ON THE SOLUTION OF SOME AXISYMMETRIC
BOUNDARY VALUE PROBLEMS BY MEANS OF
INTEGRAL EQUATIONS

VII. THE ELECTROSTATIC POTENTIAL DUE TO A SPHERICAL
CAP SITUATED INSIDE A CIRCULAR CYLINDER

by W. D. COLLINS
(Received 6th August, 1961)

1. Introduction

This paper is a sequel to a previous paper (1) on axisymmetric potential
problems for one or more circular disks situated inside a coaxial cylinder
and applies the method used for these problems to the electrostatic potential
problem for a perfectly conducting thin spherical cap situated inside an earthed
coaxial infinitely long circular cylinder.

We first derive in § 2 integral representations for the potentials of rings
of point charges and dipoles and use these to construct representations for
the potentials of distributions of charges and dipoles on a spherical cap, these
results corresponding to those already given for a circular disk (1), (2). These
representations have been used to reduce potential problems for a spherical
cap to single applications of the known solution of Abel’s integral equation
(3), (4) and problems for two or more spherical caps to the solution of Abel
and Fredholm integral equations (5), (6). We make further use of one of these
representations in the electrostatic potential problem for a cap inside an
earthed coaxial cylinder to show in § 3 that this problem is governed by a
Fredholm equation of the second kind. In §4 we obtain an approximate
solution of this equation by iteration when the cap is maintained at a constant
potential, the radius of the cap being much less than the radius of the cylinder,
and give an expression for the capacity of the cap.

2. Representations of Potential Functions for a Spherical Cap
We first derive integral representations for the potentials of charge and
dipole distributions on a spherical cap. It has been shown (1), (2) that the

potential v,(w, z; p, {) at any point (w, ¢, z) due to a ring of charges of radius p
in the plane z = { has the representation

. _1f* dt
" 2 0,0 = nJ—p (=P +@—{+i?)Y T @

the total charge on the ring being unity. The origin O for cylindrical polar
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coordinates (@, ¢, z) is a point on the axis of the ring, this line being taken
as the z-axis. If (r, 8, ¢) are the spherical polar coordinates of the point
(w, ¢, z) and (a, ¥, ¢’) those of a point (p, ¢’, {) on the ring of charges, we
have

v,(rsin 6, r cos 8; asiny, a cosy) = vi(r, 0; a, ¥)
1 (e sin ¢ dt
== T PR —5 --(22)
T J asiny (% sin® Yy —1%)¥(r? sin? 0+ r cos 0 —a cos Y +if)?)*
We now suitably deform the contour of integration away from the real axis
into an arc of a circle of radius a and make the change of variable
ae”"=acosy—it, —Y=<n=y,
to obtain as an alternative expression for the potential of a ring of charges

oi(r, 0; a, Y) = & fw dr (2.3)

n)_y(2cosn—2cos !//)*(rze""+a2e"'"-2ar o8 0)*....
'

To obtain a representation for a ring of dipoles we consider a ring of
charges of total strength —g and radius ¢sin  in the plane z = g cos ¢ and
aring of total strength ¢ and radius (a+ da) sin Y in the plane z = (a+da) cos ¥,
the potentials of these rings being found from (2.3). On letting g—oc0 and
da—0 in such a way that gda—1 we obtain the potential vi(r, 0; a, Y) for a
ring of dipoles of radius a sin ¢ in the plane z = acos ¥ as

o, 0 a Iﬁ)=—1 v (r cos @ —ae”Mydn
nom n J_y (2 cos n—2 cos Y)*(r2e +a%e =" —2ar cos )

valid at all points other than those on the surface r = a(0<0<y), the total
strength of the ring being unity and the axes of the dipoles being directed
radially outwards from O. This expression we can write as

vy(r, 05 a, )
1 (¥ sec in ] [ cos iy

= ina —y (2cos n—2cos W)t an | (r2e"+a%e~""—2ar cos o)t

+ ZL log [r cos @—ae "+ (r*+a%e~*"—2are”" cos 6)*]] an,......... 2.4
a

where the logarithm has its principal value. The representations (2.3) and
(2.4) are the bricks from which we now construct representations for potentials
for a spherical cap.

