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Abstract
We study the value of European security derivatives in the Black—Scholes model when
the underlying asset & is approximated by random walks £™. We obtain an explicit
error formula, up to a term of order O(n~%/?), which is valid for general approximating
schemes and general payoff functions. We show how this error formula can be used to
find random walks £" for which option values converge at a speed of O(n=>/?).
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1. Introduction

1.1. Motivation The problem of describing and controlling the error for options
evaluated under random walk approximations {£™} of a geometric Brownian motion
¢ has attracted the attention of many researchers [1-25]. Knowledge and control of
the error resulting from evaluating options through random walk approximations is of
immediate interest, as random walks are broadly used to price them. An explicit error
formula, up to an error term of order n~=¢, for some a > 0, has allowed an acceleration
of the speed of convergence to an order of n~ in papers by Joshi [11] and Korn and
Miiller [13]. In a broader context, such error formulae contribute to the understanding
of how small modelling errors affect option prices, which is intimately related to the
important question of option price robustness.

It is common practice to approximate a real-valued function f(x) by its Taylor
expansion, which, for f sufficiently regular, is given around a by

N k) X r(k+1)
fx)= A (a)(x—a)k+f %(x—t)" dt.

!
e k!

The first-order term f(a) provides a measure of the sensitivity of f to small changes
of its parameter x around a.
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In the case of an option, its value v depends on the distribution of the underlying
asset &, and small random/unknown changes in the distribution of ¢ induce a modelling
error in the pricing. One would like to have an analogue to Taylor’s expansion for the
value v(¢£) of an option, seen as a function of the distribution of the underlying asset &,
that would help to price and perhaps hedge the modelling error.

In the case of a binomial approximation scheme {£™} of the underlying asset & in
the Black—Scholes model, such an analogue to Taylor’s expansion takes the form

N
V(€)= vE™) + ) €+ O NI,
k=1

If N = 2 then n~"/? = n~!, and explicit formulae for the coefficients v;(£™) and v, (£™)
provide what we call a first-order error formula. Walsh [25] gives such a formula for
general piecewise C® payoffs, but only in the specific case where the binomial scheme
is the Cox, Ross and Rubinstein scheme, applied to the discounted process. Diener and
Diener [4] provide a first-order error formula for general binomial schemes, but only
in the specific case where the payoff is a call option. They also obtain this first-order
error formula for digital options [5]. The present paper fills the obvious gap: we obtain
a first error formula which is valid both for general payoffs and for general binomial
scheme approximations.

Chang and Palmer [2] showed how knowledge of a first-order error formula can
be used to obtain schemes for which the error is smooth, that is, for which the error
has the form cn~! + o(n™') for some constant c. Korn and Miiller [13] developed
an optimization procedure to minimize the absolute value of this c. We show here
how, using the error formula obtained in this paper, a slight modification of Korn
and Miiller’s [13] optimization procedure allows one to reach accelerations of the
convergence to an order of O(n=%/?).

An interesting feature of our paper is that, when the payoff of the option is
continuously differentiable, our error formula remains valid for nonbinomial scheme
approximations {£™}, as long as §(T"/)n satisfy the moment conditions P1-P5 given
in Section 6. Our error formula is derived from a localization of the error and an
expansion of the local errors.

1.2. Main result Throughout this paper we assume that r > 0 is the (constant) risk-
free rate and that &£ = (¢, 7, E,) is a geometric Brownian motion with volatility o~ and
drift  under risk neutral probability. Here # is the usual filtration and E, denotes the
expectation when &, = x.

For all practical purposes, traders are interested in payoff functions that are
piecewise smooth. We consider here payoffs 4 that are piecewise C©® and for which

hO(x)| < Q1 + xF) for£=0,...,3andevery x>0, (1.1)

for some integer p > 1 and some real number Q. By piecewise C®), we mean that there
exists a partition 0 < K; <- -+ <Ky < oo of [0, 00) and N + 1 functions hy, ..., hy €
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C® such that
h= hOI[O,Kl) + hll[K],Kz) + -+ th[KN,oo)-

We denote this class of payoffs by 7(1(,3). We put a norm || - ||§,3) on ’K,(f) equal to the
smallest value of Q for which (1.1) holds. For any integer m > 0, we define K ,(,'") and
I| - ||§,m) analogously.

We want to provide a first-order error formula when £ is approximated by binomial
schemes {£™}*  where £ is a random walk which, at every positive time  in (7 /n)N,
has a probability p, of jumping from its current state fﬁ") to the state ff")un and a
probability 1 — p, of jumping to the state §f")dn. Risk neutrality requires that p, be
equal to
_ eXp(r(T/n)) B dn
" Uy, — dn .

|T T 20 (T \3/?
Uy = exp(o- — + Ao — +,u,,—(—) )
n n T \n
T T 20 (T \3?
d, = exp(—ow/— + Aot = +un—o—(—) ),
n n T \n

where |u,| < L for some L, one gets fairly general binomial schemes, analogous to
those considered by Chang and Palmer [2] and Korn and Miiller [13]. We refer to
these schemes as flexible CRR schemes. Because we always assume that (()") =&o, Ex

With

also denotes the expectation when f(()") =x.

