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Abstract

We characterize those analytic self-maps ¢ of the unit disc which generate bounded or compact com-
position operators C,, between given weighted Banach spaces H° or H? of analytic functions with the
weighted sup-norms. We characterize also those composition operators which are bounded or compact
with respect to all reasonable weights v.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 47B38; secondary 30D55, 46E15.

0. Introduction

The aim of this paper is to study boundedness and compactness of composition
operators C,, C,(f) = f o ¢ on weighted Banach spaces of analytic functions, where
¢ : D — D is an analytic map on the unit disc . We are interested in complex
spaces of the form

(1) HY :=HXD):={fe HD): |fl,:= suur;v(Z)If(Z)I < 00},

@ H) = H)(D) :={f € H(D): lim v()| ()] =0},

endowed with the norm || - ||,, where H (D) denotes the space of analytic functions
on D and v : D — R, is an arbitrary weight, that is, bounded continuous positive
(which means strictly positive throughout the paper) function.

The research of the first named author was partially supported by DGICYT, grant. no. PB94 - 0541.
The research of the second named author was mainly done while he visited Universidad Politécnica de
Valencia, Spain, supported by DGICYT (Spain), grant no. SAB 95-0092 in the academic year 1995/96.
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Composition operators were extensively studied on various ‘integral type’ spaces of
analytic functions on the disc like Hardy spaces, Bergman spaces, Dirichlet spaces or
Bloch spaces (see, for example, [CM, Sh] and[J]) and weighted spaces of continuous
functions (see [SS]). The spaces H> or Hl‘? are connected with the study of growth
conditions of analytic functions and were also studied in detail (see [SW1, SW2, RS,
BS, BBT, L1, L2]). Our purpose is to connect both topics.

Especially interesting are radial weights v, that is, v(z) = v(|z]). In that case,
if v = 1, then we get H* = H™ the space of all bounded analytic functions and
H) = {0}. If limsup__, v(z) > O, then obviously H> = H™ with an equivalent
norm and also H? = {0}. Moreover, C, : H* — H> is always bounded and it is
compact if and only if C D (see [CM, Ex. 3.3.2]). Now, if lim;_,- v(z) =0,
the so-called non-increasing majorant of v, that is, the radial functionu : D — R,
u(r) = sup{v(R) : r < R < 1}, is also continuous and tends to zero at the boundary.
By the maximum principle H>* = H>, H? = H?, and the corresponding spaces are
isometric. On account of what was just said, we call any radial, positive continuous
function v : D — R, which is non-increasing with respect to |z| and is such that
lim;_,- v(z) = 0, a typical weight. We will be mostly interested in the radial
weights but as we have seen we may assume that the weight is typical. Nevertheless,
we formulate our results in a more general (even non-radial) setting whenever it is
possible.

Let us explain the organization of the paper. In Section | we summarize prelim-
inaries on spaces H>° and H?. In Section 2 we collect results on boundedness of C,
and in Section 3 analogous results on compactness. The last Section 4 contains some
results on p-integral composition operators.

We finish the introduction with some notation. If 1 < p < oo and v is a weight,
we define the Banach space

3) Al =AlD):={feHD): |[fI:= / | f(DI"v(2)"dA(z) < oo},
zeD

where dA is the 2—dimensional Lebesgue measure. If f : D — C is an analytic
function, then M(f,r) := sup_, |f(2)| is a log-convex non-decreasing function
(see the Hadamard Three Circle Theorem [C, V.3.13]). We reserve the letters v, w for
weights. We denote the natural numbers by N = {1,2,3....}. By C, C’, ¢ etcetera
we denote positive constants which may vary from place to place but do not depend
on indices or variables in given formulas or inequalities.

1. The spaces H> and H'

Notice that the norm topology on H* is stronger than the topology 7.,, of uniform
convergence on the compact sets of D. Assume for a while that lim;. ;- v(z) = 0.
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Since f.(z) := f(rz) tendsin z,, to f, the closed unit ball B® of H? is t,-dense in the
unit ball B, of H*. This implies (see [BS, Th. 1.1], compare [RS, Th. 1]) that (H?)" =
H?* isometrically and the embedding of H? into H is the canonical embedding
into its bidual. Moreover, since point evaluations are continuous functionals on
H?, the pointwise convergence topology (denoted by 7,) on H? is weaker than the
weak topology. Looking at the representation of (H’)' (see [BS, Th. 1.1]), we
realize immediately that if . is a point evaluation at z on H?, then for f € H>
we have (f,4.) = f(z). Thus the pointwise convergence on H® is weaker than its
weak-star topology. Since H? is 7,-dense in H> and C, is always t7,-continuous,
C, : H* — HZ* is equal to the bi-adjoint map of C, : H? — H? whenever both
operators are well defined and lim._, ;- v(z) = lim;,- w(z) = 0.