We take the centre O and axis of the cap as origin and polar axis for spherical
polar coordinates (r, 8, ¢), so that the cap, radius ¢ and semi-angle «, is given by
r = a(0=£0=a). The potential at a point (r, 8, ¢) of a distribution of rings of
charges on the cap, the density of the distribution being o(i) per unit area at
the point (a, ¥, ¢'), is

Wr, 6) = : 2na? sin Yyo(Y)vi(r, 0; a, Y)dy,
0

o
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from which, by using (2.3) and interchanging the order of integration, we
obtain

v(r,0) =2 f glmdn @.5)

2 ), (r’e"+a%e~""—2ar cos O)Y
where g(n) is a real even function given by

a(y) sin ydyr
. (2 cos n—2 cos Y)*

Similarly, the potential at the point (r, 6, ¢) of a distribution of rings of
dipoles on the cap, the density of the distribution being () per unit area at

the point (a, ¥, ¢') and the axes of the dipoles being directed radially outwards
from the centre of the cap, is

g(n) = 4a

(n20).

V(r, 0) = f * 2na? sin Yr(W)oi(r, 0 a, W)dy.

Using (2.4), interchanging the order of integration and carrying out an integra-
tion by parts, we obtain

V(r, 6) = zi, f ) j(n)[ 2 cos 3n

(r*e"+a’e”"—2ar cos O)*

where j(n) is a real odd function given by
. d () sin Ydy
=2a —| sec >0).
Jm an [ in L @ cos n—2 cos Yyt (n>0)

This expression for V(r, 0) is valid at all points including those on the cap (3).
The stream-function corresponding to the potential (2.6) is

1 (e re? cos O —ae ¥
Y(r,0) =— j - -
(.0) 2i Jl,,lm) [(rze"’+a2e""’—2ar cos 0)*

r(ae™*" cos O —re*™)
a(r’e”+a*e”"—2ar cos 0)*

The square roots in these various expressions have positive real parts, so

that
(rle"+a’e~"—2ar cos O)* = pet’* for r=a,
=pe ¥ for r<a,........... (2.8)
with p=>0, 0<t<n for 0=Zn=<a,

—n<ts0 for —azgn<O.
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When r = a, we have
(r’e"+a’e~""—2ar cos 0)* = a(2 cos n—2 cos )% CEAEI
= tia2cos 6—2cosn)t (6<|n])
if r—a through values greater than q,
= Fia(2cos §—2cosmt (0<|n|)
if r—»a through values less than a, ..., 2.9

the upper signs holding for 0 <# <« and the lower for —a <y <0. The integral
(2.5) is interpreted as a Cauchy integral at the point (r = a, 8 = 0).

The potential at any point when the cap is maintained at a given axi-
symmetric potential is due to a distribution of charges induced on the cap,
and hence as is shown in a previous paper (3) we represent this potential by
(2.5), determining g(n) by one application of the known solution of Abel’s
integral equation. Similarly, for a flow of perfect fluid past the cap the potential
at any point is due to a distribution of doublets or dipoles induced on the
cap, the axes of the doublets being normal to the cap, and we represent this
potential (4) by (2.6) and the corresponding stream-function (3) by (2.7).

These representations can also be used to investigate potential problems
for a spherical cap situated inside a coaxial circular cylinder, and we now
illustrate this by considering the electrostatic problem for this configuration.

3. The Electrostatic Potential due to a Spherical Cap inside a Circular Cylinder

We consider a spherical cap maintained at a constant potential in an
external electrostatic field and situated inside an earthed coaxial infinitely
long hollow cylinder. We use spherical polar coordinates (r, 0, ¢) and
cylindrical polar coordinates (@, ¢, z) with the centre and axis of the cap as
origin and polar axis, so that the cap, radius ¢ and semi-angle «, is given by
r = a(0<0=<a) and the cylinder, radius ¢, by @ = ¢(—o0<z<o0). Since
the cap lies wholly within the cylinder, we have ¢>max(a sin 6) for 0L0=Za.
If V,(w, z) is the potential due to the external electrostatic field in infinite space,
the singularities of the field lying in the region 0w <c(— o0 <z< ) but
not on the surface r = a(0<0=a), the total potential V(w, z) due to the cap,
maintained at a constant potential ¥, in this field and situated inside the

earthed cylinder, is
V(w,z)=V(w, 2)+U(r, 0), ..ccvvvvneeinininenn. 3.1

where U(r, 0) is a potential satisfying the conditions

U(r, 6) = f(8) = Vy— Vi (asin 8, acos 8)
onthecapr = a(0<0=0),............ 3.2)

= j(z) = —V;(c, z) on the cylinder @ = ¢(—0<z< ). ............ (3.3)

Further, U(r, 0) is continuously differentiable at all interior points of the cylinder
except those on the cap, whilst U and 0U/dr are continuous for approach
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to the cap except that for points on the rim (r = a, 8 = «) of the cap dU/dr
tends to infinity as the inverse square root of the distance from the edge:
Finally, U(r, 0) is 0(| z | *) for large | z |.

