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The Bochner-flat cone of a CR manifold

Liana David

ABSTRACT

We construct a Kéhler structure (which we call a generalised Kéahler cone) on an open
subset of the cone of a strongly pseudo-convex CR manifold endowed with a one-parameter
family of compatible Sasaki structures. We determine those generalised Kahler cones which
are Bochner-flat and we study their local geometry. We prove that any Bochner-flat Kéahler
manifold of complex dimension bigger than two is locally isomorphic to a generalised
Kahler cone.

1. Introduction

The Bochner tensor of a Kéahler manifold is the biggest irreducible component of the curvature ten-
sor under the action of the unitary group. In complex dimension two, the Bochner tensor coincides
with the anti-self-dual Weyl tensor. A Kéhler manifold is Bochner-flat if its Bochner tensor vanishes.
Bochner-flat Kéhler manifolds represent an important class of Kahler manifolds and have been inten-
sively studied: the local geometry of Bochner-flat Kéhler manifolds and its interactions with Sasaki
geometry has been studied, using the Webster’s correspondence, in [DGO06]; complete Bochner-flat
Kahler structures on simply connected manifolds have been classified in [BryO1]; generalisations
of Bochner-flat Kahler manifolds (like weakly Bochner-flat Kahler manifolds and Kéhler manifolds
with a hamiltonian 2-form) have also been developed (see, for example, [ACG04, ACG06, Gau01]).

An important class of Kéhler manifolds is represented by the Kéahler cones of Sasaki manifolds.
Unfortunately, except when the Sasaki manifold is an open subset of the standard CR sphere with
its standard metric as the Sasaki metric, the Kéhler cones are not Bochner-flat. In this paper we
propose an alternative construction, which is a natural generalisation of the Kéhler cone construction
and which produces, locally, all Bochner-flat Kéhler structures of complex dimension bigger than
two. More precisely, we consider, on a fixed CR manifold (N, H, I), a one-parameter family of Sasaki
Reeb vector fields {T,,7 € J} (with J C R>Y an open connected interval). On the cone manifold
N x J we define an almost complex structure J, which on H C T(N x J) coincides with I and
which sends the radial vector field V' = r d/0r to the vector field T, defined by T'(p,r) := T,(p),
for any (p,7) € N x J. It turns out that J is integrable and that the pair (w := $dd’r?,J) is a
Kéhler structure on the open subset of N x J where w(V,T) > 0. Such a Ké&hler structure will
be called a generalised Kéahler cone and coincides with the usual Kéahler cone of a Sasaki manifold
when the family of Reeb vector fields is constant. A strong motivation for this construction comes
from the fact that the Bryant family of Bochner-flat Kéhler structures (which were discovered by
Bryant in his classification theorem of complete Bochner-flat Kéhler structures on simply connected
manifolds [Bry01] and have been further studied in [DGO06]) are generalised Kéhler cones. Our main
result is the following.
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THEOREM 1. Any Bochner-flat Kahler manifold of complex dimension bigger than two is locally
isomorphic to a generalised Kéahler cone.

The plan of the paper is the following. In § 2 we review the theory of Kéhler and Sasaki manifolds,
which will be useful later on in our study of generalised Kéhler cones. In §3 we determine the
generalised Kéhler cones which are Bochner-flat and in § 4 we study their local geometry. This study
will readily imply Theorem 1. The last section is dedicated to examples. We explain how Ké&hler
manifolds with constant holomorphic sectional curvature, weighted projective spaces and Bryant
family of Bochner-flat Kéahler structures fit into our formalism of generalised Kéahler cones. We also
look at Bochner-flat generalised Kéhler cones of order one and at those which are of Tachibana and
Liu type [TL70].

2. Notation and earlier results

2.1 The Bochner tensor of a Kahler manifold
In this section we recall the definition of the Bochner tensor of a Kéhler manifold. We use the
formalism developed in [ACG06, Gau01].

Let (V, g, J) be a real vector space together with a complex structure J and a J-invariant positive
definite metric g. We shall identify vectors and covectors of V' using the metric g. Let w := g(J-, ")
be the Kahler form. Recall that the space (V) of Kéhler curvature tensors of (V,g,J), defined
as those curvature tensors which annihilate all J-anti-invariant 2-forms on V', decomposes into a
g-orthogonal sum

K(V) := cic(Sym" (V) @ W(V). (1)
Here c}. : Sym™! (V) — K(V) is the adjoint of the Ricci contraction
cx : K(V) = Sym V),  ex(R)(v,w) := trace R(v, -, w,-), v,w€EV,
and has the following expression [GauOl]:

1[SAId+ (JoS)AJ
ck(S) =3 +(2 °5) +twS+B®J|, (2)

where S € Symb>!(V) is a symmetric J-invariant endomorphism of V, ‘Id’ is the identity endomor-
phism, 3 € AMY(V) is the J-invariant 2-form on V| related to S by B(v,w) := g(SJv,w), and, for
two endomorphisms S and T of V', S A T is the endomorphism of A%(V') defined by the formula

(SAT)(vAw):=SW)AT(w) —S(w) AT(v), v,weV.
According to the decomposition (1), a Kéhler curvature tensor R € (V') decomposes into the sum
R =ci(S)+ Wk,

where WX € W(V) is its principal part (or the Bochner tensor of R) and S € Sym'(V) is a
modified Ricci tensor.

Consider now a Kéhler manifold (M, g, J). The curvature RY of the Kéhler metric g is, at any
point p € M, a Kéhler curvature tensor of the tangent space (7,,M, gp, Jp). The principal part of RY is
called the Bochner tensor of (M, g, J) and is a section of the symmetric product A (M) ALL(M).
The Kéhler manifold (M, g, J) is Bochner-flat if its Bochner tensor vanishes.

