Cy, Cy, 8 in
(11) and (1.2).

It is easy to check that the measure y + A satisfies conditions (1.1) and (1.2) with
constants Cy, C;, § independent of A > 0. For the fundamental solution of —A + y + A,
the estimate

Ce—szd(x,y,/ﬁl) Ce_eld(x’}”.“"'l)

<Tuaa(xy) <

|x — y[n=2 |x — y|n~2

is also valid. Moreover, [11, (3.1)] tells us that

Ce—sﬂ|x—y|e—sd(x,y,(4)

2.1 0<Tym(x,y)< , A>0.

|x — y|n-2

For the kernel of the Riesz transform R, we conclude that the following theorem
holds true using the proof of [9, Lemma 7.10].
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Theorem 2.4  Let y be a nonnegative Radon measure in R", n > 3. Assume that
satisfies conditions (1.1) and (1.2) for some & € (0,1). Then

(22)|K(x, y)|

sCe—f(“lx—}'\m(M))kolﬁ(;f dp(z) R )
| x =y "t IBGulx—s)) [z =yt [x =y

(2.3) | K (x, y) = Ko (x, )|

1
— _ ko+1
< Ce—e(H—ylm(yu) R

« 1 [ du(z) | (Ix—ylfﬂ(x,#))‘s),

|x =y "7t JB(rlx—y)) [z =y |x -y

where Ko (x, y) is the kernel for the operator V(~A)"z.

3 The Weak Type L' Estimate and (H ., H!) Estimate

In this section we will prove the main results in this paper. Our results are based on
the following two lemmas about the kernel of R, where we suppose that § € (0,1).

Lemma 3.1 Letr= Then

1
m(x,u)’

Jo K oldy<c.

Proof Let1 < g < 2% and I(x) = [, |y — x|'"du(y), where B = B(xo, 7). We

1-5
conclude from [9, Lemma 7.9] or [11, Lemma 4.4] that
#(3B)
(31) || I ||L‘I(B,dx)g Cm
Now, let pi = % - % For j > 1 integer, we use (3.1), Remark 2.2, and (2.2) to obtain
1

(L K (xltdy}
2i-lr<|x—y|<2ir

% 1 1 Lo
cced (T it
= {(217’)"71( |x—y|<2i+1r ) y) + (@) }

o (20r)a ! ; .
< Ce 2 {((;}me(x,zf“r» L @n)iT)
_J
<Ce " [ ()i (1 +2)R 4 ()i )
o
<Ce 2" (1420 (2/r)77,

where r = —A—.
m(x,p)
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By the Holder inequality,

1

[ mGldysey ([ Kaldy) @inT
|x=y|>r =1 2i-lr<|x—y|<2ir

_J
e 2" (14 2k = C. ]

Nk

<C

-
Il
—

Lemma 3.2 Letr= Then

_ 1
m(en)

L—ykr (K (y> x) =Koy, x)] dy < C.

Proof Let j < 0beanintegerandletl < g < %. Via (3.1), Remark 2.2, and (L.1),
we have

([, 1% (%) = Kalpx) [1dy) *
2i=1r<|xo—y|<2/r

R 1 f Q7)1 4 (2p)Enid
< Ce {(2J'r)"—1( ‘xiy‘gzmrl(y) dy)® + (2/r)a~"27%}

(er)i—n-i—l

_J
< Ceme2™™ .
{ (2ir)n-1

u(3B(x,27"r)) + (27r) 17727}
ﬁ SN 3B ,Zj ; PNty
< Ce e {(211')'1 n#(3B(x,2'r)) r(”x*Z r))215+(21r)a "2]6}
I
<Ce 2 ()i 4 (2r) i)
<C20(2ir) v,
Therefore, by the Holder inequality,

oo 1K) = Ka(s ) dy

0 1 .oon
< (K Gax) - Ko(0)ltdy) (@)
je—oo 2i-tr<|x—y|<2ir
0
<C Y (@) =c. |
j=—oo

Now we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1 By the Calderén-Zygmund decomposition, given f € L' (R")
and a > 0, we have f = f; + f,, with f, = 3} by, such that

(@) |fi(x)]| £ Ca, fora. e. x e R".
(b) Each by is supported in a ball By,

f |br(x)|dx < Ca|Bx| and [ br(x)dx =0.
By By

© TeBel < f o
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Because R is bounded on L*(R") (cf. [9, Theorem 7.1]), it is easy to see that
n o C C
(3.2) ’{XER :|Rf1(x)|>5}| S? Il £ ||§S; I f -
Let By = B(xk, rx) and Q = Uy B(xg,2r¢). Then

C
(3.3) IQISCZlBkls; I fllh-
k

We only need to consider Rf,(x) for x € Q°. If ry > by Lemma 2.1(iv),

1
m(xp,p)’
we have m < Cry for any x € By. By Lemma 3.1, we get

A o | Ry (x)| dx < f| o [B k |%(x, )| | bx ()| dydx < C b ..