Now, if & belongs to 7([(33), then 4 can be split into a linear combination of digital
options and call options, plus a function which is continuously differentiable and in
XK 1(,3). Indeed, we see that

N N
h(x) = (0 + Y ARK) [k,e0)(X) + D A (Kp) max(x = Ko, 0), (1.2)
=1 =1

where g is C(V and belongs to K ,(,3). Since error formulae for digital and call options are
already known [2, 4, 5], the contribution of this paper is to find the error formula for the
CD part of h. For the sake of simplicity, we restrict our exposition to continuous payoff
functions h. Given that & = x, we denote by Err’.(h)(x) the error, under the Black—
Scholes model, resulting from pricing with a flexible CRR scheme { (T")} a European
option with payoff 4 and maturity 7. In other words,

Bty (h)(x) = ¢ Ey(h(€)) — T Ex(h(€]")).

Let Ck(z) = max(z — K, 0) denote the payoff of a European call option with strike
K, and set

o InG/K) +(rt 10T

1 and 52=D1—0"/7.
oNT
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Let frac(z) be the fractional part of z, with frac(z) := —frac(]z]) when z<0. The
following result is due to Chang and Palmer [2] and Diener and Diener [4].

Turorem 1.1 (Call option first-order error formula). Let {£™} be a flexible CRR
scheme. For every x > 0, the error Err(C)(x) satisfies

Err} (Cx)(x) = A}(K, x) + O(n /%),
where Al := N(K, x) is given by

-0.5d7
AV; - xe—l(A + B),

240N2nT
A =0PT(6+ 03 +03) + 12T%(r — 1072)* — 4T (0> — 03)(r — Ao?),
B = 480 T§™ (1 + {™),

f("):frac( (In x —In K — oNTn + A0 T)i\/_ +un) (1.3)
o

The following theorem is the main result of this paper. Given a continuous payoff &
in K ,(,3), it provides a formula for the error Ert’.(h)(x).

Tueorem 1.2 (General first-order error formula). Let {£€™} be a flexible CRR scheme
and let p > 1. For every continuous h in KD, if 0<K; < - <Ky <oo defines a
partition of [0, 00) for which h is C'V on the corresponding closed subintervals, then
forevery x>0,

Tr(h, %) + T, A (K)AT(Ke, x)

Ertl: (h)(x) = . +0(n™"), (1.4)
where
Yr(h, x) = (%Ag - %A3 + 1A4)e"TEx(§%h”(§T))
F g2 TE g eom( L))
*aizen ElGN En(n () 1)
and

In(z) — (r = 30T
_ , 15
nr(2) o (1.5)

5
Ay = =0T’ A+ Po*T? + PT? + rT?0* + EO'4T2 —2T%ro?2

A; = 2rT?0? = 20?2 + 20'4T2,
Ay = 20°4T2.
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Remark 1.3. In Theorem 1.2, if additionally 4 is C'V, then the error formula (1.4)
remains valid for any approximation scheme satisfying the properties P1-P5 given in
Section 6. This is due to the fact that only these properties are used in the proofs. They
boil down to moment conditions, and therefore our error formula remains valid under

these broad assumptions on the moments of the single-step random walk jumps f(T"/)n.

Let {£™} be a flexible CRR scheme, and & as in Theorem 1.2. For simplicity
assume that N = 1. We show here how a slight modification of Korn and Miiller’s [13]
optimization procedure allows us to reach accelerations to an order of O(n=3/?). For
this purpose only, we assume not only that the risk-free rate r, the volatility o, the
maturity 7 and the integer p are constant, but also that the payoff & and the current
value of the underlying asset x are fixed. In other words, only A and {™ are seen as
variables. A glance at (1.4) reveals that Err’.(%)(x) can be written as

()
Err’ (h)(x) = % + O, (1.6)

where ) := {(A, u,) is given by (1.3), and where for some constants a, b, c, d,

P(1) =al*>+bA+c,
o™y = ai™ (1 + ™).

The following is admittedly a slight extension of Korn and Miiller’s [13] optimization
procedure which shows how one can obtain an optimal scheme for our general payoff
functions.

(1) Choose a constant yo = Q(ug) for some —1 < g < 1.
(2) Choose Ay such that

My 1= inf [P() + xol = [P(d0) + xol-

(3) Set u,, := o — {™ (2o, 0) and note that

7" (A0, pa) = frac(i™ (Ao, 0) + ) = o

Under the binomial scheme with parameters (Ag, 1,,), equation (1.6) can be rewritten
as

Err’-(h)(x) = % +0(n3?).

When m,, =0, the convergence of the scheme has been accelerated to an order of
O(n~3/?); otherwise, the constant m,, has been optimized.

Here the differences from the paper by Korn and Miiller [13] are that we allow
Xo # 0 (which is sometimes necessary to reach m, =0, as in the example provided
below), and we use the error formula (1.4) to show that the remainder term is of order
O(n~3/?), as opposed to o(n~") in the paper by Korn and Miiller [13].
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1.3. Example and simulations

ExampLE 1.4 (Simulation and the error formula). Consider the classical CRR scheme,
where A =y, = 0, and the payoff function

2 .

