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AUTOMORPHISMS OF FREE NILPOTENT
LIE ALGEBRAS

VESSELIN DRENSKY AND C. K. GUPTA

Introduction. Let F,, be the free Lie algebra of rank m over a field K of
characteristic O freely generated by the set {xy,...,x,},m = 2. Cohn [7] proved
that the automorphism group Aut F,, of the K-algebra F,, is generated by the
following automorphisms: (i) automorphisms which are induced by the action
of the general linear group GL,, (= GL,,(K)) on the subspace of F,, spanned
by {xi,...,x,}; (ii) automorphisms of the form x; — x| +f(x2,...,X,), Xy —
X,k # 1, where the polynomial f(x,, ..., .x,) does not depend on x,. This result
is similar to the well-known result in group theory due to Nielsen [16] that
the automorphism group Aut G,, of the free group G,, on {g1,...,gm}t, m 2 2,
is generated by the symmetric group acting on {gy,...,g,} together with the
automorphisms of the form g, — g1g2,4x — @,k # 1, and g — g, &1 —
gky k # 1. The corresponding problem for generators of the automorphism groups
of free nilpotent groups and free metabelian nilpotent groups has been studied
by Andreadakis [1], [2], Bachmuth [3], Goryaga [11], Gupta [13], Bryant and
Gupta [6]. In this paper we study the problem of finding minimal generating
sets for the automorphism groups of relatively free nilpotent Lie algebras F,, ()
over a field K of characteristic 0.

Let N be an arbitrary subvariety of the variety Y. of all nilpotent Lie al-
gebras of class at most ¢ and let & contain non-commutative algebras. An
endomorphism of F, (%) is an automorphism if and only if it induces an au-
tomorphism modulo the commutator ideal (F,(N)Y. Let IA = JA(F,,(N)) be
the subgroup of Aut F, () consisting of automorphisms which are identity
modulo (F,,(R)Y. Then Aut F,,(N) is the split extension of IA by GL,,. If
¢ € AutF,(N) can be lifted to an automorphism of F,, then we say that ¢ is
a tame automorphism of F,(N), otherwise we say that ¢ is wild. For m = 2
there is a canonical isomorphism of the groups Aut F» and GL,; and it is easy
to construct wild automorphisms of F»(:). For example, every non-trivial IA-
automorphism of F»(N) is wild. The simplest example is ¢ € Aut F,(N) given
by ¢(xy) = x1 + [x1, 2], (x2) = x2.

The first result in this paper gives quantitative information for the action of
GL,, on IA. Using the natural structure of F,,(®%) as a GL,,-module, in Section
2 we prove that the algebra F,,(N) has wild automorphisms for all m 2 2 and
all non trivial ;X # 1, the variety of commutative Lie algebras. Next, in Section
3 we study the variety %M 112 of all metabelian Lie algebras in N.. We prove
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that for all m = 2,¢ = 2, Aut F,,(R. N 1?) is generated by GL,, and one more
automorphism §é defined by é6(x;) = x| + [x],x2],6(xx) = xx, k # 1. Finally, in
Section 4 we establish that for & C R, and m = ¢ 2 2, Aut F,,(N) is generated
by GL,, and é. Our proofs are based on the representation theory of the general
linear group GL,,(K) and essentially make use of the fact that the characteristic
of K is 0. The basic facts of the representation theory are collected in Section 1.
For a background of the theory of varieties of Lie algebras we refer to Bakhturin

(4].

1. Representations of the general linear group. In this Section we give the
necessary background of the representation theory of the general linear group.
The details can be found in Weyl ([18], Chapter 4), Green ([12], Chapters 2, 4)
and Macdonald ([14], Chapter 1). For applications of the polynomial represen-
tations of GL,, to the theory of varieties of algebras, we refer to Berele [5] and
Drensky [8], [9], and of the rational representations we refer to Formanek [10].

Let K be a field of characteristic 0 and GL,, = GL,(K) be the general
linear group acting from the left on an m-dimensional vector space V,, spanned
by xi,...,x,. We can consider elements of GL,, as invertible m X m matrices
over K. Let W be an s-dimensional vector space, also with a fixed basis. A
homomorphism

¢ : GL,, — GL, = GL,(W)

is called a polynomial representation of GL,, (and W a polynomial GL,,-module)
if the entries ¢p,(g) of the s X s matrix ¢(g) are polynomial functions of
the entries a;; of the m X m matrix ¢ = (a;), for all g € GL,,. Similarly, if
Ppa(8) = Ypy(8)/bpy(g) are rational functions of a;, then ¢ is called a ratio-
nal representation. When 1),,(g) and 8,,(g) are homogeneous of degree n; and
ny respectively, then we say that ¢ is a homogeneous representation of degree

ny —np.
Let D, = {d € GL,, |d = d(zy,...,2n) = z1€11+ - *+Zpemm } be the subgroup
of the diagonal matrices of GL,,. For any degree sequence o = («y,..., a,,) of

length m we define the a-homogeneous component of the GL,,-module W by

W*={weWl|d@z,...,zppw =z{" ...z3"w for all d € D, }.

" m
Then we have

ProposiTION 1.1. (see Green [12] and Formanek [10]). Ler ¢ : GL,, —
GL (W) be a finite dimensional rational representation of GL,,. Then

(1) The GL,,-module W is completely reducible and is a direct sum of its
homogeneous submodules.