2.2 Review of CR and Sasaki manifolds

Recall that an oriented (strongly pseudo-convex) CR manifold (N, H,I) has a codimension one
oriented subbundle H of the tangent bundle TN, called the contact bundle, and a bundle homo-
morphism I : H — H with I? = —Id, such that, for every smooth section X,Y € T'(H),
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[IX,1Y]—[X,Y] is also a section of H and the integrability condition

is satisfied. Since N and H are oriented, the co-contact line bundle L := TN/H is also oriented,
hence trivialisable. A positive section p of L defines a contact form 6 := nu~' on M, where 7 :
TN — L is the natural projection and p~!' € T'(L*) is the dual section of y, i.e. the natural
contraction between g and p~! is the function on N identically equal to one. The bilinear form
9(X,Y) = w(X,1Y) := 1 d(X, 1Y) of the bundle H is independent, up to a positive multiplicative
function, of the choice of the contact form and is positive definite — the strongly pseudo-convexity
condition. The contact form 6 determines a Reeb vector field T', uniquely defined by the conditions
O(T) =1 and iz df = 0. Note that the Reeb vector field preserves the bundle H, i.e. [T, X] € T'(H)
when X € I'(H) and hence Lr(I) is a well-defined endomorphism of H. We associate to 6 a
Riemannian metric g on the manifold N, which on H is defined above and such that 7" is of norm
one and g-orthogonal to H. Finally, we need to recall the definition of the Tanaka connection [Tan75]
associated to 6. It is the unique linear connection V on N with the following three properties: (i) it
preserves the bundle H; (i) I, g and T are V-parallel; and (iii) the torsion TV of V has the
expression

TV(X,Y) = 2w(X,Y),
(T, X) = —3 1L (1)(X),
for every X,Y € I'(H). It turns out that, on H, V is determined by a Koszul-type formula
29(VxY, Z) = X(9(Y, 2)) + Y (9(X, 2)) = Z(9(X,Y)) + 9([X, Y], 2)
- g([Xv Z]H7Y) - g([Y> Z]H7X)7

where X,Y,Z € T'(H) and, for a vector field W of N, W .= W — (W)T is its g-orthogonal
projection on the bundle H. The metric g is called Sasaki if T" is a Killing vector field for the metric
g or, equivalently, if £L7(I) = 0. In this case, the curvature RV of the Tanaka connection on the
bundle H is an element of the tensor product A?(N)® AL (H) and its restriction to bivectors of H
belongs to the symmetric product AM (H)® A (H) and is a Kihler curvature tensor of the complex
Riemannian vector bundle (H, g, I). Its Bochner part (called the Chern-Moser tensor [CM74, Dav04]
of the CR manifold (N, H,)) is independent of the choice of the compatible Sasaki structure on
(N,H,I). A CR manifold with vanishing Chern—Moser tensor is called flat. The importance of the
Chern—Moser tensor comes from the fact that if the CR manifold is flat and of dimension bigger
than three, then it is locally isomorphic with a sphere with its standard CR structure [CM74, BS76].
On the other hand, if g is Sasaki, the complex structure I and the metric g of the bundle H descend
on the quotient N/T and determine a Kéhler structure on this quotient. (In our conventions, the
quotient N /T denotes the space of leaves of the foliation generated by 7" in a sufficiently small open
subset of NV, so that N/T is a manifold.) Moreover, the Bochner tensor of the Kéhler manifold N/T
becomes identified with the Chern-Moser tensor of the CR manifold (N, H, I) (see [Web77, Dav04]).
Since any Kéhler manifold can be locally written as a quotient of a Sasaki manifold under its Reeb
vector field, by means of a choice of a local primitive of the Kéhler form, it follows that a Bochner-flat
Kahler manifold of complex dimension m > 2 is locally isomorphic with the quotient of a standard
CR sphere S?™+1 under the Reeb vector field of a compatible Sasaki structure.

2.3 The local type of Bochner-flat Kihler structures

The local geometry of Bochner-flat Kéahler structures, of complex dimension m > 2, is of four
types [Bry01, Cal02, DGO6]. This follows from the fact that the compatible Sasaki structures on
the CR sphere S?™*! are determined by elements of the Lie algebra su(m + 1,1), and that there
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are four types of conjugacy classes in this Lie algebra (elliptic, hyperbolic, one-step and two-step
parabolic). In order to explain this, it is convenient to identify S?™*! with the hermitian sphere
»2m+1 of all complex null lines in a hermitian complex vector space W of signature (m + 1,1),
with hermitian metric (-,-), by fixing an orthonormal basis of W, i.e. a basis {eq,...,emn+1} with
(eo,e0) = —1, (ej,e;) =1, for j € {1,...,m+ 1}, and (e;,e;) = 0 for i # j, and by associating to
a complex null line = of W its unique representative of the form eg + u, where u € S+ belongs
to the unit sphere of the positive definite hermitian vector space Span{ey,...,en+1}. Let n be the
natural (line bundle valued) contact form of ¥2™+1:

n(X) = Im(Xw,w), X e T,x* 0£twez, zex?mH

where X € Homg(x, W) is a representative of X € Home(z, W/z). A hermitian trace-free endo-
morphism A of W determines a Reeb vector field T4 of a Sasaki structure on the open subset

Eim_i_l — {ZE c ZQm"rl . (ijw) > 0’ w e T, W ?é 0})

defined in the following way. At a point 2 € 3"t T4 € Home(z, W/z) associates to a non-zero
vector w € z, the class of iAw in the quotient W /2. The contact form of T4 is 4 := n/(Aw,w), i.e.

na(X) = 711?1(4)3”;)0),

Employing the notation of [DGO06], we shall denote by My the induced Kéahler structure on the

quotient 2124’”“/ T4 and by g4 its Kihler metric.

