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1. Introduction. The nonabelian tensor square G ® G of a group G is generated by
the symbols g ®h, g, h e G, subject to the relations

88'®h =(g'®*h)(g®h) and g®hh'=(g®h)("g®"h"),

for all g, g', h, h' € G, where #g’ = gg'g~". The tensor square is a special case of the
nonabelian tensor product which has its origins in homotopy theory. It was introduced by
R. Brown and J. L. Loday in [4] and [5], extending ideas of Whitehead in [6].

In their seminal paper [3], R. Brown, D. J. Johnson, and E. F. Robertson raise the
question if a general estimate can be given for d(G ® G) in terms of d(G), where d(G) is
the minimal number of generators for a group G. The topic of this paper is to give an
estimate for d(G ® G) in terms of d(G) in case G is nilpotent of class 2 (Theorem 3.1).
For a group being free nilpotent of class 2 we show this estimate is sharp (Theorem 3.3).
This is done by explicitly determining the nonabelian tensor square of a free nilpotent
group of class 2 on n generators as a free abelian group of suitable rank. In case n =2, R.
Aboughazi in [1] obtained the result using a different method.

Based on results in [3], it follows that the tensor square of a nilpotent group is
nilpotent, where cl(G ® G) =cl(G') or cl(G’)+1. We will show that for a group G of
class 2, the tensor square G ® G is always abelian (Proposition 2.2). This fact enables us
to use the concept of a crossed pairing in our computations. We define it here in the case
relevant for tensor squares. For the general case of a nonabelian tensor product we refer

to [3}.
DeriniTiON 1.1. Let G and L be groups. A function ¢:G X G — L is called a crossed
pairing if
B(gg' h) = ¢(%g',%h)$ (g, h), (1.1.1)
d(g,hh') = ¢(g, h)d("g,"h’") (1.1.2)

forallg,g’,h,h' €G.
Crossed pairings allow us to determine homomorphic images of G ® G as follows.

ProposiTioN 1.2 [3]. A crossed pairing ¢ determines a unique homomorphism of
groups ¢*:G&® G — L such that ¢*(g®h) = ¢(g, h) forall g, h e G.

The fact that G ® G is abelian in our case allows us to use crossed pairings explicitly
in our computations. In [2] this method has been used to determine the nonabelian tensor
square of all 2-generator p-groups of class 2, where p is an odd prime. Until then it seems
that crossed pairings have only been applied in theoretical context, e.g. Proposition 7 in
[3]. In cases where G ® G fails to be commutative, the extensive calculations involved and
conjecturing the group L pose an obstacle to using this method.
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2. Basic results. It follows from general results in [3] that cl(G®G)=<2 if
cl(G) = 2. We are able to lower this bound. This is fundamental in establishing the desired
estimates for d(G ® G) if cl(G) =2.

The following familiar expansion formulas for groups of class 2 are stated here
without proof and will be used without further reference.

Lemma 2.1. Let G be a group of nilpotency class two. Then, for any a, b € G and any
nel,

[a,b"]=[a",b]=[a,b]" and (ab)" =a"b"[b,a]?.
The first results now follow.

ProvrosiTion 2.2. If G is a nilpotent group of class two, then G ® G is abelian and
leg=[x,y]®[x",y'] forallx,y, x',y' € G.

Proof. By Proposition 3 in [3], we have
F®Y)x' ®y)x®y) ' = @y ) = (' ®y),

since G' is central in G, and hence [x®y,x'®y'] = 1g. Thus G ® G is abelian. Again by
Proposition 3 in [3] we have [xQy, x' ®y’'] =[x, y]®{x’, y']; thus [x,y]®[x',y'] = 1e.

ProrosiTION 2.3. Let G be a group of nilpotency class 2. Then the defining relations of
G QG reduce to

xx'®y =(x®y)x'®y)([x,x'|®y)(x'®[x, y]), (2.3.1)
x®yy' =(x®y)x®y)x®[y,y' N[y, x]®y’) (2.3.2)
forallx,x',y,y' e G.

Proof. Let x, x', y, y' be any elements in G, where cl(G)=2. By the defining
relations for the tensor square and Proposition 2.2, we obtain

xx'®y =(x"®@Yy)xQy)=([x,x'|x'Qx,y]y)(x ®y)
= (" ®y)([x, x 1@ [x, yD([x, x']® y)(x" ® [x, y N(x B y)
= (' ®@y)([x, x'|®y)(x' ®[x, y)(x ®y).
Thus (2.3.1) holds. Similarly, by expanding x ® yy’ we obtain (2.3.2).
As a consequence of Proposition 2.3 we have the following results.

