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In this article, we calculate the Birkhoff spectrum in terms of the Hausdorff
dimension of level sets for Birkhoff averages of continuous potentials for a certain
family of diagonally affine iterated function systems. Also, we study
Besicovitch-Eggleston sets for finite generalized Liiroth series number systems with
redundancy. The redundancy refers to the fact that each number z € [0, 1] has
uncountably many expansions in the system. We determine the Hausdorff dimension
of digit frequency sets for such expansions along fibres.
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1. Introduction

An iterated function system (IFS) is a finite collection of contracting maps on a
complete metric space. In this article, we consider IFSs {A, + vy }yey with U a
finite set that are given by a collection (A, )uey € GL2(R)#Y of matrices of the
form

, with 0 < |byl,]cu] <1, uel, (1.1)
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and a collection (v, )yecy of vectors of the form

o | B
B

eR? wuel.

The unique non-empty compact subset A C [0, 1]? that satisfies

A=Ay + o)), (1.2)

ueU

which exists by Hutchinson’s theorem [33], is called the attractor or self-affine set
of the diagonally affine IFS {4, + vy fueus-

We are interested in multifractal properties of certain types of self-affine sets. Let
o : UN — U denote the left shift, so o(£,)n>1 = (§nt1)n>1. For any continuous
potential ® : 4N — R d > 1, and for a given vector o = (ay,...,aq) € R, the
symbolic level set is given by

Es(a) = {f cuM : nh_{xgo % i@(a’(f)) = a}. (1.3)

=0

For £ e UN and n > 1, let Agl, = Agy -+ Ag, | and define 7 : UN — A by

(&) = Ag,  Ven- (1.4)

n>1

The a-level set for @ on A is the set m(Eg(ax)). There are various known results on
the size of level sets, both in terms of Hausdorff dimension and topological entropy
(in the sense of [17]), see for instance [7, 10-12, 25, 27, 36, 43, 45, 52]. Multifractal
results for self-affine sets in terms of Lyapunov dimensions were obtained in [2] for
collections of matrices (Ay)yeys under certain strong-irreducibility and proximality
conditions. One can find more information about the multifractal formalism in [8,
21, 44]. Here, we consider the Hausdorff dimension of level sets for self-affine sets.

Let F = {fu : R = R}, be an IFS of real-valued affine maps of the form
fuly) = dyy + by, so |dy| < 1 for each u € U. For a sequence u = uy -+ u, € U",
n > 1, we write

fu(y) = fu1 O"'Ofun(y) = dyy + Ou-

We say that F has ezact overlaps if there are u,u’ € U™ for some n > 1 such that
fu = fu- For u,u’ € U™, we define the distance

|5u - 5u/‘, if du = du/;
o0, otherwise.

diSt(fu, fu/) = {

In his breakthrough result, Hochman [29] introduced the exponential separation
condition (ESC) to calculate the dimension of self-similar measures. We say that F
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satisfies the ESC if there exists a constant ¢ > 0 and infinitely many integers n > 1
such that for all u,u’ € U™,

dist(fu, four) = "

We say that a diagonally affine IFS {A, + v, }uecy satisfies the strong open set
condition (SOSC) if there is an open set V' C R? such that all the sets (A, +v,)(V)
are pairwise disjoint, (J,, ¢y, (Au+v.)(V) €V and ANV # 0, where A is as in (1.2).

Our first result is for the following class of diagonally affine IFSs. Let D be the
collection of all IFSs {A,, + vy }ueye with matrices as in (1.1) that satisfy the SOSC
together with either (D) or (D):

(D) |byl| > |y for all u € U and
(a) the IFS obtained from projecting to the first coordinate G; :=
{91.u(y) = buy + Bu}ucu satisfies the ESC, or,
(b) b, is algebraic for all u € U and the IFS obtained from projecting to the
first coordinate Gy := {g1,4(y) = buy + Bu}ueu has no exact overlaps;
(D) |by| < |cy for all u € U and
(a) the IFS obtained from projecting to the second coordinate Go :=
{92,u(y) = cu¥ + Yu Juecu satisfies the ESC, or,
(b) ¢, is algebraic for all u € U and the IFS obtained from projecting to
the second coordinate Go := {g2..(y) = cu¥ + Vutueu has no exact
overlaps.

An IFS satisfying condition (D')(a) is shown in figure 1(a).
Let MUY, o) denote the set of all g-invariant Borel probability measures on U~
and let

n—1
1 .
Le := {a e R? : 3¢ € UNwith li_>m — E O(c'€) = a}
n—,oo n
=0 (1.5)
= {a eR? : Fpu e MUY, o)with /

ddu =
uN : a}

be the collection of all vectors a for which the corresponding level set is non-
empty, known as the spectrum of ®. We use IO@ to denote the interior of Lg. For
any u € MUY, o), let dimp, (1) denote the Lyapunov dimension of y. Let P denote
the topological pressure. Our first result is as follows.

THEOREM 1.1 Let {Ay + vy}, € D andlet @ : UN = R, d > 1, be a continuous
potential. Then for each o € [D@,

dimyg (7(Fs(a))) = sup { dimg, () : p € MUY, 0)and /N ddy = a}
u
= sup{s >0: inf P(loge®+(¢,® —a)) > 0}.
qerd

The second family of IFS sets that we consider in this article is motivated by
a specific type of representations of real numbers called generalized Liiroth series
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(a) Example of an IFS satisfy- (b) Example of a GLS IFS
ing (D’)(a)

Figure 1. Two examples of IFSs. The coloured rectangles indicate the images of the unit
square under the maps in the IFS.