72 if0<z<K
h(z) =
@ {1 ifK <z,

which is continuous and belongs to K® with K = 1. One calculates using Maple that

1 L4A3—5A4B 1 A4

1
Cr(h, =(—A — A —A) — ¢
rh 0 =38 gt gl A = T P u1eC

2 3 4
where

_ 2 12
A= x2e"") (¢ + e29),

B xzeT(,_{Tz)(—\/Ed + ac\T + aymer” )
V= X
= xzeT(r_Jz)(—b\/id — aV2d + a*rc + eé"zazﬁ)
V- )

and a=20VT, b=nr(K/x), ¢ =e>” erf((b—a)/V2), d =exp(~1b(=2a +b)). In
Figure 1, we set r=0.08, 0=0.5, T=1 and x=1.1 and, in accordance with
Theorem 1.2, n¥*(Err}. h(x) — Yr(h)(x)/n — AR’ (K)Aj(x)/n) is bounded.

ExampLE 1.5 (Optimal scheme). We use the same payoff function 4 as in Example 1.4,
aswellas r=0.08,0=0.5,T = 1 and x = 1.1. Hence, everything is fixed except 4 and
1. Reusing the formula of Example 1.4, we calculate that the general first-order error
formula can be rewritten as

al’ + bA +c +di™(1 +§")

Errs(h)(x) = . +0(n™"?),

where

a = —0.031544554932975475877, b =0.015054127355591099077,
c = 0.084196334462544764572, d=-0.73282116693588932807.

Choose yo=—d/4. Note that yo = Q(up) with yop=-0.5. Note also that m, =
0 is attained with 1y = 1.8896959961364908175. Letting u, = po — F"(Ag, 0), the
flexible scheme £™ with parameters Ao and w, satisfies Err.(h)(x) = O(n~*/?). The
convergence is illustrated in Figure 2.

1.4. Settings and notation We list some assumptions and notation used throughout
the rest of this paper.

Constants r, o, T, p and L. We study the convergence of options with payofts
h in 7(,(,3), where p >1 is some integer, when the geometric Brownian motion is
approximated by flexible binomial schemes {¢™}, which depend on parameters A

https://doi.org/10.1017/51446181113000254 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181113000254

254 G. Leduc [7]

l
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W

Ficure 1. The quantity 113/2(Err’} h(x) = Yr(h)(x)/n — A/?’(KI)/\’P’(‘ (x)/n) oscillates rapidly but remains
bounded.

hb

and yu,. We suppose that |u,| < L, for some L. Parameters 4, r, o, T, p and L are fixed
throughout this paper, and expressions in terms of these parameters are considered
constants.

Independence of € and £&™. We assume that & and £” are independent.
Time steps t,,. Given n, t,, denotes the mth time step; in other words, t,, = mT /n.

Discounted expectations & and &".  For every t, x > 0 and polynomially bounded
function h, we denote Eh(x) := e " E(h(&,)) and E/h(x) := e E,(h(£™)). Note that
& and &" simply denote the discounted expectation. They are semigroup operators:
Ensh=EEsh and &Y h=E'Eh. Because & and ¢™ are independent, & and &"

t+s

commute: E'Eh = E,E}h.

The error Err".  We define Err;(h)(x) := E:h(x) — Efh(x). Whenever possible, we
write Err} f(x) instead of Err}'(f)(x). Note that the operator Err” commutes with & and
&" and therefore with itself.

The identity function I and the symbols 6,({") and A](("). We denote by I the identity
operator: 1(z) := z for every z. Among other things, this allows us to define expressions
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Ficure 2. The value of the option as a function of n for both the optimal scheme and the classical CRR
scheme of Example 1.5. The horizontal line is the value of the option in the Black—Scholes model.

such as

(n)

Errf, fl g du)o) =T E f " gy du - f " gtuy du)

and, for any integer k > 0,

50 = &, (1= 1191 = e TE (€0, — 1),

AP = Erry (1= 151 = e T"Ey(Erjn — DF = (&7), - DY),
Note that A" = 0 because both ¢ and ¢ are risk neutral.

A function y, on K;,S). Given £ in 7(1(]3) and a partition 0 < Kj <.+ <Ky < 00 of
[0, co) such that i is C®® when restricted to the closed intervals defined by this partition,
X p 1s defined by

N 2 2
oW =101+ 57 37 S (K IARP KL (1.7)

=1 j=0 k=0
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1.5. Proof of Theorem 1.2 Using (1.2) to split the payoff function 4 into a sum of
call options and a continuously differentiable function g in K ,(,3), one obtains

Err(h)(x) = Z AR (K)AR(K, %) + Erri(g)(x),
=1

where A%(K, x) = Err.(max(I — K, 0))(x) is the error for a call option with strike K.
Because smooth functions are undoubtedly easier to deal with, we replace g by Er/,8,
which is the option itself evaluated over one single time step. This provides a new
smoothed payoff which is infinitely differentiable. This smoothing of g splits the error
Err} g into a sum of two terms: Err7.(g — &r/,8), the error coming from the payoff
smoothing procedure itself, and Err’. Er/,g, the error of the smoothed payoff. The
fact that the payoff smoothing error is negligible, that is, of order O(n=%/?), is what
Theorem 5.1 says. As for the smoothed payoff error, Theorem 3.1 says that

I & A
B (Erng)0) =~ > "f 6Tg(x)+0(n ), (1.8)

k=2

Using the representation formulae for the derivatives (0*/0x*)Erg(x) given in
Theorem 4.1, tedious arithmetic simplifications allow us to rewrite the above as

Err} (Er/ng)(x) = T1(g)(x) + O™ /).
Since g = h”, Tr(g)(x) = Tr(h)(x), which completes the proof.