In fact, from the papers of Lusky [L1, L2], we know that for radial weights and
under quite general assumptions H® >~ ¢o and H>® =~ [,,..

To each weight v corresponds the so-called growth conditionu : D — R, u = 1/v
and B, = {f € H(D) : | f| < u}. In [BBT] the new function &z : D — R, is defined
by #(z) := sup,, | f(2)| and the weight associated with v is defined by v := 1/u. It
is shown there that 4 and v have the following useful properties:

(i) O<un<wuand0 < v < v, vis bounded;

(i) u and v are continuous and, respectively, radial, non-decreasing and non-
increasing whenever u and v are so;

(i) || f)l. < lifandonlyif || f|l; <1for f € H(D);
(iv) foreveryz € Dthereis f. € B, withii(z) = | f-(z)];

(v) iflimp - v(z) = 0, then u(z) = sup;p | f(2)].

As in [T] a weight v is called essential if there exists a C > 0 such that v(z) <
v(z) < Cv(z) forall z € D.

There are many known criteria for v to be essential (see [BBT], especially Pro-
position 3.4 there). In particular, if v(z) = 1/M(f, |z|) for some analytic function
f : D — C, then v = 7. It turns out that tending to zero at the boundary is preserved
by the tilde operation.

PROPOSITION 1.1. Let v be a weight on D. Then lim._,,- v(z) = 0, whenever
lim. - v(z) = 0. In particular, if v is a typical weight, then v is typical as well.

COROLLARY 1.2. If A : D — R, is a radial weight then H is strictly bigger than
H> if and only if lim_,,- A(z) = 0.

PROOF OF PROPOSITION 1.1, Let us take u = 1/v as usual; then the growth condi-
tion u tends to +o0 at the boundary. Since there is a radial non-decreasing function
< u tending to +oo at the boundary, we may (and we will) assume that i is radial.

Letr, € (0, 1), u(r,) = n. We take f, = 0 and we define inductively a sequence
of functions ( f,) analytic on a neighbourhood of D such that:
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@ M(fi,r) <ifori < j;
(b) M(f;,1)=jand f;(1) = j;
() M(f;— fi-ir) < 27,

Assume that fi, ..., f,_; are defined satisfying (a) — (c¢) for j < n — 1. Then we
define b,,0 < b, < 27", suchthath, <i—M(f,_;,r;)fori =1,...,n Wedefine a
function g, analytic on a neighbourhood of D such that g(z) := a,/(R, — z)", where

_ 1—r, \" R 1 —r,
an = V1) ":1+b;l/11_1'

It is easily seen that:
M(g,r,) < by, g =1 M(g. 1)=1

By the choice of b, we obtain that f, = f,_;+ g satisfies conditions (a) — (c) for j = n.
Let us define f := lim,_, f,. Since M(f,r,) < n = u(r,) forn € N, we have
|f(2)] <u(z)+ 1forany z € D and there is a constant C such that | f(z)| < Cu(z)
for any z € D. Clearly, #(z) > | f(z)|/C and lim.,- ii(z) = +oco. This completes
the proof.

In any case we can substitute v by ¢ but unfortunately we have no easy way of
calculating v from v.

PROPOSITION 1.3. For every weight v we have isometrically H® = H{® and, if
limy. - v(z) = 0, then H® = HY.

PROOF. By the property (iii), H® = HZ isometrically and H? is an isometric
(closed) subspace of H?. As we mentioned before, if T = Ci : HY — H?, then

T” : H — H*is alsoequal to Ciq : H® — H*. Clearly, if T were not onto, then
T" would have not been onto as well.

2. Boundedness of C,
We give firstly necessary and sufficient conditions for the operator C, to be bounded
on H>.

PROPOSITION 2.1. Let v and w be weights. The following statements are equival-
ent:

(i) the operator C, : H® — H is bounded;
(i) sup,.p w(z)/Vv(p(z)) = M < oo,
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(iii) sup..p w(z)/v{p(2)) =M < 0.
If v and w satisfy lim ;- v(z) = lim_.,- w(z) = O, then the above conditions are
equivalent to

(iv) the operator C, : H? — H? is bounded.

REMARK. Contrary to many cases of classical function spaces, an analytic self-map
¢ : D — D does not necessarily induce a bounded composition operator for general
weights. For example, consider v(z) = w(z) = ¢ "™ and ¢(z) = (z + 1)/2.
Then v = ¥ and, for z = r € R, v(r)/v(p(r)) = /1" for 0 < r < 1. Thus
v(r)/v(p(r)) = oo, whenr — 1, so C, is not bounded on H.