(GLS) expansions as described in [13]. As the name suggests, GLS expansions are
generalizations of Liroth expansions, which were introduced in 1883 by Liiroth [42]
and for = € [0, 1] have the form

= ) eN,n>1.
T = ZHZ 1aZ a; + 1) i "

n=1
Liiroth expanbionb can be obtained from the IFS {i : [0,1] — [0,1]}ren where
lg(x) = k(k+1) see e.g. [31]. If for x € [0, 1], there is a sequence (a,,),>1 € N such
that
x = nll)nc}o lay 0+ 0l4,(0),

then z has a Liiroth expansion with digits given by (a,),>1 € NY. While Liiroth
expansions take their digits from the infinite digit set N and all terms in the expan-
sion are positive, a GLS number system can have either finite or infinite digit sets
and the corresponding GLS expansions can have both positive and negative terms.
Given a finite or countably infinite digit set Z, a partition {[¢x, 7] }rez of [0, 1] into
closed intervals and a vector (g3 )rez € {0,1}#7Z, one can consider the IFS

{gx : [0,1] = [0, 1} ez, (1.6)

where g maps the interval [0, 1] affinely onto [¢g,r] in an orientation-preserving
manner if €, = 0 and in an orientation-reversing manner if €, = 1. In other words,

if we write Kj, = (rp — /)1, then g (z) = Ek—i—% Since g5 ([0,1]) = [k, k]
for each £, it follows that for each x € [0, 1], there is a sequence (a)n>1 such that

r = lim gg; 00 gy, (0).

n—oo
Thus,  can be expressed as
n—-1_ f, K, “+e&,
R R (1.7
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which is called a GLS expansion of x with digit set Z. Here, we let Z?Zl €q; =0
and H?:1 K,, = 1. One recovers the Liiroth expansions by taking 7 = N, [(}, %] =
[ﬁ_l, %] and €, = 0 for each £ > 1 and one obtains integer base N-expansions
by setting Z = {0,1,..., N — 1} and taking [¢4, 7] = [£, %] and ¢, = 0. The
expansions from (1.7) can also be seen as signed versions of Cantor base expansions,
as introduced by Cantor in [18]. GLS expansions have been considered previously
in [1, 16, 30, 34, 40, 47] and recently also in relation to neural networks [6, 53].
Level sets for Liiroth expansions and more generally GLS expansions have been
considered in particular with respect to digit frequencies, see [9]. Such level sets
are known as Besicovitch—Eggleston sets due to the results from [14] by Besicovitch
and [24] by Eggleston on the Hausdorff dimension on digit frequency level sets for
integer base expansions.

In the above setting, for any given GLS number system, all but countably many
numbers in [0, 1] have a unique GLS expansion in that system and the numbers
that do not have a unique expansion have exactly two expansions. In this arti-
cle, we consider IFSs that correspond to GLS number systems with redundancy,
that is, in which all numbers have uncountably many different representations in
the system. Number systems with redundancy have proven interesting in several
settings, including signed binary expansions where they are used to find so-called
minimal weight expansions, i.e. expansions that maximize the number of digits 0,
see e.g. [22, 41, 46], and in non-integer base expansions in relation to applications
in analogue-to-digital converters and random number generation, see e.g. [23, 32].
Number systems with redundancy have also been considered in [37-39] for contin-
ued fraction expansions and Liiroth expansions. To obtain a GLS number system
with redundancy, we let J € Ny, and start with J IFSs that correspond to J
different GLS number systems with finite digit sets. We combine these into one
diagonally affine IFS on R?, which we call a GLS IFS, by using a positive prob-
ability vector (pj)ogj<s, so pj > 0 for all 0 < j < J and } y; ;p; = 1. This
vector (p;)ogj<s can be thought of as the probabilities with which the jth GLS
number system is chosen to generate the nth digit in the expansions for any n > 1.
Therefore, a GLS IFS is given by the following data:

(i) an integer J € N>, and a positive probability vector (p;)ogj<.;
(ii) for each 0 < j < J, a number B; € N3, a partitio}rgl 0=r@o <ryy <
RN T(j.Bj) = 1 and a vector (E(j,k))0<k<Bj € {0,1}77.

If weset &€ = {(j,k) : 0<j < J,0<k < B} and for each (j,k) € & let
Gk = T(GR+1) Tk and

—1)°G:k) g ; 0 Tk T EG R
Ay = | T Pa6m 1 L g = l Gh FEgRaun | g

0 pj =0 Pi

then we call the TFS {A, 4+ v.}eee a GLS IFS. See figure 1(b) for an example.
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We mention a few particular properties of GLS IFSs. Each GLS IFS satisfies
the SOSC and has A = [0, 1]?. For the projection onto the first coordinate, we use
G1 = {he : [0,1] = [0,1]}cce, where for each e € £, we set

he(x) =T+ qe<Ee + (_1)6ex)'

Without additional assumptions, the GLS IFS need not fall into one of the cate-
gories (D)(a) or (D)(b). The projection on the second coordinate Go = {gs (j,r)(y) =
iy + ZZ;& Pi}(.kyee of a GLS IFS contains several duplicates of each map.
Therefore, GLS IFSs do not fall into the class of diagonally affine IFSs that satisfy
(D/), but by removing these duplicates they can potentially contain a subcollection
of contractions that satisfies (D') as shown in figure 1.

We can obtain number expansions from a GLS IFS in the following way. For each
x € [0,1], there are sequences (e,,)men € EY such that z can be written as

x= lim he o---o hep, (0). (1.9)

m—o0

If for each m € N, we write
_ _ -1 _ -1
Sm = €ems Km =ac,s tm =Tepm +Eem Ky, (1.10)

then it follows from (1.9) that

m-1,  tm
r=Y (—1)Zi-1 slinm e (1.11)
m>1 i=1""

and we can see the resemblance with Liiroth expansions. It is shown in proposition
4.1 that, under the additional assumption on the GLS IFS that h. # h,., whenever
e # €/, indeed all numbers z € [0, 1] have uncountably many different representa-
tions of the form (1.9). We give several examples of GLS IFSs and the associated
number expansions at the end of the article.

For GLS IFSs, we consider the potential that captures digit frequencies. For
e € & let [e] C &Y denote the cylinder set of those sequences that have e € &
as their first term and ;¢ : &Y — {0,1} the indicator function on [e]. Define the
continuous potential 1 : EN — {0,1}#€ by 1(w) = (1}¢(w))ece. For each e € £ and
w e &N, write

#H1l<i<n w=¢}

n— oo n

for the frequency of the digit e in w. Consider a frequency vector & = (@)eecs €

[0,1]#¢, i.e. that satisfies 3 ¢ ae = 1, and let F(a) = 7(Fy (). Then

F(a) ={(z,y) € 0,1]* : Jw e {(z,y)}st. 7.(w) = acfor all e€ £} (1.12)

is the GLS digit frequency level set or Besicovitch—Eggleston set for a. Results
on dimy(F(a)) have been obtained in [49, theorem 1] in the specific case of
Bedford-McMullen carpets, that is with p; = % foreach 0 < j < J and (—1)°¢ =1
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and g, = % for some fixed N € N3, and all e € £. This result was extended in [52,
corollary 1] for Lalley—Gatzouras carpets, which are similar to our setting but have
the additional requirements that e(; ) = 0 and q(; ) < p; for all (j,k) € £. In the
current setting, a lower bound for dimy(F(a)) in terms of the Ledrappier—Young
formula for the Bernoulli measure po can be deduced from [3, theorem 2.3 and
corollary 2.8] in case the two Lyapunov exponents of the Bernoulli measure of
the system differ and the frequency vector « is strictly positive. In case the two
Lyapunov exponents of the Bernoulli measure p, are equal, one can apply [28] to
obtain a similar lower bound in terms of the Ledrappier—Young formula for pq.
Here, we will instead, for fixed y € [0, 1], focus on the fibre level sets