1.6. Outline of the paper Theorem 1.2 establishes a formula for the error Err7.(1)(x)
when the continuous payoff function /4 belongs to 7(1(,3). In the proof of Theorem 1.2,
after h has been split into a sum of call options and a function g in C’ N K", finding
the formula for Erry.(h)(x) requires us to show that Erry.(g — Er/,€)(x) is negligible, and
to find an error formula for Err7.(E7/,¢)(x); more specifically, to establish (1.8). The
latter task is the subject of Theorem 3.1. We now sketch how various parts of this paper
fit together to establish (1.8). Let us point out that Theorem 3.1 comes naturally—and
in great generality—from a localization formula and an expansion formula of these
local errors, used in conjunction with our representation formulae. A local error refers
here to an error when the maturity is 7/n, and error localization refers to expressing
an error as a sum of (discounted expected) local errors and a sum of errors of local
errors.
Because of the localization formula (Theorem 2.1),

n—1 n—1
Bt} Erjug = ) Ery By, E,Erjg) = ) By, (B}, & Erng).
j=0 j=0

Thus, because Err”* and & commute, and because & is a semigroup,

Err} Erg = ZE " Er8 — ZErr” (Ert};, &,,9).

J=1 J=1
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To avoid technicalities, let us temporarily ignore the facts that local errors
Erry, €,8(x) depend on the payoff &, ¢ and on the initial value x of the underlying
asset, and that the O terms are not uniform in the payoff and the initial value of the
underlying asset. Then, as pointed out in Remark 2.3, we can rewrite our local error
expansion formula for Err’, n €1,8 as

1A
Err}), &,8 = Z kxk 8,}g+0(n_5/2)
k=2

from which we obtain the following error localization expansion formula for
Err} E7/u8:

1 Ak o 5 _
Erry Er/ng = ; ka 7618 — Z Z n s E ( I &, )+O(n 312),
= = =

But Lemma 6.3 shows that

o =Dy
n k [
ErrT_tj(I a k8,j ) ( 1)
and simple calculations therefore give, as required,

Akka

FaSre + 00" 312,

1
EI'IJ% 8T/ng = ;l

To complete the outline of this paper, let us mention that Section 2 gathers
the results about localization, Section 3 deals with the smoothed payoff error, and
Section 4 establishes our representation formulae for the derivatives of European
options. The fact that payoff smoothing errors are negligible is proved in Section 5.
Section 6 contains auxiliary results, including some simple properties (P1-PS of
Lemma 6.1) enjoyed by all flexible CRR schemes.

Remark 1.6 (On the O notation). In the rest of the paper, unless otherwise mentioned,
the O notation is uniform. By this we mean that if A, B and C >0 are real valued,
then the expression A = B + CO(n~') means that there exists a constant Q, which may
depend only on our parameters r, o, T, p and £, such that |A — B| < CQOn™!

2. Local errors and error localization

The localization of errors and the treatment of local errors play an important role in
this paper. The idea stems from a step-by-step approach corresponding to the steps in
the binomial tree approach. From a binary tree point of view, the equation

&) h(x) = h(xu(n))p(n) + h(xd(m)(1 - p(n))
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corresponds to calculating the discounted expectation in a single-time-step tree, while
85:')}1 does this with a j-time-step tree. Programming this binary tree approach

()

naturally leads to recursive calls to the operator & i

& h=&7)

" (&) =8 (&) (! 1)

/ T/n

and, more generally,

Jj+1 times
& h=80) &) (- (&) ). @1

This equation reveals the semigroup and commutation properties of E™,

(1) _omemy _ o) o)
SI.:'Hkh = 8: 8,:1 h= :Stk” 8;’ h,
which extend to
(1) _ (1)
8,]',' & h= 8;,(8,}’_’ h.

This semigroup property is equivalent to the fact that one can value an option in two
steps: if the expiry date of the option is 7', and #; is some intermediate time, one can
first value the option with a maturity of T —t;, which depends on the stock price,
and then considering it as an option with maturity ¢;, find its value at time 0. More
generally, one can first evaluate the option with a maturity of 7'/n, use this as the payoff
of another option with maturity 7'/n, and continue this way until the full maturity T
has been reached, just as in (2.1). In this binary tree recursive implementation, one
starts by calculating EY) . If the ultimate goal is to estimate Erh through Eh, it is

T/n
natural to keep track of the error resulting from this very first step:

8(")

0 b= Erjph — (Eryuh - EY)

) = Erjnh — Erry, h. (2.2)

Then comes the second call to EY :

T/n*

&y, h=ED) (E7) ) = EF) (Ermh — Erty, h) = E) Eryuh — EF) (Erth, h).

2T /n T/n\"T/n T/n
Note that
8(7{1/),18T/nh = 8T/n8T/nh - (ST/nST/nh - 8(7?/)”8T/nh) = 82T/nh - Err;l"/n 8T/nh-
Hence,
&y h=Exrpuh - EY) (Erty.,, h) — Err}, Eruh.

