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Abstract. We compute explicitly the isomorphic structure of the normalized
unit group of an abelian group ring under some minimal natural restrictions on the
group basis and the coefficient ring. This enlarges affirmations due to Chatzidakis-
Pappas (J. London Math. Soc., 1991) and Mollov (Publ. Math. Debrecen, 1971).
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Introduction. Let K be an algebraically closed field of characteristic p (K=K,
the algebraic closure of K), let F be an arbitrary field of characteristic p and let G be
an abelian group written multiplicatively. In this paper we completely describe the
unit group UF[G] of the group ring F[G] when G is a splitting sum of countable
groups (in particular is a direct sum of cyclics). Our facts extend these established by
Chatzidakis-Pappas in [1]. Further we provide the isomorphism type of UK[G] in
the case that G is p-splitting. Our results generalize those obtained by Mollov [26,
27, 25] for G torsion.

The present work is written in the sense of [1], but the technique used is (almost)
algebraic. Its organization is as follows. In §1, we set up notation, terminology and
some known results stated by us in [2-11]. In §2, we study the normed unit groups in
abelian group rings. Here we state and prove our main theorems. We conclude in §3
with some questions left open and problems in the investigated theme.

1. Notation, conventions and previous results. Throughout E denotes an arbitrary
field. We shall denote by F an arbitrary field of char(F)=p, by K an algebraically
closed field of char(K)=p (K=K, the algebraic cover of K), and by R an abelian
ring with 1 of char(R)=p. For G a commutative group and p a prime integer, G,
denotes the p-component of the torsion subgroup G, of G. As usual, R[G] is the
group ring with a group of normed invertible elements VR[G].

For n a natural number, {, will designate a primitive n-th root of unity. We let pn
denote the group of all primitive n-th roots of unity for n prime to char(F)=p, and
14 the g-component of p. We let F* =F\{0} designate the multiplicative group of F
and more generally, we let UR be the multiplicative group of units of a ring R. For
H a subgroup of G we define I(R[G]; H) as the relative augmentation ideal of R[G]
with respect to H, generated by elements 1-h, when h varies in H. We define the set
1 +I(R[G]; H)=V(R[G]; H).

Following the standard terminology, we say that G is X-cyclic (respectively -
countable) if G is a direct sum of cyclic groups (a direct sum of countable groups,
respectively). All other notations and terminology are in agreement with [12, 14, 15].
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The next results are well documented [2-11], but for the convenience of the
reader and for the sake of completeness we shall prove some of them, using a slightly
different technique. The following are valid.

THEOREM 1.1 [3-8]. Suppose that G is p-primary Z-cyclic. Then G is a direct
factor of VR[G] with a X-cyclic complement. Thus VR[G] is X-cyclic. If Gy is %-
cyclic and R has a trivial nilradical, then Gy, is a direct factor of SR[G] with a X-cyclic
complementary factor. Thus SR[G] is Z-cyclic.

THEOREM 1.2 [24, 3, 6]. Suppose that Gy is p-torsion X-cyclic. Then G is a direct
factor of VF[G] with a Z-cyclic complement. Thus if G is X-cyclic, then VF[G] is Z-
cyclic and conversely.

THEOREM 1.3 [5]. Suppose that Gy, has a countable limit length and F is perfect.
Then SF[G] is X-countable if and only if G, is Z-countable. Moreover, if G, is
X-countable, then Gy is a direct factor of SF|G] with a X-countable complement. If
G =Gy, then VF[G] is Z-countable if and only if G is X-countable. Moreover, if G,
is p-torsion X-countable, then G is a direct factor of VF[G] with a X-countable
complementary factor.

REMARK. Other facts in this direction of some interest and importance, the
reader can find in our previous articles [7, 9, 10, 11].

2. Descriptions of VF|G] and VK|G]. Some of the central theorems of this
investigation were announced in [4]. We start this section with two simple observa-
tions. First, it is well known that UR[G]= VR[G]x UR and so the study of UR[G] is
reduced to that of VR[G]. Moreover, U,R[G]=V ,R[G]xU,R, and the study of
U,R[G] reduces to that of V,R[G]. If R has a zero nilradical, then U,R=1 and
U,R[G]= V,R[G].

Next, we shall prove Theorems 1.1. and 1.2 in a more compact form.