(i1) As a K-vector space, W is a direct sum of its homogeneous components.

(iii) Define the Hilbert series of W (the character of W) to be

**tm

HW)=HW, t,....t,) = Y _(dimg Wy 1o,
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Then H(W) is a symmetric function in ty,...,ty and if W is homogeneous of
degree n, so is H(W).

(iv) Two GL,,-modules W, and W, are isomorphic if and only if HW,) =
H(W,). Furthermore,

HW, ©W2) =HW)+HW2) and HW, ®x W) =HW)HW>).

(v) The only one-dimensional rational GL,,-representations are ¢, : GL,, —
K*, where n is an integer and ¢,(g) = (det g)", ¢ € GL,,. We denote the
corresponding GL,,-module by (det)". Then H((det)") =t ...1,,.

(vi) Every finite-dimensional rational GL,,-module has the form (det)™"®g W,
where W is a polynomial GL,,-module and (det)™ Qk W is irreducible if and
only if W is irreducible.

The irreducible polynomial representations of GL,, are described by partitions
and Young diagrams. For a partition A = (A, ..., Ap)s A1 2 - 2 Xy A+ -+
Am = n, we consider the corresponding Young diagram [A] and the related
irreducible GL,,-module N,,()).

Definition 1.2. (see Macdonald [14]). Let A = (A1, ..., Ap), b = (f1y- .-y fhm)
and v = (vy,...,v,) be partitions of nj,n, and n; + ny, respectively, and let
vy 2 )\17...71/,,, 2 )‘m

(1) A diagram of shape [ — A] is a scheme of boxes obtained from the diagram
[v] by removing the boxes of the diagram [A]. When n, = 0, [v — A\] = [v].

(ii) A [v — A]-tableau (respectively v— tableau) with content y is the diagram
[v — A] (respectively [v]) whose boxes are filled in with p; numbers 1,..., u,,
numbers m.

(iii) A tableau is semistandard if its entries do not decrease from left to right
in the rows and increase from top to bottom in the columns.

(iv) The sequence w(T) is obtained from a tableau T by listing the entries of
T from right to left, consecutively reading the rows from top to bottom (as in
Arabic).

(v) The sequence w = ay,ay,...,a, is a lattice permutation if it contains the
symbols 1,2,...,s and foreach 1 = k = nand 1 =/ = 5 — 1, the number i
participates in aj,...,a; no less times than i + 1.

ProprosiTION 1.3. (see Macdonald [14]). The coefficient
ag = dimg (N, (X))
of the Hilbert series

HNuN)s s t) = 9 Aol 100

a

equals the number of semistandard \-tableaux of content a = (ay, ..., o).
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For example, let A = (3, 1) and m = 3. The only semistandard [3, 1]-tableaux
of content o = (&, 2, @3), ) 2 a2 2 3, are given in Table 1.

Table 1

o (4,0,0) (3,1,0) (2,2,0) (3,1,0)

10 2] 2] e

dimg (N3(3,1)* 0 1 1 2

Since H(N3(3, 1)) is a symmetric polynomial in ¢, t2, t3, we obtain

H(N33, 1) = (it + 0183 + it + 1165 + 513 + 1213)
20 2D 79 ki i i
+(t1’f»§ +0Hi3+ (if_{) + (f,"(gl'} + 050+ [11'21‘}).

We shall need the following rule for the tensor product of irreducible GL,,-
modules.

ProposiTION 1.4. (The Littlewood—Richardson rule, see [14]). Let A and pu be
partitions of ny and ny, respectively. Then the following GL,-module isomor-
phism holds:

NN @k Nop() =~ 5 Ny,

v

where the summation runs over all partitions v = (v, ...,vy) of ny+ny and the
coefficient ¢, equals the number of semistandard tableaux T of shape v — |
with content | such that the sequence w(T) is a lattice permutation.

For example, let A = (3, 1), u = (2, 1) and m = 3. Then

N33, 1) @k N3(2,1) 2 N3(5,2) + N5(5, 17) + N3(4, 3)
+2N3(4,2, 1) + N3(3%, 1) + N3 (3, 2%),

(see Fig. 1).
Finally, we shall make use of the following particular case of the Littlewood—
Richardson rule.

CoroLLARY 1.5, The isomorphism Ny (X) @k Ny (17) = Z, N, (1) holds, where
the summation runs over all partitions p = (A\j +€1,..., Ay +€p) with ¢; = 0, 1
and e; +---+€, =.
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Figure 1

2. Automorphisms of relatively free nilpotent Lie algebras. Let I, denote
the variety of nilpotent Lie algebras of class at most ¢ over a field K of charac-
teristic 0 and let : be a subvariety of N.. Let F = F,,(N) be the relatively free
R-algebra of rank m generated by xi,. .., x,. The general linear group GL,, acts
on the vector space V,, spanned by x,,...,x, and this action can be extended
diagonally on the algebra F' by

gl-xi(l)y LR 7Xi(n)] = [g(xi(l))7 e 75»'(—"'1‘(11))]7 8 € GLm

The automorphism group Aut F of the K-algebra F' is a split extension by GL,,
of the subgroup /A of Aut F consisting of automorphisms of F which induce
the identity automorphism modulo the commutator ideal F’ of F. We define the
series