This procedure can be continued, resulting in

m—1
8§Z)h =&, h—- Z &’ (Err’}/n &, h). (2.3)

tn—tj+1
Jj=0
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It shows that if the local errors can be calculated with sufficient accuracy then the
global error can be accurately estimated from these local errors. Equation (2.3) is
equivalent to

Ert) h= Za, B E D). 2.4)

It says that when evaluating a European option with maturity #,, the error with
respect to the Black—Scholes model can be decomposed into the sum of the discounted
expected values, with respect to & " of the single step errors Err’;. /n €1;h. Replacing
the terms &} _, by &, inthe nght hand side of equation (2.4) results in additional
error terms: the compounded errors

—Err;: i1 (Err}, in &),
which follow from the trivial identity

8” il Stm

lm*tﬁrl

— Err}

i1 m—ljs1

This discussion should provide a solid intuitive background for the following error

localization formula.

Tueorem 2.1 (Error localization formula). Let n,m > 1 be integers and let h be a
polynomially bounded function. Then

m—1

B} b= &, 1, (Ert, Eh) - ZE 1 (B & ). (2.5)

j=0

Proor. First we prove (2.3) by induction. When m =1, (2.3) coincides with (2.2),
which is trivially true. Assuming that (2.3) has been established for m = k, we get

8(")

Tr+1

h=E"PEh - Za“”a” L (Errh &,h)

= 8"E,h - Z &, (Breh, & ).

Using (2.2) with h replaced by &, A,

k-1
h=&, h—Erty, Eh- > &
j=0

8(")

/381

(Erts, &, h).

Tk+1 t+l

This is rewritten as (2.3), yielding (2.4). Using
(ErrT/n &, h) — Err} bt (Err'}/n &h),

—lj+1

8ty Brrg), E 1) = €,

equation (2.5) follows from (2.4). O
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Local errors can be analysed in a great variety of ways, including a simple Taylor
expansion as in Lemma 2.2 below, where the summation ZkN:2 is understood to vanish
in the case N < 2.

Lemma 2.2 (Local error expansion formula). Forevery integer N >0, p > 1, x > 0 and
g e RN,

N Ak (k)
k=2
where, for every function y,
1, ! I- N
R W) (x) =~ Brr ';/n( ‘/’(X”;(T”) du)(l).

Proor. Recall that the Taylor expansion of g(y) around x is

) e
50 - g(x)—Zg o=t [ e e -0 du

Using the (discounted expected) Taylor expansions of g(xér/,) and g(xf(") ) around x
in

Err}, 8(x) = e E(g(xér/m) — 8(0) — (g(x&]),) — g(1))),
one gets (2.6) after a simple manipulation of the remainder. O

ReEMARK 2.3 (Order of the remainder R’;;V” ). If, for some constants @ > 0 and 8 > 1,

N e M () < a1 + 4P,

!
f w NI — )N du
1

f N — N du

then
N N+1 _(N+1) a
Ry g ) < < e

T/n
axﬁ
T N 7,

Jo

Jo
and, because of property PS5 in Lemma 6.1,

Ry (N gV D) @) = a1 + )00V DP2),
Now a glance at the error localization formula reveals that we are dealing with local

errors Err’, /n ©s8 where the payoff has the form &,g for some time step s. As pointed

out in Section 1.6, we are interested in the case s > 0, and g in C'V' N ‘7(1(,3). But in this
case, the European option derivative representation formulae (see Remark 4.3 below)
guarantee that

‘1 T £,5)| < IlglPWE) (1 + 27,

65
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and thus

Ri (1 ; +88) 0 = P (V)1 + 2730077

Because of Theorem 2.1, the error Err; g(x) can be decomposed into two
components which need to be analysed separately: the main term of the error,
denoted MErr;’ g(x), which is the sum over j=0,...,m—1 of the local errors
&y, (Brry, &,,8); and the compounded error term, denoted CErr} g(x), which is
the sum over j of these errors of local errors Err] _, " (Err}, /n &,8). In other words,

m—1

MErt], g(x) := > &, 1,,,(Err}, &,2)(x),
j=0
m—1

CEm}, g(x) := Y B} _, (B}, & g)(x).
j=0

Of course, we want to combine the error localization formula with the local error
expansion formula, obtaining the following result.

Prorosition 2.4 (Error localization expansion formula). Let 0<t, <T be the mth
time step, let M > 0 be an integer, and assume that g belongs to C*™ N 7(1(]M+1). Then,
for every integer N > 0 and every x > 0,

Err; g(x) = MErr; g(x) — CErr; g(x),

where

N

(n) k
o
MErr! g(x) = m Z Y 578 (W
k=2

T/n
A(n)

L O
i B! g0

+ mREN (V! o & ( 2.7
e S 8, 2.7)

m—1

CErr, g(x) = Z

Jj=1 k

-1 N Vel o+l
n, n +
+ Ry /n(Errtm_,M (I PR & g))(x)

1=

3

~.
11
—_

A(")

o
kk Errt,,, 1(Ika kg)(-x)

+

M:

k

||
LSS}

M+1

5, n 0
+ Ry (E ), ,(IM” ey g))(x)- 2.8)

Proor. Note that for every s > 0, ;g belongs to C™ N K for every integer N > 0.
The result is obtained by a simple combination of the error localization formula and
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the local error expansion formula, using the fact that for every pair of steps #, and #,,
every polynomially bounded function ¢ and every integer k > 0, the following hold:
* &, and Err, commute:

8[[ EI'I"%/” l,b = EI'IJ}/” 8[[111.

e By independence and Fubini’s theorem, Err;, and R’H\:’ also commute:

(R () = Ry (Brey ().

e Because of Lemma 6.3 below,

o O o

8 ( a kgtmw) 6 kattalm‘?l, I a k

RemMark 2.5. We use the error localization expansion formula with N = 4. The reason

for this is, in essence, that if g belongs to CY N K ,(,5) then each of the remainders (the

R terms) in formulae (2.7) and (2.8) are of order n=>/2, which makes them collectively
of order n~3/2, and thus negligible.