We end this section with a simple lemma on hermitian operators which will play an important
role in our treatment. For completeness of the exposition, we include its proof.

XeT,X 0#£wea, eyt

LEMMA 2. Let A: W — W be a hermitian operator on a complex vector space W with a hermitian
metric (-,-) of signature (m + 1,1). Suppose that A satisfies (Aw,w) = 0, for any null vector w
which belongs to a non-empty open subset D of W. Then A = \Id, for A € R. If, moreover, A is
trace-free, then A = 0.

Proof. Let w = w; be a curve in D, with wy null for any ¢, wg = w € D and wy = X. Taking the
derivative at ¢ = 0 of the equality (Aw;,w;) = 0 and using the fact that A is hermitian, we get
Re(Aw, X) = 0. In particular, we deduce that (Aw,X) = 0, for any null vector w € D and any
X € W, which is hermitian orthogonal to w. This implies that Aw = Aw, where A € R depends
a priori on w. It follows that the map

W ou— Aunuc A2(W) (4)

vanishes when u € D is null. Being holomorphic, the map (4) must be identically zero. We deduce
that, for any v € W, Awu is a multiple of w which clearly implies the first claim. The second claim
is trivial. O

2.4 The Bryant minimal and characteristic polynomials

The local type of a Bochner-flat K&hler manifold (M, g, J) is encoded into the Bryant minimal and
characteristic polynomials, which can be defined as follows. Let S be the modified Ricci operator
which satisfies ci-(S) = RY (where RY is the curvature of g) and P(t) be the characteristic polynomial
of a new modified Ricci operator ©, related to S by

1 traceg (.5)
0:= 7 <S - W%Id), (5)

where m is the complex dimension of M. The Ricci operator © has been introduced in [Bry01]. It
will be considered as a complex linear operator on the complex vector bundle (TM,J). Its trace
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is called the modified scalar curvature of (M, g, J). Denote by &1, ..., the non-constant roots of
P and by P, its non-constant part, defined by P, (t) := (t — &1) -+ (t — §). The number [ is called
the order of (M, g,.J). On a dense open subset M of M, the eigenvalues &; (for any j € {1,...,1})
are simple, different from each other at any point and different, at any point, from any constant
eigenvalue of ©; the functions &1, . .., & are functionally independent on M and

pm(&j )
P(&)
where p,,, is a monic polynomial of degree [ + 2, with constant coefficients, independent of j, called
the Bryant minimal polynomial of (M, g, J). The Bryant characteristic polynomial p. of (M, g, J)
is by definition the product of p,, with the constant part P, := P/P, of P.

Suppose now that (M, g,J) = My = EimH/TA, for a hermitian operator A of W. Denote by a
the reduced adjoint operator of A, defined by

|gradg(£j)|2 =—4 JE {1’ s 7l}7 (6)

a(t) =t 4 at™ o agy,
where
ap = A¥ — o1 (q)AF L+ (=DFor(qa)

and oj(q4) is the k-elementary symmetric function of the roots of the minimal polynomial g4 of A.
The reduced adjoint operator a satisfies (¢ Id — A)a(t) = qa(t)Id, for any t € R. The eigenspace of
© corresponding to a non-constant eigenvalue §; is spanned by the vector field L; which, viewed as
a section of H, is equal, at a point x € 2124"”1, to

Lj(w) =a(&)w modw.

The non-constant part P,(t) of the modified Ricci operator © of (M, g, J), viewed as a polynomial
with function coefficients defined on Zimﬂ, is equal, at a point x € Zimﬂ, to

pastt) = ),

The constant eigenvalues of © can also be described in terms of A: if A is a constant eigenvalue of ©
of multiplicity n, then it is a multiple eigenvalue of A, of multiplicity n+ 1, and the eigenspace of O,
at a point x € Zimﬂ, corresponding to A, can be identified with the intersection of the hermitian
orthogonal z* C W with the eigenspace of A corresponding to A (see [DG06]). The Bryant minimal
and characteristic polynomials p,, and p. coincide with the minimal polynomial ¢4, respectively,
with the characteristic polynomial Q4 of A, (see [Cal02, DG06]). The modified scalar curvature of
My, viewed as a function on 2124"”1, is equal, at = € Zimﬂ, to —(A%w,w)/(Aw,w), where w € x
is non-zero.

wex, w#0.

The following lemma will be useful in our study of generalised Kéhler cones and is an easy
consequence of the theory developed in [DGO06]. For completeness of the exposition, we include its
proof.

LEMMA 3. For anyt € R, x € 2124’”“ and w € x non-zero,

o))

ga(dpa 4 (t),dpa (1) =4 <qf4(t)p,4,w(t) — qa(t)Py () — 2tp% () + P2 . (1) (Aw.w)

Proof. Via the metric g4, the 1-form dp4(t) corresponds to the vector field L;, which, viewed as a
section of H, is equal, at = € Zimﬂ, to the endomorphism
Li(w) :=2(a(t)w — pa(t)Aw) modw.
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https://doi.org/10.1112/50010437X07003363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003363

L. DAvVID

Its square norm is equal to

(a(t)w, a(t)w) — 2pa x(t)(a(t)w, Aw) + pi’x(t)(Azw, w)
(Aw,w)

QA(Lt7Lt) =4

2 A?w, w
:%QWWAWWAWM@—M&NHmMg;w »’

where we have used (Aa(t)w,w) = t(a(t)w,w) (which follows from (tId — A)a(t) = ga(t)Id and
(w,w) =0) and ) ~
% = ¢ (t)pae(t) — qa(t)ps (1), 7)

which has been proved in [DGO6]. O

3. Definition of generalised Kahler cones; the Bochner-flatness condition

Let (N, H,I) be an oriented CR manifold and {7} },c7, with 7 C R>? a connected open interval,
a family of Reeb vector fields of Sasaki structures on (N, H,I), with contact forms {0},c7. Let
wy = 5db, € Q*(N) and g, := w,(-,I-) be the corresponding (positive definite) metrics of the
contact bundle H. On the cone manifold N x J define the vector fields T', V', a complex structure

J and a 2-form w as in the Introduction, and also a symmetric bilinear form g := w(-, J-).

