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ABSTRACT. The s p a t i a l d i s t r i b u t i o n o f g a l a x i e s i s compared with model 
d i s t r i b u t i o n s . I t i s demonstrated t h a t g i a n t and dwarf g a l a x i e s in the 
Local S u p e r c l u s t e r occupy s t a t i s t i c a l l y i d e n t i c a l r e g i o n s . Var ious t e s t s 
suggest t h a t ga laxy format ion i s b ia sed s i n c e a l l unbiased model d i s t r i -
but ions are in c o n f l i c t with observed d i s t r i b u t i o n of g a l a x i e s . M u l t i -
f r a c t a l a n a l y s i s shows t h a t a co ld dark matter dominated un iverse wi th 
b iased g a l a x y format ion has a f a i r l y constant f r a c t a l dimension over a 
broad range of s c a l e s . This c o n t r a s t s with the observed d i s t r i b u t i o n 
which does not show s imple f r a c t a l f e a t u r e s . 

1 INTRODUCTION 

Our understanding of the format ion and e v o l u t i o n o f the l a r g e s c a l e 
s t r u c t u r e i n the Universe has a number o f weak p o i n t s : we have s t i l l no 
f irm ev idence on the nature of dark m a t t e r , very l i t t l e i s known on 
p h y s i c a l p r o c e s s e s invo lved i n g a l a x y format ion , t h e r e i s no c l e a r un-
ders tanding how t o e x p l a i n the presence o f l a r g e v o i d s and coherent 
motion of s u p e r c l u s t e r s . In t h i s r epor t we s h a l l d i s c u s s the l a r g e s c a l e 
d i s t r i b u t i o n of g a l a x i e s and compare o b s e r v a t i o n s with t h e o r e t i c a l mo-
d e l s . 

Current ly popular s t r u c t u r e format ion s c e n a r i o s are based on e i t h e r 
hot or co ld dark matter (CDM) dominated u n i v e r s e s . Observa t iona l p r e d i c -
t i o n s of these r i v a l i n g s c e n a r i o s are d i f f e r e n t . Both s c e n a r i o s have one 
d i f f i c u l t y i n common: not a l l t e s t p a r t i c l e s can be i d e n t i f i e d wi th 
g a l a x i e s . Some p a r t i c l e s remain in pr imord ia l form and do not p a r t i c i -
pate in g a l a x y f o r m a t i o n . The absence o f g a l a x y format ion i n low d e n s i t y 
r e g i o n s was e m p h a s i z e d a l r e a d y by Z e l d o v i c h and h i s c o l l a b o r a t o r s 
( Z e l d o v i c h , E inas to and Shandarin 1982 and r e f e r e n c e s t h e r e i n ) . Now t h i s 
phenomenon i s c a l l e d b ia sed g a l a x y format ion ( K a i s e r 1 9 8 4 ) . The b i a s i n g 
mechanism i s p h y s i c a l l y r e l a t e d t o p r o c e s s e s invo lved i n g a l a x y forma-
t i o n . S ince our knowledge on these p r o c e s s e s i s s t i l l poor we must f i r s t 
study b i a s i n g from an e m p i r i c a l po in t o f view by comparing the d i s t r i b u -
t i o n o f t e s t p a r t i c l e s in b ia sed model samples with the d i s t r i b u t i o n o f 
g a l a x i e s . 
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A s trong t e s t o f the r i v a l s c e n a r i o s i s the s p a t i a l d i s t r i b u t i o n of 
g a l a x i e s o f d i f f e r e n t l u m i n o s i t y . In CDM dominated s c e n a r i o s the d i s -
t r i b u t i o n should depend on the l u m i n o s i t y . I t i s expected t h a t g i a n t 
g a l a x i e s populate p r e f e r e n t i a l l y high d e n s i t y r e g i o n s but dwarf g a l a x i e s 
can be found a l s o i n a low d e n s i t y environment (Dekel and S i l k 1 9 8 6 ) . In 
hot dark matter s c e n a r i o s t h i s problem has not been addressed s p e c i f i -
c a l l y , but no prominent d i f f e r e n c e in s p a t i a l d i s t r i b u t i o n i s expected 
(Doroshkevich, Shandarin and Saar 1 9 7 8 ) . 

To t e s t the s c e n a r i o s and, more important , t o o b t a i n a s e n s i b l e 
d e s c r i p t i o n of the complex geometry o f the l a r g e - s c a l e s t r u c t u r e , a 
number o f authors (Mandelbrot 1 9 8 2 , Lachieze-Rey 1986) have proposed 
f r a c t a l models o f the g a l a x y d i s t r i b u t i o n . I t i s not c l e a r , however, o f 
the observed d i s t r i b u t i o n has f r a c t a l f e a t u r e s or n o t . 

