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LATTICE VIBRATIONS WITH RAYLEIGH DISSIPATION
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Abstract

We approximate a linear array of coupled harmonic oscillators as a symmetric circular
array of identical masses and springs. The springs are taken to possess mass distributed
along their lengths. We give a Lagrangian formulation of the problem of finding the natural
frequencies of oscillation for the array. Damping terms are included by means of the
Rayleigh dissipation function. A transformation to symmetry coordinates as determined by
the group of rotations of the circle uncouples the equations of motion.

1. Introduction

Transformation to symmetry coordinates to separate coupled equations of motion for
systems of harmonic oscillators is an elegant application of the representation theory
of finite groups (see [8,9]). In the past, we have applied these methods to obtain
the natural frequencies of vibration for various symmetric configurations of point
particles interconnected with ideal springs ([1, 2, 4]). We have also found applications
for complex symmetry coordinates in other areas ({5, 6]).

In this paper, we introduce frictional, damping terms proportional to velocity into
the equations of motion. By taking advantage of Rayleigh’s dissipation function [7] to
preserve the Lagrangian formulation of our problem, we are able to fit the computation
of natural frequencies for underdamped systems into our previously developed scheme.

2. Springs with extended mass

Let us suppose that, in an array of particles connected by ideal springs, the i-th and
Jj -th particles are connected by a spring of force constant k. Further, let us suppose
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2] Lattice vibrations with Rayleigh dissipation 245

that the mass M of the spring is uniformly distributed along the length of the spring.
We consider a motion of the two particles and spring in which all parts of the spring
move parallel to its length.

We must compute the contribution of the moving spring to the total kinetic energy
of the vibrating array. Let the undistorted length of the spring be L and denote the
displacements of the i-th and j -th particles with respect to their equilibrium locations
by x; and x;, respectively.

In Figure 1, the i-th particle is shown at the left. The positive directions of motion
for both particles are to the right.

FIGURE 1. The spring with extended mass.

The length of the spring at any instant is given by L + (x; — x;). We take the
velocity of a bit of spring located at a distance £ to the right of the i-th particle to be

£

X+ —m . (x'j —X;).

The kinetic energy of this bit of the moving spring is

1 M , e — %) )2
F e —— , _—d
d(KE) 2L+ (x; — x1) <X'+L+(x,~—x,-) at

and the kinetic energy of the whole spring is

M L+(xj—x;) e(x _ x) 2
KE = ¢, + ——2 " ) de
2L+ (o —x) /0 (x L+(x — x.-))

M . L
= —6—(sz +ij,' +x,2) (1)

Thus we have obtained the contribution of a connecting spring to the overall kinetic
energy of the array provided that the motions of all parts of the spring remain parallel
to its own length.
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3. Unitary transformations

In the symmetric arrays which we shall consider, all motion will be confined to a
fixed circle. As the number of particles (V) and connecting springs grows very large,
the circular arrangement may be taken to model a one-dimensional mechanical lattice
of identical particles coupled with harmonic forces.

The symmetry groups for the arrays are the rotation groups C(N) for N identical
point particles placed at the vertices of regular, plane N-sided polygons. The irre-
ducible, unitary representations of C(N) determine the unitary transformation matrix

1
U= ﬁ(“p.q)’
where u,, = exp(2mipq/N) with i* = —1 [2,3]. We employ this matrix to ac-
complish the transformations to symmetry coordinates which separate the coupled
equations of motion for small vibrations of our circular arrangements of particles and
springs.

4. Rayleigh’s dissipation function

To maintain the Lagrangian setting, we take advantage of Rayleigh’s dissipation
function which we denote by .# [7]. We assume that the damping force acting on each
particle is proportional to the particle’s velocity. This damping force is not derivable
from any potential energy but arises from frictional effects and is nonconservative. Its
contribution to the total force acting on the i-th particle is —nx;, where the coefficient
of the velocity has the same value for all particles and all directions of motion. We
call 5, which has a positive value, the damping coefficient.

In this case, Rayleigh’s dissipation function is given by

where the sum is taken over the N particles in the array. The function may be
interpreted in terms of the rate of energy loss by the array as it does work against
friction. An increment in this work is

dw = irp&i dx = XN: nxldr.
i=1 i=1

Thus dw/dt = 2% so that F must be half the rate of energy dissipation resulting
from the action of friction upon the moving system,
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Since the frictional force upon the i-th particle may be obtained from & by partial
differentiation (—d F/dx;), the Lagrangian equation of motion for the array may be
taken as

0 2)

ax,- FXT -

i a_L)_aL 0F
dt 0x;

fori=1,2,3,...,N.