Let M C N x J be the open subset where g(7T,T) is positive. Define a positive function f :
M — R>% by g(T,T) = r?f. Note that the restriction f, := f(-,7) of f to N, := M N (N x {r}) is
positive. We introduce a new family of contact forms 6, = (1/f)0,; for any r, the contact form 0,
is defined on N, (viewed as an open subset of N).

Conventions of notation. For a function h : M — R, we shall denote by h : M — R its derivative
with respect to r and by h, : N,, — R the restriction of h to a level set N,..

LEMMA 4. The following equalities hold:

réT T,
f=14 2T 0
and
6, = -2%,, (9)
where
rf

Proof. Note that w = %(dr A d’r + rdd’r). Tt is straightforward to see that d’/r = 76, where
0 € QY (N x J) is defined by 0(Z) := 0,(m.Z), for a tangent vector Z € T(,, (N x J), where
m: N x J — N is the natural projection. At a tangent space T, (N x J) =T,N x R,

do = db, + dr A0,

and then, restricted to the same tangent space,
r . r
w = r<dr A <9,« + 5&) + 3 d9r>. (10)
It follows that

rf=wV,T)=r? <1 + L%éTr))’
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which implies (8). To prove (9), we take the derivative with respect to r of the equality 0, = (1/f,)0
and we use the fact that 6, = 0,.(T}.)0,. We get
TR < fr > 2G
er:__er"i'_er: __+0r Tr 97":__97“7
Ir Ir Ir ( ) r

which proves our lemma. ]
LEMMA 5. The pair (w,J) defines a Kahler structure on M.

Proof. From relation (3), it is clear that the integrability tensor N7 of the almost complex struc-
ture .J, applied to a pair of sections (X,Y’) of H, vanishes. On the other hand, N/ (X, V), restricted
to a level set N x {r}, is equal to —Lp, (I)(X), which is zero, because T, is the Reeb vector field
of a Sasaki structure. It follows that J is integrable. From (10) it is easy to see that 7" is hermitian
orthogonal to H and that the restriction of g to H,,) C T(p,T)(N x J) coincides with r2g,, which is
positive definite. We deduce that g is positive definite on the subset M of N x J where g(T,T) > 0,
and that (M,w,J) is a Kéhler manifold (the 2-form w being closed). O

DEFINITION 6. The Kéhler manifold (M, w, J) is a generalised Kahler cone over the CR manifold
(N,H,I). 1t is arestricted generalised Kéhler cone if the function f is constant along the trajectories
of the vector field T

Convention. For simplicity, in this paper we will consider only restricted generalised Kéahler cones;
when we refer to a generalised Kahler cone, we will actually mean restricted generalised Kéhler
cone; this is true also for the statement of Theorem 1.

Remark 1 (Main class of generalised Kéhler cones). We shall be mainly concerned with generalised
Kiihler cones over (open subsets) of hermitian CR spheres. Suppose that N C %2™*! is an open
subset of the hermitian CR sphere of complex null lines in W = C™*+11, Then

9, = n i n

T g =T
(B,«w, ’LU) ’ (Arwa ’LU)

for some hermitian trace-free operators A,, B, of W. The condition T'(f) = 0 is equivalent to
[Ay, B;] = 0 for any r, as the following lemma shows.

LEMMA 7.

(i) The operators A, and B, are related in the following way:

A, =B, — gBr. (11)
(ii) The functions f and G have the following expression: for any (x,r) € M,
(A, w) B r(Arw,w)
fr(z) = Brw,w)’ G(z,r) = (v, w)’ wez, wFO.

(iii) The condition T(f) = 0 is equivalent to [A,, B,] = 0 for any r.
Proof. Note that

) (BTw7 ’U)) ) (BTw7 ’U))
0, = ———"-=0, d 0.(1,)=———"—=.
(B,«w, ’LU) o ( ) (B,«w, ’LU)
It follows that
] . Br -1 Br
F=1 r0,.(T}) . r (Brw,w) _ (Byw — 57 w,w). (12)
2 2 (Byw,w) (Brw, w)
We deduce that
n 1 BT ’
b= Lo,—  Bww) 0 1 . (13)
Ir (Bow — 3rByw,w) (Brw,w)  (Byw — 3rByw, w)
753

https://doi.org/10.1112/50010437X07003363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003363

L. DAvVID

Relation (11) follows from (13), 6, = n/(A,w,w) and Lemma 2. From (11) and (12) we get the
expression of f. On the other hand, from Lemma 4 and 6, = n/(A,w,w), we have

;. 2G (Ayw,w) =

97" = 97" = - 97"7

r (Arwa ’LU)
which implies that G is of the required form. To prove the last statement, note that
(A, Trw,w) + (Ayw, T,w)|(Byw,w) — (B Trw, w) + (Byw, Trw)](Ayw, w)

T —
r(fr) (Byw,w)?
_ i([Ar, Bylw,w)
(B,«w, ’LU) ’
since, at a point = € N, T,.(x) € Hom(z, W/x) is the homomorphism T,w = iB,w(mod w) and the
operators A, and B, are hermitian. We conclude from Lemma 2. O