IA=1Ay > IAy > - > 1A, > IA4, = (id),

where /A; acts trivially modulo F*, the ideal of F' generated by all commutators
of length s. Since the algebra F is nilpotent, every endomorphism of F which
induces the identity modulo F’ is an /A-automorphism of F. Thus, we have

A, ={¢:xx o x+fi | LEF k=1,...,m}
and

A JIAGe) = {¢ xi —xi+fi | e €FJF* k= 1,....m}.
Clearly, /A acts trivially by conjugation on /A, /IA,, and we define a map ~
which identifies any ¢ from IAA»/IAM with the corresponding m-tuple ¢ =

(fis...+fm)- It is easy to see that ~ is an isomorphism of the abelian groups
IA, /1A and (F* /F*H)®m_ Since (F*/F**')®™ has an additional structure of a
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K -vector space, we may also consider /A, /IA.; as a K -vector space. The general
linear group GL,, acts on IAS/IA,»J,., and we describe this action as follows.

TheorReM 2.1. Let F = F,,(N) be the relatively free algebra of rank m of a
variety I of nilpotent Lie algebras. The group GL,, acts on the factors IA, /1A,
of IA by (g -¢) = gpg ', g € GLy,¢ € IA;/IA;1 and, as a GL,-module,
1A / [Ag.) is isomorphic to the tensor product

(det)™' @k Nu(1™ Y @k (F°JF™).

Proof. Let ¢ € IA; /IA_H] be an arbitrary element with
¢(Xk) = Xk +.ﬂ\'(“\‘]7 s 7-"}")7 f/\ € F‘Y/F.\‘-Hvk = lv c.oeym

and let ¢ = (a;;) € GL,,. Denote g~' = (b;;). Then we have
(8 $)x) = gbg ™ (n) = g (Z b,kx/)
=2 (Z bik¢(Xi)) =28 (Z bix(xi +f}))
=8 (Z bik(xi)) + Z bieg (fi)

= g7 )+ Y b filg(x1), ..., 8 (tm))

= Xk +Zbikf/(g(xl)a'“»g(xm))-

We restate the left action of g on ¢ € (F*/F**1)®" as

g iy sfm) = (frlg(xn)y .oy 8m))s oo fn((X1)s - s (X )))(Dyj)
=(g(f1)s-. - g(fm))(blj)
= ((f1)y- - 8 (fuNg "

Here g(f;) means the canonical action of ¢ € GL,, on F and the multiplication
on the right with g ~! is the usual multiplication of two 1 xm and m X m matrices.

In order to obtain the GL,,-module structure of IA.‘,/IA.\.H we next compute
its Hilbert series. Let u = [x;(1), ..., Xis)] be an arbitrary commutator in F* with
deg,(;)(u) = «;. Then for the automorphism ¢, € IA_Y/IA.\.H such that ¢ (x) =
Xp+ U, 1) = xi, k # 1, and for the diagonal matrix d = d(z,...,2zy), We
obtain

d-(u,0,...,0) = (d),0,...,0d”" =z ... 22" (u/z,0,...,0).
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Thus ¢; belongs to the homogeneous component (/A /IAHl)ﬂ, where 3 =
(o — 1,9, ..., p). Similar considerations hold for automorphisms ¢; fixing
the variables x, k # i. Therefore, for the Hilbert series of A /IA,.;, we obtain

HUA [IAsi1t1y ot = (Lt + -+ Ut )HF* JF 0, ).
Clearly,

(Afti 441 ty) =ty oy t) - e

where e; = e;(t,...,1,) 1S the i-th elementary symmetric polynomial. By
Proposition 1.3, it is easy to verify that e,_; coincides with the Hilbert
series of the GL,,-module N, (1"""). Thus the GL,,-modules IAX/IAHI and
(det) ™! ®x N,(1™ ') @k (F*/F**') have the same Hilbert series. By virtue
of Proposition 1.1(iv), this completes the proof of the theorem.

THEOREM 2.2. Let N be a nilpotent variety of Lie algebras over a field K
of characteristic 0 and let ¢ contain non-commutative algebras. Then for all
m Z 2, the automorphism group AutF,(N) contains wild automorphisms.

Proof. Since N, is the only minimal non-abelian variety and 3, C X, it
suffices to prove the theorem for J; = N only. In this case

IA = IA; 2 IA; = (id),

i.e., IA is an abelian group isomorphic to (F')®". The K-vector space F' =
F,2(9) has a basis consisting of all the commutators [x;,x;],i > j. It is well-
known (and can be easily obtained by comparing the corresponding Hilbert
series) that, as GL,-modules, F' and N,(1%) are isomorphic. Therefore, by
Theorem 2.1 we have

IA = (dety ™! @k Np(1"1) @k Nu(12).
When m = 2, we have

1A = (det) ™! @k Na(1) @k Na(1%) = Na(1),
since (det)™! ®x N,(12) is isomorphic to the trivial GL,-module K. This im-
mediately gives the proof of the theorem for m = 2 because in this case Aut
(F>) = GL, and all non-trivial /A-automorphisms are wild.

When m > 2 we have, using the Littlewood-Richardson rule,

1A X (det) ' ®k Np(1™ ") @k Ny(17)
> (det) ! @k (Nu(22, 1" ) D N,(2,1771)).
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Since (det)™! ®x Nn(2, 1!y and N,,(1) have the same Hilbert series, they are
isomorphic and

1A = (det) ™' @k N, (22, 1" ) @ N, (1).