If v is essential, then for every z € D we have that v(z) < Cwv(z), and the necessity
of (4) in the next corollary follows from this.

COROLLARY 2.2. Assume that v is an essential weight. The operator C, : H® —
H(e is bounded if and only if

4) sup. pw(z)/v(p(z)) < oco.

Ifvand w satisfy lim. - v(z) = lim. ;- w(z) = 0, thenC, : H® — H? is bounded
if and only if (4) holds.

REMARKS. (1) If H>® = H>, then C, : H;° — HZ is continuous for all weights
w and, if w tends to zero at the boundary C,(H>®) C Hg. On the other hand, by
Proposition 1.1 and by properties of associated weights, one can prove thatif (z,) € D,
lim,_ . |z,] = 1 and v is a weight on D tending to zero at the boundary, then there
is a sequence of functions f, € B, such that |f,(z,)] > o0 as n — oo. Thus, if
HY = H* and d¢(D) N 0D # @ then C, f, is unbounded in H:°. Finally, in that
case C, : H* — HZ is bounded if and only if ¢(D) C D.

(2) The condition in the corollary is no more necessary for boundedness of C,
whenever v is not essential. Let us take an arbitrary non-essential weight v and
w = v. Then, clearly limsup,. ;- w(z)/v(z) = +oo but Cy : H* — H;° is an
isometry.

PROOF OF PROPOSITION 2.1. (iii) implies (i1) is trivial as w < 1.
(i1) implies (i): By assumption, we have w(z) < M1(¢(z)) for all z € D. Thus

w(z)

v(p(z))

(i) implies (iii) and (iv) implies (iii): If not, then there is a sequence (z,) C D, with
w(z,) > nv(p(z,)) for all n. For all n, there exists f, € B, (which can be chosen in

w(2)| flp()] = V@@ f @) = MIIflis
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BY, whenever lim,. ;- v(z) = 0, by 7,-density of B? in B,) such that | f,(¢(z,))| >
u(p(z,))/2. By (i) or (iv), (f, o ¢) is bounded in H°(D) = HZ*(D), so there is
C > Osuchthat | f, (¢(z))|w(z) < C forall z € D and all 7 € N. On the other hand,

[l W (z,) = | fu(@zv(@(z)w(z,) /v(p(z,)) > n/2

for all n, so we have a contradiction.
(iii) implies (iv): By (iii) implies (i) and Proposition 1.3, it suffices to show that
C,(f) € HY foreach f € H?.

Take f € Hf?. Given ¢ > 0, there is ry €]0, 1[, such that v(z)|f(z)| < ¢/M for
|z| > ry. For |z| > r, we consider two cases: If |¢(z)| > r|. then

)
@)

For j¢(z)| < r), we have that there isr, > r;, 0 < r, < 1, such that

W) (@@ = VeI f (@] = ——= (

w(z)| fle(2))| < w(z)sup, ., | f(2)] <& for [z| >r.

Thus w(z)| f(@(2))] < € for |z] > r,.

THEOREM 2.3. Let v be a typical weight. The following assertions are equival-
ent:

(i) all operators C, : HX — HS* are bounded;

(i) all operators C, : H® — H? are bounded;

(iii) the following inequality holds:

(1l =27"7hH

5 inf ———— > 0.
(5) "N D=2y

REMARK. For example, an essential weight v(z) = (1 — |z])*, ¢ > 0, satisfies the
conditions of Theorem 2.3 The condition (5) was used by Lusky [L2, p. 310], when
he studied the isomorphism H? =~ ¢,. Also see [SW2].

PROOF. By Proposition 2.1, (i) holds if and only if (ii) does.
By the Schwarz lemma, if ¢(0) = 0, then |@(z)| < |z| forevery z € D and therefore
C,: H® — HZ is bounded. For p € D, let

o,(z) = (p — 2)/(1 = pz),

that takes D onto itself. If each C,, is bounded, then all C, are bounded. Indeed, each
¢ =a, oy, where y =, 0 ¢, p = ¢(0) and ¥ (0) = 0. We have to show that for
any p € D, C,, is bounded on H;*(D) if and only if v satisfies (5).
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(i) implies (iii): Let us assume that all C,, are bounded. Then, by Proposition 2.1,
for every p € D there exist M, > 0 such that v(z) < M,v(a,(z)) for all z € D.
Since it is easily seen that sup,.._, |,(z)| = (Ip| +r)/(1 + |p|r), we get that ¥(z) <
M,o((Ipl +r)/(1 + |p|r)) forall |z| = r. Letus define [(r) = 0(1 —r),s =1 —r.
Since 1 — (|p| +1—15)/(1 + |p|(1 ~5)) = s(1 = |p])/(1 + |p| — |pls), we obtain
for s < 1/2 that

1 —|pl Ipl+1—3s ((l—lpi))
6 Hs—2) <i(1- 222 ) <y (s =1,
®) (“‘1+|p|)5( 1+|p|(1—s>)S T+1pl2

Finally, for p = 2/5, we use the second inequality in (6) to get M > 0 and sy > 0
such that /(s) < MI(3) for all s €]0, so[. This immediately implies (5).