This potential U(r, 0) is due to distributions of charges induced on the cap
and the cylinder, and hence we represent it as

uer, 9)=5‘-r )

2 J_,(r?eé"+a%e~"~2ar cos 9)*

+ r (hy(A) cos Az +h,(A) sin AZ)[g(Am)dA, ...... (3.4)
V]

where g(n), h,(2), and h,(d) are real continuous functions, g(n) being even,
and I,(Aw) is the modified Bessel function of the first kind of order zero (7,
p. 77). The first integral has the form (2.5) and is the potential of a distribution
of charges on the cap, whilst the second integral is a solution of Laplace’s
equation appropriate to the interior of the cylinder and is a representation of
the potential due to a distribution of charges on the cylinder. The potential
(3.4) can be shown to satisfy the conditions of the problem other than (3.2)
and (3.3) by the methods used in a previous paper (3) for the potential for
a cap in infinite space. We now use conditions (3.2) and (3.3) on the cap and"
the cylinder to derive a Fredholm equation governing the problem. :

We first consider the condition (3.2) satisfied by U(r, 6) on the cap
r =a(0<0=a). It can be shown (3) that the limit of the first integral in
(3.4) as the point (r, 8, ¢) approaches a point on the cap is the value of the
integral at that point, and hence from (2.8) and (2.9) we have that :

r g(mdn + r (hy(2) cos (Aa cos 0)+ h,(2) sin (Aa cos 6))
0

o (2 cos n—2 cos 6)*
xIg(Aasin O)dA =f(0) (0L0ZLq). ......... (3.5)

This we regard as an Abel integral equation for g(#), the first integral in (3.5)
reducing to the usual form of this equation after a change of variable, and
on solving it obtain g(n) in terms of 4,(4) and 4,(21). To do this we need to
express the second integral in (3.5) in the same form as the first.

Since Iy(Aw)cos Az and Iy(Aw)sin Az are symmetrical potentials which
have the finite values cos Az and sin Az on the axis @ = 0, we use Laplace’s
expression (8) for such potentials to obtain

I,(A@) exp (idz) = 1-[ exp [iA(z + iw cos y)]dy
n

0
_1 J“’ exp [iA(z+ ir)]dt
n)_o (@-1D)F
When z = acos § and @ = asin 8, we have
esin® exp [iA(a cos 8+ ir)]dt
—asine  (a%sin? -3

Io(Aa sin 6) exp (ida cos 0) = lj
7

E.M.S.—B

https://doi.org/10.1017/50013091500014449 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500014449

18 W. D. COLLINS

If we now suitably deform the contour of integration away from the real
axis into an arc of a circle of radius @ and make the change of variable

aem =acosB+it, —0=n<0,

we obtain

(2] . in
I,(Aa sin @) exp (ila cos 0) = 1 exp [iChn +dae )]d".
n)_s (2cosn—2cos )}

Taking the real and imaginary parts of this expression, we have

(/]
I4(%a sin 6) cos (La cos §) = 2 -[ M (n, A)dn
0

n J)o (2 cos n—2 cos 8)F
and
]
Io(da sin 0) sin (ia cos 6) = > Ma(n, Ndn__
7 Jo (2 cos n—2 cos 6)*
where

M ,(n, A) = cos 45 cos (Aa cos i) cosh (da sin )

+ sin 47 sin (4a cos n) sinh (Aa sin n)......... (3.6)
and

M ,(n, A) = cos 4n sin (Aa cos i) cosh (Aa sin 1)
—sin 4# cos (4a cos n) sinh (4a sin 7).......... 3.7

Using these results, we write the second integral in (3.5) in the same form
as the first and hence obtain

o F(mdn _ : 3
L Goos1—2 0070 =f(0) (0Z0=a), oooveeeeennnn. (3.8)

where

glm+ %Jw (hi(DM (1, )+ h(DM(n, D)dA = F(n) (0=n=9)....(3.9)
o

Equation (3.8) reduces to Abel’s integral equation after a change of variable,
and its solutton is found as

2.d (" f(6) sin 0d6
ndn Jo (2 cos 6—2 cos n)*

F(n) = O=Z); ceenennnn (3.10)

hence F(n) is known and further is even.
The condition (3.3) on the cylinder w = ¢(— 0 <z< 00) gives

f " (hy(A) cos Az + hy(2) sin Az)o(Ac)dA
’ a f © e Hg(n)dn

+2 .
2 J_, (P +(z—ae M)