Since (det) ™' ®k N,,(2%, 1" is a proper submodule of the GL,,-submodule /A,
it suffices to observe that the tame automorphisms from /A belong only to the
GL,,-submodule (det)™' ®x N,,(2%,1"%). The subgroup of all tame automor-
phisms is generated by GL,, together with all automorphisms ¢ = ¢, , defined
by

o)) = x; +alv, 3], a€K, ¢y)=x, k#I.
Since ¢, corresponds to the element
bra = (alx2,13],0,...,0)

of (F)®" it is homogeneous of degree (—1,1,1,0,...,0). By Proposition 1.3
the Hilbert series of the GL,,-module N,,(1) has a trivial coefficient of l2[3/1|
and, hence the homogeneous component of degree (—1,1,1,0,...,0) of N, (1)
equals zero. This gives immediately that the tame automorphisms from /A belong
to the GL,,-submodule (det)™' @ N,,(22,1"3). This completes the proof of the
theorem.

Remark 2.3. For F = F,(%,) it is possible to obtain the tame automor-
phisms explicitly. For this purpose it suffices to find a K -basis of the submodule
(det) '@k N, (22, 1"73) of the GL,,-module IA. For example, for m = 3, a direct
verification shows that ¢ € /A is tame if and only if

o(x)) = x1 + ax[xp, 2] + azlxy, x3] + axz[x2, x31,
G(x2) = xo +ay[xy, xa2] + apslxr, x3] — azx, x3),

P(x3) = x3 +aply, o) —alx, 3] — alx, xl,
where a;, aj; are arbitrary elements of K.

Remark 2.4. 1f the GL,-module structure of a relatively free Lie algebra
F,,(M) is known then we also know the GL,,-module structure of F,,(M N N,.).
In particular, Thrall [17] has obtained the decomposition of L‘/L"*' for the free
Lie algebra L = L(xy,...,x,) with s = 10; the descriptions of F,,(JLUNUN,)
and F,,((1%, G, C]) are obtained in Drensky [8] and Mishchenko [15], etc.

3. Free nilpotent metabelian algebras. In this section we shall obtain gen-
erators for the automorphism group of the relatively free nilpotent of class ¢ and
metabelian Lie algebra F,,(%. N 112). The main result is that Aut F,,(8. N U?)
is generated by GL,, and a single automorphism §, defined by

o(x)) = x1 +[x1, 0], 6(x) =xp fork > 1.
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We also establish some results for Aut F,,(:.). For m,c 2 2, we denote by F
the algebra F,,(%.). Let G be the subgroup of Aut F generated by GL,, together
with the automorphism 9§, defined above. Clearly,

A = (id) and 1A /1A = 1A, = (F)®".

We denote by G the image of G N IA.. under the isomorphism ~ from /A, to
(F)®m_ By definition, x;(ad x») = [x,x2] and all the commutators are left-
normed, i.e.,

[.X[,XZ,X}] = [[—thZ]v-X}]'
Additionally, we use the same notation G for the subgroup of Aut F,,(R) gen-
erated by GL,, and § for all varieties :t C ...
Lemma 3.1. Fora € K* and f € F¢, let ¢, € IA. be given by

Par(x1) =x1+af, Pay(n) =x, k>1.

Then, if ¢ = @1y € G, then ¢,y € G for all a € K*.

Proof. We shall prove the lemma in two steps. First, let a = p/q be a rational
number. With n = pg‘~2, we have ¢" € G with

¢"(x) = x1+pg T f, ¢'w) =x, k# L
Conjugating ¢" with the diagonal matrix d = d(1/q,...,1/q) € GL,, yields
d-¢" =d¢"d" = ¢,/,s €G.

This gives the proof for the case when a is rational. Now, let a € K* be
arbitrary. Conjugating ¢ with the diagonal matrices d; = d(a+1i,...,a+i),i =
0,1,...,c — 1, we obtain di¢d;' € G. For each i = 0,1,...,c — 1,d;i¢d;""
corresponds to the equation

@+ =i (T Ha ).

Considering these equations as a system of linear equations with (":' ya<~rIf
as indeterminates yields a ¢ X ¢ Vandermonde matrix. It follows that each
(":' Ya“~"~'f can be expressed as a rational linear combination of (a+1)“~ ! f,i=
0,1,...,c¢ — 1. In particular, there exists a rational number p/q such that the
automorphism ¢,/4)a,s also belongs to G. Applying once again the first step,
we establish that the desired automorphism ¢, s € G.

LEmma 3.2. LetR = K[t]/(t”')7 s 2 1, be the algebra of polynomials in one
variable modulo the ideal generated by t** and let a-f (t) = f(at),a € K*, define
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the action of K* on R. Let H = 1 + (R be the subgroup of the multiplicative
group R* consisting of all polynomials of the form 1 +a;t+---+ ast’. Then
H={a-(1+0) | a€K*), ie, H coincides with the K*-invariant subgroup
generated by the single element 1 +1.