(iii) implies (i): If (5) is satisfied, then / defined as above has the property that there
are M > 0 and 1y €]0, 1] with I(¢) < MI(t/2) for all ¢t > t,. Then for any ¢ < oo we
findn € Nsuchthatc < 2" andhence /(1) < M”l(f). Wetakec = (14+|p})/(1—|p)).
Then by the first inequality in (6), for all p € D there is M, > 0 with

|Pl+1—z)

/ MIft]l - —
= ( T+ 1pll=0)

for all 1 > t,. Clearly, this implies that for all p € D there exists M, > 0 such that
for every |z| = r we have that v(z) < M,v(a,(z)) by the argument above.

THEOREM 2.4. Let ¢ : D — D be an analytic map. The following statements are
equivalent:
(i) for any typical weight v the map C, is bounded on H>;

(ii) for every 8 €] — m, ], ag o @ fixes a point in D, where oy(z) = €'z;

(ii1) either ¢ is a rotation or for any 8 €] — m, ], ¥ = oy o @ fixes an attracting
point py € D, that is, Y (py) = pg and ¥, (z) — pe uniformly on compact sets, where
Y, =Y o---o, (ntimes);

(iv) either ¢ is a rotation or liminf._, - (1 — |e(2)})/(1 — |z]) > 1;

(v) thereisanry €10, 1| such that |¢p(z)] < |z| for every z € D with |z| > 1.

For the proof of Theorem 2.4 we need the following result.

LEMMA 2.5. For any two increasing sequences r, — 1 and R, — 1 such that
ro< Ro<r <Ry <ry< Ry <--- there is an analytic map f : D — C with

’ M(f,R.)
im ————— =
n—sco M(f,r,)

)

where M(f,r) = sup,__, | f(2)|.
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PROOF. We define f, = 1. Assume that we have already found polynomials
fis fos o<, fa1 such that

M (fi, Ro)

Fi 1 2k’ b MO £
@ fil <1/ ® MET

>k for k=1,...,n—1.

Then put M := M (Z,'.':_ll f,-,r,,) and f,,(z) = A/((1 — &)R, — z), where A, ¢ are
chosen positive and

© — 2 @ A _om
C — s —_— = n.
(1 —-¢)R,—r, 22 eR,
In fact, it suffices to take
_ 2Mn(Rn_rn) (Rn_rn)

A

T ¥ M+ 1) €= R.2" " Mn+1)

Clearly f,,|,.”D < 1/2% because of (c). Moreover, by (d), f"(R,,) = 2nM. Now,
by Runge’s Theorem, we can approximate f, on R,D by a polynomial f, satisfying
(a) and (b). We define f = Z;’il fi. The series converges almost uniformly. The
condition lim, M (f, R,)/M(f, r,) = oo follows from (b).

PROOF OF THEOREM 2.4. (i) implies (v): Assume that there is a sequence (z,) in
D with |z,| — 1 such that |¢(z,)| > |z,]| for all n. Define r, = |z,|, R, = |¢(z,)| and
without loss of generality we may assume thatrg < Ry <1 < Ry <rp < Ry < -+,
By Lemma 2.5, there exists f € H (D) such that lim, ,.c M(f, R,)/M(f,r,) = 00.
Take v(z) = 1/M({, |z|) and assume that C, : H> — H is bounded. Then there is
¢ > O such that |C, || < c. Moreover, with a(z) = €'z, ||C,, || = 1 and || ||, = 1,
S0

NCaou (F)Il, <c forall 6 €]—m m].