THEOREM 2.1. (1) VR[G] is X-cyclic if and only if G is Z-cyclic, provided that G is
p-primary. If G is X-cyclic p-primary, then G is a direct factor of VR[G].

(i) SR[G] is Z-cyclic if and only if G, is X-cyclic, provided that R is without
nilpotents. If G, is X-cyclic, then Gy, is a direct factor of SR[G]. Moreover, if Gy
is p-torsion X-cyclic, then G is a direct factor of VF[G] with a X-cyclic comple-
ment. Thus VF[G] is Z-cyclic if and only if G is Z-cyclic, assuming that Gy is p-
primary.

Proof. We have proved in [6], more generally, that if H is a X-cyclic p-group and
if it is pure in G, then H is a direct factor of the p-group V(R[G]; H), where the last
group is X-cyclic too. This is equivalent to V(R[G]; H)/H being Z-cyclic [12, p. 143,
Theorem 28.2].

Let now, H=G. Consequently V(R[G]; G)=VR[G]. Moreover if H=G, and
the nilradical of R is zero, then V(R[G]; G,) =SR[G]. (See [3, 5].) That is why (i) and
the first half of (ii) hold.

Suppose that G =G, Therefore VF[G]/SF[G] = VF[G/G,]=G/G,, by virtue
of the classical result of G. Higman (cf. [14]). Then VF[G]=GSF[G], where
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G N SF[G] =G, and besides VF[G]/G 2 SF[G]/G,,. From the above claim part (ii)
follows.

REMARK. T. Mollov [25] has proved the first statement of (i), but the claim
about the direct factor was not discussed.

Moreover, W. May [22] proved that if G is a X-countable p-group and R is
perfect, then G is a direct factor of VR[G] with a X-countable complement. Thus
VR[G] is X-countable. If G has countable length and VR[G] is a X-countable group,
then G is X-countable for R arbitrary (i.e. it need not be perfect). In this light, May
in [23] showed that the simply presented p-group G is a direct factor of VF[G] with a
simply presented complement provided that F is perfect. Moreover in [24] he proved
the assertions about the direct factor (ii), for R a field and G,=G, (his idea and
technique are differ from ours). Important facts which enlarge the above mentioned
affirmations are established by us in [10, 11].

Next, we generalize in some aspect the theorems above. (See [11], too.)

CrLAIM 2.1. Assume that F is perfect and G is p-splitting. Then SF[G] is simply
presented (in particular %-countable) if and only if Gy, is.

Proof. Write G=GpxM. Then clearly SF[G,] is a direct factor of SF[G] and
hence SF[G] simply presented yields the same for SF[G,]; i.e. G, is simply presented
23, 14].

Now we treat the more difficult converse question. Select a smooth ascending
chain 1=NgC...C N, C... (x<p) of nice subgroups of G1[,=UOKu N, (and
hence of G) such that [Ny /N,| < 89 whenever o+ 1 < p. But SF[G]= V(F[G]; G,)
by [3,5] and therefore there is a smooth ascending sequence

1 =V(F[G]; No)<... S V(F[G]; Ny C<... ()

of nice subgroups of SF[G] (see [23]) with SF[G]= ch<u V(F[G]; N,). Adapting the
technique described on page 407 of [23], we may obtain a nice composition series for
SF[G] that verifies that SF[G] is simply presented. But length SF[G] =lengthG,, (<
for the X-countable case [12]), which finishes the proof in general.

The following two formulae are necessary for our presentation and are given in
a slightly different form from the original.

THEOREM (Chatzidakis-Pappas [1]). Let E be a field and let G be an abelian group
with no element of order char(E).

If G is infinite torsion, then UET[G] =2 X g E™". (1

If G splits and Gy is infinite, then UE[G] =2 UE[G{] X (X‘Gt‘G/Gt). 2)

In their paper [1], Chatzidakis and Pappas completely describe UE[G] when G is
torsion X-countable without elements of order char(E). They have demonstrated
that UE[G] is isomorphic to a direct sum of multiplicative groups of cyclotomic
extensions of E and computed explicitly their exponents. In particular, when G is an
infinite torsion X-cyclic group, the following is valid.
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UE[G] = H:io Xy, E(¢a)*, where 13 = |{g € G|order(g) = d}|/(E(za) : E). (3)

However, it is well known and documented that if G is finite, then (see [37] or

(11)
~ *
Gl =[], X1 EG)" )
Further we shall establish some supplements and expansions of the last theo-
rem. For this we first need a few preliminaries.