Proof. The logarithmic map
log: 1+1tf — (—0Of J1+f) )2+ +(=1)°(tf)' /s
gives an isomorphism of the multiplicative group H and the additive group
R={bit+---+bs’ | b €K}
We consider the equalities
log(1 — kt) = k(t/ D)+ k*(2/2) + ...+ Kt [s), k=1,...,s,

as a system of linear equations with ¢ /i,i = 1,2,...,s, as indeterminates. Then
as in the proof of Lemma 3.1, each 1'/i is a rational linear combination of
{log(1 —kt) | k = 1,...,s}. In particular, since log(1+7*) = (—s)¢* /s, it follows
that log(1 + %) is a rational linear combination of {log(1 —kr) | k = 1,2,...,s}.
Thus, for a suitable n, (1+¢*)" belongs to the multiplicative subgroup (1—kz | k =
l,...,s). Since 1 —kt = (—k) - (1 +1), it follows that (1 + *)" belongs to the
K*-invariant subgroup generated by (1 + ¢). Similar arguments as in the proof
of Lemma 3.1 show that for any a € K*,(1+ar*) € H = K* - (1 +1). Now,
the proof of the lemma is completed by induction on s. The case s = 1 being
trivial, we assume that the lemma holds for s — 1 2 1. Let 1 +a;t+---+a,t* be
an arbitrary element of H. The inductive assumption implies that there exists b
in K, such that

gy=1+ait+---+a,_,t’" ' +bt

lies in H. Since f(t)g ~'(¢) is of the form 1 +ar* which belongs to H, it follows
that f(¢) belongs to H. This completes the proof of the lemma.

Lemma 3.3. Let ) and ¢ be automorphisms of F defined by

PYlxy) = +xi(ad o) p() = + Z [X1, X62)s - -+ 5 Xo(e) ]
Y = ) = xp,  k#1,

where the summation is taken over all permutations of {2,. .., c}. Then ¢ and

@ are elements of the subgroup G of AutF generated by GL,, and §, where

o(xy) = xy +[xp,x2] = xy +x1(ad x2) and  6(xp) = x¢,  kF# 1.
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Proof. By Lemma 3.2, there exist rational numbers a,...,ap, bi,..., b, such
that

et = TTa+an/ TTa+pnmod ).
Thus

X +xad o) 7 =1+ (ad x)

=x [ (1 +aiad x2))/ ] (1 + bj(ad x)).

and it follows that the automorphism 1 belongs to the subgroup of /A-
automorphisms generated by {6, v,..; | @ € K*}, where 8, = 84,1, is defined
by

da(x1) = xy +alx;,x2] and  O,(xx) =x, k# L.

Since &, = d~'6d, where d = d(1,a,1,...,1) € GL,, it follows that 1) € G.
It remains to prove that ¢ € G. To achieve this we apply to the automorphism
1 € G the standard process of linearization as follows. Let ¢ € GL,, C G be
such that g(x2) = xp+- -+ +X., g(xx) = X1, k # 2. Then gwg" sends x| to x| +x)
(ad(x; + -+ + x.))”'. Since ¢ is the homogeneous component of degree
0,1,...,1) of the automorphism gvg~', standard Vandermonde arguments
show that ¢ belongs to G.

LemMa 3.4, The GL,-module F°[(F° N F") is isomorphic to N,(c — 1,1),
cz2.

Proof. Since F,(R. N U?) = F/F", it follows that
FS(R-NU?) X FCJ(F NF").
Therefore, it suffices to prove that
FORNUY) 2N, (c—1,1).
This GL,-module isomorphism is well-known. For example, this can be obtained
in the following way. Bearing in mind that F*/FNF" has a basis of left-normed
commutators [x;,, X;,,...,X; |,i >i» = ... = i. and applying Proposition 1.3 we

obtain that the Hilbert series of F*/F“NF” and N,,,(n—1, 1) coincide. Therefore,

FCJFCAF"Y 2 FS(R, MUY Z N, (c— 1, 1).

Lemma 3.5. Let R be the variety of Lie algebras with a verbal ideal L+ +
(L N L"), L being the free Lie algebra (i.e., N,y C N C N. and F,(N) =
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FC/(FC N F")). Then for the GL,-module structure of the subgroup IA. of the
group of automorphisms of F = F,(N) one has

IA: 2 Ny(c = 1) @ Ny(c — 2, 1) & ((det) " @k Ny(c, 2,177,

where the third summand appears in the case m > 2 only.

Proof. The proof is a direct consequence of Theorem 2.1, the Littlewood-
Richardson rule from Corollary 1.5 and Lemma 3.4.

For the variety )t of Lemma 3.5 the following identity holds:

0= [xlv cee g Xy [xs+17xs+21?xs+37 s #Xt']
= [)C], e g Xy Xog 1y Xg42y Xs3y 0 - H\‘(']

- [Xh ey Xy Xot2y Xsa 15 X435 - - 7-X(']-
Therefore we obtain the identity
[-xl7x27-xa(3)7 e 7-X0’((‘)J = [x|7x27x37 e 7-X(‘]

for all permutations o of {3,...,c}. We shall make repeated use of this identity
in the sequel.

PropOSITION 3.6. Let I be the variety of Lie algebras with a verbal ideal
LY+ (LNL"). Then IA. = IA(N) is a subgroup of the group G generated by
GL,, and 6.

Proof. Let G be the image of G NIA. in (F5(R))®". We have to show that
G = (F5(Ny)®m.