In the f o l l o w i n g we g i v e a review of our recent r e s u l t s concerning 
these problems. We have used convent iona l t e s t s as w e l l as some new ones 
- the d i s t r i b u t i o n of neares t ne ighbors and the f r a c t a l and m u l t i f r a c t a l 
a n a l y s i s . More d e t a i l e d r e p o r t s are i n preparat ion (Saar e t a l . 1 9 8 7 , 
E inas to 1 9 8 7 , Jones e t a l . 1 9 8 7 ) . 

2 . THE DISTRIBUTION OF BRIGHT AND FAINT GALAXIES 

In a recent study we have found tha t v o i d s are e s s e n t i a l l y empty: they 
conta in n e i t h e r g i a n t nor dwarf g a l a x i e s (E inas to e t a l . 1 9 8 6 a ) . Now we 
address a d i f f e r e n t problem: do g i a n t and dwarf g a l a x i e s popula te i d e n -
t i c a l or v a r i o u s r e g i o n s ? In the second case g a l a x i e s o f v a r i o u s magni-
tude could populate r e g i o n s o f d i f f e r i n g mean d e n s i t y , say dwarfs f o r -
ming low d e n s i t y h a l o s around dense ly packed c o r e s of g i a n t g a l a x i e s in 
c l u s t e r s , as observed in groups with one c o n c e n t r a t i o n c e n t e r . 

To g e t an answer t o these q u e s t i o n s Einas to ( 1 9 8 7 ) compared the d i s -
t r i b u t i o n o f ga laxy samples with a number o f t e s t samples . The sample 
V i r g o A c o n t a i n s g a l a x i e s b r i g h t e r than - 1 7 . 5 , the sample V irgo Β 
c o n s i s t s of g a l a x i e s with a b s o l u t e magnitudes between - 1 5 . 0 and - 1 7 . 5 , 
the sample Virgo C i s the sum of Virgo A and B. Abso lute magnitudes 
correspond t o Hubble cons tant Η = 100 km/s/Mpc, and d i s t a n c e s are g iven 
i n u n i t s o f h" 1 Mpc , where h i s the Hubble constant in u n i t s o f 100 
km/s/Mpc. The a b s o l u t e magnitude - 1 7 . 5 corresponds t o the apparent mag-
ni tude l i m i t , m = 1 4 . 5 , o f the CfA r e d s h i f t survey a t the f a r end o f the 
samples . The samples have a cubic geometry, being approximate ly centered 
on the Virgo c l u s t e r . The s u p e r g a l a c t i c c o o r d i n a t e s X 0 , Y 0 , Z 0 , o f the 
c e n t e r , the cube s i z e L , the number of g a l a x i e s , N, and the a b s o l u t e 
magnitude l i m i t , M Q , are g iven in Table 1 . 

The sample V irgo A i s e s s e n t i a l l y complete , but the sample Virgo Β 
i s incomplete in r e s p e c t t o dwarf g a l a x i e s . However, i n the box under 
study i t c o n t a i n s a l l dwarf s p i r a l and i r r e g u l a r g a l a x i e s observed by 
F i sher and T u l l y ( 1 9 8 1 ) in t h e i r rad io survey which has a l i m i t i n g r e d -
s h i f t about 3200 km/s , thus being the most complete dwarf sample with 
measured r e d s h i f t s c u r r e n t l y a v a i l a b l e . 

A p a i r o f t e s t g a l a x y samples was generated with s t a t i s t i c a l l y 
i d e n t i c a l s p a t i a l d i s t r i b u t i o n . For t h i s purpose the combined sample 
Virgo C was d iv ided a t random i n t o two equal p a r t s , CI and C2. To f i n d 
the s e n s i t i v i t y o f the method g a l a x y samples with s h i f t e d s p a t i a l d i s -
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t r i b u t i o n were generated by adding t o X, Y and Ζ c o o r d i n a t e s o f a l l 

g a l a x i e s i n the sample Virgo Β 200 km/s i n r e d s h i f t s p a c e . F i n a l l y the 

sample V irgo C was d iv ided by c l u s t e r a n a l y s i s i n t o two p a r t s , C c ^ and 

C^, c on ta in in g g a l a x i e s i n high and low d e n s i t y environment, r e s p e c t i v e -

l y . The neighborhood rad ius was chosen t o g e t approximate ly equal number 

of g a l a x i e s i n both p a r t s . 