Now,

lf o Uy O (p(:n)|

1
Slelll)) |foago ¢(Z)|m >

M(f, |z.])
for all n and all 8. Choosing 6, in a suitable way, we get |f o ay, o ¢(z,)] =

M(f, loz)]) = M(f, R,). Thus, |Cq, oo (Il = M(f, R,)/M(f,r,) for all n, and
we have a contradiction.
(v) implies (i) is obvious.
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(i) implies (ii): Let us assume firstly that ¢ is an automorphism. Then either ¢ is a
rotation and (ii) is satisfied or ¢(z) = oy ((p — 2)/(1 — pz)), where p # 0. Since
sup..._, le(2)| = (Ipl +r)/(Q +|p|r) > r forr < 1, it follows that (v) is not satisfied.
We have proved that if ¢ is an automorphism, then C, satisfies (i) only for rotations,
and then (ii) is satisfied as well.

Now let ¢ be a non-automorphism. Then every ¢, o ¢ is also a non-automorphism.
Hence, by [Sh, Section 5.4], either oy o ¢ has a fixed pointor ¢, ;== Y o---0 ¢, (n
times), where { = ay o ¢, satisfies |,(z)| — 1 uniformly on compact sets. Suppose
that some oy o ¢ has no fixed point. Let K := {z : |z| < rp}, where ry is given in (v).
By the Maximum Modulus Theorem, sup, ., |¢(z)| = sup,.,« l¢(z)| and therefore it
follows from (v) that sup._, . 1¥,(z)| < rp. Since |, (z)| — 1 uniformly on compact
sets, we obtain a contradiction.

(ii) implies (iii): Assume that ¢ is an automorphism. Hence

p(z) =€ lp —

forsome peD, 6 €] —n,x].

If p # 0O, then for a suitable chosen 6y, | p| = cos(6y/2) and by [Sh, Section 0.5.4], ¢
is a parabolic automorphism, meaning (see [Sh, p. 5]) that ¢ has a single fixed point
lying on the boundary of D. If p = 0, then ¢ is a rotation.

Now, let ¢ be a non-automorphism. Then every o, o ¢ is also a non-automorphism.

Hence the assumption and [Sh, Section 5.2.1], give that every o, o ¢ fixes an attracting
point in D.
(iii) implies (iv): Let us assume that each oy o ¢ has an attracting fixed point p, in D.
Ifliminf. - (1 — |@(2)])/(1 — |z]) < 1, then there is a sequence (z,) C D, |z,| — 1
and lim, (1 — |@(z,)])/(1 —|z,]) = § < 1. Without loss of generality, we may assume
that z, — w € dD. Clearly, |¢(z,)| — 1, and we may assume that ¢(z,) — n € 3D.
Choosing 8 €] — m, ] suitable, we get oy o ¢(z,) — w. Now, by Julia’s theorem
[Sh, p. 63],

A A
00 D+—2_)c D+ —2 forall A> 0.
a2 134153 T 1+

Since py is an attracting point of ¢y o ¢, it is in any disc (A/(1 +X))D + w/(1 + 1),
which gives a contradiction by taking A > 0 small enough.

(iv) implies (v): The condition is obviously satisfied for rotations. Now, if
liminf. - (1 — |@(2)])/(1 — |z]) > 1, then there is r, €]0, 1{ such that (1 —|¢(2)])/
(1 —{z]) > 1 for |z| > ry. Clearly, then |p(z)| < |z|, and we are done.
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3. Compactness of C,

To deal with the compactness we need the following form of the Weak Compactness
Theorem. The proof is similar to the case of H2. The reader is asked to refer to [Sh,
Section 2.4].

LEMMA 3.1. Let X and Y be H and HZ or H? and H' respectively. A bounded
operator C, : X — Y is compact, if and only if, given any bounded sequence
(f:) C X which converges to 0 uniformly on the compact subsets of D, also the
sequence (C,(f,)) convergestoQinY.

COROLLARY 3.2. Let v and w be weights. If there exists anr,0 < r < 1, such that
lp(z)| <rforallz € D, then C,: H* — HX is compact.

THEOREM 3.3. Let v and w be weights. The following assertions are equival-
ent:

(1) the operator C, . H>® — H:° is compact;
(i) lim,_ - sup, .., w(z)/9(@(z)) = 0 or p(D) S D.
If v and w satisfy lim .- v(z) = lim; | - w(z) = O, then the above conditions are
also equivalent to the following ones:
(iii) the operator C,: H® — H? is compact;
(v) lim; - w(z)/v(e(2)) =0,
(v) limg - w(z)/v(p(z)) = 0.

REMARKS. (1) It is not difficult to show that if H>* = H>,thenC, : H* — HX*
is compact for any weight w tending to zero at the boundary. On the other hand, if
H = H>,then C, : HX — HZ° is compact if and only ifm C D (compare the
remark after Proposition 2.1).

(2) If for a fixed typical weight v, C, : H* — H* is compact, then there is r < 1
such that |¢(z)| < |z| for |z| > r. Thus C, : H* — HZ is bounded for any typical
weight w. .