Fya):={z€[0,1] : Jwen {(z,y)}st. e(w) = foralle e £}. (1.13)

We only consider frequency vectors o with oy := ZkBigl agry > 0forall0 <j < J
(otherwise we could just as well have considered a smaller GLS IFS). Let

W(a) == {y €[0,1] : F,(c) # 0}. (1.14)

Let /1 be the a-Bernoulli measure on EN. For each 0 < j < J, let f; : [0,1] — [0, 1]
be the map given by

j—1
fiy) =piy+ Y v (1.15)
i=0
and define the map
w2 2 €% = [0,1]; (s km)mz1 = lim fi; 0-o-0 £, (0). (1.16)

Set Vo = [l © 71'2_1. As we will see later, vo(W(a)) = 1. We have the following
results on the Hausdorff dimension of the fibre Besicovitch-Eggleston sets.

THEOREM 1.2 Let {A. + v.}eece be a GLS IFS and o = (ae)ece € [0,1]7¢ a
frequency vector. Then

Y ecs Qe logae — ZOSKJ ajloga;

dimyg(F,(a)) <
n(Fy (@) SRR

for all y € W (). Furthermore, if a satisfies that for each 0 < j < J there are
k,t € Bj with k # £, oy > 0 and g > 0, then

Y ecs Qe logae — ZOSKJ ajloga;j
Zeef Qe IOg Ge

dimy (Fy (o)) >

for va-a.e. y € W(av).

Fibrewise results similar in spirit to theorem 1.2 were obtained in [48], where the
authors study real numbers with a semi-regular continued fraction expansion that
satisfies a certain growth condition on its digits.
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The article is outlined as follows. In §2, we provide the necessary preliminaries.
We prove theorem 1.1 in §3. Section 4 is devoted to GLS IFSs. Here, we show that
given a GLS IFS that has h. # h, whenever e # €, all z € [0, 1] have uncountably
many expansions of the form (1.9). We then continue with some results on the
spectrum of the Besicovitch-Eggleston sets F'(a) and on the sets W (), which will
be used in the proof of theorem 1.2. This section also contains the proof of theorem
1.2. Finally, §5 contains some examples.

2. Preliminaries

In this section, we introduce notation and collect several bits of information that
are used for the results in the later sections.

2.1. Strings and sequences

Let U be a finite set of symbols and denote by U the set of one-sided infinite
sequences of elements in . For each n > 0, the set U™ is the set of words of length
n, where we let U = {@} be the set containing only the empty word, which we
denote by @. Let U* = J,,5,U" be the set of all words. For a word u € U, we use
the notation |u| for its length, so |u| =nif u e U™. If w =uy - - - u,, € U*, then for
each k < n, we use the notation wu|, = uy - - - uy. Similarly for a sequence ¢ € UN
and any n > 1, we set £|, = & ---&,. The cylinder set corresponding to a word
u € U™, n >0, is denoted by

[u] = {£ €U : €|, = u}.
For any sequence & € U, any symbol v € U and any n € N, we use the notation

Tu(§n) =l <m <n s §n = u}

for the number of times the symbol u occurs in the first n elements of £ and

Tu(&,m
(€)= Tim &™)
n—o00 n
for the frequency of the digit w in £ if it exists. We use this notation in §4.
We can equip U with a metric 1 to obtain a compact metric space by setting
27min{n>1:£ngévn}, lff # v,
0, if £ =w.

n:UN — [0,1]; (&,v) —

The left shift is denoted by o : UN — UN, ie. 0(€),, = &upy for each n > 1. With
a slight abuse of notation, we will use o to denote the left shift on any sequence
space without specifying the alphabet as a subscript whenever no confusion can
arise. Cylinder sets are both open and closed and generate the Borel o-algebra on
UN. Let MUY, o) denote the set of all shift-invariant Borel probability measures
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on UN. For p € MUY, o), we use h, (o) to denote the measure-theoretic entropy
of p with respect to o, which is defined by

o) i=— T+ 5™ p([u]) log ([,

where 0log 0 = 0. Given a probability vector p = (py)uecu, the p-Bernoulli measure
pp is the probability measure on (UN,0) that is defined on the cylinder |[u] =
[u1 -+ u,] by

p([8]) = Puy -+ Pup -

Moreover, the measure-theoretic entropy of p, with respect to o is given by

== pp([u]) log(pp([u))- (2.1)

ueU

2.2. Matrix products

Let (Ay)ucu € GL2(R)# be a collection of matrices as in (1.1). Recall that for
a sequence £ = (§)n>1 € UN and n € N, we set Ag, = Agy -+ Agy,. For the
entries on the diagonal of Ag,,, write be),, = be; -+ bg,, and cg|,, = c¢; -+~ cg,,. For
U =uy - u, €U", we similarly write A, = Ay -+ Ay, With by = by -+ by, and
Cy = Cy, * - Cuy, for the diagonal entries.

Let IE”]1 be the real projective line, which is the set of all lines through the origin in
R2. We say that a proper subset C C P! is a cone if it is a closed projective interval
and a multicone if it is a finite union of cones. The collection (A, )yes of diagonal
matrices as in (1.1) is called dominated if there exists a multicone C C P! such that
Uweu AuC C C. Tt was shown in [15, theorem B] that (A, )ucy is dominated if and
only if there exist constants C' >0 and 0 < 7 < 1 such that

Uun mn

by - Cu
Pl o 2.2
max{by, Cy }? ’ (22)

for all n € N and u € U".
For each diagonal matrix A, as in (1.1), the singular value function is given by

max{b,, ¢, }°, if 0
() = ) :

max{by, ¢, } min{b,,c,}*7 1, if

The Lyapunov exponents of the collection (A, ),cyq with respect to a measure p €
M(UN, o) are defined as

o1

x1(p) == _nh—{Eoﬁ /uN log max {b|,,, cg|,, } du(€)
1

x2(p) :== —nli_)ngoﬁ LN log min {bg|,, , ce|,, } dp(§)
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The Lyapunov dimension of u € MUY, o) is defined to be

(o) hy(o) — x1(p)
T A o) }

dimy,(p) == min{

For a continuous potential ® : UN — R, d > 1, write S,,® = Zz;é ® o o* for its
Birkhoff sum. The topological pressure of ® and (Ay)uecy is given by

1
P(logyp® +®) = lim —log »  ¢*(Ay) sup exp (S,2(¢)),
n—oon weyn £€(u]

where the existence of the limit is guaranteed by the sub-additivity of the potential.