Table 1 . Data on observed samples 

Sample X 0 Y Q Z 0 L M 0 Ν p m C(0) 

I T * Mpc 

Virgo A 0 15 0 20 - 1 7 . 5 524 0 . 1 2 8 0 . 3 0 8 

Virgo Β 0 15 0 20 - 1 5 . 0 - 1 7 . 5 488 0 . 1 1 9 

Virgo C 0 15 0 20 - 1 5 . 0 1012 0 . 2 4 7 
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F i g . 1 . The i n t e g r a l neares t ne ighbors d i s t r i b u t i o n s f o r samples 

Virgo A and Β sample p a i r s Α-B, B-Α (panel a ) , sample p a i r s V i r g o CI and 

C2 (panel b ) , p a i r s Virgo A and s h i f t e d Virgo Β (BS, panel c ) , and c l u s -

tered and i s o l a t e d ga laxy sample p a i r s Virgo C c l and Virgo (panel d ) . 

For r e f e r e n c e the l a s t panel i n c l u d e s the d i s t r i b u t i o n f o r the p a i r B-A. 

A f t e r some t r i a l i t was found t h a t the most s e n s i t i v e s t a t i s t i c t o 

compare the s p a t i a l l o c a t i o n i s the c r o s s d i s t r i b u t i o n of neares t n e i g h -

b o r s f o r a l l samples and sample p a i r s : the d i s t r i b u t i o n o f neares t 

g i a n t s (V irgo A) f o r a l l dwarfs (Virgo B) and v i c e v e r s a e t c . The r e s u l -
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t i n g d i s t r i b u t i o n s are p l o t t e d i n F i g . 1 . The number o f g a l a x i e s i n a l l 

samples i s approximate ly e q u a l , which makes the comparison o f d i s t r i b u -

t i o n s easy ( i n s t e a d o f normal ized r a d i i we can use a b s o l u t e neighborhood 

r a d i i a s an argument o f the neares t neighbor d i s t r i b u t i o n ) . 

The comparison o f r e s u l t s demonstrates t h a t the neares t ne ighbor 

d i s t r i b u t i o n s f o r b r i g h t and f a i n t g a l a x i e s are p r a c t i c a l l y i d e n t i c a l 

and, moreover, c o i n c i d e with the pa i rwi se d i s t r i b u t i o n s Α-B, B-Α. The 

Kolmogorov t e s t t e l l s the same - a l l d i s t r i b u t i o n s c o i n c i d e a t a 99% 

conf idence l e v e l . Thi s r e s u l t t e l l s us t h a t the samples A and Β cover 

the same r e g i o n . 

A d d i t i o n a l ev idence f o r t h i s f a c t i s g iven by panel b , which shows 

t h a t by randomly d i v i d i n g the whole sample ( b r i g h t p l u s f a i n t g a l a x i e s ) 

we g e t the same r e s u l t s as f o r samples o f d i f f e r e n t l u m i n o s i t y . 

On the c o n t r a r y , the s p a t i a l d i s t r i b u t i o n s o f c l u s t e r e d and i s o l a t e d 

g a l a x i e s are extremely d i f f e r e n t , a s demonstrated by panel d . And, o f 

c o a r s e , the p a i r d i s t r i b u t i o n s f o r s h i f t e d samples d i f f e r s t r o n g l y from 

t h o s e f o r the r e a l samples . The l a s t r e s u l t shows t h a t the neares t 

neighbor t e s t i s r a t h e r s e n s i t i v e t o even smal l d i f f e r e n c e s i n s p a t i a l 

d i s t r i b u t i o n . 

We come t o the c o n c l u s i o n t h a t b r i g h t and f a i n t g a l a x i e s popula te 

s t a t i s t i c a l l y i d e n t i c a l r e g i o n s i n s p a c e . P r e s e n t l y we do not know whe-

ther the Virgo S u p e r c l u s t e r i s r e p r e s e n t a t i v e f o r the whole Universe or 

n o t . To check t h i s p o i n t l a r g e r and deeper dwarf g a l a x y samples are 

needed. 

3 . BIASED GALAXY FORMATION 

An important property o f the observed d i s t r i b u t i o n o f g a l a x i e s i s the 

absence o f v i s i b l e o b j e c t s between g a l a x y f i l a m e n t s and s u p e r c l u s t e r s . 

Numerical s i m u l a t i o n s r e p r e s e n t the format ion o f a connected network o f 

f i l a m e n t s . However, s i m u l a t i o n s a l s o demonstrate the presence o f a 

s t r i k i n g d i f f e r e n c e between theory and o b s e r v a t i o n s : i n s i m u l a t i o n s 

there e x i s t s a more or l e s s homogeneous popu la t ion o f n o n - c l u s t e r e d t e s t 

p a r t i c l e s , which has no counterpart i n the observed d i s t r i b u t i o n . 

