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Abstract

In this paper we give new results concerning the maximal regularity of the strict solution of an abstract
second-order differential equation, with non-homogeneous boundary conditions of Dirichlet type, and set
in an unbounded interval. The right-hand term of the equation is a Holder continuous function.
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1. Introduction

This work is devoted to the study of the second-order abstract differential equation

(1.1) u"{t) + Au{t) = f{t), f e (0, +oo),

under non-homogeneous boundary conditions of Dirichlet type given by

(1.2) u(0) = <p, w(+oo) = 0,

where <p and f{t) belong to a complex Banach space E and A is a closed linear
operator with domain D(A) not necessarily dense in E.

For I € N, we denote by BUC?([0, -!-oo[; E) the space of vector-valued functions
with uniformly continuous and bounded derivatives up to order / in [0, +oo[ and
by CCT([0, +oo[; E) for a € ]0, 1[, the space of bounded and a-Holder continuous
functions / : [0, +oo[ —> E, such that sup(€[0+oo[ | | / ( 0 I I E < °° and there exists
C > 0 such that for all t, r e [0, +oo[,

11/(0 - / ( T ) | | £ < C | r - r r ,
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endowed with the norm

IISII IUVMI , 11/(0 - / ( T ) | | £ll/llc([0,+oo[;£) = SUp ||/(Oll£ + SUp •
»€[0,+OO[ t*T \t — *\

= II / II oo + [/]o([0,+oo[;E)-

For simplicity, we shall write C(E) instead of Cff([0, +oo[; E).
In the present study, we are interested in the existence, the uniqueness and the max-

imal regularity of the strict solution u in the Banach space X = BUC([0, +oo[; E),
when the right-hand term / is regular (Holder continuous function).

We recall that u e BUC([0, +oo[; E) is a strict solution of Problem (1.1)—(1.2) if

u € BUC ([0, +oo[; E) n BUC([0, +oo[; D(A)),

and u satisfies (1.1) and (1.2).
Throughout this paper we assume that the resolvent of A verifies the hypothesis

that there exists K > 0 such that for all k ^ 0

Equations (1.1)—(1.2) can be illustrated by the following example of a Laplacian
problem

^(t, x) + ^{t, x) = fit, x), it, x) e (0, +oo) x (0, 1),

M(0, x) = <pix), w(+oo, x) = 0, x € (0, 1),

M(/,0) = uit, 1) = 0.

Indeed, in E = C([0,1]), we can choose the operator A as follows:

DiA) = [ve C2([0,1]) : u(0) = w(l) = 0} C E,

iAv)ix) = v"ix), v e DiA).

Several authors have studied equation (1.1) under various (homogeneous or non-
homogeneous) boundary conditions, as well as in the case of variable operators,
but on a finite interval. See, for instance, Krein [5], Sobolevskii [11], Veron [13],
Kuyazyuk [6], Da Prato-Grisvard [9], Labbas [7].

Our approach is based on the direct use of the operational calculus and of Dunford's
integrals as in Da Prato-Grisvard [9]. We make use of the real Banach interpolation
spaces DAi0, +00), between DiA) and E, which are well-known in many concrete
cases and can be characterized by

DAi6,+oo) = I? e £ : sup \teAiA-tl)~l$\ < 00
I r>0
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where 0 e (0, 1) (see Grisvard [4]).
Assumption (1.3) does not imply that A is an infinitesimal generator of an analytical

semigroup. However it allows us to define (—A)112, (for details, see Balakrishnan [1]).
We do not use this fractional power of the operator nor the techniques of semigroups
estimates generated by them as in Krein [5].

Our main results are the following.

THEOREM 1.1. Let <p e D(A) and f e C2e(E), with d e (0,1/2) such that

-A<pe D(A).

Then Problem (1.1)—(1.2) admits a unique strict solution.

THEOREM 1.2. Let <p € D(A) and f € C20(E), with 0 e (0, 1/2) such that

f(0)-A<peDA(e,+oo).

Then the unique strict solution of (1.1)—(1.2) satisfies the property of maximal regu-
larity Au(-), «"(•) eC2e(E).

If / is in a Lp-Lebesgue space, we can prove that the same representation given
in (2.1) leads to the existence of a strict solution, because Lebesgue spaces satisfy the
so-called UMD property. This no longer holds true for Holder spaces; so the function
needs more regularity (see, for instance, Favini et al. [3]).

