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A PARTITION THEOREM OF SUBBARAO 

BY 

HANSRAJ GUPTA 

In a recent paper, Subbarao [1] has used generating functions to prove the 

THEOREM. Let C(n) be the number of partitions of n such that all even 
multiplicities of the parts are less than 2m, m > 1 ; and all odd multiplicities are at least 
(2r+1) and at most 2(m+r)— 1, r >0 . Let D{n) be the number of partitions ofn into 
parts which are either odd multiples of (2r+1) or are even and not divisible by 2m. 
Then 

C(n) = D(n). 

We give here a straight-forward 

Proof. Let 

(1) a? aT aT ' • • à, mit 
k 

be a C-type partition of n with <z's distinct positive integers and 

( __(2xj9 0 < x , . < m ; 
K) j ~ l2(j / ,+r)+l, 0 < y, < m; 

according as mô the multiplicity of ai is even or odd. 
Without loss of generality, we can assume that in (1) the first k0 of the a's have 

an even multiplicity, the next k± an odd multiplicity exceeding (2r+l) and the rest 
an odd multiplicity equal to (2r+l) . 

Then, we have 

n = 22ajxj+ °21{2(3;,+r) + l } a i + ( 2 r + l ) £ a, 
j=l j=k0+l j=k0+Jcrhl 

2ajXj+ 2 aiy, +(2r+l) I a, 

= 2M+(2r+l)iV. 

Notice that 

(3) N= I a, 

provides a partition of N into distinct summands, to which corresponds in the 
manner of Sylvester [2] a unique partition of N into odd parts repetitions allowed. 
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Let this be 

(4) 

Again 

given by 

HANSRAJ GUPTA 

bT bT ••• 6«\ 

j=l j=JCQ+l 

= 2 aiz>> 

[March 

3 = 1 

where z~xj or yô according as y is or is not 

(5) < k0; zj > 0; 

provides a partition of M in which the multiplicity of as is at most (m—1). Corre
sponding to this we have the unique partition 

(6) ci1 c? 4" ••• cd
v\ v^k0+k1 

of M, with 

(7) c,, = a^/m', d,- = m*z;-

f being the index of the highest power of m which divides aj9 t>0. Evidently the 
c's in (6) are not necessarily all distinct. 

We thus obtain the D-type partition 

(8) (2c1)
dl(2c2)^

2 • - - (2c^{(2r+l)fe1}-{(2r+l)è2}M2 • • • {(2r+l)t>}«» 

of n from the C-type partition (1). 
In the reverse process, (7) and the fact that z^m, play an important role but the 

reconstruction of (1) from (8) offers no special difficulty. The correspondence 
between the C-type and iMype partitions of n being one-one and onto, the theorem 
follows. 

EXAMPLE. Let us find the C-type partition corresponding to the D-type partition 

2 3 4 37 8 u 1 4 2 9 2 1 5 i 

of 303, when r=\, m=5. 

Taking the even parts first, since 

37 = 25+2.5+2; and 11 = 2 .5+1; 
we have 

d1 = 3, d2 = 25, d3 = 10, d4 = 2, d5 = 10, d6 = 1, d7 = 2; 

Cj = 1, c2 = 2, c3 = 2, c4 = 2, c5 = 4, c6 = 4, c7 = 7. 
Thus 

Z]_ = 3, z2 = 1, z3 = 2, z4 = 2, z5 = 2, z6 = 1, z7 = 2; 

ax = 1 , a2 = 50, az = 10, a4 = 2, a5 = 20, a6 = 4, a7 = 7. 
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Taking the odd parts now, we get 

b1 = 3, b2 = 5; u1 = 2, u2 = 1. 

The Sylvester partition into distinct parts corresponding to the partition 32 5 into 
odd parts, is readily found to be 51 41 21. We use the graph: 

* * * 
* * * 

for the purpose. The required C-type partition, therefore, is 

l6 502 104 24 204 42 74 53 43 23 

i.e. I6 502 104 204 74 53 45 27. 
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