Ifry < then (iii) of Lemma 2.1 implies that for any x € By.

1 1 1
m(xiou) mCxiop) " mlou)
Since Ko (x, y) is a Calderén-Zygmund kernel, by Lemmas 3.1 and 3.2 we obtain

/. | Rby (x)| dox
|xk—x|>2r
< | Rbx ()] dx + [ | Rby ()| dx
2rp<|xg—x|< 2 |x 2

FIEan) x|z
< /
2
2rk§|xk—x|<m

2 5Gom
+ f
21 <|xg—x|< m

+[ 2 [ |9<(x’)’)| |bk()’)| dydx
| —x[> By

[ 196G 3) = Ko ) [ dydn

ka |Ko(x, ) = Ko (x, x0)| [ i (y)] dy dx

m(xp,u)
< C b 1
whence,
H Rbk” LY((B)) <C ” bx ” 2
Then
LTI EE SN RS SN RIS LN R T
Therefore,
. A C
(3.4) {xea®: REWI> 2 < 1/,
Theorem 1.1 follows from the combination of (3.2), (3.3), and (3.4). [ |

Proof of Theorem 1.7 To prove this theorem, we need to use the molecular charac-
terization of H' (R™) in [10] (see also [4]).

Lete € (0,00) and b = 1 — 1/pg + €. Recall that in [10] (see also [4, Definition 7.13,
p- 328]), a function M € LP*(R") is called a (1, po, €)-molecule centered at xo € R” if

b n —€/b
(35) MU - = %ol Mty < 1,
(3.6) fR M(x) dx = 0.
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Let po € (1, f%g) and a be a H;**-atom associated with the ball B = B(x,, r) for
some xo € R" and r € (0, m) By Proposition 1.6, we only need to show that

R(a) is a (1, po,€)-molecule up to a harmless multiplicative constant. To this end,
we now consider two cases.

Case (i) r > m. In this case, to prove that R(a) satisfies (3.5), by the L?*(R")-

boundedness of R (see [9, Theorem 7.1]), we have

1 ] -n/po’

37) IR oy € Vo 5 [ —

To estimate |- — xo|"R(a)| Lro (), for j € N, let B; = B(xo, ﬁ;y)) Then we have

[1- = 0" R(a)| Lro () | x| = xol ™ R(a)] LPo (R")

+ ” XB§3|' _x0|nb:R(a)H Lo (R")
=1+11,

where Bff = (B1)C. By (3.7), we have

Isc[m]m.

To estimate II, by (2.2) and Minkowski’s inequality, we obtain

o1+ ~ylm(p)) BT du(z) |

e
15 [l |augle -5 e
3 Yy

LPo(R")
B(-,|--yl/4)

_1
—e(1+| - —ylm(y,p)) kot ‘

L nb €
+ H XB$| x0| | _y|n LPO(R")] dy
= [ laI(m +10) dy.
B
To estimate II,, by Lemma 2.1(iii), we have
1 v xpe(+) 1 qne
(¢8) ILsC[ [ D < [7] .
m(xo, ) |- = x| P | Lo (o) m(xo, i)

On II;, by Minkowski’s inequality, we further decompose it into

emik
oo ot
meyt [ )

o 1/po
— j 1 (k +l+n71—nb)po X—2z n—1
R TR ) 2 m(xo,y)] ’ B(x,|x=yl/4) | |

du(2)
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Let k; be the constantas in Remark 2.2 and let N € ((ko+1)(k;+ne), 0o0). Combining
the boundedness from I (see [9, Lemma 7.9]) with Lemma 2.1(iii), we have

o 1/po
dx}

< [ 1 ] ﬁ [4(3B]+2) [2] 1 :Inb+17n—$
- m(xo,/,t) [2] 1 ]n—l—L m(XQ,[,{)

1 182
/ [m(y»ﬂ)]ko du(z)
; 1 (25 +n—1-nb)p _ o|n-1
[2] 7m(xo,y) :| ko 0 Bz |X Z‘

I

Bji1\Bj

R S 2
m(xo,p) ’

1 % kA 1 nb—n—%+lo

S [m(xo,y)]k (1+2])k [zjm(xo,y)] k '
i(ky+ne— 2 1 ne

-2 kOH)[ m(xm#)] .