LEMMA 8. The Levi-Civita connection DY of a generalised Kahler cone (M,w, J) has the following
expression:

DLY = VY — w(X,Y)T, — g.(X,Y)V,
Y, UV))

DYY = Y + 55 ST
DRY = Lr(Y) + fIY + YQ(J{>T N (ﬂ;}(f)v,
DLV = fX + );(}f)v _ («U;}(f)T’

DYV =—3v+(G+ )V,
D3V = 1Jv+ (G+3f —2)T.
Here X,Y € I'(H), the vector field D%Y is restricted to a level set N,., V" is the Tanaka connection

of the contact form 6, of the CR manifold (N, H,I) and v is a vector field on M which belongs, at
any point (p,r) € M, to H, C T}, ,yM and is determined by the condition:

9r(X,vpm) = df (X), forall X € Hy, CT{, M. (14)
Proof. The proof is a straightforward computation based on the Koszul formula. It uses the expres-
sion of the Tanaka connection on the contact bundle H, mentioned in § 2. O

LEMMA 9. The curvature RY of a generalised Kahler cone (M,w,J) has the following expression:

o1 . 2) = XV x 2y - I g 7y 2y
+ I g vy - x (v, 2),

0B, Y. 2) = o(RY, .Y, 2) — L3{g(X0,V)g(Xo, 2) — 9(X5. Y )g(X1, 2)}

+ riz{—w(Xl, YVw(X2, Z) + w(X2,Y)w(X1,Z) — 2w(X1, Xo)w(Y, Z)},

2 2 J+
o, Vy) = a4 (v (1)) )

2= G=2f)ulX.Y),
o5 V.T) = g(0,0) + 121 (G - D8] —2) + G+ 121,
oI V. Z) = = df(I2) (G ~ D (72),
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where X, X1,X2,Y,Z € T'(H), g(R%hXQY, Z) is restricted to a level set N,, v is the vector field
defined by (14) and the superscripts J,+ (J,—) denote the J-invariant part (respectively the
J-anti-invariant part) of a bilinear form.

Proof. The proof is a long but straightforward computation. O

PROPOSITION 10. The generalised Kahler cone (M,w,J) is Bochner-flat if and only if the CR
manifold (N, H,I) is flat and the following two conditions hold.

(i) The function G depends only on r.

(ii) For every r € J, the contact form 6, = (1/f,)0, is the contact form of a Sasaki structure on
(Ny, H,I), which determines an Einstein Kéhler structure on the quotient N, /T, (where T, is
the Reeb vector field of 0, ), with modified Ricci tensor

S, = (% —G+2>Id.

Proof. Suppose first that (M,w, J) is Bochner flat, i.e.

RY = c(9), (15)
for a tensor field S € Symb!(M). Plugging into (15) the arguments (T, V,V,T) and (T,V,V, Z), for
Z € I'(H), and using formula (2) for the adjoint of the Ricci contraction, we readily deduce that
S(T,T) and S(Z,T) are related to the curvature RY as follows:

1
R} V,T), S(Z,T)=-

S(T.T) = WQ(R%VV’ Z). (16)

- 27"2fg(
On the other hand, from Lemma 9 we know that

G(RY Y, Z) = Y(f)92(X,Z) B Z(f)géX,Y) 3 (JY)(f);(X,Z)
$ UMD () v, 2),
for every X,Y,Z € I'(H), and, since cx-(S)(X,V,Y,2) = g(Rg(yY, Z), we readily get S(Z,T) =

2(JZ)(f). Combining this with the second relation (16), we deduce that

~ a9 V.2) = 202)(1),

which is equivalent, using the expression of g(RgT’VV, Z) provided by Lemma 9, to (JZ)(G) = 0. Since
Z € I'(H) is arbitrary, we obtain the first condition of the proposition (since X (G) = Y (G) = 0, for
X,Y € '(H), also [X,Y](G) = 0; recall now that vector fields of the form {X,[X,Y], X, Y e I'(H)}
span the entire T'NV). To obtain the second condition of the proposition, we notice that the expression
of g(RgQ’XQY, Z) found in Lemma 9, combined with (15), imply that the CR manifold (N, H,I) is
flat and that, on the bundle H restricted to a level set N,

St = (5. - 2f 1), a7

where S+ : H — H is induced by S followed by g-orthogonal projection and S, € End(H) is the
modified Ricci tensor of the Kihler curvature RV |y gy € AV (H) ® AY(H) of V”. Plugging into
(15) the argument (X,7,V,Y’) and using relation (17), we obtain

g(R% 7V, Y) = 1(S(JX,Y)g(V,V) + w(X,Y)S(V,V))
RLV.T
_ gg(Sr(JX),Y) - £<2f2 + %)MX”
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Using the expression of g(RgQTV, Y’) provided by Lemma 9 we deduce that

2 r J,— r df It
(S, X,Y) = =2V () - 2 (7) (X,7)

9(R} V. T)
+ <4(2 ~G)—6f + %)gT(X,Y).

This relation clearly implies that V" (df)”~|gxg = 0, which means that 6, = (1/f,)6, (for any r)
is the contact form of a Sasaki structure on (N, H,I) (see [GO98]). Moreover, the modified Ricci

tensor S, of the Sasaki structure determined by 6, is related to S, in the following way [Dav04]:
1 - - df It gr(v,v
Fa G 0. =g (5,007 42w (D) e - 2 v as)

We deduce, using the previous expression of g,(S,(X),Y), that

0:(5,(X), ) + <gr(v’v) +4(G—2) +6f - 9 Ry V. T)

?gr 212 22 f2
Using again Lemma 9 for the expression of g(R%VV, T) we obtain the second condition of the

proposition. Conversely, it is easy to check that the flatness of (N, H, I) and the two conditions of
the proposition ensure the Bochner-flatness of (M, w, J). ]

>gT(X, Y) =0.