2.3. Hausdorff dimension

For a subset FF C R™, n > 1, and § > 0, a §-cover of F is a collection {U;} of subsets
of R™ that each have diameter diam(U;) at most ¢ and satisfy F' C | J, U;. For s >0,
the s-dimensional Hausdorff outer measure is defined as

H(F) = ldlﬁ)l inf {; diam(U;)® : {U;}is a é-cover of F} .

The Hausdorff dimension of the set F is
dimy (F) =inf{s > 0 : H*(F) = 0}.

Let p be a finite Borel measure on F. The Hausdorff dimension of p is
dimy () = inf{dimp(2) : u(Z) = 1}.

The lower pointwise dimension of p at a point x € F is defined by

d,(z) = liminf 710g,u(B(x,r)),
" 70 logr

where B(z,r) denotes the open ball in R with radius r centred at z. The following
result can be found in, e.g., [50, theorem 7.1 and theorem 7.2].

LEMMA 2.1. Let FF C R"™ be a Borel set and p a finite Borel measure on R™. The
following statements hold.

(i) If d,(z) < c for some ¢> 0 and every x € F, then dimu(F) < c.
(ii) If d,,(z) = c for some ¢> 0 and p-a.e. v € F, then dimu(u) > c.

3. Dominated diagonally affine IFSs

In this section, we prove theorem 1.1. Recall the definition of the natural projec-
tion m : UN — A from (1.4). Also recall the definitions of the sets Eg(c) and
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Lo from (1.3) and (1.5), respectively. We have the following upper bound for the
Hausdorff dimension of 7(FEg(cx)). In the proof, we make use of [2, proposition 3.2],
which holds for general affine IFSs (including the diagonally affine case) on R?.

LEMMA 3.1. Let {Ay + vy}, be a diagonally IFS on R? such that the collection
(Ay)uey is dominated. Let ® : UN — R?, d > 1, be a continuous potential. Then
for each o € Lo,

dimy (7(Fs(a))) < sup { dimy, () = p € MUY, 0)and /uN ddu = a}

sup{s)() . inf P(logg05+(q,<I>a>)>O}.
qeRr?

Proof. Tt follows directly from [2, lemma 3.1 and proposition 3.2] that for any
diagonally affine IFS {A, + v, }uecyy on R? and continuous potential ® : YN — R?,
d>1, and any a € Lg,

dimp (7(Eg(a))) < sup {s >0: ieand P(log¢® + {q,® — a)) > 0} . (3.1)

A measure v € M(UN, o) is called an n-step Bernoulli measure if it is a Bernoulli
measure on (UN , U"). For n-step Bernoulli measures v € MUY, o™), write

1
voo k. (3.2)
0

<

3

A
I
3|
x>~
Il

Then 7 € MUY, o) and ¥ is ergodic. Since (A, )uey is dominated, it follows by [2,

o

proposition 4.3] and (3.1) that for any o € Lg,

supes =>0: inf P(loge®+ (¢, 2—a)) >0
qGRd

< sup { dimy,(?) : v fully supported n-step Bernoulli and /N ddrv = a}
u

< sup {dimL(u) cpu € MUN, o)and /N ddu = a}.
u

On the other hand, if we let u € M(UN, o) be such that fuN ®du = «, then for
any 0 < t < dimy,(u), it holds by the sub-additive variational principle (see [19])
that for all ¢ € R?,

n—oo n

P (log o'+ (g, ® — a)) > hy(o) + lim 1 /L{N log ¢! (A5|n) du(é) > 0.
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Hence, t < sup {s >0: infqeRd P (log¢® + (q,® — a)) > 0} and thus,

sup { dimy, (p) : o € MUY, 0)and / ddu = a}
uN

<supes=0: inf P(logp®+ (¢, —a)) >0,
geRrd

This gives the result. O

REMARK 3.1. Note that the proof of lemma 3.1 shows that in fact

sup{s >0: inf P(loge’ + {(q,® —a)) > 0}
qeRrd

= sup { dimy, (#) : v fully supported n-step Bernoulli and /N ddv = a}
u

= sup {dimL(u) s € MUY, o0)and /N ddy = a} .
u

Under the additional conditions mentioned in the statement of theorem 1.1, we
can prove that this upper bound in fact equals the Hausdorff dimension of the
level set. Note that it would be possible to combine Hochman [29] and Jordan and
Simon [35] to obtain a similar result for almost all vectors v, but our theorem
1.1 is proved for all vectors v,. Barany et al. [2] proved a similar result for affine
IFSs satisfying the SOSC under the assumption that the set of matrices (A, )uecy 18
strongly irreducible such that the generated subgroup of the normalized matrices
is not relatively compact. Theorem 1.1 is inspired by their result.

Proof. Proof of theorem 1.1. Let {Ay + vy tueu € D. For each u € U, it holds that

by - Cu _ min{by,c,} <1
max{by,c,}2  max{by,cy} ’

since either |by,| > |cy| for all u € U or |b,| < |c,| for all w € U. Take 7 =

maxXy ey {%} Then 7 < 1 and, since each A, is a diagonal matrix, we get

(2.2) with C =1. Hence, {Ay}uey is dominated and therefore the desired upper
bound for the Hausdorff dimension of 7(Eg(cv)) is given by lemma 3.1.