First, let m = 2. We use induction on c¢. The base of the induction ¢ = 2, when
IA; = N;(1), was considered in the proof of Theorem 2.2. Since id # 6 € IA;
and /A, is an irreducible GL,-module, we obtain that  generates /A,, i.e.,

G = (F3(M)*2.
We assume ¢ > 2. In this case

TIA. = Na(c — 1) D Na(c — 2, 1).
Applying Proposition 1.3 for o = (1, ¢ — 2) we obtain that

dimg N™2(c — 1) = dimg NS —2,1) = 1.
Therefore, if we establish that dimgx G2 = 2, this will give that

G DN P —D@®N P —2,1.
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Since the GLy-modules N,(c — 1) and No(c —2, 1) are irreducible, this will mean
that G D IA.. By Lemma 3.3, the automorphism 1 defined by

V) = x +xad )7 Yn) =X,
belongs to G, i.e.,

¥ = (x;(ad )1, 0) € G.
Let ¢ € GL,, g(x1) = x1,g(x2) = x; +x2. Then

g U= (gtxi(ad o)1), 08"
= (xi(ad(x; +x2)) ", —xi(ad(x; + )71 € G.

The Vandermonde arguments give that the homogeneous components of g - 9
also belong to G. Since in F2(RN) we work modulo F¢ N F”, the component of
degree (1, ¢ — 2) equals

pr = ((c = Dlxi, 2,11 1ad 1), —xi(ad ) ™) € 6.
For h € GL,, h(x)) = x2, h(x2) = x|, we obtain
h-6(x))=x1, h-6(x)=x,—[x,x2] and h-6 €G.
By the inductive assumption, there is an automorphism § € G such that
(1) = xi +xi(ad x0) 2+ pi(x1,x2),  0(2) = Xz + palxy, x2),
p1,p2 € (F'NE") + F¢. We calculate
pr = (h-8,8) = Bh- )" ((h-5)0),
bearing in mind that

pilx1 +f1,x2 +f2) = pi(x1,x2)

(mod FCNF"y forall fi,f» € F3,i=1,2,

xi(ad(xy — [x1, x21) % = xy(ad x2) 2 + [xy, %2, %1 )(ad x) 3

and that /A acts trivially on F§(%):

OCh - 6)(x1) = B(x1) = x; +x1(ad X2) % + py (x1, X2),

(h-8)8(x1) = (h-8)(B(x1)) = (h-§)xy +xi(ad x2) 7 + py(x1,x2))
= x; +x1(ad(x — [x1,021)) %+ pi(xp, 20 — [x1,x2])
= x; +xi(ad x2) 2 + [x), 02, x11(ad X2) 7 + py(x1, x2)
= 0(h - 6)(x;) + [x1, X2, x1)(ad x) .
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Since [xy,x2, v1](ad x2)F € F§(N), we obtain
O(h - 6)(pi(x1,x2)) = pi(xy.x2)  and
pa(x)) = (h-6.0)(xp) = (O(h-8)) " ((h-8)0)(x))
= X1 + [y, 0.4 J(ad o) .
Similarly,
O(h - 6)(x2) = O(x2 — [x1.x2])
= X3 + oy, 0) — [, 0] — xj(ad o) 7,
(h-8)0(x2) = (h-0)(x2 + paxy.x2))
= (1 — [x1. 0]+ pax,) — xi(ad x2) ) + v (ad o)
= 0(h - 6)(x2) +x(ad x2) ',
pa(x2) = (h-8,0)(x2) = (B(h - 6) " (h-6)B)(x2) = x5 +xi(ad x2) "
Therefore,

P = ([x1. v, xa)(ad o) " Yxad )7 € G

Since ¢ > 2, the elements p; and p, are linearly independent, dimg G''*=% = 2,
and this completes the proof for m = 2.

Now, let m > 2. First we shall consider the case ¢ = 2, when F,(q) is
isomorphic to the free nilpotent algebra F = F,, (). Clearly, the GL,,-module
(FHom s generated by b = ([x1,%2].0,....0) and ([x3.x2],0,...,0). But for
g € GLy,

glx) =x+x, g) =x, k>1
g6 =(x;+x3.120.0.....0) and
(x3.x21.0,....0) =g -6 =6 € G.
Therefore G = (F>)*”. Now, let ¢ > 2. By Lemma 3.5,
1A, 2 N,y(c — 1) @ Ny(e — 2, D)@ (det) " @k Nple, 2, 1"7).

Applying Proposition 1.3 for the irreducible components of /A, and for o =
(l,c—2,0,....0) we obtain

dimg NS¢ — 1) = dimg No(c —2,1) = 1.

m m

The most difficult case is (det)y™ ®x N, (c,2, 1”=3). Since the GL,,-module
(det)™! is homogeneous of degree (—1,—1,...,—1), in this case we have to
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calculate the number of semistandard (c.2, 1" %)-tableaux of content 8 = (2,
c—1,1,...,1). All these tableaux are given in Fig. 2.