The main result of this section is the following.

THEOREM 11. Let (M, g,J) be a Bochner-flat generalised Kéhler cone of complex dimension m+1 >
3, defined by a family of Sasaki Reeb vector fields {1} } over a CR manifold (N, H,I). Then (N, H,I)
is locally isomorphic to the standard CR sphere 2"+ of complex null lines in a complex hermitian
vector space W of signature (m + 1,1), and {T,} is defined by one of the following families of
hermitian operators B, of W.

(i) B, = r*(B—pu(r?)A). Here the real function y satisfies yi/ > 0 and is a solution of the differential

equation

W= g1* +d, (19)
where d € R is an arbitrary real number. The operator A is hermitian semi-simple, with a
positive definite eigenspace, of dimension m + 1, which corresponds to the eigen-
value 1/(2(m + 2)) and a one-dimensional timelike eigenspace, which corresponds to the
eigenvalue —(m +1)/(2(m + 2)).

(i) B, = r%(B + u(r*)A), where u satisfies (19) and ' < 0. The operator A is hermitian
semi-simple, with an eigenspace of signature (m,1), which corresponds to the eigenvalue
—1/(2(m + 2)), and a one-dimensional spacelike eigenspace, which corresponds to the eigen-
value (m+1)/(2(m + 2)).

(iii) B, = r?(B — r2A), where A is one-step parabolic, with all eigenvalues equal to zero.

(iv) B, = r2(B — (e’ /\)A), where A € R\ {0} and A is one-step parabolic with all eigenvalues
equal to zero.

In all these cases, B is any hermitian, trace-free operator of W which commutes with A (see Remark 2
following the proof, below).

Proof. Since (N, H, I) is flat (see Proposition 10) and of dimension bigger than three, we can assume,
restricting N if necessary, that (N, H,I) is an open subset of the hermitian CR sphere $2"+1 of
complex null lines in a complex hermitian vector space W of signature (m + 1,1) (see [BS76]). As
explained in Lemma 7, the two families of contact forms {6, },e7 and {6, },c are generated by two
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families of hermitian trace-free endomorphisms {B, },c7 and {4, },c7 of W respectively, such that,

for any r, the operators A, and B, commute. From Lemma 4 we know that 0, = —(2G,/ r)ér. Since
G depends only on r, we get
0, — e—ffo(QGq/q) dqé’r
0
and we infer that the modified Ricci tensor 5} of ér has the expression

G = JhCa/adag
r ro*

= e’70

The second condition of Proposition 10 is equivalent with

<§ -G+ 2> Id = effo(st/s) dsgm

and implies that

2
Equation (20) can be solved as follows. Define a real function p by

G(Vt) -2

(@_G+2>/=¥<§—G+2>. (20)

(t) = (21)
We shall write (20) in terms of p. For this, we first take the derivative of r?u(r?) = G(r) — 2 and
we get:
Gr) = 20u(r?) + 2% (1)
It easily follows that
% —G+2=r4(r?). (22)

Equation (20) becomes p” = p/p. Since J is connected, u satisfies (19), for a constant d € R. We
have the following three possibilities.

(i) ¢/ > 0. From Lemma 7 we deduce that
. 2 2
(Arw,w) = 260) (A, w) = 2(02(0) +2)(Arw, ).

Since [ru(r?)dr = $In(y/(r?)) when i/ > 0 we get
(Ayw, w) = K (w)rty'(r?),
where K = K(w) depends only on w. Equivalently,
A, =/ (r?)rA, (23)

where A € End(W) is hermitian, trace-free, satisfies (Aw,w) > 0, for w € x non-zero, when
(x,r) € M. Moreover, (22) together with the second condition of Proposition 10 imply that the
modified Ricci tensor S4 of the Kédhler—Einstein structure M4 is the identity endomorphism,
from where we deduce that A is as in the statement of the theorem (see [DGO06]). On the other
hand, from Lemma 7, B, must satisfy (11), with A, = p/(r?)r*A. Tt follows that

B, = r}(B — p(r?)A),
where B € End(W) is hermitian and trace-free.
(i) 4/ <O0. Then [ru(r?)dr = 11In(—p'(r?)). A similar argument shows that
Ap = —ry/(r®)A
B, = 12(B + p(r?)A),
Yl

https://doi.org/10.1112/50010437X07003363 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003363

L. DAvVID

but in this case the Bochner-flat Kéhler structure M4 has the modified Ricci operator S4 =
—Id, which implies that A is as in the statement of the theorem (see [DG06]).

(iii) It remains to consider the case when the function p is constant. Then u(t) = A for A € R,
G(z,7) = Ar? +2 and

2(A\r? 4 2)

(Ayw,w) 70(A,«w,w) = (Ayw, w).

2
We distinguish two subcases: (i) A = 0; (ii) A # 0. In subcase (i) we obtain
T

)
A, =r*A, B, =r*DB-1rA),

and in subcase (ii), we obtain

9 6)\7"2
A, =r*N" A, B, =12 <B — TA>
Since %T’G — G+ 2 =0, the Kahler structure M4 is flat and hence the endomorphism A is
one-step parabolic, with all eigenvalues zero (see [DGO06]).

In all cases described above, the generalised Kéhler cone condition T'(f) = 0 becomes [A, B] = 0
(see Lemma 7). O

Remark 2. The condition [A, B] = 0 of Theorem 11 determines the operator B as follows.