(3) If for some weights v, w tending to zero at the boundary, C, : H* — HX is

compact, then it is weakly compact and C, : H* — H?.

PROOF. We assume first that v and w satisfy lim._,,- v(z) = lim;_,,- w(z) = 0.
(v) implies (iv) is obvious.
(iv) implies (i): By Proposition 2.1, C,, is bounded. We shall use Lemma 3.1. Take
a bounded sequence (f,) C B, and assume that f, — 0 in the 7,-topology. For
given ¢ > 0 there is rp €]0, 1 with w(z) < &d(p(z))/2 for all iz} > r,. Put
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C’ :=sup. p w(z) < oo. For n big enough, we have that SUP|. <, [ f2(@NDIC" < g/2
and thus

1€ (f)llu < supyio, | fu (@) w(z) + sup,,., | fo(@(2))|w(z)
<le+iellfills <e,

so (i) follows.

(1) implies (v): If not, then there are ¢ > 0 and a sequence (z,) C D, |z,| — 1, with
w(z,) > cv(p(z,)) for all n. For all n, there exists f, € B, such that | f,(p(z,))| =
u(p(z,)). By going to a subsequence we can assume that ¢(z,) — z, for some z, € D,
when n — oo. If |25} # 1, then by assumption,

0 =limw(z,) > clim(p(z,)) = cv(z) > 0,

which is a contradiction. Thus |zy] = 1. Now, since |¢(z,)| — 1, there exist natural
numbers a(n) with lim, a(n) = 0o and such that |¢(z,)|*" > 1/2 for all n. We define
the analytic functions g, (z) := z*™ f,(z) for all n. Clearly (g,) is a bounded sequence
in H*. It converges pointwise to 0 because of the factor z#®. Hence, supposing that
C, is compact, Lemma 3.1 implies that ||C,(g,)|l. = 0asn — oc. On the other
hand, we get for all n,

Y

IC (8l = 18x (@D (z) = l9(2)1"™ | £ (@)D (2,)
S e@)ed(ez) 2 e,

v

which is a contradiction.
(1) if and only if (iii): By Proposition 2.1, if one of the considered operators is com-
pact, then both are bounded and C,, : H>® — H(° is the bi-adjoint of C, : H® — H?
(see Section 1). Apply the Schauder Theorem.

Now, in the general case, (i) implies (ii) is similar to (i) = (v) and (ii) implies (i)
is similar to (iv) implies (1).

COROLLARY 3.4. Let v and w be essential weights and assume that lim._,, w(z) =
0. Then C, : H* — HS is compact (or, equivalently, C, : H® — H? is compact),
if and only if

w(z)
m =
=1- v(@(2))

We see below that for general weights our simple characterization of compactness
in 3.4 fails. Of course, in that case v is no more essential and this fact gives another
motivation for the concept of an essential weight.

(N
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EXAMPLE 3.5. There exist a typical weight w and a compact composition operator
C, : HX — H: which does not satisfy (7).

CONSTRUCTION. Let us define increasing sequences (r,), (p,) tending to 1 as
follows:
1 2r,

o= =, Fny1 = 3
14+r
n

5 po =0, Dn < Ty < payy for ne N,

Choose an increasing sequence (a,) of natural numbers such that
(8) an(logrn+l —10g”n) > n.

We define three non-decreasing, unbounded and continuous functions 7, 8, f:R_—
R, as follows:

(i) n = 0 on (—o0, logry] and for each n € N the function n is affine on
[logr,, logr,. ] with the derivative = a,;
(i) forneven® =0 =non [log p., log p,s1];
(iii) for n odd @ is affine on [log p,, log p,,1];
(iv) for n odd @ is affine on [log p,, logr,] and constant on [log r,, log p,+1].

We could choose (p,) in such a way that:
(v) In(log p,) —n(logr,)| < 1and |6(s) — n(s)| < 1 foralls € R_.

Now, we can define our typical weights:
v(z) 1= e MoBlD w(z) ;= e "1BFD,

Clearly, our assumptions imply that 8(s) > 6(s) > n(s) for s € R_. By the
Hadamard Three Circle Theorem and (v),

w(z) > e 908ED > o1y (7).

On the other hand, on the annulus {z : r, < |z| < r,4}, we have v(z) = b,|z|™
with a, natural. Moreover, 1/v(z) is a supremum of a sequence M (b, 24 |z|), which
means that v = v. Taking the above into account, we obtain that w is equivalent to
v=1.

We will show that C, : H* = H®* — H® = H®is compact for¢(z) :=z/(2—z)
but still lim. ;- w(z)/w(e(z)) # 0.