The paper is organized as follows. In Section 2, we give the natural representation of
the solution u to Problem (1.1)—(1.2) by using the operational calculus and Dunford's
integral. In Section 3, we give necessary and sufficient conditions on <p and A<p — / ( 0 )
to obtain the maximal smoothness of the solution u given by Dunford's integral when
/ is Holderian. In Section 4, we present an example, to which our abstract results can
be applied.

2. Construction of the solution

If A is a complex scalar z such that Re >/—I is positive, then the solution of
(l . l)-(l-2)isgivenby

/

+OO

k(t,s)f(s)ds,

where

0 < s ^ /,

s > t.
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Here v—z is the analytic determination defined by Re V—z > 0. In the general
case, it is well known that Hypothesis (1.3) implies the existence of <50 e (0, n/2) and
e0 > 0 such that the resolvent set of A contains a sectorial domain of the form

SeoM = S = {X. e C : | arg X | < So] U B(O, e0),

where B(O, e0) is an open ball of radius e0. If y denotes the sectorial boundary curve
of Sf0,s0 oriented positively, remaining in p(A)\K+, and defined by

Y = {z € C : \z\ ̂  e0 and | argzl = 50} U {z = €oe
iv : 80 ^ v ^ 2n - <$0},

then the natural representation of the solution of (1.1)—(1.2), in the abstract case, is
given by Dunford's integral

(2.1) u(t) = — f,
2in Jy

/ /
JY Jo

k(t,s)(A-zirlf(s)dsdz.

These integrals converge absolutely for every t e (0, +00). Indeed, we have for
z € y, le'^'l ^ < r R e v ^ ' = e-cM"2', where c0 = cos((7T - S0)/2). On the other
hand, for any / e X, we see that

k(t,s)(A-ziy1f(s)ds
co\z\2

Set, for <p e E and t e (0, +oo),

2l7t Jy

Then we have the following result, which allows us to study the properties of the
solution u.

PROPOSITION 2.1. Under Assumption (1.3) we have

(1) that there exists K > 0 depending only on y such that for all <p e E and for all
t>Q,\\B{t,A)<p\\E^K\\<p\\E\
(2) for all <p&E and for all t > 0, B(t, A)<p 6 D(A);
(3) B(-, A)(p e X if and only iftp e D(A).

PROOF. (1) For t > 0, we can write

= ̂ - f
2in JY+

^- f
2in JY-
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where

(2.2)

Then

Resolution in Holder spaces 391

yt
+ = [z e y : \z\ > 1/r2}, y-= {z e y : \z\ < l/t2}.

kl Ji tf2/'2 ?2

and

where C, = {z = eiv/t2 : -So ^ u ^ 50}. For r , we write

V rfz - Z7- / (A - z/)" V <*z
2in JCi

/I',

/I = - D(A - z/)-V Jz

then

Izl
,2,. . 2e« r -

\\J:\\E < ^

For /" , we have

•d\z\\W\\

Av 7\—\

f1"2 d\?\
K / | z | 1 / 2 r - ^

Jo \z\

I)-l<p\pdv^

- 1

(2) This rises from the convergence of the integral

2in JY

- z/)"V € D(A) for all <p e E and r > 0.and from the fact that

(3) Fix e > 0 and let <p € IKA), then there exists V € D(A) such that

(2.3) lko-iM*<€.
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Using the resolvent's identity (A — zl)~l Axjr = ifr + z(A — z/)~'i/r, we obtain

B(t, A)ir = — / (A - zI)~lAfdz.
2l7l

Thanks to the inequality

-(A-zlT'Af

Lebesgue's and Cauchy's theorems give us

lim B(t, A)f
2in Jy

(A-zI)- i

-Ai/r dz = ^f.

Now from the equality

B(t, A)<p-y = (B(t, A)<p - Bit, A)ir) + (B(t, - f)

and from the estimate (2.3), we deduce that B(t, A)<p — <p —> 0 as t —> 0+. The
uniform continuity in t > 0 is easily verified.

Conversely, if B(-, A)<p e X, then for z € y one has

(A - ziy1 lim B(t, A)<p = lim (A - zI)~lB(t, A)<p
t-*0+ (->0+

= lim B(t,A)(A-ziy1<p
o+

wich implies that <p = lim,^0+ B(jt, A)cp G D(A).

PROPOSITION 2.2. Under Assumption (1.3) and for 6 G (0, 1/2) we have

B(-, A)<p 6 C2\E) if and only if <p e DA(0, +oo) .