A n a l y t i c a l c a l c u l a t i o n s sugges t t h a t i t i s i m p o s s i b l e t o evacuate 

v o i d s between ga laxy f i l a m e n t s c o m p l e t e l y , s i n c e g r a v i t a t i o n , the only 

f o r c e r e s p o n s i b l e f o r the format ion o f l a r g e s c a l e s t r u c t u r e , works very 

s l owly ( E i n a s t o , Joeveer and Saar 1 9 7 9 ) . Thus t h e r e must be primeval 

p a r t i c l e s in v o i d s , seen i n numerical s i m u l a t i o n s as the p o p u l a t i o n of 

f i e l d p a r t i c l e s . Thi s d i screpancy between s i m u l a t i o n s and o b s e r v a t i o n s 

has a s imple e x p l a n a t i o n : suppose t h a t g a l a x i e s form only i n a h igh-den-

s i t y environment, and i n r e g i o n s of low d e n s i t y matter remains i n the 

primeval form ( Z e l d o v i c h , E inas to and Shandarin 1 9 8 2 ) . To br ing s i m u l a -

t i o n s i n t o agreement with o b s e r v a t i o n s we have used two b i a s i n g schemes 

i n the present s tudy . In the f i r s t case the b i a s l e v e l η i s g i v e n by 

the t h r e s h o l d d e n s i t y i n u n i t s o f mean d e n s i t y a t the s t a r t o f model 

c a l c u l a t i o n s corresponding t o the end o f the l i n e a r reg ime, and i n the 

second case - a t the present epoch. 

We must s t r e s s t h a t both o f the b i a s i n g r u l e s used are extremely 

s i m p l i f i e d and have been chosen on ly by t h e i r present p o p u l a r i t y among 

as tronomers . The r e a l g o a l of b i a s i n g i s t o transform the d i s t r i b u t i o n 
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o f t o t a l d e n s i t y i n t o d i s t r i b u t i o n o f g a l a x i e s , and thus a good b i a s i n g 

scheme must mimic the g a l a x y format ion p r o c e s s as w e l l a s p o s s i b l e . So 

f a r no b i a s i n g scheme has been b u i l t on t h i s p r i n c i p l e , and, consequent-

l y , a l l our comparisons between s i m u l a t i o n s and o b s e r v a t i o n s s tand i n 

doubt . The problem of g a l a x y format ion and p h y s i c a l l y j u s t i f i e d b i a s i n g 

seems t o be one o f the most urgent p r o j e c t in cosmology. 

At present we cons ider the r e s u l t s presented below as g i v i n g some 

h i n t s t o be taken i n t o account i n c o n s t r u c t i n g f u t u r e b i a s i n g p r e s c r i p -

t i o n s . Tab le s and F igures correspond t o the f i r s t b i a s i n g case (both 

cases y i e l d r a t h e r s i m i l a r r e s u l t s ) . 

The numerical s i m u l a t i o n used (Gramann 1 9 8 7 ) corresponds t o a CDM d o -

minated s c e n a r i o with a p o s i t i v e c o s m o l o g i c a l c o n s t a n t . The input p a r a -

meters o f the model were a d j u s t e d t o g e t Ωχ = 0 . 8 and n a t t e r = ° · 2 * * o r 

the present epoch. The s i m u l a t i o n was made with 64^ p a r t i c l e s i n a 6 4 3 

mesh. The data on model samples are g i v e n i n Table 2 , where samples are 

des ignated by GR-n, index η > 0 denot ing the b i a s l e v e l , and index 0 

l a b e l i n g unbiased samples wi th a l l t e s t p a r t i c l e s i n c l u d e d . 

Table 2 . Data on model samples 

Sample L B ias Ν p m C(0) 

l e v e l 

0 40 0 . 0 262144 8 . 0 0 0 1 . 0 0 0 
1 . 0 40 1 . 0 174227 5 . 3 1 7 0 . 6 7 5 

1 . 5 40 1 . 5 115802 3 . 5 3 4 0 . 4 5 3 

2 . 0 40 2 . 0 75825 2 . 3 1 4 0 . 2 9 7 

2 . 5 40 2 . 5 50823 1 . 5 5 1 0 . 1 9 6 

3 . 0 40 3 . 0 35160 1 . 0 7 3 0 . 1 2 6 

3 . 5 40 3 . 5 2 5 1 0 0 0 . 7 6 6 0 . 0 8 8 
4 . 0 40 4 . 0 18055 0 . 5 5 1 0 . 0 6 6 

For both b i a s i n g r u l e s we have v a r i e d the b i a s l e v e l and compared 

the d i s t r i b u t i o n o f t e s t p a r t i c l e s with the observed d i s t r i b u t i o n o f 

g a l a x i e s in the Virgo S u p e r c l u s t e r . Severa l methods have been t r i e d , and 

two o f them have been found t o be r a t h e r s e n s i t i v e t o the b i a s l e v e l , 

the f i l l i n g f a c t o r t e s t and the m u l t i p l i c i t y d i s t r i b u t i o n o f p a r t i c l e s . 