LemMA 2.1. Suppose that 1 e L <R, B <G, X <G. Then

V(R[G]; B) N V(L[X]; X) = V(L[X]; X N B). (%)

Proof. Given y in the left-hand side, we have y = >~ __fxx and

xeX

0 g<7'!
erng" = { | ge , for each g € G,

where fx € L. Choose arbitrary a € X. Furthermore aB N X = a(B N X) and more-
over we get

0 a¢gBNX
eraBﬁX fx = era(BﬂX) fx = {1 aeBnNX’

Finally, y € V(L[X]; X N B), as required.
Now we are in a position to formulate and prove the following two results.

LEMMA 2.2. If G = Gp x M, then

VR[G] = VRM] x V(R[G]; Gy), (5)
VF[G] = VF[M] x SF[G], (6)
UF[G] = UF[M] x SF[G]. 7

Proof. Because R[G]=R[M][G,], for each x € VR[G] we have x = ZdGG X,a,
where Xa€R[M]. Set x~ =2 aeG, Xa- Consequently X=X+ g, Xa @—1).
Apparently xP' =xP" for any natural k. But x* ¢ VRI[G] and so X~ e VR[G].
Hence x~ € VR[G]N R[M] = VR[M]. Writing v=1+x" D ZaeG\ Xa.(a — 1),
we ecasily deduce that x=x"v, where ve V(R[G];G). It is clear that,
VR[G] € VR[M]. V(R[G]; G,). Certainly by an application of Lemma 2.1,
VRIM] N V(R[G]; Gp) € V(R[M] M N Gy) = 1, which completes the proof of (5).

The other two equalities hold by the formulae SF[G] = ( [G]; G ) (cf. [5]) and
UF[G] = VF[G] x F*.
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The next result is important. Its proof is obvious and we omit the details.
LEMMA 2.3. Suppose R; are commutative rings with identities 1 =1, ...,]). Then
(®iR)[G] = &iR{[G].

Now we can state our main result.

THEOREM 2.2. (a) Let E be a field and let G be an abelian group without elements

of order char(E).
UE[G] = (X 6,G/Gy) x (X G E™). (8)
UE[G] 2 (X 6,G/Gy) x (X 64Q/Z) x (X 16 X & 1Q), ©)
if char(E) = 0.
UE™[G] 2 (X6/G/Gt) x (X 6 X a£Z(q™)) x (X 64 X 1Q), (10)

if char(E) = p # 0, where n =0 orm = |E™|.
(b) Suppose that G is p-splitting.

UK[G] = (x |Gt/Gp|G/Gt) x (x |Gt/Gp|K*) x SK[G]. (11)
UK[G] = (X IG[/GplG/GI) x (X GG Xq¢pz(qo<>)) .
X (X G/Gy| XnQ> x SK[G], where n =0 or n = |K].
(c) Assume Gy is finite and E is a field. If char(E) = 0, then we have
UE[G] = (X ,G/Gy) x (]‘[ o deE(;“d)*), 1= ol (13)
and if char(E) = p > 0, then we have
UE[G] = (X 3G/Gy) x <]_[ 1GyG| deE(gd)*) x SE[G], (14)

= Zd/|G[/Gp|md’

where g = |{g € G(|order(g) = d}|/(E(¢a) - E); 4G la-(E(%a) : E) = |G|,  and
my = |{g € Gi/Gy|order(e) = d}I/(EC) : EX Y/, MaEGa) : B) = |Gi/Gy.
Moreover, SE[G] is bounded and the Ulm-Kaplansky functions [28] serve to classify
SE[G].

(d) Suppose that G splits and E is a field. If char(E) = 0, then

UE[G] = UE[G{] x (X ,G/Gy), (15)

where o= |Gy >Ry or o= ZMG" la when |G¢ <8y, where lg= |{g e G|
order(g) = d}|/(E(&q) : E), and if char(E) = p > 0 then we have

https://doi.org/10.1017/S0017089501030166 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089501030166

370 PETER DANCHEV
UE[G] 2 UE[G\/G,] x (X G/Gy) x SE[G], (16)

where B =|G/Gp| =8 or PB= Zd/ﬁGl/Gp|md when  |Gy/Gyp| < No;  here
my = |{g € Gi/Gylorder(g) = d}|/(E(¢a)
(e) Let G be splitting such that G/G, is Z-cyclic.