1 1 2 2 2 1 1 2 2 k
2 k 2 2

3 3
k-1 k-1
k+1 k+1

C C

k=3,..., m
Figure 2
Therefore

dimg ((det) ™" @k Np(c, 2, 1" ) = 2(m — 2).
As in the case m = 2 we have to show that

dimg G* = 1+ 1+2(m —2) =2(m — 1).
From the case m = 2 we know that the elements

7~Tl = ([xlvxza-xl](ad XQ)(._:;ﬂ 07 Oa PERIRY 0),
7, = (0,x1(ad x2)71,0,...,0)

belong to G. If we obtain 0,,7; € G,i = 3,...,m, such that

o;(x1) = x; + [x1, x;)(ad x2) 2,
i) = x; + [y (ad x2) 7 ),
oi(w) = 1), kF#
we shall find out 2(m — 2) more linearly independent elements of degree (1,

¢—2,0,...,0) in G and this will complete the proof. So, without loss of gen-
erality we assume m = 3.

https://doi.org/10.4153/CJM-1990-015-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1990-015-1

274 VESSELIN DRENSKY AND C. K. GUPTA

Let g,h € GL3,g(x3) = X +x3,8(xx) = X, k # 3, h(x)) = x; +x3,h(xp) =
Xe k # 1. Then

g -7 = (Ixn, 0, )(ad x2) 2, 0, —[x1, 00, x1 J(ad 1) ) € G,
1 —g - %1 = (0,0, [x,x,x](ad x,) ) € G,
he () — g - 71) = (—[x) +x3,00,x1 +x3](ad x2) 7,0,
[x) +x3, X2, X1 +x13](ad 1) ) € G
and for the homogeneous component of degree (1,¢ —2,0) we get
él = (—[Xl 3 X2, X1 ](ad "(2)1._37 07
(Lx1, X2, x3] + [x3, 00, x1 D)(ad x0) ) € G
Therefore
#1401 = (0,0, (Lxy, X2, x3] + [x3,.02, 51 (ad 1) ) € G.
Applying the Jacobi identity and the anticommutative law we establish that

71 +0) = (0,0,2[x;(ad x2) 2, x3] — [x1, x3)(ad x) 7?) € G.

Now, for g',h'" € GL3,8'(x3) = x2 +x3,8'(00) = X,k # 3,0 () = xo +
x3, W' (xp) = xi, k # 2, we obtain

i —g %2 =(0,0,x1(ad ) ") € G,

H -y — g #2) = (0, —xy(ad(x; + x3)) 1, 0,

xi(ad(x, +x3) " H € G

and for the homogeneous component of degree (1,c —2,0) we get

0, = (0, —x(ad x) ',
(¢ — 2)lxi(ad x2) 72, x3] + [x1,3](ad x2) %) € G.

Therefore
2+ 0, = (0,0, (c — 2)[xy(ad x2) 2, x3] + [x1, x3](ad x2) 2) € G.

Since 7| + 0, and 7, + 92 are linearly independent, we can obtain &3 and 73 as
their linear combination. Hence o3 and 73 belong to G and this completes the
proof of the proposition.

Tueorem 3.7. Let N. N U? be the variety of all metabelian and nilpotent
of class = ¢ Lie algebras over a field of characteristic 0. Then the group of
automorphisms of the relatively free algebra F,,(%.N UH.m=2,is generated
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by the general linear group GL,, with its canonical action on the free generators
X1y ...y Xy and by one more automorphism 6 defined by

O(xp) = x1 + [x,x00), Ox) =x, k>

Proof. The theorem follows immediately from Proposition 3.6 using an in-
duction on ¢: let ¢ € Aut Fu(RN.N13). By the inductive assumption, there exists
an automorphism ¢ € G such that ¢ and ¢ induce the same automorphism on
Fp(R._, N 1?). Therefore oy~ € IA,. By Proposition 3.6 /A, C G, hence ¢
also belongs to G and G = Aut(F,,(R,. N 1?).

4. Nilpotent algebras of large rank. In this section we shall study the
automorphism group of the free nilpotent Lie algebra F,,({.) when the rank
m is at least ¢. Throughout this section we fix the integers m and ¢ assuming
that m 2 ¢ 2 2. All the considerations will be in the free nilpotent algebra
F = F,(%,.) and in Aut F. Clearly, in this case IA.;; = (id) and in the notation
of Section 2,

1A 1A = IA. = (FOF™.

Besides, G is the subgroup of Aut F generated by GL,, and by the automorphism
6, defined by 6(x|) = x| + [x1,x2],6(xx) = x; for k > 1. We shall establish that

G = AutF.
ProposITION 4.1. For m 2 ¢, Aut F is generated by GL,, and by the auto-
morphisms ps,s = 2,..., ¢, defined by
ps(xr) = xp + [x1, 02, ..., oo op) =x k>

Proof. We make use of an induction on ¢ bearing in mind that every au-
tomorphism of F,(%._,) can be lifted to an automorphism of F,,(%.). The
base of the induction ¢ = 1 is trivial. In virtue of Lemma 3.1 it suffices to
show that the GL,-module /A is generated by the automorphism p.. Equiv-
alently, we have to establish that the GL,,-module (F“)®" (with the action of
GL,, described in Section 2) coincides with its submodule N generated by the
element ([x),x2,...,%.],0,...,0). Applying the Jacobi identity and the anticom-
mutative law, every element of F can be expressed as a linear combination of
left-normed commutators [x;,,...,x; ] such that /; = min{i|.....7.}. In what
follows we consider such commutators only. We shall prove the proposition in
several steps.

Step 1. Denote by M the subspace of (F)®" spanned by all elements
([x15Xiyy -+ -5 Xi. 1,0,...,0), where {i2,...,i.} C {2...., m}. We consider the
group GL,,—; as the subgroup of GL, fixing x;. Then GL,_; acts on M in
the same way as on the tensor power (W,_;)* !, where the vector space
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W,,—, has a basis xa,...,X,. Since m = ¢, the GL,,_;-module (W,,_)® " is
generated by x; ® - - & x.; similarly the GL,,_;-module M is generated by
([x1,x2, ..y xc1,0,...,0), i.e., M CN.