3 . 1 F i l l i n g f a c t o r t e s t . In t h i s t e s t we c a l c u l a t e d the f i l l i n g f a c t o r 

of model and observed samples f o r a wide i n t e r v a l o f t h r e s h o l d d e n s i t i e s 

which d i v i d e the space i n t o the 'empty' and ' f i l l e d ' r e g i o n s . To do so 

we c a l c u l a t e d a smooth d e n s i t y f i e l d f o r a l l samples us ing a cubic ' t o p 

h a t ' smoothing method as customary i n numerical modeling o f s t r u c t u r e 

e v o l u t i o n (Hockney and Eastwood 1 9 8 1 ) . The smoothing l ength was taken as 

1 = 1 . 2 5 h" 1 Mpc. 

The f i l l i n g f a c t o r o f model samples depends c r i t i c a l l y on the b i a s 
l e v e l . In unbiased samples the d e n s i t y i s nonzero over the whole space , 
thus a t zero t h r e s h o l d d e n s i t y p r a c t i c a l l y the whole space i s ' f i l l e d ' . 
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A l l b i a s e d samples conta in r e a l l y empty r e g i o n s o f zero d e n s i t y . The 
volume o f these empty r e g i o n s i s the l a r g e r the h igher i s the b i a s 
l e v e l . The f i l l i n g f a c t o r a t zero t h r e s h o l d d e n s i t y , C ( 0 ) , decrease s 
with growing b i a s l e v e l , reaching C(0 ) = 0 . 0 6 6 f o r the b i a s l e v e l 4 . 0 
( s e e Table 2 ) . The r e a l un iverse a l s o c o n t a i n s r e g i o n s comple te ly v o i d 
o f luminous g a l a x i e s , and the f i l l i n g f a c t o r a t zero t h r e s h o l d d e n s i t y 
l e v e l C(0 ) = 0 . 3 0 8 . Thi s v a l u e determines the b i a s l e v e l which b r i n g s 
models i n t o agreement with o b s e r v a t i o n s , t o be c l o s e t o η = 2 . The f i l -
l i n g f a c t o r v e r s u s t h r e s h o l d d e n s i t y curves are presented in F i g . 2 , 

1 .0 

0 . 8 

0O.6 

Ξ 0 . 4 

0 . 2 h 

0 . 0 

o\ 
ι ι ι ι ι • 

-

———— 

: ^ ̂  

ι I ι ι ι ^ Μ ι ι 

- 2 . 0 2 . 0 - 1 . 0 0 . 0 1 .0 

l o g i r e l . d e n s i t y ) 

F i g . 2 . F i l l i n g f a c t o r v e r s u s t h r e s h o l d d e n s i t y f o r model and o b s e r -

ved samples . Model samples are l a b e l e d with the b i a s l e v e l parameter n, 

the v a l u e η = 0 corresponding t o unbiased samples . 

3 . 2 M u l t i p l i c i t y t e s t . We use the m u l t i p l i c i t y func t ion t o determine the 

f r a c t i o n o f quas i -randomly d i s t r i b u t e d p a r t i c l e s . To make c a l c u l a t i o n s 

e a s i e r and the mean d e n s i t y of p a r t i c l e s per un i t volume, p m , i n model 

samples c l o s e r t o the r e s p e c t i v e d e n s i t y in observed samples we have 

picked from the o r i g i n a l sample 3 2 3 random p a r t i c l e s . From t h i s sample 

we chose subsamples f o r d i f f e r e n t b i a s l e v e l s . Therea f t er by c l u s t e r 

a n a l y s i s the f r a c t i o n o f s i n g l e ( i s o l a t e d ) o b j e c t s , and o f systems o f 

h igher m u l t i p l i c i t y has been found. The m u l t i p l i c i t y f u n c t i o n has been 

c a l c u l a t e d f o r a s e r i e s o f neighborhood r a d i i , and the r e s u l t s are p r e -

sented i n F i g . 3 . 