UFIG] = (X|6,6,) G/Gr) x (T Toy XmuF(@)*) x SFIGL  |Gi/Gy| = .
17

UF[G] = (X,G/G) <H/|G/G|anF(§n))xSF[G], 1Gi/Gy| < R,

(18)

where y = 3=, /16,/G,|Ma and my, = l{g € Gi/Gp|order(g) = n}|/(E(¢y) - B). If Gy is
Y-cyclic, then SF [G] is X-cyclic and thus the Ulm-Kaplansky cardinal invariants [28]
serve to classify SF[G].

(f) Let G be splitting so that G/Gy, is X-countable. Besides let Dy be the max-
imal divisible subgroup of Gq and D = X 4, Dq, where q is a prime. Let P be the set
of all primes q # p. For every finite T C P and every integer n relatively prime to the
members of T (following Chatzidakis and Pappas), we define a cardinal number
m(T, n) as follows.

e m(y,)=1;

o GI'~1, m({q}, 1) = |Gq|; otherwise m({q}, 1) = 0;

o m(T, 1) = [T, erm({a}, 1);

e m(T,n) = m(T, 1)a,, where o (F(£,):F) = |{a€ (X g2 Gq)/Dla has ordern}|.

The following properties hold.

UFIG1= (X 6,6,/G/Gt) % ([ Ty, XmrnF(én 1)) x SFIGL (19)

where |Gi/Gp| = R, or
UF[G] = (X,G/Gy) x (nn/|Gl/c’p| anF(gn)*> x SF[G], (20)

where |G[/Gp| < Ro. Moreover if Gy, is X-countable and F is perfect, then SF [G] is Z-
countable and thus the Ulm-Kaplansky cardinal functions [28] serve to classify SF[G].

Proof. (a) We shall distinguish two basic cases.
Case 1—G splitting. 1If |G| > R, then the isomorphism holds by application of
(1) and (2). Now, assume that |G{ <®y. Hence E7[G{]=~®E", and
E7[G] = ET[G(][G/Gy]. Consequently, by Lemma 2.3, E7[G] = @5, E"[G/G] and
immediately we deduce that UET[G] = X UET[G/G{] = X g |(G/G x ET")
according to the classical Higman’s result (cf. [14]), completing the proof in this case.
Case 2—G arbitrary. Select H = Gy x G/G;. By [19], ET[H] = E7[G], whence
E"[H] = UET[G]. From Case 1 it follows that UE [H]= (X5 G/G,)x
(X6, E~*), and so we are done.
It is not difficult to see that E~* is divisible. From the monograph [12, p. 369,
Theorem 127.3] (see also the first book of [12]) it follows that E™* =2 Q/Z x X g-|Q
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for char(E) =0, and E™" = X 44,Z(q*) x X Q for char(E) = p # 0, where q is a
prime, n is a cardinal (n =0 if E is an algebraic extension of finite field<=E~* is
torsion; or | = |E™| otherwise) and Q is an additive group of rationals. That is why for
the above condition on G, the dependences (9) and (10) are true. Thus (a) is proved.

(b) Since G p-splits, G = G, x G/G,. Thus, by (7), UK[G] = UK[G/G,]x
SK[G]. Finally we need only apply the formulas (8) and (10). This completes the
proof of (b).

(c) The torsion part Gy is finite and hence bounded. However it is pure in G and
therefore G splits; i.e. G =2 G¢ x G/Gy (see [12, p. 140, Theorem 27.5] (L. Kulikov).
Thus E[G] = E[G{][G/G¢]. We shall assume that char(E) does not divide |G¢| (so
that char(E) =0 or char(E) = p#0 when G, =1). That is why employing the classical
Maschke’s criterion, E[G,] is a semisimple group algebra [13], and moreover
it is Artinian. Hence, by [37,13], we have E[G;]= Zd/|G @ la E(¢a) and
Zd/IG[I l4.(E(Zq) : E) = |G¢|, where 14 are calculated as above.