8[{+Im¢, O

3. The smoothed payoff error

As noted in Section 1.6, we are particularly interested in the error Err} Er/,8(x),
which decomposes into

EI‘I"% 8T/ng()c) = MEHJ; 8T/ng()c) - CEHJ;" 8T/ng(x)'

Now thanks to the European option derivative representation formulae, Theorem 4.1
below, for every integer k > 0,

ak
¥ = Erg(0)| < llglly (1 + x7)0(D).

Therefore, using property P3 of Lemma 6.1, A" =(1/n)A; +On~*?), and
Remark 2.3, one rewrites the main term of the error as

1 4
MEIT} Er,g(x) =~ 3 = W—arg(x) Il (1 + 27 )0n).
k=2

For the compounded error term, the error localization expansion formula gives (with

N=M=4)
n 4 A(n) a
CEr; Erng() = . > 2 Brrf, (I 8,6)(0)
= k=
- n,4 ITn a
¥ ZR (Err (P 55808)) - G.1)
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Now Lemma 6.5 below says that, for 0 <7; < T,

o 0
Erry ( o8 ) xp@G T om™H(A + 2, (3.2)

where y, is defined by (1.7). As for the case #; =T, this amounts only to
O(n‘3/2)||g||§)2)(1 +xP*2) in formula (3.1), due to Remark 2.3 and property P3 of
Lemma 6.1. Thus, substituting (3.2) in (3.1) gives

n—1

4 -2
CE} Erpng) = ), ) o )m W5 o1 + 2
=1 k=2

n—1

+ D @ 001 + X702
Jj=1
+[IgllP (1 + x")0n )
= xp@)(1 + X HOm™?).

We have proved the following result.

Tueorem 3.1. For every g e CV N 7(1(,3) and every x > 0,

Ert) Er/ug(x) = ~ Z 2 TREN W + X1+ 7 HOET. (3.3)
k 2

Theorem 3.1 is a key component of the proof of Theorem 1.2. As pointed out in
Section 1.5, our first-order error formula (1.4) is obtained from (3.3) by a trivial use of
the European option derivative representation formulae below. The European option
derivative representation formulae and the negligibility of the payoff smoothing error
are proven below.

4. European option derivative representation formulae

Let ¢(z) be the probability density function of a standard normal random variable
and let, as usual, ¢"(z) be its jth derivative. To shorten expressions, we denote
4s(2) = exp(\soz + (r — %a‘z)s), with which we can write

Eh(x) = e f I/ dz.

We show that the derivatives of Esh(x) can be expressed as linear combinations of
smooth functions € h(x) of the form

€V h(x) = f ) h(x¢,(2)¢P(2) dz.
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Not only do we need expressions for the derivatives of E:h(x), but it turns out that

we also need expressions for the derivatives of I¥(0/dx*)E,h, for integers k > 0. This
motivates the notation

o
EVh(x) := F 7SN, EXn(x) := X EP (),
and, more generally, for any function ¢ in C%,

p ) =y O ).

Now let i be any continuous function in KV and let s > 0. Integration by parts

gives
f (N (xL(2)¢(2) dz = \f L 6 (), 4.1)
and since 5 .
7 =" f LN (3,29 (2) dz,
we have P »
(E(j)h — (E(J‘H)h
o (x) = o (x).
Thus, for integers j, k >0, repeated differentiation gives, for some real numbers
(02 PN 0 778
k
(9 () (074 —1 4 (j+0)
T —(—) GO (x).
76 h() = ;xk 7o) &

Note that equation (4.1) says that, for j > 1,

€V h(x) = —sore™ f (X (x,(2)V ™V (2) dz.

In other words,

EVh(x) = —Vso €V VIR ) (x). 4.2)
Hence, if he CV N K@, then, for j> 2, relation (4.2) can be used a second time,
giving
€U0 = Vo€ ) (),
€V h(x) = (Vs (€U (x) + €2 (PR (x)). (4.3)
Noting that

Esh(x) = €Vh(x),

we have essentially obtained the following result, which can be used to obtain explicit
expressions for (0F/0x¥)E,h(x) and (8¢/ 6x€)8§k>h(x), for any k, £ > 0.
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THeorEM 4.1 (European option derivative representation formulae). For every contin-
uous function h in K and every pair of integers j, k>0, there exist real numbers

ay, ..., such that

k
GE(’)h(x a5 € Oh().