(i) In case (i) of Theorem 11, B preserves, up to a multiplicative constant, a timelike eigenvector
v (unique, up to a non-zero multiplicative constant) of A. On the hermitian orthogonal vt, the her-
mitian metric (-, -) of W is positive definite, A : v — v is a multiple of the identity endomorphism
and B : v+ — v, being hermitian, is diagonalisable. It follows that A and B are simultaneously
diagonalisable.

(ii) In case (ii) of Theorem 11, B preserves, up to a multiplicative constant, a spacelike eigenvector
v (unique, up to a non-zero multiplicative constant) of A, which corresponds to the eigenvalue
(m + 1)/(2(m + 2)). On the hermitian orthogonal v, the hermitian metric (-,-) has signature
(m, 1), A is a multiple of the identity endomorphism and B : v+ — v+ can be elliptic, hyperbolic,
one- or two-step parabolic.

(iii) Consider now cases (iii) and (iv) of Theorem 11. Note that A = 0 on any positive definite
eigenspace of B (since [A, B] = 0, A preserves such an eigenspace, say Wi, of B; because the
hermitian metric (-, -) is positive definite on W and A is hermitian, A is diagonalisable on W7; this
forces it to be zero, because A does not have non-zero eigenvalues). Let us denote by W1, ..., W the
positive definite eigenspaces of B and by Wj the hermitian orthogonal of the direct sum @;:1 Wj.
The eigenspaces W; (for j € {1,...,s}) correspond to eigenvalues, say (3;, of B, which can be any
real numbers. It remains to study the restriction By of B to W;. We notice first that By cannot be
hyperbolic: if it was hyperbolic, then B would have two complex non-real eigenvalues, say § and 6,
with one-dimensional eigenspaces, generated by two null independent vectors v; and vy respectively.
However, since [A, B] = 0, BAv; = §Av; and BAvs = §Avs, which imply that Av; = Avy = 0

(because A has no non-zero eigenvalues). But if we take an orthonormal basis {eg,...,e,} of Wy
in which
110 - 0
-1 1 0 0
4—] 000 of.
000 0 O

(which is possible since A : Wy — W) is one-step parabolic with all eigenvalues equal to zero) the
conditions v1,ve null and Av; = Avy = 0 would imply that v; and vy are multiples of ey + ej.
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TABLE 1. Local type of Bochner-flat generalised Kéhler cones.

w >0 w=0
d>0 (all) hyperbolic —
d=20 (all) one-step parabolic A = 0; (all) two-step parabolic
d<0 (all) elliptic A = ++/—2d, (all) one-, two-step parabolic, elliptic

In particular they would be dependent, which is a contradiction. We conclude that By can be el-
liptic or one- or two-step parabolic. Therefore, By = vI + N, for an endomorphism N of Wy which
commutes with A and which satisfies N3 = 0, and for v € R which is different from all Bj. The
endomorphism N+ of I/I//\'O := Span{es, ..., e, } obtained from N by restriction and orthogonal pro-
jection is hermitian on I/I//\'o. Because the metric (+,-) is positive definite on M//\b, N+ is diagonalisable
and hence there is a basis {€),..., e} of Wo, such that N1 is diagonal in this basis. If we consider
now the basis B := {eg,e1,¢€h,...,e,} of Wy, it is straightforward to see that [A,N] = 0 and N
hermitian imply that

Y0 Q2 3 ot Un

- Y1 M2 M3t Hn

—p2 iz y2 0 -+ 0

N=|_g i 0 .0
Hn3 3 V3

_ﬂn ,an 0 0 e Tn

in the basis B. Moreover, N? = 0 if and only if 79 = —y1 = —a and v, = 0 for any k € {2,...,n}
and N2 = 0 if and only if 79 = —y1 = —a, 7 = px = 0, for any k € {2,...,n}. Since B is trace-free,
the real constants 3; and v must satisfy (n + 1)y + E;zl n;B; = 0, where n; is the dimension of
W; (and n + 1 is the dimension of Wy).

4. The local geometry of Bochner-flat generalised Kahler cones

Without further explanations, we shall continue to employ the notation of the previous section. The
aim of this section is to prove our main Theorem 1. We will do this by showing that all local types
of Bochner-flat Kéhler manifolds (elliptic, hyperbolic, one- and two-step parabolic) are covered by
the Bochner-flat generalised Kéhler cones which belong to cases (i), (iii) and (iv) of Theorem 11.
Therefore, for our purpose — to prove Theorem 1 — it is not necessary to go into the study of the local
type of the Bochner-flat generalised Kéhler cones which belong to the second case of Theorem 11.
Formally, cases (i) and (ii) of Theorem 11 are similar. However, with respect to the first case, the
second case is more difficult to analyse, due to the fact that there is no restriction on the operator B,
except that it should be hermitian, trace-free and commute with A; in particular, B is not necessarily
diagonalisable, as it is in the first case (see Remark 2). We summarise the results we shall obtain
in this section in Table 1.

4.1 The case of Theorem 11(i)
In this subsection we analyse the first column of the above table.

PROPOSITION 12. Let (M, g,J) be a Bochner-flat generalised Kéhler cone which belongs to case (i)
of Theorem 11. Then (M, g, J) is:

(i) of hyperbolic type, if d > 0;
759
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(ii) of elliptic type, if d < 0;
(iii) of one-step parabolic type, if d = 0.

Conversely, any Bochner-flat Kahler manifold which is of elliptic, hyperbolic or one-step parabolic
type can be locally realised as a generalised Kahler cone, which belongs to case (i) of Theorem 11.

Proof. In case (i) of Theorem 11,
M = {(z,r) € 2" x R”": (Bw,w) > $u(r®)(Aw, w), (Aw,w) >0, Yw € z,w # 0}.