On replacing z by —z in this equation we obtain a second equation for k,(1)

=j(z) (—ow<z<).......... (3.11)
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and h,(4) as
f (hy(2) cos Az —h,(2) sin Az)Iy(Ac)dA
]

af* _etgmdn . o
+2.[-,(C2+(z+ae‘in)2)§- j(=2) (mwo<z<o0).......... (3.12)

On adding and subtracting (3.11) and (3.12) we obtain equations determining
h,(A) and h,(1), these being

2 f hy(D)Io(Ac) cos Azd

0
e " -in 1 1 .
"2 f—a ¢ I:(Cz'*‘(Z-'ae_"")z)’k * (cz+(z+ae""l)2)4:| dn =2j.(2),
(—o<z<O)......... (3.13)
and

2 f * hy(D4(Ac) sin Jzdi

0
E * —~%in 1 _ 1 _ 2
" 2 J‘—a e et li(cz‘*'(z—ae—i")z)* (cz+(z+ae‘i'1)2)+] dn =2j_(2),
(—0<z<®)......... (3.14)
where

j:(@ = ¥j@) £ j(-2).
We now invert equations (3.13) and (3.14) to find 4,(2) and 4,(1) as

To(4c)hy(2) = J (D)

a - e} a . 1
S A sin :
2 zLe g(")[(c2+(z—ae-'")2)*
1
N dndz........ 3.15
* (c2+(z+ae'"’)2)*:l ez @19
and
Io(Ac)hy () = T _(%)
8T sinaz | et 1
=), " J_ae g(n)[(cz+(z—ae_i")2)*
1
- | anaz,........ 3.16
(c2+(z+ae-"')2)*:| G .16
where

J (D)= sz ji(2)cos Azdz, J_()= 2 Iw j-(2) sin Azdz.

TJo TJo

If in (3.15) we interchange the order of integration in the integral on the
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right-hand side and note that g(n) is even, we find we need to evaluate the
integral

Itn, 2) = w e~ *n etin
= f 0 [(c’+(z—ae"‘")2)* ¥ @ ra—adyy

e Fin etin
—— + -
+ (2 +(z+ae" ™MDt (P4 (z+aeM)?
By considering the integrals (7, p. 410)

:' cos Azdz.

2 © —in — 1
P L Ko(dc) cos [A(zE ae™")]dA = (2 +(zxae” ¥

where asinn| <c and Ky(Ac) is the modified Bessel function of the third
kind of order zero (7, p. 78), we can show that

I('h }') = 4K0()‘C)M1(17’ A’)’
where M,(n, ) is given by (3.6), provided a | sin n |<c. This last condition
is satisfied for all # since the cap lies wholly within the cylinder. Equation
(3.15) thus gives

Lo(A0)hy(A) = T, ) — ﬂ%—“—”’ f "GOME HE (0A<o0). ...(3.17T)
0
Similarly, from (3.16) we find that
To(A0)hy(A) = T_(3)— 2"—";@ f " GOMyE, NdE, (0Li<oo), ...(3.18)
4]

where M,(&, 2) is given by (3.7). ‘
We next substitute these expressions for #,(4) and 54,(4) in (3.9) to obtain

g~ }J K(& ng(OdE = GO), (OZNSA)evrrrrrrrnnnn, (3.19)
where _ °
K, n) = 4—“[ KoR) tar (2, M (1, A)+ Mi(E, DM (n, D1
d o I ol4c)
an

() = Fon)— % r [+ (DM, (1, ?(ZCJ{(DMZ("’ D 4. ..3.20)
0 0

Since G(n) is known, this is a Fredholm integral equation determining g(n).
We can however show that

where

k&, )

~ 24 r K1) [cos [Aa(cos &—cos 1)] cosh [Aa(sin &+sin n)] cos 3(E—1)
n Jo Io(AC)

+sin [Aa(cos &—cos n)] sinh [Aa(sin £ +sin 7)]sin $(£~ n)] di,...(3.21)
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so that we replace (3.19) by the equation

g(m)~ 71—rr k&, mg(D)dE = G(n), (—asnSa) ............ (3.22)

g(n) and G(n) being even functions, and take this as the integral equation
determining g(n). It may be noted that this equation has a symmetric kernel.
;Fhe functions A,(1) and h,(1) are then given in terms of g(n) by (3.17) and
3.18).