CoroLLaRY 2.4. If G is a group of nilpotency class two, then the following relations
hold for all x,y, z € G: '

([X,Y]‘X’Z)(Y‘X’[X,Z])(X‘X’[Z,Y])=1®, (241)
(x®[y, zD([x, 2] B y)([y, x]®2) = 1g, (24.2)
([x,y1®2) =z ®[x,y])~". (2.4.3)

Proof. Observe that xy =[x,y]yx in any group. Consider the element xy®z e
G ® G, where cl(G) =2. Expand first as

xy®z=(x®z)(y®z)([x,y]®2)(y ®[x, 2])
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by Proposition 2.3, and secondly as
xy®z=[x,y]lyx®z=(lx,y]®2)(yx®z)
=([x,y]1®2)(x®2)(y @ 2)([y, x]®2)(x B[y, z])
=@x®HN(y®)x®[y, z]).
Equating the terms from the two expansions yields

([x,y1®2)(y ®x,z]) = (x B[y, z]).

Note that by Proposition 3 in [3] we have (x ®[y, z])™' = (x ® [z, y]) and multiplying both
sides by x ® [z, y] yields (2.4.1). Similarly, expanding x ® yz in the same fashion as above,
we obtain

(x®Ly, 2Dy, x]1®2) = ([2,x]Dy).

Multiplying both sides by ([x, z]®y) yields (2.4.2). In order to derive the last relation,
multiplying (2.4.1) and (2.4.2) together yields

le=(x®[y, z])([x, 2] ®y)({y, x] @ 2)([x, ] ® 2)(y ® (x, 2])(x ® [z, y])
=(xB[y, )@y, 2) 7 ([y, x]1®2)([y, x)1®2)~'([x, 2] Oy)(y ®[x, 2])
=([x, 2] ®y)(y ®[x, z]).
To establish our primary result we shall need the following technical lemmas.

LEMMA 2.5. Let G be a group of nilpotency class two. Then: for x, y,,...,y, € G,

x® l:[l Vi = H (x®y1) 1—[2 l_[l ( y,,x]®y,) (251)
fory,x,,...,x,€G,

_1‘[] X ®y= 1‘[1 (x:®y) I12 ﬁ. (x5 ® [x:, y1); (2.5.2)

i= i= i=2j=

forx, ... .,x,,v,...,9,€G,

n n

Hx ®H yi=I11Tx®y) M, (2.5.3)

i=1j=1
with

- m

11 @ x0@50 11 TT 1T s,

i=2 k=1 j=1

w1111

where in each case the empty product is interpreted as the identity.

|| :5

Proof. The proof of (2.5.1) and (2.5.2) is by induction on n using Proposition 2.2 and
2.3 as well as Corollary 2.4. The expansion of (2.5.3) is obtained by combining (2.5.1) and
(2.5.2). The details are omitted.

The next lemma is an immediate consequence of (2.4.3) and (2.5.3).

LemMA 2.6. Let G be a group of nilpotency class two, then for any x, y € G and any
integers m and n

@y = (x @)™ (y ®Lx, Y Px O Lx, y)",
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3. Main results. We proceed now with the main result of this paper, giving an
estimate for the number of generators of G ® G in terms of the number of generators of
G, provided cl(G) = 2.

THEOREM 3.1. Let G be a group of nilpotency class two with d(G) = n, then

n(n*+3n-1)

d(G®G) =< ;

This theorem can be easily obtained using the lemmas of the preceding section.
However, for use in our final theorem we need an explicit expression for each g®# in
terms of the generators obtained in the above theorem. The proof of Theorem 3.1 will
reflect this.

Proof of Theorem 3.1. Let {x,,...,x,} be a minimal generating set for the group G.
We shall show that G®G is generated by all elements of the form x;®x;, 1<i=n,
1=j=n, x;®[x;,x}, 1=i=n, 1=j<k=n. Let g, heG. Then g and h can be
represented as g = UV and h = U'V"’, where

U= 1_[ xl{ng V= 1—[ [xi’xk]lik’
i=1

I=j<k=n

n

U=[lxm vi= I1 [l

i=1 I=j<k=n

with integers m;, m/, ly, l),. Thus every generator g ®h of G ® G can be then written as
UV Q®U'V’. Since both V and V' are in the center of the group, then

UVRU'V' =(URUYUSVYVRU VOV

Expanding V®V’ by Lemma 2.5 and observing Corollary 2.2, we obtain V V' = 1.
We expand the three remaining terms according to Lemmas 2.5 and 2.6. It follows easily
that