PROOF. Let <p e DA{6, +oo) and 0 ^ x <t. Thus

. / r j r _vzjA A(A - ziy1

( T , •<pdz

— e
^ - l

(.-•^•--^•)

^ - l

D
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and

\\B(T,A)<p-B(t,A)<p\\E

\dz\
\\<P\\DAW,+CC)

r)-> \Z\

r \d.7\
K

+ K' I • !e + l
 T WZWMD^B.+CO)

^ max(K, K')it - T)26\\(P\\DA(9,+O0).

For the proof of the direct sense, we know (see Sinestrari [10]) that if B is the
infinitesimal generator of an analytic semigroup V(?)> then Vit)q> — <p = 0{t"), as
/ -» 0+, if and only if <p e DBict, +oo). Observe that —(—A)1/2 is the infinitesimal
generator of the analytic semigroup V(?) = Bit, A) (see Krein [5]). Therefore,

<p e D(_A)i/2(20, +oo) = DA(0, +oo).

The last equality holds by using the reiteration theorem in interpolation theory (see
Lions-Peetre [8]). •

3. Smoothness of the solution

Now we can state some regularity properties of u and Au.

PROPOSITION 3.1. Let y € D(A) and f e C2eiE), with 9 e (0, 1/2). Then

(1) for all t }t0, u(t) e D(A);
(2) u(-)andu'i-) e X;
(3) S(-) = AK(-) - B(-, A)(A<p - /(0)) 6 C2S(E);
(4) Au(-) e X if and only if Acp - /(0) € D(A);
(5) AH(-) e CM(£) if and only if A<p - /(0) 6 DA(6», +oo).

PROOF. (1) In the second integral in (2.1) we write f(s) = (f(s) - fit)) + fit).
Then, after a calculation of the integral in fit), we get

n(O = B(r,
1 /" Z"1"00

- — / / *(r, s)(A - z/)"1(/(5) - f(t)) ds dz
2in Jy Jo
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- — / iA-ziy
xfit)dz

2in Jy z

+ rJ- [~iA~ziylfit)dz
2in Jy z

From Proposition 2.1, we deduce that I\ e DiA). The convergence of the integral

— / AiA-ziylfit)dz
2in Jy z

implies that 73 e DiA). For 74 we use the Cauchy theorem, which gives

74 = A~lfit) € DiA).

Finally for 72, it is sufficient to prove the convergence of the integral

— / / kit,s)AiA-ziy\fis)-fit))dsdz.
2in Jy Jo

In fact, we have

— /T
2in Jy Jo

k(t, s)A(A - zir\f(s) - f(t)) dsdz

\k(t,s)\\t-srds)d\z\\\f\\c» »(£)

d\z\

where the last estimate holds by Holder's inequality.

(2) Let us prove that «(•) € X (the same techniques give the result «'(•) e X). For
0 ^ T < t, we get uit) — M(T) = 7 + Ai + A2 + J, where

7 = Bit, A)<p - Bir, A)<p, J = A~l(fit) - fir)),

A, = - — / / kit, s)iA - ziy'ifis) - fit)) ds dz
Iy JO

— f r
2in Jy Jo

Hz, s)iA - ziy\fis) - fir)) ds dz,

~~2i^ Jy
(A-z7)"7(0^ + ^ -

2in -iA-ziyxfir)dz.
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The result is obvious for / , since cp e D{A). For / we use Assumption (1.3).
On the other hand, we have

A2 = -(A-zir\f(T)-f(t))dz

where

1 f

2in Jy

™-<±r%)*- K(t ~

and writing A^ as

we obtain

- x)\\f\\

Now for the quantity Al5 one has

A, = - -

+ ^~ f f ~ * S1^y^X (A - ziy'ifis) - f(r))dsdz
{•IX Jy Jx ~J — Z

-W~i I Z Sl^y^S (A-ziyl(f(z)- f(t))dsdz
2l7T Jy Jo J-Z

1 r f+0° e ^^s s i n h

2in Jy J, v ^
(sinhJ^zt-

i=6
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Then

\\II\\E<K f (f ^](t-s)2eds\\f\\C2e{E)^K(t-

and

II/2 HE ( 1 W2}{s ~ r)29^ll/llc28(£) ^ K{t - ^ ^ ' I I / I I ^ ) -

Writing 74 and 76 as

VI TT If \ I
&IJI Jy JQ \Jx

2in J J,
'Y

we get

/ Y— \ e'^lada dr)dS\\f\\c*{E)

^ K f\r-s)w (— —)ds\\f\\C2»(E)

Jo \r-s t-sj

Jo (t - X + T - S)

by making the change of variable (T — s) = %(t — r ) , we obtain

+00 t-20-la+00 t-20-l \

U + 5; /
For I6, we have

«+O0 /»+OO /»f

^

fl+OQ /»+OO /•!