This implies that IT; § [—L—

o) ]"¢, which together with (3.8) shows that

(3.9) IS [m] "

Combining the estimates of I and II, we obtain

I+ = x0|"*R(@) | oo (rny S

[ 1 ] ne’
m(xo, )
which together with (3.7) shows that

b n —€/b
IR(@) 500 oy I = o "R (@) [ty S 1

Thus, we obtain (3.5) up to a harmless multiplicative constant.

To prove that R(a) satisfies (3.6), we first show that R(a) and £~/2(a) € L' (R™).
To estimate R(a), by Holder’s inequality and (3.5), we see that

f|az(a)(x)\dx: f |R(a)(x)| dx + f - dx

R Jx=xol<1 lx=xol>1
S ” XB(xo,l)fR(a)” LPo (Rn)

+ ||XBC(x0,1)|' —x0|nb x fR(“)(')HLI«)(Rn) < 0o,

In what follows, we need to estimate | £'/2(a)]|11(zn). Since

gL f°° ATV A+ )LD,
T Jo
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using (2.1) we show that

f|£ V2(a)(x)|dx

1

Sff f ’I/Z‘Fﬂ+l(x,y)||a(y)|dxdyd)t

0 B y2ins
1
o = dxdyd)t+f[ [ dxdyar
0 B Jx—yl2gs B |x-y}>2 A

x® 4
[ [ [ e daxayar=YE.
1 B ‘

e 1 i=1
le=yl<tem

To estimate E;, we obtain, by [9, (3.19)] and Lemma 2.1(iv),

1
d(x,y,p) > C( 1+|x —y|m(y,‘u)) (ko +1)Z

for |x — y|m(y, ) > 2. Note that m(y, ) ~ m(xo, ) when y € B(xo,r). Then by
(2.1), we have

! e/ Axy] p-ed(x.y0)
EISfA"l/Zf f ¢ ¢ - dx}|a(y)|dyd/\
J J [ =y

x—y|22m(XO’#)
1
- (I = ylm(y, 1) "
S/A 1/2/{ / = y|:lz dx la(y)dyd)
0 B wl2nmms
il B STy 1
S m(xo,‘u)%ﬂ) , s (otD? (s < — < 0,
m(xg,p) m(x())[/l)

where we have chosen N > 2(ko + 1)
For E;, by (2.1) again, we obtain

1
B} 1
EszA l/sz f |x_y|,,_2dx]|a()’)ldyd/\
0 B

*=yI<2 5o

1
S ——= < oo.
m(xo, 4)?
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From (2.1) with N € (1/2, 00), it follows that E; is controlled by

oo —sﬁlx—y\ —Sd(x’yn”)
ee e[ ST i iayan
1 J x — y|

x—y[>2—~1—

m(Xoﬂ)
r -1/2-N 1
s [a f[ [ e 4 laldy
1 B Hx- y|>2m

S m(xg, 4)"N 2 < o0.

Similarly, there exists N € (1/2,2) such that

1/2 > la(y)|
o fA /f Z / (VA=) ey o

i=—oo) .
Slx—yl<2i oo L 5

11
~ mGon)

o 0 1
—(1+2N)/2
5//\(+)//‘{.Z f [zil]z\pr“dx}
1 B l=’°°2fm<|x <2ttt s m(xo-u)
x la(y)|dydA
s m(xo, )N 7? < oo

Combining the estimates for E; with i € {1,2, 3,4} implies that £™/2(a) € L' (R").
Now we choose {¢;}32, ¢ C**(R") such that
(@) X720 ¢j(x) = 1foralmost every x € R";
(b) there exists a family {Q;} jey of balls such that supp ¢; ¢ 2Q;, ¢; = 1 on Q; and
0< ;< 1;
(c) there exists a positive constant C(¢) such that for all j e Nand x € R", ¢;(x) +

V()] +[V29;(x)| < C(g);
(d) there exists N, € N such that 372, x2q; < N.