5. Example

The computations for the frequencies of oscillation can be illustrated quite simply
when the number of particles is small. Suppose that we have N = 3 identical particles
symmetrically arranged on a fixed circle as shown in Figure 2. The particles, which
have mass m and are connected to their neighbors by ideal springs, are constrained
to move on the circle. The springs have force constant ¥ and possess uniformly
distributed mass M. The damping coefficient for each particle is 7.

X2

k,M k,M

X1

X3

k.M

FIGURE 2. Three particles on a fixed circle.

We denote the tangential displacement from equilibrium of the i-th particle by x;
and its velocity by x;. The positive sense of the motion is counterclockwise on the
circle as indicated above.

The kinetic energy of the point masses is m(x? + x7 + x2)/2. Equation (1) implies
that the kinetic energy associated with the extended masses of the springs is M (2x7 +
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2x§ + 2x32 + x1X; + x2x3 + x3%,)/6. The elastic potential energy contributed by the
stretched or compressed springs is k(2x? + 2x2 + 2x2 — 2x,x; — 2x2x3 — 2x3%1)/2
and Rayleigh’s dissipation function is n(x? + x7 + x2)/2.

Our goal is to write the equations of motion for the circular array in terms of sep-
arated symmetry coordinates. Having done that, we can easily list the frequencies of
the natural modes of vibration. The computations can be stated simply and compactly
in matrix notation. The correctness of the following matrix expressions can be easily
verified.

The total kinetic energy may be written as

1 s .. 1 /M ... s
E(m + M)(x1x2x3)I col(x,x,x3) — ) (g) (x1x2x3) V col(x,X2x3),

where [ is the 3-by-3 identity matrix and

2 -1 -1
V=|-1 2 -1
-1 -1 2

~ In passing, we note that V is the matrix representation for the projection of the vectors
of R3 onto a plane in which x; + x, + x; is constant [2].
The elastic potential energy is

1
Ek(xl.xe:;) VCO](X]XZX;;)
and the dissipation function is

| O ..
F = EU(X1X2X3)I COI(X1X2X3).
The Lagrangian may now be written in the matrix form

1 .. ..
= E(m + M)(x|x2x3)1 CO](X[X2X3)

1 /M 1
- 5 (z) (XIX2X3) VCOl(xlx.zx':;) - Ek(xl.sz:;) VCOI(.XIX2X3).

To obtain symmetry coordinates z;, 2, z3 as in [2], we choose the transformation
matrix for N = 3,

~1/24i3/2 —1/2-i/3/2 1

! ~1/2-i/3/2 -172+i/3/2 1

U= —
V3 1 1 1

https://doi.org/10.1017/51446181100011895 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100011895

(6] Lattice vibrations with Rayleigh dissipation 249

which has inverse

—1/2—-i3/2 =172+i/3/2 1
U'l=—|-1/2+iv3/2 -1/2-iJ/3/2 1
V3 1 1 1

The unitary matrix U is generated by the irreducible representations of the group of
plane rotations of the equilateral triangle. The transformation to complex symmetry
coordinates is accomplished by taking the products

(1ix2x3)U' = @zzzs) and U col(xixpx;) = col(z12223),

where z; denotes the complex conjugate of z;. The transformed Lagrangian is

1
L= E(m + M) (G xx3) UH(UT U U col (%1 %,%3)
1

M
-5 <F) (1X2%3) U (U VU U col (% 1 x2%3)

1 .
— Ek(xlxzx;;) U_I(UVU_I) UCO](X]XZX3)
1

T . . - . M v . - . 3 p—
= 'z‘(m + M) (2121 + 2222 + 2323) — 7T (2121 + 2222) — Ek @iz +2222)

and the dissipation function is
1 i I = .
F = 57’) (Zz. + 225 + Z3Z3) .
The equations of motion (2) become
d oL dL JIF _

dt 3z, 9z 98z

for i =1, 2, 3. These equations are

0

. M. )
(m+ M)z, — S +3kz; +nz, =0,

M. )
(m+M)22——2‘22+3k22+7722=0 and

(m+ M)z + 0z = 0.