Step 2. Let g € GL,,, g(x)) = x2,8(x2) = x1, g(xx) = Xx, k > 2. Applying g to

([x1,x2,...,x:],0,...,0) we obtain (0, [x3,x,X3,...,x.],0,...,0) € N and by
Step 1 we obtain also (0, [x2,x;,,...,%;.],0,...,0) € N when is,...,i. # 2. In
the same way we establish that (0,...,0, [x,x;,,...,x.1,0,...,0) € N, where

the only non-zero coordinate is the k-th and i, ..., i. # k.
Step 3. Assume that [x;,,x;,...,X; ] does not depend on x;. Then by Step 1
we obtain that

f=Uxx,...,x.1,0,...,0) EN.

Let g € GL,,g(x1) = x; +x;,,8(xx) = xx, k > 1. Straightforward calculations
show that

8 f _f = ([Xim-xiz',---7-ri(]707-~'ﬂ0) eN.

Similarly, (u),...,u,) € N when all commutators u; are of length ¢ and do not
depend on x;.
Step 4. Let

u= [Xh"'7x])—l7xl7xp+l7---',qulaxlﬁxq+lv--~ﬂ-x(']-

We illustrate by considering only the case p = m = ¢ = 3; the general case can
be handled in a similar manner. Let g € GL3, g(x3) = x1 +x3, 2(x%) = x¢, k # 3.
Then we have in N

g([/\'l 7'\-27X3]7 07 O) = ([Xh-Xz?-XI ]7 07 O) + ([.Vl,.fz,./\'}], 09 0)
- (07 0, [.X],A'z,X}]) - (0» 07 [xlv/\?vxl ])

By virtue of Steps 1 and 2 the second and the third summands belong to N
because they are linear in x; and x3. By Step 3 the fourth summand also belongs
to N. Therefore the same holds for ([x;,x2,x;],0,0). As a consequence, we
obtain (4,0,...,0) € N for all commutators ¥ which depend on x; and are
linear in the other varibles.

Step 5. Let u be an arbitrary commutator of length ¢ and let deg,,u > 1, i.e.,

u= [lexizw- -7xi,,;|,xlvxi,)+|~, s X, I

obtain that (u,0,...,0) € N. Hence we obtain that all the elements (uy,..., Upy,)
belong to N, u; being commutators of length ¢, i.e., (F.)®" = N. This completes
the proof of the proposition.

Since by Step 4 ([xy, ..., X, 1, X1, Xpe1s-. 5 X1, 0,000 0) € N, as in Step | we
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PROPOSITION 4.2. Let m 2 ¢ and let o, € AutF be defined by
a's(xl) =X+ [leu-a-xsv [-Xs+lv'~'7x<'”7 § = 2,3,...,(' —2.

Let ¢ € AutF be such that it induces identity automorphism modulo FC N F”.
Then ¢ belongs to the subgroup of AutF generated by GL,, and 03,03, ...,0._3.

Proof. Every element of F N F” is a linear combination of commutators

[E TS PR B R v |
where

ho=min{iy, ... 0}, b =min{ig,.. i), s =230 =2,
Then the proof can be completed by repeating verbatim the arguments of Propo-
sition 4.1.

We can now prove the following main result of this section.

THEOREM 4.3. Let m 2 ¢ 2 2. Then the group of automorphisms of the free
nilpotent Lie algebra F,(N.) is generated by the general linear group GL,y,
with its canonical action on the free generators xi,...,x, and by one more
automorphism é defined by

0(x1) = x1 + [x1,x00],  00) =xx, k> 1.

Proof. We use induction on c¢; the base of the induction ¢ = 2 follows from
Proposition 3.6. It suffices to establish that /A, C G = (GL,,,8). By the inductive
assumption there exist automorphisms 8, 7 € G such that

H(Xl) =X +[Xl7~'~7x.\‘+ll+p|7
Ox) =xi +pisk# Lps EFCi=1,....,m,
T(Xg41) = Xoal + [Xsrly ooy Xe] + Ggat,

W(Xk):xk"'qk’k#s-"qui EF(vi: 17~"7m'
It is easy to see that

On(x)) = x1 + [x1,..., X1 ]+ p1 + 41,
mO(x1) = X1 + [x1, .o xg ]+ pr g+ e xg [, - xe]]

= (HW)_I(XI S ST N E TS A | )|
and with (m,0) = 767" 70,

(71-7 9)(X|) =X+ [Xh ceey Xy, I-XS‘FI? e 7X<'”7 (7T7 9)(3./\') = Xk, k 7é 1.
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Therefore (7, 0) = o, € G.

Let ¢ € IA.. By Proposition 3.6, there exists 1 € G such that ¢ and ¢ induce
the same automorphism modulo F“ M F”. Hence ¢! induces the identity
automorphism modulo F¢ N F”. In virtue of Proposition 4.2 ¢v~' € G, i.e., ¢
also belongs to G and

1A, C G = (GL,,,9).

This completes the proof of the theorem.

As an immediate consequence of Theorem 4.3 we obtain the following asser-
tion.

COROLLARY 4.4, Let N be a subvariety of N, and let m = ¢ 2 2. Then
Aut F,(N) is generated by GL,, and by the automorphism é.
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