For the lower bound, suppose that v € M(UN, ") is a fully supported n-step
Bernoulli measure with [,y ®dv = a with 7 as defined in (3.2). The existence of
the measure v is guaranteed by [2, proposition 4.3]. Then 7 € MUY, o) and 7 is
ergodic and therefore from fuN ¢ dv = a, we get that

7 <{§ cUN: lim lSneb(g) = a}) =1 (3.3)

n—o00 N

Let = U ow~!. Assume that |b,| > |c,| for all u € U so that we are in the
situation of condition (D) (the proof for the case (D) goes similarly). Then the

https://doi.org/10.1017/prm.2024.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.113

Birkhoff spectrum for self-affine sets and digit frequencies for GLS systems 13

strong stable direction of the collection (A, )ucs is equal to the subspace parallel
to the y-axis (see [15]). Let P, be the measure on [0, 1] given by the canonical
projection onto the z-coordinate of ©. Since the matrices A, are diagonal, P, is
a self-similar measure for the IFS Gy, i.e. there is a probability vector p = (P )uecu
such that

Py(B) = > puPui(gy 4(B))
ueld

for each Borel set B C [0, 1]. Then condition (D)(a) together with [29, theorem 1.1]
or condition (D)(b) together with [51, theorem 1.2] yields

dimy (P,#) = min {1, };EZ; } (3.4)

It then follows from [3, corollaries 2.7 and 2.8] and (3.4) that

This and (3.3) yield dimy (7(Eg(e))) > dimp,(#). Since this holds for arbitrary
fully supported n-step Bernoulli measures v with fuN ® dv = «, the result follows
from remark 3.1. O

REMARK 3.2. We make a small remark on the conditions (D) and (D'). It was
shown by Hochman in [29, proof of theorem 1.5] that an IFS satisfies the ESC if it
does not have exact overlaps and all parameters b,,, ¢, Bu, V., are algebraic numbers
over Q. In [4, 5, 20], it was shown that there exist IFSs that do not contain exact
overlaps while there are cylinders which are super-exponentially close at all small
scales, i.e. the ESC does not hold. What is needed in the proof of theorem 1.1 is
(3.4), which is also guaranteed by [51] under the assumption of having algebraic
by, ¢, and no exact overlaps.

4. Digit frequencies for finite GLS expansions

We now move to the second type of IFS we consider. Fix a GLS IFS {A. + v, }ece.
We start by proving some properties of the expansions from (1.11).

4.1. Multiple representations

First, consider the representations of the points y € [0, 1]. Recall the definition of
the maps f; from (1.15). The IFS {f;}o<;j<. satisfies the SOSC and has the interval
[0,1] as its attractor. Let my : {0,1,...,J — 1} — [0, 1] be the map given by

7TJ((jM)WQI) = w}gnoo fjl © sz ©---0 fjm (O)
One easily sees that to all but countably many y € [0, 1], there corresponds a unique

sequence ¢ € {0,1,...,J — 1} such that y = 7;(¢) and otherwise #7;'{y} = 2
and there is one sequence ending in an infinite string of 0’s and one ending in an
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infinite string of (J — 1)’s. We make the following observation, which we will use
later on. Recall the definition of the set W () from (1.14).

LEMMA 4.1. Let o = (a;)eee € [0,1]#€ be a frequency vector with a; > 0 for each
0<j<J. Then #n;{y} =1 for any y € W(a).

Proof. Let y € [0,1] be such that #7;'{y} = 2 and let 2 € [0,1]. Then any
W = (Jm>km)m>1 € 7 H{(x,y)} either has j,, = 0 for all m large enough or

jm = J — 1 for all m large enough. In the first case, ZkBi;l T(j,k) (W) = 0 # ay for

all j #£0 and in the second case, ZkBigl T,k (W) = 0 # o for all j # J — 1. Hence,
(z,y) € F(a) and thus W(a) = 0. O

For a fixed y € [0, 1], we can consider the expansions one obtains from the GLS
IFS for = € [0,1]. We define the fibre fundamental intervals corresponding to y by
setting for each m > 1 and ky,. .., ky, satisfying 0 < k; < By, for all 1 <@ <m,

Ay(kl, ey km) = h(jlvkl) ©--+0 h(jmng)([O, 1]), (41)

where we let (jm)m>1 be the lexicographically smallest sequence in W}l{y}. For
y € W(a), this means that (ju,)m>1 € 7; ' {y} is the unique sequence that satisfies
Ti((Jm)m>1) = o  for each 0 < j < J and for y € [0,1] \ W () the sequence
(Jm)m>1 is the one ending in an infinite string of (J — 1)’s.

If we fix y € W () and take z € [0, 1] such that #7~1{(z,y)} > 1, then we know
by lemma 4.1 that #ﬂ}l{y} =1, say ¥y = 77((jm)m>1). Consequently, z must have
multiple expansions along the fibre y and so must lie on the boundary of a fibre
fundamental interval A, (K1, ..., k) for some 0 < k; < B;, (1 <i < m) and some
m € N. Since each fibre fundamental interval has two boundary points and there
are only countably many fibre fundamental intervals, the set of such points x must
be countable.

Now, fix an z € [0, 1]. Since the GLS IFS {A, + v, }cee has [0, 1]? as its attractor,
to any y € [0, 1], there corresponds a sequence w € &Y such that 7(w) = (z,9).
Therefore, to any sequence (jm)m>1 € {0,1,...,J — 1}N, there corresponds a
sequence (K, )m>1 with 0 < k,,, < Bj,,, — 1 for each m € N such that

r= mlﬂnoo iy ky) @+ © R ko) (0)-

We show that if h. # h, whenever e # €', then each of the sequences (ji,)m>1 €
{0,1,...,J — 1} yields a different GLS expansion for z as in (1.11).

The GLS expansions from (1.11) are given by the triples of digits (s, K, tm),
m € N, from (1.10). Therefore, if we set

A= {(Ee,qe—l’re +€eqe) cec€ 5}7

then we can think of A as the GLS digit set corresponding to {A, + v¢}ecs and
we can map sequences ((jm,km))m>1 € EY to sequences (sy, K,y tm)ms1 € AV
through the identification given in (1.10). Let (jm)m>1, (Gi)m>1 € {0,1,...,J —
1} be two different sequences, so there is an m € N such that j,, # j/,. Let
(s km)m>1, (G, kb )m>1 € EY be two sequences that both project to z in the
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second coordinate under 7. Since jy, 7# ji,, it holds that (jm, km) # (G, kb,). If we
assume that h. # h, whenever e # €', then it would follow that (;,, x,,) 7# Gt )
OT G ,km) 7 Qi kY and thus that the digits from A corresponding to (j,, km)
and (4!, k.,) differ. Therefore, we immediately find the following result.

PROPOSITION 4.1. Let {A.+vc}ece be a GLS IFS with the additional assumption
that he # hy whenever e # e'. Then for each x € [0, 1], there are uncountably many
different digit sequences (Sm, Kmytm)m>1 € AN with

m—1 t
T= Y (~1)Fist
m>1 [T K

The above also shows that there is a one-to-one correspondence between the
sequences in Y and in AN, which justifies considering the elements of £ as digits
in the GLS expansions.

4.2. Non-empty level sets

In this section, we determine for which frequency vectors a the level set F'(a) from
(1.12) and the set W () from (1.14) are non-empty. We first consider the level sets
F(o).