Observe, that |¢(z)| < ¢(|z]) = |z]/(2 — |z]), thus if |z] € (r,, 7us1), then |@(2)] <
@(|z]) € (ra_1, ). Hence

v(z) - v(2) _c Q2 — |2y
v(e(2)) ~ vip(lz]) |2 [arei—ar
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and the function on the right hand side is decreasing with respect to |z|. Summarizing,
by (8) fOI' |Z| S (rn, rn+l)’
v vl vl) -1y
v(p(@) 7 vle(r) vl

By Corollary 3.4, C, is compact.
On the other hand, for n even

w(r,) _ w(r,) _ v(ry) -
LU(QO(V,,)) w(rn—l) U(Pn) - )

This completes the proof.

Theorem 3.3 yields a direct method to deduce the compactness of C, in some
weighted spaces once we know the compactness with respect to other weights. Pre-
cisely, assume that v is essential and that C, : H® — HZ° is compact. If the weights
v and w on D satisfy

w w
<C
vog =  vog

9)

for some constant C > 0,then C, : H® — HZ° is compact. Namely, the assumptions
imply that (ii) of Theorem 3.3 is satisfied for v and w, hence, by (9), it is satisfied by
v and w as well. We especially have the following corollary.

COROLLARY 3.6. Assume that v and w are typical weights, v is essential, v/w is
increasing as |z| - 1, ¢(0) = 0 and that C, : H®* — H* is compact. Then also
C,: HX — HX is compact.

PROOF. In this case (9) is equivalent to

w

<C

v v
< , orto —op<C—.
woy vog w w

But this holds with C = | by the Schwarz lemma, since v(z)/w(z) is radial and
increasing as |z| — 1.

THEOREM 3.7. Let ¢ : D — D be an analytic map such that 3¢(D) N D # @.
Then there exists an essential typical weight v such that C, : H*® — H* is bounded
but not compact.

COROLLARY 3.8. Let ¢ : D — D be an analytic map. The following assertions
are equivalent:

(i) C,:HX — HX is compact for any (typical) weight v;
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(i) C,: H® — HY is compact for any weight v tending to zero at the boundary;
Gii) C, : H*® — H* is compact;
(iv) (D) € rD for somer < 1.

PROOF OF THEOREM 3.7. The weight w(z) = (1 — |z|) is typical and essential and
C, : HX — H is always bounded by Theorem 2.3. Let us assume that C, is
compact in that case.

By Theorem 3.3, there is 7y < 1 such that for any r > ry:

I—lz) < i1 - g for Jz] =r.
Let us define M(r) := sup,._, |¢(z)|, then we have
(10) l—r<i(1=M(@r)) for r>r.

The function M (r) is non-decreasing, tends to 1 as »r — 1~ and, by the Hadamard
Three Circle Theorem, it is logarithmically convex. In particular, log M (r)/logr is
non-decreasing as r — 1-. By (10), there is § > 1 such that for » > ry we have
log M(r)/logr > §. We define inductively a sequence (r,,), .~ suchthatr,_; = M(r,).
Obviously,

(11) Faor <1’ for neN

and lim,_, o, r, = 1. We define an increasing function « : [0, 1) — R, which is equal
to 1 on [0, rg], u(r,) = 2" and it is affine on each interval [r,.,, r,]. The weight we
are looking for is defined as v(z) = 1/u(]z]).

Firstly, we show that v is essential. By [BBT, Proposition 3.4], it suffices to prove
the so-called condition (U) for v, that is, to find ¢ > 0 and C > 0 such that

(12) u(y)(1 — »)* < Cu(x)(1 —x)* forall 0<x<y<l.

We take C = 4 and arbitrary & such that ((1 — ro)/(1 — r,’*))* > 2. Indeed, for
any x, y either u(y) < 2u(x) or we find n < & such that

r, <y, u(y) £2u(r,) and x <ry, u(ry) <2u(x).

Thus

a(n—k)
(13) 1) gun) <4<11 —f ) .

ulx) = u(ry) —r(;/‘s

Since g(t) := (1 — t)/(1 — ') is an increasing function,
1- o 1 -

1—r> 711"

forany i >0
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and, by (11), we get

Combining with (13), we get

n—1 o o o
Z(_y_)541—-[ 1—-r _4 1 —ry <4 1—x ,
u(x) c e\ —rig 1—r, 11—y
which gives (12) and v is essential.
Now, for |z] > rq we find n € N such that , < |z| < r,41, then
v _uM(zD) _ e(M () _
vip(z) = udzh) T u(r)
by the definition of (r,,). Thus C, : H>® — H* is bounded by Proposition 2.1.