As expec ted , the f r a c t i o n of i s o l a t e d g a l a x i e s i s s e n s i t i v e t o the 

b i a s l e v e l . Unbiased samples have the l a r g e s t f r a c t i o n o f i s o l a t e d 

g a l a x i e s f o r a g i v e n neighborhood rad ius ( r a d i i are expressed i n u n i t s 

o f the Poisson r a d i u s , i . e . the r a d i u s o f a sphere which c o n t a i n s i n the 

mean one p a r t i c l e ) . With i n c r e a s i n g b i a s l e v e l the f r a c t i o n of i s o l a t e d 

p a r t i c l e s d e c r e a s e s , and r e l a t i v e l y more p a r t i c l e s are l o c a t e d i n l a r g e 

sys tems . Best agreement with o b s e r v a t i o n s i s achieved f o r a b i a s l e v e l 

η = 1 . We see a l s o t h a t i n case o f systems o f h igher m u l t i p l i c i t y the 

model curves f i t o b s e r v a t i o n s r a t h e r p o o r l y . 

3 . 3 D i s c u s s i o n o f b i a s l e v e l t e s t s . The f i l l i n g f a c t o r and m u l t i p l i c i t y 

t e s t s both demonstrate the need f o r b iased g a l a x y f o r m a t i o n . The b i a s 

l e v e l needed t o br ing models i n t o agreement with o b s e r v a t i o n s i s , how-
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e v e r , d i f f e r e n t . The mean d e n s i t y , p m , o f p a r t i c l e s per c e l l o f l eng th 1 

i n model samples i s much h igher than in the observed one ( s e e Tab le s 1 

and 2 ) . To c l a r i f y p o s s i b l e reasons f o r t h i s d i screpancy we have s t u d i e d 

the d e n s i t y dependence o f both t e s t s by genera t ing model subsamples with 

s m a l l e r number o f p a r t i c l e s . 
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F i g . 3 . The m u l t i p l i c i t y f u n c t i o n v e r s u s neighborhood r a d i u s f o r 

i s o l a t e d p a r t i c l e s and systems o f m u l t i p l i c i t y 2 - 3 , 4 - 3 1 , and 32 and 

h igher f o r the observed and model samples . The o b s e r v a t i o n a l r e s u l t s are 

g iven by s o l i d l i n e , and model curves by dashed l i n e s marked by t h e i r 

b i a s l e v e l . 

S u r p r i s i n g l y enough, we come t o the c o n c l u s i o n t h a t p r i n c i p a l p r o -

p e r t i e s o f the m u l t i p l i c i t y d i s t r i b u t i o n are f a i r l y s t a b l e and a lmost 

independent on the number d e n s i t y o f samples . A s i m i l a r check i n d i c a t e s 

t h a t f i l l i n g f a c t o r s are a l s o p r a c t i c a l l y i d e n t i c a l f o r model samples 

with both high and low mean p a r t i c l e d e n s i t i e s . Thus the reason f o r the 

d i screpancy must l i e e l s ewhere . 

One p o s s i b i l i t y t o e x p l a i n the d i screpancy may be the f a c t , t h a t a l l 

t e s t p a r t i c l e s i n model c a l c u l a t i o n s l e f t over a f t e r the b i a s i n g p r o c e -

dure have been i d e n t i f i e d wi th g a l a x i e s . Th i s may not be the b e s t b i a s -

ing scheme. A c t u a l l y g a l a x i e s can be formed by c o a l e s c i n g o f a number o f 

t e s t p a r t i c l e s , a s suggested by White e t a l . ( 1 9 8 6 ) . I f t h i s i s the case 

then we cannot use the m u l t i p l i c i t y f u n c t i o n t e s t i n the present form 

s i n c e i s o l a t e d p a r t i c l e s may not correspond t o r e a l g a l a x i e s . 

Whatever b i a s l e v e l i s the b e s t , i t must be the same f o r both g i a n t 

and dwarf g a l a x i e s s i n c e the d i s t r i b u t i o n o f a l l g a l a x i e s i s s i m i l a r . 
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4 . FRACTAL DESCRIPTION OF LARGE-SCALE STRUCTURE 

The compl icated geometry o f s u p e r c l u s t e r s does not lend i t s e l f e a s i l y t o 

q u a n t i t a t i v e d e s c r i p t i o n . More or l e s s r e g u l a r p a t t e r n s o f t h i s geometry 

are o f t e n deformed by seemingly i r r e g u l a r f e a t u r e s . One p o s s i b l e way t o 

f o l l o w i s t h e s tudy o f the topo logy (connectedness ) o f l a r g e s c a l e 

s t r u c t u r e ( G o t t , Me lo t t and Dickinson 1 9 8 6 , E inas to e t a l . 1986b) and 

another one seems t o be the use a f r a c t a l d e s c r i p t i o n o f t h i s geometry 

(Mandelbrot 1 9 8 2 ) . 