PROPOSITION 4.2. The set F(a) is non-empty for any frequency vector a =
(te)ece € [0, 1]7#€.

Proof. Fix a frequency vector @ = (a)eee € [0,1]#€. Tt is sufficient to construct
a sequence w = (wy)n>1 € EY such that 7.(w) = a, for each e € & since then
7(w) € F(a). Denote by |-] the nearest-integer function. Order the elements in £
by setting (j, k) < (j', k') if either j < j" or if j = j/ and k < k’. For each n > 1,
set

E,={ec& : [nac]=[(n—Dac]+1} ={en1 < < €nmn}:

where E, can be empty and thus m,, = 0 for some n. Define w € EY by setting for
eachn>1and 1 <m < my,

w — =€
erZ;L:ll m; n,ms

where we let Z?:1 m; = 0. Clearly, there are infinitely many n for which E,, # ()
so w is well-defined.
Now observe that for each n the number of terms of w we have defined using

Uimy Ei s

zmi = ZLnae].

ecé
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Since )", ¢ nae = n and m := #& < oo, we must have

n

n—mSZmign—l—m.

=1

Thus for each e € &,

#{0<m<n:wm:e}< #O<m<m+Y"  m: wy =e}
n b n

o #HOo<m<Y! mi:w,=¢€}+m
= n

< noce—i—l—i—m.
n

Similarly, it holds that

#Oo<m<n:w, =€} < noe—1—m
n - n '
Taking the limit as n — oo yields 7.(w) = «, for all e € £. O

For a fixed frequency vector o, we would like to determine the set W () of
points y € [0, 1] for which there exists an x € [0, 1] such that the point (z,y) has
digit frequencies given by a, see (1.14). Recall the definition of the Borel measure

_ ~1 .
Vo = flo © 5~ from §1. We have the following result.

PROPOSITION 4.3. Let a = ()eee € [0,1]7€. Then

W(a)={ye0,1] : Jwe m, {y}s.t. Z (k) (W) = aj for all0 < j < J
0<k:<Bj

In particular, v (W (ax)) = 1.

Proof. (C) Set

W=<yel01]:Jwem {y}st. > Tunw)=aforall0< <]
0<k<B,;

First, let y € W(a). This means that F,(c) # 0 so there exists an w € &N such
that m(w) = (z,y) for some = € [0,1] and 7.(w) = . for all e € £. Consequently,

we find that
Yo Taw@ = > agk =0

0<k<B; 0<k<B;

foral 0 <j<Jandsoye W.
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(D) Conversely, let y € W. Then there exists an w’ = (j}, k)1 € 7 {y} for
which it holds that Zo<k<B T,k (W) = a; for all 0 < j < J. Write ¢ = (jj)ez1 €

{0,...,J —1}N. For each 0 < j < J and n > 1, set

E(]) = (_], k‘) S (‘: : na(Lk) = <n )a(Jvk) + 1 = e(J)l < ... <e ©))

and let w0 e EN be the sequence obtained from concatenating all elements from

the sets E}Lj) as in proposition 4.2, so

) — )o@ o)LL) )
v 611 elmgj)e 2m5)631

Then as in proposition 4.2, we obtain that for each 0 < k < B;,

oy HLSm<n ) =GR} _ agh
n—o0 n Oéj ’

We now weave the sequences w(/) together to construct a sequence w = (45, k¢)e>1 €

EN that satisfies 7.(w) = a for all e € £. Then 7(w) = (z,y) for some z € F,(ar),

which shows that Fy () # (). For each ¢ > 1, let wy be the 7 (C £)th element of
./

the sequence wlie)., S0, wy = wijl) = egj%), wy either equals w2 )it J1 = Jjb or wy

if ji # j%, etc. As the sequences in the first coordinates of w = = (jp, ke)e>1 and

w' = (jy, kp)es1 coincide, we have for each 0 < j < J,

Yo mimw) = > ThnW) = a5

0<k<B; 0<k<B;
Moreover, for each e = (j, k) € £ and n > 1

#1<m<n :wn=e}=#{1<m < (¢ n) W) =el). (4.2)

If ; > 0, then 7;(¢,n) > 0 for all n large enough and for any e = (j,k) € &, we
obtain

Te(w) = lim #Lsm < 7(6mn) wi) = e} . 7(Gn)
‘ n—oo Tj(C:” n

Q(j,k)
- OZ > Tum (@) = aga.
J 0<k<B;

If aj = 0, then ;1) = 0 for each 0 < k < B; and by (4.2),

0 < 7k (w) < lim M =a; =0.

n—00 n

This gives the first part of the statement.
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As {we &V r(w)=acforallec £} C m ' (W(a)), it follows from the
definition of pqo that v, (W(a)) = 1. O

4.3. The Hausdorff dimension of the Besicovitch—Eggleston sets

In this section, we prove theorem 1.2. The proof is similar to [9, theorem 3.1] and
[26, theorem 1.1], which both treat digit frequencies for expansions with infinite
digit sets that can be generated by an IFS on R as in (1.6). Their results do not
apply to our setting because the IFS {h, : [0,1] — [0,1]}cce on R is not of this
type. Nevertheless, since we have a finite digit set, we can adapt the method of
proof from [9, theorem 3.1].

Fix a y € [0,1]. Recall the definition of the fibre fundamental intervals
Ay(ki,. .., kn) from (4.1). Note that we obtain a semi-algebra of sets generating
the Borel o-algebra B([0, 1]) on [0, 1] by taking the collection of all intervals (open,
closed, and half-open) that can be formed by the endpoints of the fibre fundamen-
tal intervals. Suppose that the frequency vector a satisfies the following additional
property: for each 0 < j < J, there are k,¢ € B; with k # £ and a(; ) > 0 and
a(je) > 0. Let my o be the measure on ([0, 1], B([0,1])) determined by

m

o i k;
myaa(Ay(kla"-akm)) :H ((j; )a 0<k; <Bji’
i=1 Ji

1<i<m,m2>1,

and by the same quantity for any interval determined by the same endpoints.
This immediately implies that any endpoint z of a fibre fundamental interval has
my o({z}) = 0. If z € [0, 1] is not an endpoint of a fibre fundamental interval, then
there is a sequence (ky,)m>1 such that

() Aylkr,.. k) = {2}

meN

This implies that

T Yk
mya(lah) = tim [T,
i=1 Ji

]gy the additional assumption on «, there is a constant 0 < ¢ < 1 such that
i—"’c < c < 1forall (j,k) € €. Therefore, iy o ({z}) = 0. We will need the following
J

property of my «.