Furthermore E[G] = Zd/lG | @ la E(Ca)[G/Gy], using Lemma 2.3.

Apparently  UE[G] 2 [[46, X1, UECDIG/Gd] = [ 1416, X1, [G/Gi x E(zq4)*],
by making use of the classical Higman’s result. Fmally UE[G] =

X . G/G | x (Hd/|G | X E({d)*), which finishes the proof in this case.
Zd/m\ d !

Let us now assume that char(E) =p and G,#1 (if G, =1, the proof is analogous
to the above). We may write G=G,xM and hence utilizing Lemma 2.2,
UE[G]=UE[M]xSE[G]. By the preceding scheme we deduce that

UE[M ( Zd/|M lmd t) X(l_[d/IMdX my E(gd)*),

where
mq = |{g € My|g has order d}|/(E(%) : E).

But M/M; = G/G; and M; = G{/G,, since MxG,=G,, which gives the result
immediately. Finally G, € Gy is bounded, therefore it is not difficult to verify that
SE[G] is also, by [5]. That is why the Ulm-Kaplansky cardinal functions of SE[G]
calculated in [28, 35, 36], completely characterize this group. The proof of (c) is
complete.

(d) Trivially by virtue of [36], if G, is finite and char(E) does not divide the car-
dinality |G¢|, then UE[G{] = l_[d/lG‘\ X1, E(¢q)*, assuming that char(E)=0 or
char(E)=p > 0 along with G, =1 (see also (13)). In view of (13) and (14) we conclude

that UE[G] = (XZ ldG/Gt>><UE[Gt]. If G, is infinite, then the above listed
d/‘(it|

formula (2) from the theorem due to Chatzidakis-Pappas yields (15) in this case.
Now, assume char(E) =p#0 and G,#1. Write G=G,xM. From Lemma 2.2 it
follows at once that UE[G]= UE[M]xSE[G]. As above,

UE[M] 2 (X M/M,) x UE[M] 2 (X 3G/G,) xUE[G/G,],

because M/M; = G/G; and M2 G/G,,. This completes the proof of (d).

(e) For G{/G,, finite, the assertion follows by combining (16) and (12). Let us
assume that G/G, is infinite. Evidently in this situation, (16) and (11) are applicable.
Moreover since G, is X-cyclic then, by means of Theorem 2.1(ii) so is SF[G].
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Therefore the Ulm-Kaplansky invariants computed in [28,35,36] serve the iso-
morphism type of SF[G]. This proves (e).

(f) The first part follows according to (16), (18) and the discussion on
the Chatzidakis-Pappas theorem [1, Theorem 3.6]. The second part is a consequence
of Claim 2.1 together with [28,35,36] and [12]. This completes the proof of (f).

REMARK. We now use an example of a group constructed by May [21] to give an
assertion pertaining to isomorphism of group algebras over all fields and to the
construction of unit groups of such group algebras. Let G be the abelian group
generated by elements a,, by, g9, and gp; (p prime, i>1, j>2) with relations given in
[21]. There it is shown that G is countable and there is no splitting of torsion-free
rank one such that E[G]=E[G;xG/Gy], for every field E, so UE[G]=UE[GxG/G].
By what we have proved above in Theorem 2.2, the group UF[GxG/G,] is com-
pletely determined and so the structure of UF[G] is obviously described.

REMARK. When G is arbitrary X-countable (in particular X-cyclic), the for-
mulas (19) and (20) (in particular (17) and (18)) guarantee that the group UF[G] is
completely determined up to an isomorphism.

Other significant facts in this area, the reader can see in [16-18; 20].
We conclude this article with some problems of interest and importance that
immediately arise.

3. Open questions and conjectures. What is the structure of UK[G] when G is
arbitrary (though is not, however, p-splitting)? Probably a formula similar to (11)
will be valid. Moreover, what is the simulation for the more general UF[G]? The
particular situation when G/G,, is from a class of groups larger than the class of all
Y-countable groups is also of major interest.

Complying with the structural formulas for U[KG] and UF[G] listed above, new
criteria and computations generalizing those in [29—34] for these groups to belong to
some central classes of abelian groups, may be obtained. Nevertheless, this is a
problem where some other approach might work.
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