=1

When k > 1, there exist real numbers «y, . . . , ai—1 such that

k-

-1

L O
2 @h) = ) ars SO ().
0

Y
Il

When h € CV N K and k > 2, there exist real numbers «y, . . . , X2 and By, . . .

such that

k—

I\)

k-2
ce(”h(x arVs &P + Y BV € OUR ) ().
=0

S

-0
In particular, with h € CY N K@, the following formulae hold:
x28§2)h(x) — @&0)(12h//)(x)’
1
PED) = ~260 PN (x) ~ —= D)),
s

HEPh(x) = 6ED (I H ) (x) + \; EV(Ph")(x )+ — ®<2>(12h")( ).

(4.4)

Proor. Equations (4.4)—(4.6) follow from the short discussion at the beginning
of this section. In order to get expressions for the derivatives (010X Eh(x) =

(@ /0x)E P (h)(x), k = 2, 3, 4, one first calculates the actual values of @, j= 1, ...

’4’

such that (4.4) holds, and repeatedly uses (4.2) and (4.3). This is tedious but otherwise

trivial.

O

ReMark 4.2 (Expressing (‘Ei.f) in terms of &;). Let us first recall n; from (1.5) and note
that 1,({,(z)) = z and that ¢(z)/¢(z) is a polynomial in z. Expressions involving

& (I2h")(x) can also be written in terms of &, in the following manner:

o )
(E(é’) 12h// - rsf : Zh// g ¢ (ns(xgs(z)/x))
s ( )x)=e (X)) (xL (Z))—Qﬁ(m(x{s(z) )
O (ny(1/x))
=&, P
S T
PO ns(&4/x)) )

- —rsEX Zhu g
¢ (55 € &)

In the statement of Theorem 1.2, we use the last form of this equation.
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RemMark 4.3 (Boundedness of 8§k> g and x"(0"/ (9x”7)8§,k ) 2). With the European option
derivative representation formulae, functions of the form ‘(8¢ /8x")8§f_‘>g are easy to

deal with. If, for instance, k, £ >0 and k + £ > 2, and g € CV N K, then

P k+0-2 o k+0-2 o
125808 = ), aps ‘€PN + Y s € Ug )
X j=0 =0
for some real numbers a;, 8;, i =0, ...,k + € —2. The fact that such expressions are

polynomially bounded immediately follows from the fact that, given real numbers
a,b >0 and an integer j > 0, there exists a constant Q such that for every function
satisfying [y(x)| < a(1 + x*), and every x, s > 0,

IV )0 < Qa(l + x»).

5. The payoff smoothing error
Recall y,(h) from (1.7).

TueorEM 5.1. For every he CV' N 7(1(,3) and every x > 0,
Erry(h = Erpn(0)(x) = x,p()(1 + x"*H0(n ).
Proor. We get from the Taylor expansion theorem that
Erpnh(x) = e h(x) + x (X)E7 /(I — 1)
+ ST/n( fl I(xu)2h”(xu) a —2 u)

u

du)(l).

Hence, since from risk neutrality Er/,(I — 1) =1 — e T/" = O™,

h(x) = Erjnh(x) = (1 — &™) (h(x) — xh' (x))

~en( [ cxorn i S ),
and therefore
Ert} (h = Erjn(h)(x) = O(n™") Ert}p(h — IH)(x)
_ am( fl ' B2y & ;2”) du)(l).

Buth— Ik e COn 7(;?2, and I?h” € ‘Klglfz. Hence, from Proposition 6.4 below,

[Ert}.(h — Ih)(x)] < O™ )y (h)(1 + (x)7+),
[Errs (PR ) ()l < O™ )y, (h)(1 + (xu)?*).
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(1 + G’ w8
'f GaprH L= d' f(1+< L) )

and since, by property PS5 of Lemma 6.1 below,

) du) = 061 + 57,
u

Now

J
Enn f1 (1 + (™)

we obtain

I -—
ST/”(fl B (")) du (1) = O (1 -+ 2%, 0

6. Auxiliary results
We list basic properties satisfied by all flexible CRR Schemes. Here F' e and Fg,

denote the cumulative distribution functions of §(”) and &, with .f(”) &y. Proofs are
left to the reader.

Lemma 6.1 (Properties of {£™}). Every flexible CRR Scheme {£™) | satisfies the
following properties:
P1 (Berry—Esseen property). There exists a constant Q such that for every t €
(T/n)N, in the interval T/2 <t < T,

sup |Fon(2) = Fg(2) < On™'?
Z

P2 (Local estimate of the distance to 1). For integers k > 0,
o =&, (1 = 11(1) = 0™,

P3 (Local error of the difference from 1). For integers k =2, 3, 4, there exist A
such that

A" = Ertl, (- DY) = = +0m™?).
P4 (Local and global estimates for log and power functzons ). We have
&, (D)D) = 0™,
Furthermore, for every fixed real number vy,
Epy ) = Erpu) + O™
and (consequently)

5’%/n(lﬂ ~ 1) =0m™'1?),

.....

.....
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P5 (Remainder related local estimate). For any integer B and any integer N > 0,

!
f WP - w)N du
1

Remark 6.2. Properties P1-P5 remain valid if €™ is replaced by &.

8’},,1( )(1) =O(n N2y,

Recall the notation of Section 4. The following lemma is a practical and simple
result.