The simplified equations take the form
MY\ . .
<m + 7) Z1+nz +3kz; =0,

<m+'2—)22+7722+3k22=0 and

(m+ M)z3+nz, =0.
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The natural frequencies of the underdamped harmonic variations in the symmetry
coordinates z; may be listed immediately:
1 /12k(m + M/2) — n?
2 2(m+ M/2)

fl=f2=

If the radicand is less than or equal to zero, the vibrations disappear and the return
of the symmetry coordinates from their initial to their equilibrium values is described
by decaying exponential functions.

6. The general case for N identical particles

Let us consider N identical particles symmetrically arranged on a fixed circle with
each connected to its neighbors by springs having force constant ¥ and extended
mass M. Each particle has mass m. The frictional force acting on each particle is
proportional to its velocity and is given by —nx;. The circular arrangement may be
taken to be the result of identifying the first and (N + 1)-th particles in a linear chain.
For large N, this identification yields a model of a one-dimensional crystal. The
replacement of the linear chain by the circular arrangement is an application of the
Born cyclic condition to the chain. A portion of the circular arrangement is indicated
in Figure 3. -

FIGURE 3. The circle for large N.

Writing the energies, Lagrangian and dissipation function for the general case is
every bit as straightforward as for the special case with N = 3 although the notation
becomes extensive.
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The combined kinetic energy of particles and springs is

LmemXix— L (M\zvx
2" 26 ’

where [ represents the N-by-N identity matrix, V is the N-by-N matrix

2 -1 0 .. 0 -1
-1 2 -1 .. 0 0
0 -1 2 o of,
-1 0 0 .. -1 2

X = col(¥xo%3 ... ky) and X = (ka3 ... Xy).
The elastic potential energy may be written as

1 ~

—kXVX,

2

where X = col(x;x,x3...xy) and X = (x1x2x3 ... xy). The dissipation function is
1 ~ .
F =-nXIX.
2
The Lagrangian becomes

1 ~ . 1/ M\~ . 1 ~
L=-(m+MXIX —=[—)XVX - kX VX.
5 (m+MX1 2(6) X3

The unitary transformation to symmetry coordinates z;, 23, 3, ... , Zv 1S accom-
plished by a matrix similarity transformation with

exp(2ri/N) exp@mi/N) exp(bmi/N) ... 1
exp(d4ni/N) expBmi/N exp(12ni/N) 1

U= L |exp6ni/N) exp(127i/N) exp(18mi/N) 1
VN : : : :

1 1 1 1

and its transposed complex conjugate U~'. The matrix U is derived from the irre-
ducible representations of the plane rotations of a regular N-sided polygon.

https://doi.org/10.1017/51446181100011895 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100011895

252 J. N. Boyd and P. N. Raychowdhury 9]

The transformed Lagrangian is

1 ~ . 1/ M\~ .
L= §(m+M)XU"UX ~3 (-6—)XU"(UVU"1)UX

1 ~ 1 ~ .
- EkXU“(UVU")UX = —2-(m +M)ZZ

4sin’ £ 0 0 0 0
0 4sin® 22 0 0 0
1/ M\~ 0 0 4sm23” 0 0] .
-=-(=)z]| . . . . N K
2\ 6 .
0 0 0 4sin? &b
0 0 0 0 0
4sin2% 0 0 0 0
0 4sin? & 0 0 0
- 0] 0 4 sin? 3 0 0
_lkz N z,
2
0 0 0 4sin2 &= o
0 0 0 0 0

w_hErEZ =_col(z,z;z;._..z~), Z = col(z12223 . .. Zn), 7Z = (z12223 . .- 2Zy) and Z =
(212223 - ..2x5) and Z;, Z; represent the complex conjugates of the coordinate z; and
velocity z;.
The dissipation function becomes
1 ~.
=-nZZ.
2'7

Again, the equations of motion are given by

d (3L d 0F
—-|l=)-=+—==0
dt d0Z; 07 aZ.
fori = 1,2,3,...,N. Thus we have N equations in which coordinates are now

completely separated:

2 .
[m+ (1 - gsin2 %) M:I Zi+nzu+ (4ksm W) zi = 0.

The natural frequency associated with the underdamped harmonic vibration of the
i-th symmetry coordinate (i = 1,2,3,... ,N —1)is
1 [16k ((m+ (12 2sin? &) M sin? & — nz]m
2r 2[m+(1—3sm2%’)M]

i =
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[10] Lattice vibrations with Rayleigh dissipation 253

Note that to achieve a vibrating motion for the i-th symmetry coordinate, n must be
small enough that the radicand in the expression for f; remains positive. Fori = N,

fn=0.
We also note that if n = 0, the natural frequencies become those found in [1].
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