/ ( /

Jx \Jo

K [+C°{S _ tf>
Jt

(s _

(5 - r + t - T)
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+00 Q20-\

A direct calculation of the integrals in ( / ( r ) — /(/)) implies that

e~

2in Jyy Z

- 1 /-^~ I 6- ~(A - zirl(f(r) - f(t)) dz
2in JY z

We write J as

J = ̂ Z ~ (A - ziy\fir) - fit)) dz

1 f e-
iA-zirlifir)-fit))dz

171 Jy-t) Z

(where y^_z) and K(7_r> are defined in (2.2)), then

/

+oo e_Re v^( ,-r) / ? _ \20

\z\ l + |z|a+oo - \

a
and for 7 " we have

with C,,_t) = {z = it - r)-2e'v : -So ̂  v ̂  So).
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So we obtain

/""""

Izl
and

/"""""
K{t -

\\J2-\\E ^ >

(3) We have

1 f*

S(t) = — / - AiA-ziy'Acpdz
2in Jy z

1 f f+°° _,
— —r- / / kit, s)AiA — zl) if is) — fit)) dsdz

2in Jy Jo

-zl)->fit)dz + fit)

2in JY z
thus

^A(A - ziylf'(0)^ [
- — / / fc(r, 5)A(A - ziy'ifis) - fit)) ds dz

2-lX Jy Jo

AiA-ziylfit)dz
Z2in Jy

Let 0 ̂  r < t, then 5(0 - 5(r) = fit) - fix) + A + U, where

A = — / / kit, s)AiA - ziy1 if is) - fir)) dsdz
2lTt Jy JO

2J7T Jy JO

and

n =
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- — / A(A-ziylf(O)dz- / A{A-ziylf{x)dz .
2m yjy z Jy z j

Regarding the quantity n , we have

1 C ie-^1' - e-

n = — / ^
2in Jy z_L [CLl

2in Jy z

-ziyxfix)dz

'y

e
2in

- T 7 - / " AiA-ZiylfiT)dz
2in Jy z

- ^ - f -AiA - ziylfit)dz
2in Jv z
1 f

2in JYy Z
-AiA-ziylifir)-fiO))dz

^~ f ~ A(A - ziy1 (/(T) - f(t)) dz
2in Jy z

y

= n, + n2.

From Proposition 2.1, we deduce that

Iin2||£ = ||fl(/, A ) ( / ( T ) - f(t))\\E ^ K{t -

For FIi, we get

// ~ \dz\
J II

and setting |z|1/2s = a in this last inequality, we obtain

WUAE^KJ
 T—(f+ e-wda^dsW

^ K (t2e - rw) ||/||c>(£) ^ Kit -

A may be written as

A = - — / / -=^ A(A-zI)-\f(s)-f(t))ds,
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^ ^ ' W " zir'Ws) - fMUsdz2in Jy JT

_ 1 r f e z^jnhvz±lA(A- zir\f{T) - f(t))dsdz
2l7T Jy Jo y/ — Z

_ _ L f r (g"yri' - t

2l7T J Jo N / = i
x A ( A -

1 r r

2in JY J,

+o° e-^1 sinhV^z? -sinhy/

x A(A-z/)-1(/(*)-/(0)^rfz
i=6

For A! and A2, we prove that

+oo ri _Rey^i((-i)

K r00 re \t-s\wds\dz\\\f\\c»u)
kl I / 2

K I (t-sY"-1 ( [ e-c"°do I ds\\f\\c^E)
x (J e-c

^ J J 7-TJl \S-X\

K j (s- r)2"-1 (j e-c°°do\ ds\\f\\c»lE)

Writing A4 and A6 as

= ~^ j f
we obtain

Jeo Jo Jx
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HE)

and

I |A6| | £

^
/

+oo .̂r / »+oo/ (I '̂"

By calculating the integrals in ( / ( r ) — f(t)), we get

A3 + A5 =
'Y

-B(t,

= G-n2,

where Q = B(t - r, A)(/(r) - / (0 ) - Proposition 2.1 implies that

(4) Assume that A<p - / ( 0 ) e O(A). Then, by Proposition 2.1

Au(-) = 5(-) + B(-, A)(A<p - / (0 ) ) e X.