URVNVRU)= H 1_[ (x’.®[xj’xk])mi[ilk_ml'[ik.

i=1 1=sj<k=n

Expansion by Lemma 2.5 yields UQ U’ = ﬁ ﬁ (x7"®x7V)- M, where

i=1j=1

n j—1 n n
M=TITTIT (0, xd @y [T T]
j=2 k=1 j=1i=2

i=1

i-1
(oxx @ [xs, xj])”'k"'im’! .
k=1

By combining terms, applying Lemma 2.6, and reindexing we can show that

UU' =TT @x)" 1 I (@i, 5]y ® =,

i=1j=1 i=1j=1

Thus the tensor square is generated by the desired elements.
If n =2, then G ®G is generated by

x,®x2, x2®x1, x1®x1, x2®x2, x.®[x1,x2], X2®[x1,x2].
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Thus d(GR®G)=6=3%4+6—1), the desired result. Now let n=3. There are n®
generators of the form x;®x; and n(n —1) generators of the form x;®[x;, x;], i #j.
Initially there are n(n —1)(n — 2) generators of the form x; ® [x;, x,] for distinct i, j, k.
Since [x;, x] = [xx, x;]”" it follows from Proposition 3 in [3] that we can assume j <k.
However by Corollary 2.4 we have x; ® [x;, x,] = (x; ® [x;, x4 ])(xx @ [x;, x;]). Thus there are
only 2(5) = 3n(n —~ 1)(n — 2) generators of the form x; ® [x;, x;] necessary, and therefore

dGOG)=n*+n(n—-1D+in(n - 1)(n-2)=in(n*>+3n-1).

Remark. It should be noted that the above can be extended to the case where G is
not finitely generated. In particular, d(G ® G) =d(G) if d(G) is an infinite cardinality.

Our next result shows that the estimate for d(G ® G), as given in Theorem 3.1, is
sharp. We will show that for G = F,/ys(F,), the free nilpotent group of class 2 on n
generators, equality holds in Theorem 3.1. For n =2 this already has been shown in [1].

THEOREM 3.2. For any positive integer n =2 the tensor square of a free n-generated
nilpotent group of class 2 is free abelian of rank 3n(n®+3n — 1).

Proof. By Theorem 3.1 we already have that the rank of this group is at most
in(n*+3n —1). We now show that the rank is at least this number. For brevity set
X, = F,/vs(F,), and let %, ={(x,,...,x,). Every g € &, can be written as

g= H x’{".‘(g) . H [xj’xk]ljk(g),
I<i=n I=j<k=n
with unique integers m,;(g) and /;(g). Thus there are well-defined functions m; for
1=i=nandlyfor1=j<k=n from %, to Z
We note that m;(gh) = m;(g) + m;(h), Ly (gh) = li(g) + Ly (h) — m(h)m,(g), mi(*h) =
m;(h), and [, (®h) = L (h) + m;(g)m;(h) — m;(h)m;(g). We define now functions z;;, Zij, Zyi,s
Zi, from 3, X 3, to Z by

zi(g, h) =mi(g)m;(h), * 1<i=n, l1<j=n, (3.2.1)
28, 1) = @y h) — mg) + my) (™)
- (") + g - me),  1=i<j=n,  (322)
2(e 1) = m )~ m(Ys(@) — m)(" )
+ m,-(g)(m’;h)), 1=j<i=n, (3.2.3)

zijx(8, h) = mi(g)(h) — mi(h) Ly (g) + my(h)ly(g) — mu(g)l;(h)
+ mi(g)m(g)ymi(h) — mi(h)mi(h)m,(g)
+ mi(h)m;(g)my(h) — m;(g)m;(h)m(g), Isi<j<ks=n, (3.2.49)
2w (g, h) = mi(g ) (h) — mi(h)ly(8) + mi(g)l;(8)
= my()(h) + myg)m(h)my () — m()m()mu(g),  1=j<i<k=n.
(3.2.5)

https://doi.org/10.1017/50017089500030883 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500030883

296 MICHAEL R. BACON

To check that the z,, where z, is one of the mappings defined in (3.2.1)-(3.2.5), is a
crossed pairing, we have to verify by Definition 1.1 that

7,(°g',¥h) = 2,88 ", h) — z,(8, h) = z,.(g', gh) — z,(¢g’, 8)-

It follows from Proposition 1.2 that each z,, lifts to a homomorphism, and thus 3, ® 7,
has at least rank 3n(n*+3n — 1), and the theorem is shown.
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