LEMMA 4.2. For vg-a.e. y € W(a), it holds that my o (Fy(a)) = 1.
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Proof. Observe that for each (j, k) € £ by proposition 4.3,

/ / L. (2, y) A1y o () dva(y)
[0,1] J[0,1]

- /[Zjl 9 pil /[0 1] Lay (@) dmy a(2) dva(y)
% =0 Pi )

—0 Pi>

N i1 ; (4.3)
j k
)
7 i=0 =0
= Ak = / e dia 0w
[0,1)2

Since the collection {m([e1,...,e,]) : e, € €, 1 < i < n} generates the Borel
o-algebra B([0, 1]?), we can conclude from (4.3) that

/ fdmy o dve = / fdugqon™?! (4.4)

[0,1] J/[0,1] [0,1]2

for all f € L1([0,1]%,B([0,1]2), o 0 ™ 1).
Let E = {y € W(a) : my.a(Fy(a)) < 1} and suppose that v (E) > 0. From
(4.4) with f = 1p(q) together with proposition 4.3, we then find that

o HF(a)) = x) dmy o (z) dva
o 0 71 (F(a2) /W(a) /[07”11@(&)( ) iy, o) dva(y)

/ 1dve + / / ]le(a) ((,E) dmy,a(x) dva (y)
W(a)\E E J0,1]

1dvg
W(x)

1.

A

On the other hand, recall that Eq(c) is the symbolic Besicovitch-Eggleston set
containing all sequences w € EN with 7.(w) = a, for each e € £. Therefore, by the
definition of i,

1= pia(Er(@)) < pa o™ (Fa)) < 1.

This gives a contradiction. It follows that my o(Fy(a)) =1 for va-a.e. y € W(a).
O

Before we move to the proof of theorem 1.2, to simplify notation, we put p; ») =
p; for all (j, k) € €. Also, let Py be the (a;)-Bernoulli measure on {0,...,J — 1}V

Proof. Proof of theorem 1.2. Fix a y € W(a). Recall that the lower pointwise
dimension of m, o at the point = € [0,1] is defined by

d (z) = liminf logmy a(B(z,7))

My, r—0 logr
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where B(z,r) is the open interval of length 27 centred at z. One can verify that the
collection {Ay(ky ---ky,) : n € N} satisfies conditions (CB1)-(CB3) of the Moran-
type construction from [50, Section 15]. Moreover, for any intervals Ay (ky --- ky,),
Ay(k1---ky, kny1), it holds that

diam(Ay (k1 - - ky)) < (maég( qe)", (mi? qge) - diam(Ay (k1 - - - ky))
ec ec
S dlam(Ay(kl cee knkn+1))

Therefore, by, e.g., [50, theorem 15.3(1)], we can replace the balls B(x,r) in the
definition of d,, . with the fibre fundamental intervals A y(k1,...,ky) to obtain
an upper bound for Ay, o (@) for all z € Fy(a) and a lower bound for my q-a.e.
x € [0, 1] in the case that m, o(Fy(a)) = 1. To be more precise, for z € Fy(a) with
w = ((je, ke))e=1 € 7 H{(x,y)} that have 7.(w) = a, for each e € &, we find that

logmy o (Ay (k1 -+ kn))
d < 1 Y, Y
Doy (@) < S o Ay (e -~ F))

Y(dg.ke)
25Ky
10gH1<E<n aj,

= lim
n— 00 log H1<Z<n q(]e kf)
im 2 Zlﬁknbga(je kg) — Zl<€<n log Oé]e
= lim
nree Zl<i<n 10g q(jy k)

By collecting like terms, we find that

Z 1ogajzk2)—z#{l i<n: w; =e}logae,

1<i<n ee&
Z logaj, = Z #{1<i<n:j =j}tloga,,
1<i<n o<y<J
Z log q(j,.kp) = Z#{l i<n: w; =e}logge.
1<t<n ec€

Since x € F,(ax), we have for each e € £ and 0 < j < J that

#{1<i<n: w =e}

lim Te(w) = Qg,
n—o00 n
i FUSESnc =g 3 #Fll<i<n:wgm =GR} o
n—o00 n n—o00 n J*
0<k<Bj

Thus, recalling the definition of measure-theoretic entropy from (2.1), we find that

Deee @elogac — o 10805 hyug (o) —heg(0y)
ZEES Qe IOg Ge - Zeeg Qe IOg Ge

dpy o (@) <
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for all « € Fy (o). Therefore, it follows from lemma 2.1(i) that

h#a (U) - hPa (UJ)

dimyg(Fy, (o)) < .
u(Fy(a)) =y alogd,

To prove the second statement, fix y € W(a) such that m, o (Fy(c)) = 1, which
holds for ve-a.e. y € W(a) by lemma 4.2. Let (jpm)m>1 € 75 ' {y} be the unique
sequence with 7;((jm)m>1) = ¢ for each 0 < j < J, see lemma 4.1. By the above
computations for the upper bound of dimg(Fy(a)) together with [50, theorem
15.3(2)], we have for my q-a.e. x € [0, 1] that

d (x) > inf lim log my,a(Ay(kl . kn))

4.
=my, o n—oo log diam (A, (k1 -+ - ky))’ 9

where the infimum is taken over all sequences (kp,)m>1 such that (jn,, km)e>1 €
7 (z,y)}. We have seen that the set of z for which #m~{(x,y)} > 1is countable
so is therefore a my o-null set. Consequently, the infimum on the right-hand side
of (4.5) is over a single sequence for my -a.e. € [0,1]. Fix € Fy(a) such that
(4.5) and #7~{(z,y)} = 1 both hold. Then

_logmy o(Ay (k1 - -kn))
d > 1 Y. y
“my,a (2) e log diam (A, (k1 - - - kp))

#{1<i<n 1 w;=e} #{1<i<n  j,=5} )
~ lim Dece n logae — > gcjcy 5 loga,

n—00 Z #{ISisn w;
eef n

= log g,
Since z € F,(a) for each e € £ and 0 < j < J, we find

#{1<i<n: w =c¢e}

Te(w) = lim — a, and
n—oo n
; . #{1<i<n g =3}
Ti((Jm)m>1) = TLILH;O - = a;.
Therefore,
d (CC) > ZeEE Qe IOg Qe — ZO<j<J a IOg Q; _ h#a (0) _ hPa (O'J)
7my’a -

2665 Qe lOg e - ZGES Qe IOg Ge .

Since this holds for my -a.e. © € Fy(a) and my o (Fy(a)) = 1, it follows from
lemma 4.2 and lemma 2.1(ii) that

hP«a (U) — hlpa (OJ)
= Dece Qe logqe

dimg (Fy (o)) > dimp(my o) >

O

REMARK 4.1. The additional condition on the frequency vector a that for each
0 < j < J there are k,{ € B; with o) > 0 and ag g > 0 is used only to
remove the infimum in (4.5). Another assumption that would allow us to remove
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the infimum is to assume that #7~{(z,y)} = 1 for all (z,y) € F(c). This holds
for example in the following cases.