In us ing the f r a c t a l d e s c r i p t i o n we are confronted with the f o l l o -

wing problem: i s t h e r e any s c a l e i n t e r v a l over which the geometry o f 

s u p e r c l u s t e r s can be cons idered approximate ly s e l f - s i m i l a r ? To answer 

t h i s q u e s t i o n one needs t o determine the f r a c t a l dimension D o f known 

samples o f g a l a x i e s f o r d i f f e r e n t s c a l e s . We use here an analog o f the 

c a p a c i t y dimension 

D ( l ) = d < l n Ε * 1 » ( 1 ) 
d ( l n 1 / 1 ) 

obta ined by count ing the sample volume with cubes o f s i d e 1 ( the s c a l e ) 

and count ing the number o f cubes conta in ing g a l a x i e s ( N ) . Th i s dimension 

corresponds t o the exponent i n the r e l a t i o n M(r) ~ r D , u s u a l l y used t o 

c a l c u l a t e f r a c t a l d imens ions , where M i s the mean number o f g a l a x i e s in 

a sphere o f r a d i u s r . The f i r s t t e s t s o f t h i s kind have been done by 

Jones e t a l . ( 1 9 8 7 ) and show t h a t one can f i n d a s e l f - s i m i l a r i t y (D i s 

cons tant f o r a s i g n i f i c a n t s c a l e i n t e r v a l ) on ly i n case o f numerical 

s i m u l a t i o n s (a s b e f o r e , the CDM s c e n a r i o wi th c o s m o l o g i c a l term was 

u s e d ) . The Coma sample e x p l o i t e d f o r the f r a c t a l dimension t e s t i s c o n i -

c a l , has a l i m i t i n g r e d s h i f t V 0 = 8000 km/s , magnitude l i m i t M 0 = - 2 0 , 

d e c l i n a t i o n l i m i t δ > 0 ° , g a l a c t i c l a t i t u d e l i m i t b > 4 0 ° , and c o n t a i n s 

425 g a l a x i e s . As seen from F i g . 4 , the f r a c t a l dimension o f t h e r e a l 

sample changes c o n t i n u o u s l y . The Coma sample c o n s i s t s on ly o f superg iant 

g a l a x i e s o f low s p a t i a l d e n s i t y , thus i t does not d e s c r i b e w e l l the f i n e 

s t r u c t u r e on s c a l e s 1 < 5 h""1 Mpc. 

Another problem t h a t must be answered i s the p o s s i b i l i t y o f the 

e x i s t e n c e o f a mixture o f f r a c t a l s e t s i n the d a t a . Thi s s o r t o f g e o -

metry i s p r e d i c t e d , e . g . by the c l a s s i c a l a d i a b a t i c or 'pancake' t h e o r y , 

where one may o b t a i n l a r g e - s c a l e pancakes , cha ins and more or l e s s sphe-

r i c a l c l u s t e r s . The way t o d e s c r i b e t h i s s i t u a t i o n i s t o use the r e c e n t -

l y deve loped m u l t i f r a c t a l formal ism (Halsey e t a l . 1 9 8 6 , s ee a l s o a 

p o s t e r by V. Mart inez a t t h i s Symposium). The t r i c k here i s t o s tudy the 

s c a l e dependence (dimension) o f the sum 

ß = 5 P i q - ( 2 ) 

Pi>0 
where p^ = % / N i s the r e l a t i v e number o f g a l a x i e s i n the i - t h box o f 

s i d e 1 , and the exponent q can be chosen f r e e l y . I f we take q = 0 , t h i s 

sum counts the number o f occupied r e g i o n s and we g e t once more the n o r -

mal f r a c t a l d imens ion . With i n c r e a s i n g q t h e sum ( 2 ) i s dominated by 

more dense r e g i o n s , and n e g a t i v e v a l u e s o f q p ick out the most r a r e f i e d 

r e g i o n s o f the sample . For g i v e n s c a l e s i z e 1 , one can transform the 
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q u a n t i t i e s q and β i n t o more p h y s i c a l parameters - the exponent a, d e s -

c r i b i n g a l o c a l d e n s i t y law through the mass - s c a l e r e l a t i o n m ( l ) ~ l a 

and the f r a c t a l d imension, f, o f a l l r e g i o n s with a common s c a l i n g expo-

nent a. The r e s u l t i n g f ( a ) curve i s c a l l e d a m u l t i f r a c t a l spectrum and 

d e s c r i b e s w e l l both the l o c a l s t r u c t u r e and the geometry o f the d i s -

t r i b u t i o n . A few examples are good enough t o show t h i s - f o r a c l a s s i c a l 

s e l f - s i m i l a r f r a c t a l the spectrum reduces t o one peak, with α = f = D,' 

f o r a mixture o f s h e e t s and cha ins one g e t s two peaks in the spectrum a t 

α = 2 and 1 , and so on. 