On the other hand, for any n € N there is z,, |z,| = r, such that |¢(z,)| = r.—.
Clearly,

17

() u(r) 1

v(@@z) w2

and (since |z,| - 1 asn — 00) C, : H® — H{* is not compact by Corollary 3.4.

4. Integral operators C,

Unfortunately we are not able to give a characterization of nuclear, integral or
absolutely summing composition operators for general weights. It is, however, not
too complicated to find sufficient conditions for example as follows.

PROPOSITION 4.1. Let 1 < p < o0, 1/p+ 1/q = 1, let v and w be radial weights
and let ¢ : D — D be analytic. The operator C, : H>® — HZ is p-integral, if

w(z)?
14 ) JA .
(14) fgg 4 vo (p(f)"|1 - Zgbql(p/(s)lzq/p (‘S) < 0

133
In the case p = 1 the integral is replaced by a supremum in the usual way.

PROOF. Since the identity operator H>® — A? C L?(v(z)d A(z)) is order bounded,
it is enough to show that C, : H® — HJ factorizes through the above defined
map; see [DJT, Propositions 5.18 and 5.5]. To this end it suffices to prove that
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C, : A - HZ is bounded. Indeed, using the Bergman reproducing kermel ([Z,
Section 4.1]) and the dominated convergence theorem,

sup | £ 0 ¢(2)|w(z) = sup / Lo a6\ wia)
el zeD D (1 "'ZE)

1/q

< sup f WO ) dAe)
T \ S vop(€))l — & ¢

€
1/p

< /Ifow(é)l”vow(&)”lh(é)ldA(E) ,
D

where |J,| is the 2-dimensional Jacobian determinant of ¢. The identity |J,| = |¢'|?
and (14) permit us to conclude.

EXAMPLE 4.2. An example of integral composition operators.

CONSTRUCTION. Let v(z) := (1 — |z|)* and w(z) := (1 — |z|)#, where a, 8 > 0.
Let © C D be an open subset such that 32 N dD = {1}. We also assume that 3Q
is Dini-smooth ([Po, Theorem 3.5]) except at the point 1 where it has a Dini-smooth
corner of opening y 7, where y < 1, in the sense of [Po, p. 51]; we make the technical
assumption that for some ¢ > 0 the inequality

(15) | Im(z)| < c(1 —Re(z))

is satisfied for every z € Q. Let ¢ be a Riemann conformal mapping D — € such that
lim._,; ¢(z) = 1, ¢(0) = 0 ([Po, Theorem 2.6]); for example ¢(z) := 1 —a(l — z)*
for a suitable a € C.

We show that (14) is satisfied for p = 1 and the operator C, is thus l-integral,
if
@ B=2=(a+2)y,or
by B=(x+2)y >2.

By [Po, Theorem 3.9], there exists a neighbourhood U of 1 such that for some
constants ¢, C > 0,

1 —
(16) (1—"% <C forzeU. and
—2Z
(17) ¢ < (-1—"% <C forzeU,
_Z -
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and the same estimates also hold for numbers z outside U, because of (D \ U) C D
and the Dini—smoothness assumption on 3. From (17) we deduce that |J,| = |¢'|*is
bounded from below and above by a positive constant times |1 — z|>¥~!. Moreover,
(15) implies that there exists a C' > Osuch that |1 — &} < C'(1 — {§]) for§ € Q ; this
and (16) imply that for ¢’ > 0, 1 — |¢(2)| > ¢|1 — z|” for z € D. Hence, for¢” > 0

(18) voe(z) = (1 —le@))" =1 -z
Hence,

pu _ 8
(19) sup w(z) sup (I —zD

. <C —.
26D v 0 ()1 — zE |29’ (§)] 2£eD |1 — §|@Dr 2|1 — 2&|2

We now distinguish between the two cases (a) and (b) mentioned above. If (a) holds,
(19) is not larger than

_ B _ B
(1 IZ_I) <Csu (1—1z])
2.£€D 1~ Zflz zeD (1- |Z|)2

In the case (b) (19) can be estimated by

c (1 —1z)*
sup —.
ckeD (1 — [EDCF2r 2|1 — z€ ]2

Clearly we can here take the sup only over the values 0 < z, § < 1. The partial
derivative of

(1-2)*

(20) (1-— §)<a+2)y—2(1 - Zs)z’

0<z,&E<1,

with respect to £ vanishes at the point § = (((@ +2)y — 2 + 22)/((« + 2)yz)),
and at this point (20) becomes equal to a constant times (1 — z)#~@+rz*+27 =2 This
expression is also finite, if the condition (b) is satisfied.
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