An exact solution of (3.22) is not known, and for general values of @ and ¢
it is necessary to solve it numerically. When the ratio a/c is sufficiently small
however, an iterative solution can be obtained as a convergent power series,
the first few terms of which provide a good approximation to g(). To obtain
this approximate solution we expand k(&, n) in powers of a/c to give

=2 |7 Ko L Ua e i
P

+exp [— —21— (& —11)] cos I:tﬂ (e~ e"”)]] du
(4

15 () ccos [ -l sin i+, 029

du

_(Qn+1) Jw u?Ko(u)
() Jo  Io(w)

_ 1 [*u’du
(n)? o I3w) ‘
The coefficients 8,, are tabulated by Smythe (9) for integer values of n from 0

to 41, the first three coefficients being
Bo = 1-3677, B, = 1-9407, B, = 2-5873.

4. The Cap Maintained at a Constant Potential
When the cap is maintained at a constant potential ¥, in the absence of an
external field, we have
f0) =V, j(2) =0,

J. () =J_(A)=0,
and from equations (3.10) and (3.20) we obtain

G(n) = F(n) = 2% cos 1.

so that

Thus the equation to be solved for g(n) is

g(n)—ﬂ“ ke o@dE = Lo cos 3y (~aSnS. o @.1)

—-a
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The capacity C of the cap is then given by

VoC = aJ‘ g cosindn. .oeiiiiiiiiiiiiin., 4.2)
0

Using (3.23) and writing ¢ = afc, we find the approximate solution of
(4.1) by iteration as

2,2
gm = Vo [cos in+ —-— ﬁ ° (a+sin a) cos In+ 4B of (a+sin &)? cos 4n
n n

3

+ %5 | By (%(3 sin 2o+ 2 sin 3a) cos 41— (2 sin a+sin 2«) cos 3x

) + (a+sin o) cos £ ) 862 —2 (x+sin a)® cos %11]
+ i;; (&’—3& ([(2 sin a+sin 2a)* ~ (o +sin a)(3 sin 2¢+2 sin 3a)] cos 3

) +2(a+sin «)(2 sin ¢+ sin 2) cos 3y —2(x+sin a)? cos %n)

+ ——[% (2‘0 (5 sin 4o+ 4 sin 5¢) cos 37 —3(4 sin 3o+ 3 sin 4) cos 3y

1688 . .
+ ;4—0 (o +sin a)* cos 3y
+(3 sin 2o+ 2 sin 3a) cos $7—2(2 sin ¢+ sin 2&) cos In + (x + sin &) cos %11>

+ 28 o ) 462 s 4 in 2

— 5(ct+sin a)(3 sin 2a+ 2 sin 3a)] cos 45
+ 2(a+ sin a)(2 sin o+ sin 2a) cos 31— 2(x + sin «)? cos %n>

5
+ 32€° (o+sin a)® cos %17:”+0(o-6).
n

The capacity of the cap is then found from (4.2) as

C _(a+sina)
a n

+ E—z (é% P(a)+ 8—'B§ (o +sin a)“)
n°\ 6 n

+ 2Bga (o+sin a)® + ﬂ° L0 (x+sin a)?
n

+ % (@tsina) (‘M P@+ 2980 (4 1 5in a)"')
T 3 14

+ 22 (f—; Q@)+ 2I§f 2 (a+sin a)*P(e) + %ﬁi“s- (a+sin a)6)+ 0(6%), ......(4.3)
4
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where
P(x) = (2 sin a+sin 20)> — %(o+ sin )(3 sin 20+ 2 sin 3a)
and
O(a) = ti5(a+sin a)(5 sin 4o+ 4 sin 5a)

—4(2 sin a+ sin 2a)(4 sin 3o+ 3 sin 4a)
+3(3 sin 2+ 2 sin 3a)2.
When o equals 7, the cap becomes a sphere and we have that

2 3 4 5
C_ 1+ %O‘-l- 4—%902+ 8%903+ 1—~6E° a*+ ———3250 64+ 0(c®)
a n n n n n
= 140-87076 +0:75816% +0-66016° +0-57476* 4+ 0-50045° + O(c®).

The problem of a sphere situated inside a circular cylinder has previously
been investigated by Smythe (9) and Knight (10) using other methods.

When o tends to zero and a tends to infinity in such a way that ax tends
to a finite limit b, the cap becomes a disk of radius 4. The limit of (4.3) then
gives the expression for the capacity of a disk situated inside a cylinder obtained
previously (1).

Finally, the problems of the flow of perfect fluid past a spherical cap in a
cylinder and of the slow steady rotation of a cap in a cylinder containing
viscous fluid can be investigated using the method of this paper and the
representations (2.6) and (2.7).
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