(i) If B; > 3 for some 0 < j < J and thereis a 1 < k < B; — 2 with ay; ;) > 0,
then for any (z,y) with #r 1{(z,y)} > 1 and any w € #r {(z,y)}, we
obtain 7(; 1)(w) = 0 # o ) and thus (z,y) ¢ F(a).

(ii) If o > 0 for each e € £ and h(;)(0) = 0 and h(j7Bj_1)(1) = 1 for all
0 < j < J, then for any (z,y) with #7~{(z,y)} > 1 any w € #7 {(z,y)}
will either end in an infinite string of digits from the set {(5,0) : 0 < j < J}
or in an infinite string of digits from the set {(j,B8; —1) : 0 < j < J} and
again there is at least one e € £ for which 7.(w) = 0 # ..

5. Examples

ExAMPLE 5.1. For a concrete example, let J =2, By = 2, By = 3 so that

&= {<07 0), (0, 1)? (L 0)’ (17 1)’ (1’ 2)}

Let
r+k
h(O,k)(‘r): Tﬂ k:0717
z+k
h(l,k)(x) = 3 k= 0,1,2,

soe.=0foralle € &and rg1y) =%, 711 = 5 and 12y = 3. Take p € (0,1)
arbitrary and let po = p, so fo(y) = py and f1(y ) (1 —-p)y+p. This gives

1/2 0 1/3 0
A = 7fl —
(0,k) l 0 p ] (1,k) [ 0 1-p ]
and

0 1/2 1/3 2/3
V(0,0) = V(1,0) = o |’ V,1) = 0 » U(1,1) = » y U(1,2) = » .

See figure 1(b) for an illustration of how this GLS IFS {A. + v, }ece acts on [0, 1]%.
For the number expansions, if (e,,)m>1 € Y, then for each m > 1 we get s, =0,
Ky = 2if j, =0 and Ky, = 3 if j,, = 1 and t,, € {0, 3, 3, }forallm>1 So, in
fact, for each (e, )m>1 € EN if we set k(n) = #{1 <m < n : j, = 0}, then (1 9)
becomes

tm
lim e, -~ohem(0)=ZW'

m—0o0
m>=1
Hence, this GLS IFS produces for each x € [0, 1] number expansions in mixed base

2 and 3. Note that for this IFS, h, # h,s if e # €’. So from proposition 4.1, it follows
that each x € [0,1] has uncountably many different expansions with mixed bases
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2 and 3. If « satisfies the assumption of theorem 1.2, then we can apply theorem
1.2. We have ag = av(g,0) + (0,1) and a1 = a0y + @(1,1) + @(1,2) and obtain for
va-a.e. y € W(a) that

Y ece Qelogae —aglog g — a1 logay

dimpy (£ =
impg ( y(a)) —aplog2 — aqlog3

Note that if we consider the IFS {A g0y + v(0,0), A(1,2) + (1,2} with A x) and

v(; k) as in the example and we take % <p< %, then we obtain a diagonally

affine TF'S that satisfies condition (D")(a). Hence, we can apply theorem 1.1 to this
IF'S to obtain for each o € (0,1) an expression for the Hausdorff dimension of the
set of points (z,y) € [0,1]? that have a GLS expansion containing only the digits
(0,0) and (1,2) and in which (0,0) occurs with frequency « (and thus (1,2) with
frequency 1— «). Of course, here we can take any other combination of a digit from
{(0,0),(0,1)} and a digit from {(1,0),(1,1),(1,2)} to obtain a similar result.

We can extend this example in the following sense. Fix some J € N>, and dif-
ferent integers My, M, ..., Mj_1 > J. Also fix some probability vector (p;)ogj<.-
So,

E={(,k) : 0<j<J, 0<k < M}
For (j,k) € &, set
1/M; 0 k)M,
A ik) = ! y  U(Gk) = - J .
o l 0 Pj] R S0 pi

For each = € [0, 1] and sequence (j,,)m>1 € {0,1,...,J — 1}, the GLS expansion
produced by this system has the form

dm,
T = Z ey c1 cj—1 I (51)
g My "M M
with d,,, € {0,...,M;,, — 1} and ¢j , = #{1 < i <m : j; = j}. In other words,
the system produces for each x € [0,1] uncountably many different mixed base
expansions with bases My,..., M;_1. Here, we need to remark that we consider
two GLS expansions produced by the system different if the two corresponding

sequences in
k
A= U {(oa5p))

(5,k)e€

are different. For the point 0, for example, this means that the GLS expansions
generated by the system are all of the expansions of the form

0=>»" 0

€0,m CJ—1,m’
m1 Mo 7 My

with (com,.--,cs—1.m) € N satisfying 2‘;2_01 Com =M.

https://doi.org/10.1017/prm.2024.113 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2024.113

24 J. Imbierski, C. Kalle and R. Mohammadpour

EXAMPLE 5.2. Fixan N € Nysand a0 <p < landlet & ={(j,k) : =0,1,0<
k< N}. For 0 <k <N, set

Ao = 1/N 0 . ~1/N 0
’ 0 »p ’ 0 1—p

and

k/N
V(o,k) = l /O 1 » V(,k) =

(k+1)/N 1 .

p

Then for any z € [0,1] and any (jm)m>1 € {0,1}Y, the number expansion of z
produced by this system has the form

dm
L= Z (_1)]771%7

m>=1

for some d,, € {0,...,N — 1}, m > 1. So, the system produces for each z a signed
base N-expansion in which the signs of the terms correspond to a preset sequence
of signs (jm)m>1~

Also this system satisfies h, # h, whenever e # €' and together with any
frequency vector a € (0,1)2" for which the conditions of theorem 1.2 are satisfied,
the Hausdorff dimension of the Besicovitch-Eggleston set Fy(a) for ve-a.c. y €
W(a) is given by theorem 1.2. For % <p< % and any 0 < k,¢ < N, the
system {A(g x) + v(0,k), A(1,0) + V(1,0)} satisfies (D')(a), so then also theorem 1.1
applies.
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