-2.0 -1.5 -1.0 -0.5 
l o g 1 

F i g . 4 ( l e f t ) . F r a c t a l d imens ions , D, o f the observed Coma sample 

( o ) , t h e f u l l ( f ) and b ia sed ( b , b i a s l e v e l η = 2 ) CDM s i m u l a t i o n s v e r -

sus s c a l e , 1 ( i n u n i t s o f the sample s i z e ) . 

F i g . 5 ( r i g h t ) . M u l t i f r a c t a l spectrum - f r a c t a l d imension, f, v e r s u s 

s c a l i n g exponent , a, f o r a b ia sed axion s i m u l a t i o n ( c a s e ' b ' in F i g . 4 ) . 

The s c a l e 1 = 1 / 2 0 - t h o f the sample s i z e . 

Thus, even i n the case o f a cons tant f r a c t a l dimension i t i s b e t t e r 

t o f i n d the m u l t i f r a c t a l spectrum t o r e v e a l the r e a l f r a c t a l content o f 

the d a t a . Our example, d i s p l a y e d f o r the b ia sed model case i n F i g . 4 , i s 

presented i n F i g . 5 . The spectrum s t a r t s a t α ä 0 . 4 , corresponding t o 

the most concentrated r e g i o n o f the model , and ends near α « 2 . 8 ( the 

most r a r e f i e d r e g i o n s have approximate ly uniform d e n s i t y , m(r) ~ r ^ ) . 

The f r a c t a l dimension o f those r e g i o n s ( f » 1 ) i s not much l e s s than the 

f u l l f r a c t a l dimension o f the sample D = f m a x s 1 . 5 . We see t h a t the 

spread o f l o c a l d e n s i t y law (a ) and a s s o c i a t e d f r a c t a l dimension ( f ) i s 

ra ther l a r g e and we have a c l e a r case o f f r a c t a l m i x t u r e . 

The m u l t i f r a c t a l approach i s e v i d e n t l y u s e f u l f o r comparing s i m u l a -

ted models and o b s e r v a t i o n s , t e s t i n g the f e a t u r e s o f d e n s i t y d i s t r i b u -

t i o n s t h a t could not be t e s t e d b e f o r e . Perhaps even more important i s 

the p o s s i b i l i t y o f r e v e a l i n g d i s t i n c t f e a t u r e s i n the s p e c t r a o f the 

observed s t r u c t u r e which w i l l r e f l e c t d i s t i n c t p h y s i c a l mechanisms i n f l -

uencing the format ion o f the s t r u c t u r e . In t h i s contex t we may th ink 

that the low d e n s i t y r e g i o n s are s p h e r i c a l v o i d s wh i l e the h igher den-

s i t y r e g i o n s are f i l a m e n t a r y i n n a t u r e . Th i s could be q u a n t i t a t i v e l y 

t e s t e d , r e v e a l i n g i t s e l f in the f ( a ) c u r v e . 

https://doi.org/10.1017/S0074180900136113 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900136113


254 

5 . CONCLUSIONS 

We have shown t h a t : 

( i ) g i a n t and dwarf g a l a x i e s occupy p r a c t i c a l l y i d e n t i c a l r e g i o n s in 

s p a c e , i n c o n f l i c t with a convent iona l CDM g a l a x y format ion s c e n a r i o ; 

( i i ) unbiased model samples are i n c o n f l i c t wi th o b s e r v a t i o n s , d e -

monstrat ing the need f o r a b ia sed g a l a x y format ion mechanism; 

( i i i ) the dimension o f the observed g a l a x y d i s t r i b u t i o n does not r e -
main cons tant f o r any l a r g e s c a l e i n t e r v a l , c a s t i n g doubt on s imple 
f r a c t a l mode l s . 

We thank Dr John Huchra f o r supply ing us with a copy o f h i s r e d s h i f t 

compi la t i on (Huchra 1983 ) and our c o l l a b o r a t o r Mirt Gramann f o r p e r m i s s -

ion t o use her r e s u l t s p r i o r t o p u b l i c a t i o n . 
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