Using the properties of {¢;} %2, and L£712(a), R(a) € L' (R") together with Leb-
esgue’s dominated convergence theorem, we obtain
[ (e ) @@ dx =Y [ 9(g87 ) (a) () dx
R» j= O]R”
For each j, let 7; € C*°(R") satisfy #7; = 1 on 2Q; and supp #; ¢ 4Q;. Then by the

divergence formula, for every k € {1,...,n}, we have

f (g7 (@) (x) dx = [ 1) (017 (@) ()

- [ 0 @) ) () =0,
]Rn

which implies that [, R(a)(x) dx = 0. Hence, R(a) satisfies (3.6). Thus, in this case,
R(a)isa (1, pg,€)-molecule up to a harmless multiplicative constant.
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Case (ii) r < 1/(4m(xo, u)). In this case, a is a classical (1, 00 )-atom of H' (R"). It is
well known that V(—A)~2 is a Calderén-Zygmund operator, and hence it is bounded
on H'(R"). Moreover, V((~A)"2)(a) isa (1, po, €)-molecule up to a harmless mul-
tiplicative constant; see, for example, [4, Theorem 7.18, p. 335]. By this, we see that
in order to show that R(a) is a (1, py,€)-molecule up to a harmless multiplicative
constant, it suffices to prove that L(a) is a (1, po, €)-molecule up to a harmless mul-
tiplicative constant, where L = R — V(-A)2.
To prove that L(a) satisfies (3.5), we estimate |L(a) | ¢ (rn) by

HL(a)HLPO(]R") < H XBIL(a)H LPo (R) + ” XBE:L(['{)H LPo(R") =N+

where B; is the same as in Case (i).
1
To estimate J,, from the size estimate of the kernel of V(-A)~2 and an argument
similar to the estimate of II in Case (i) with a suitable choice of N, we have

x5 () [

Using (2.3) and Minkowski’s integral inequality, we estimate J; by

ws feon( [l [ ) )™

B By B(x, x-1/4)

(ST T ) o

B, m(y,p)

= [la)l(wi+U2) dy.

J2 <

la(y)| dy
. |n

1 7
R S|l———1| ™.
Lpo(R") ' “ 1o (a)H Lpo (") [ m(xo, [4)]

To estimate U, by Lemma 2.1(iii), we have

< 1 8 m(—n-ﬂ?)pwn—ld 1/P0< 1 _i
(3.10) UZN[W]{O[S s} N[m] .

Now, for any y € Band j € Z, let T; = B(y,2/*! m(xlo,y) ). Obviously, B; ¢ T; and

by Minkowski’s inequality, we further have

0 1 dy(z) Po 1/po
Ul S Z { [ |x —y|(”_1)Po [ [ |Z_x|”—1] dx

LN YR ¥ B(x, |x-y|/4)
0
= ). Ui,
je=oo

To estimate U, j, by (1.1) and the boundedness from I (see [9, Lemma 7.9]) again,

we obtain
CFFP N ——C LR PY V. .S
, — pr
[2Jm(x0,#)]” [zjm(xo,,u)] %0 m(xo, 1)
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Thus, we have
S i Uy s [L]W
220 UG
which together with (3.10) and the estimate for J, imply that

Lo
3.11 L(a ny S| ———=| °.
(311) L@l 5 | ]

To estimate [|- — xo|"*L(a) | 1ro (), We write it as

H |- - x0|nbL(a)|| Lpo(R™) < H X8| - x0|nbL(a)H Lbo(R")

b
+wgl - = %o L@ ey
= Sl + Sz.

To estimate S,, by the size estimate of the kernel of V(—A)_% and (3.9), we have

la(y)] L
Ko [| o Y +1l5 | |

Lpo (R") m(xo, 4)
where II is the same as in Case (i). From (3.11), it follows that

]nb ”L(a)HLP()(Ry,) < [%] ne'

< [71
" Ui (xo ) m(xo, u
Thus, ||| - = xo[L(a)| Loo(Rr) S [m]”, which together with (3.11) implies (3.5).

To prove that L(a) satisfies (3.6), we make use of the fact that V(-A)~z(a)
is a (1, po,€)-molecule up to a harmless multiplicative constant to deduce that
Jn V(-A)"2(a)(x) dx = 0. Thus, we only need to show that R(a) satisfies (3.6).
Notice that in Case (i), when proving [, R(a)(x) dx = 0, we did not use the condi-
tionr > 1/(4m(xo, 4)). Thus, the same argument also shows that [, R(a)(x) dx =0
when r < 1/(4m(xy, u)), which further implies that L(a) satisfies (3.6).

Thus, in both cases, R(a) is a (1, po, €)-molecule up to a harmless multiplicative
constant, which completes the proof of Theorem 1.7. ]
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