Lemma 6.3. Let k > 0 be an integer. For every h € C* YN K® s> 0and x>0,

k dk k dk
L E () :SS(I ﬁh)(x).

Proor. Since Esh(x) =e™" f_ D:o h(x(2))¢(z) dz, one writes

k 00
X (EmP ) = e L f h(x{(2))p(2) dz

dx* J_o

_ s f G PG @) dz

=" f (L@ RO (x(2))¢(2) dz
= E,(I* ™) (x). m|

The result below extends the Berry—Esseen property P1.
ProposiTioN 6.4. If ¢ € ‘KI(,D then

max_[Errj, ¢(x)| < (Ilsollﬁf) > IAt,DI)(l + xPHom™).

T/2<t,<T

Proor. If ¢ belongs to 7(,(,1) but is not continuous, then it can be decomposed into a
(finite) sum of piecewise constant functions and a continuous function ¢, in 7(1(,1). Note
that IIQD*IIS) < ||‘,D||§,]) + Y |A¢l. Since the convergence of option values occurs at a rate of
a least n~'/? when the payoff is piecewise constant, due to property P1, we can assume
without loss of generality that ¢ € C© N ‘Kl(,l). Recall that, due to the European option
derivative representation formulae, there exists a constant Q such that, for O<s<T

andk=2,...,5,

16X (@)(x)] < Qw(l + X,
s \/Ek_l

Let #,, be a time step in the interval [7/2, T]. Substituting the above estimate in
the error localization expansion formula (with M =0 and N =4) we get, invoking
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Remark 2.3 and property P3,

n2 1 ()
MEe, o) = m 37 902 1l

||90||
== LSRR
: Z

m

k=2

(] p+1)0(n75/2)

= llelll’ (1 + x"*Hom™).

Using additionally the fact that Err;, and RN commute, we similarly obtain

m—1

4 _ )
on=) llell, 1
CErr} ¢(x) = (1 + )
; kzz; ki
m—1 )
N lleoll, (1+x

70 ) + el (1 + xPHom ™)
Zj

= llell (1 + " Hom™).

Il
—

J

The result below is used in the proof of Theorem 3.1

LemMa 6.5. Let k > 2 be an integer and g € CV N 7(,(,3). Then

By, EPg) 0l < 228

Im

O(n™")(1 + x"*%)

m

for all time steps 0 < t,, < T and x > Q.

Proor. Note that, by Lemma 6.3, for every s, ¢ > 0

EEM g(x) = EREg(x) = EX g().

The error localization expansion formula (with M = N = 4) gives

4 A(”)
MErr}_, EMg(x) = m Z L X
=2

T/n T ll

il O
Y g) + mRy) (15—8<"> )(x)

® m—1 4 A(n) a <k>
¢
CEIT;"—Z," Sl‘m g(x) = Z 7 Err'}ftmil/ﬂ( fa i t]-Hm )(x)
Jj=0 (=2 '
m—1 65
k
* RT/V!(F‘I'IJ;w fm—l‘jﬂ(xs (9)(5 gj-?—tm ))()C) (61)
j=0

By the European option derivative representation formulae, there exists a constant Q
such that, for k, £ =2, . 5,

0 0
®) g
8 PRt

2
||g||< )

p+1)’
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Using Remark 2.3 and property P3, replacing this estimate in the above formulae one
obtains not only

max_[MErrh_, EMg(x)| = lIglP(1 + xP*H0m™),

0<ty,<
but also that the contribution in |CErr}._, . <k> &, 'g(x)| of those #; for which
T
E <tj+tn < T

amounts to ||g||§,2)(1 + xP*)O(n"). Hence, we are left to consider the t; for which
0<t;+1t, <T/2,in which case

|~

<T- [j+1<T.

For simplicity, let us write s:=s(jm,n)=t;+1t, and t:=1(jmn) =T -1, -
ti+1.  Recall that, by the European option derivative representation formulae,
x40/ E)x[)8<sk)g(x) is a linear combination of terms of the form s~/ 2@@(1 g")(x) and
sTIREV(12g")(x), with j€ {0, ..., k+ £ —2}. Now

¢V (1 )))(1)

(E(j) 12 ” & 12 ’” I
(P = &(x17g (e e T

so that ‘ ‘
Err (€Y (12¢"))(x) = €V (Brr! (I2g"))(x),

and (recall that T/2<t<T) our extension to the Berry—Esseen theorem,
Proposition 6.4, yields

[Ert? (g )(x)] = xp(2)O(n™/H)(1 + xP*3).

Since the same is true for the terms Cﬁgj)(l g")(x), it follows that
o’ —(k+l—
Enf;(zfﬁagbg)(x) =5 E (@0 + 1), 6.2)
X

Noticing that, with constant Q := 2(1 + T)*,

—(k+=2)
gD (1 + 272 <@Vs T xp(@)(1 + a7

forevery s,x>0and k,£=2,...,5, we can use the estimate (6.2) in (6.1) to obtain

n—-m—1

|CErr;._ 8<k> gx)| = Z
Jj=

4 -5/2 -3
Z( O(I’l ) + O(n ) p(g)(] " xp+3)‘
=2

mk% 2 \/tm—-i-l‘jk+3

From this one easily gets

omn™) 3
ICErty._, Eg(x)] = ———xp(e)(1 + x7). o
m m vt—
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