Conversely, if Au(-) e X, the function B(-, A)(A<p - / (0 ) ) = AH(-) - 5(-), is
in X. Now using Proposition 2.1, we obtain A<p — / ( 0 ) e

(5) Let us suppose that A<p - / ( 0 ) G £>,4( ,̂ +00). By Proposition 2.1, Au(-) e
C2fl(£). Conversely, if AH(-) 6 C2 9(£) , then B(-, A)(A<p - / (0 ) ) € C M (£) , and

€ D,4(0,+00). D

REMARK. By using the same methods and techniques of calculation, we have a
similar result to Proposition 3.1, when the right-hand term of the equation has a spatial
smoothness, that is, for all t ^ 0, f(t) e DA(d, +00), sup,^0 ll/XOIIo^e.+oo) < 00,
with 0 e (0, 1/2). See [2] for details.

Now, we can deduce our main results concerning the regularity of u.
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THEOREM 3.2. Let <p e D(A) and f e C2e(E), with 9 e (0, 1/2) such that

/ ( 0 ) - A<p € D(A).

Then u, given in (2.1), is a strict solution of (1.1)—(1.2).

By the continuity of B(-, A)cp and Lebesgue's theorem we can verify that w(0) = <p
and M(+OO) = 0. On the other hand, we prove that u verifies (1.1) by using Dunford's
operational calculus.

Finally, by Proposition 3.1, the solution u belongs to

BUC2([0, +oo[; E) n BUC([0, +oo[; D(A)).

Furthermore, if / ( 0 ) — A(p € DA(9, +oo), then we have more regularity on Au(-)

and «"(•).

THEOREM 3.3. Let <p e D(A) and f e CW(E), with 6 € (0, 1/2) such that

- A<p e DA(6, +oo).

Then the unique strict solution of (1.1)—(1.2) satisfies the property of maximal regu-

larity AM(•),«"(•) € C 2 9 ( £ ) .

PROOF. It suffices to apply the previous results, using the fact that DA{6, +oo) c

D(A). •

4. Example

We give an example governed by (1.1)—(1.2). Consider E = C([0, 1]) and

D(A) = {ve C2([0, 1]) : v(0) = u(l) = 0},

Au = w".

It is easy to check that A satisfies Assumption (1.3). We can thus apply our results to
Laplacian problem in an infinite interval, given by

(4.1)

r*2 *}2

16(0,1),

u(+oo,x) = 0, x e (0,1),

u(t,0) = u(t,l) = 0.
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Observe that conditions cp e D(A) and / (0) — A<p e D(A), become

(4.2)

<p 6 C2([0, 1]) : <p(0) = <p{\) = 0,

/ (0 , •) - <p"(.) e C([0, 1]) and

/ (0 , 0) - <p"(0) = /(O, 1) - <?"(!) = 0.

The interpolation space DA{9, +oo) is given by

DA(9,+oo) =

{v € C2e([0, 1]) : v(0) = v(l) = 0} if 26» < 1,

C1 •*([0, 1]), if 20 = 1,

{u € C ' ^ - ' aO , 1]) : u(0) = v(l) = 0} if 261 > 1,

whereC'*([O, 1]) is a Zigmund space (see, for example, [12]). Applying Theorem 3.2
and Theorem 3.3 we have the following results.

THEOREM 4.1. Let f 6 C2e([0, +oo[;C([0, 1])), with 26 e (0, 1), be such that the
conditions (4.2) are satisfied. Then Problem (4.1) has a unique solution u satisfying
u e BUC2([0, +oo[; C([0, 1])) n BUC([0, +oo[; C2([0, 1])).

THEOREM 4.2. Let f e C2e([0, +oo[; C([0, 1]), with 29 e (0, 1), be such that

<p 6 C2([0, 1]) : <p(0) = <p(l) = 0,

/ ( 0 , 0) - <p"(0) = / ( 0 , 1) - <p"(l) = 0.

Then Problem (4.1) /*as a unique solution

u e fl£/C2([0, +oo[; C([0, 1])) D BUC([0, +oo[; C2([0, 1])).

Moreover, u satisfies the maximal regularity

d2u(-, x), dfu(-, x) e C2e([0, +oo[; C([0, 1])).
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