From Remark 2, there is an orthonormal basis B = {eq, €1, ..., emnt1} of W such that both operators
A and B are diagonal in this basis:

B = dla’g(_ka kla R km+l)7

= ——diag(—m —1,1,...,1).
2(m+2) lag( m b Y )

Here k; € R, for any j € {1,...,m+ 1}, and k = ky + -+ + k1. We shall identify X! with
the unit sphere S?™*1 in Span{ey,...,eny1} and S x R0 with C™*1\ {0}, by means of the
diffeomorphism

h: 82 RO — €™\ {0Y,  f(z1,. . Zme1,T) = (120, T2mg1)-
Read on the image
m+41
000 = {1 €MV OL Db by~ B0l > 0],
j=1

the complex structure J, at a point z € h(M), satisfies
m+1 o o
— 2 . 1 2 ) .
T0V) =0 3 (k4= ) ( 5y Y ax]),

J.1 =1,
and the Kéhler form w is equal to Tdd”r?. Here r? = |21+ -+ + |zmm41[* and zj = x; + iy; for any
je{l,...,m+ 1}. For simplicity, we restrict the Kéhler structure (w, J) to the subset
D :={z € C™M\ {0}, u(r®) < 2(kj +k),¥j€1,2,...,m+1} (24)
of h(M). We shall consider separately the three cases: d > 0, d < 0 and d = 0.
(i) Suppose that d = $%/2, with 3 > 0. Then pu(t) = Btg(5t/2). It can be checked that the map

F(z1, oy 2me) == (w1 = fi(r®)z1, .. W1 = Frng1 (%) Zms1),s (25)
where
3 12 (kj+k)t/2
fit) = <ﬁ> 72 ()1 (26)
is an isomorphism between the Kéhler manifolds (D, $dd’r?,J) and (F(D), fdd”x, Jy). Here
Jo is the standard complex structure of C™*! and the positive function = = (Wi, Wint1)
is defined by the implicit equation
m—+1 12
yolwl (27)
j=1"J ()

Let y = y(w1, ..., wn4+1) be related to x by the formula
4
T = Barctg[(l +y)/?
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and notice that
e(k’j +k)z

: _ \/§|y| €2ljarctg[(l+y)l/2}’
()2 B2 +y)
where [; = (2/0)(k; + k), for j € {1,...,m + 1}. For simplicity, we restrict to the set, say
D' C F(D), where y > 0. On this set, (%dd‘fom,Jo) coincides with the Kéhler structure
(%dd‘]‘)arctg[(l + )2, Jy), where y is defined by the implicit equation
+1
Y el
— tejarctg[(1+y)1/2] 2—|—y‘
]:

(28)

The Kihler structure ((1/8)dd”arctg[(1 + y)'/?], J) is of hyperbolic type (communicated to
the author by Paul Gauduchon), isomorphic with M¢, where C is a hyperbolic hermitian
operator of C™ 2! with characteristic and minimal polynomials

o= ((+555) +) (-3 5))

j=1
Ts) (-5 55))
= ((t+5—22) +1 t—(ki+——1 ).
e << ﬁ(m+3)> 11 B\ 3
Here i € {1,...,s} parametrises the distinct values of {ki,...,kn+1}. This proves our first

claim.
(ii) Next, suppose that d := —32/2, where 3 > 0. Then

pu(t) = 76(11_+§;ip),

where p € R. By means of the function (25) with
51/221/46%(kj+k)(t+p/ﬁ)+p
fi(t) = VeI 7
the Kéhler manifolds (D,w,J) and (F(D),wy := 1dd’z,J;) are isomorphic, where

Tr =
x(wi, ..., Wnt1) is defined by the implicit equation (27), with functions f; defined in (29).
Define a new function y = y(wi, ..., Wn+1) by

je{l,...,m+1}, (29)

y=ePT —eP,

For simplicity, we restrict to the subset of F(D), say D’, where y > 0. On D’, the function y
satisfies the implicit equation

with 3; := (1/8)(k; + k — 3/2). In terms of y,

1
wy = @dd‘]‘) log(ePy + 1).
It follows that (wp,Jp) is of elliptic type on D’ (see [DGO6, §2.2]) and is isomorphic with the
Kéhler structure M¢, with C' a semi-simple hermitian operator of C"™ 121, with eigenvalues

B (m+2)k k k B (m+2)k
Ty T i3 kit ——, oy kit —s,

m+ 3 m+3 2 m+3
Our second claim follows.
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(iii) Finally, suppose that d = 0. Then u(t) = —2/(t + q), for ¢ € R. For simplicity, we assume that
g = 0. The function (25), with

e(kj+k)t/2(t+ q)1/2
fj(t) = /2 )

defines an isomorphism between the Kéhler manifolds (D, w, J) and (F(D),wy = tdd”z, Jy)
where x = z(wq, ..., wy41) is a positive function defined implicitly by the equation

m+1

Z; e(kj"l‘k)ﬁl?(m_i_q) -

Note that the function y := x + ¢ > 0 satisfies

+1
X |w;]?

2 s — Y (30)

J=1

Moreover, wy = %dd‘]‘)y. The Kahler structure ( %dd‘]‘)y, Jp) is of one-step parabolic type
(see [DGOG, §3.1]). It is isomorphic to the Kahler structure M, where C'is a one-step parabolic
hermitian operator of C"™*21 with characteristic and minimal polynomials

2ot (1+ DY (g

j=1
(m+2)k\* ¢ k
oty = (1+ DY T (- L),
m+3 i1 kith m+ 3
As before, i € {1,...,s} parametrises the distinct values of {ki,...,ky4+1}. Our third claim

follows.

The last statement of the proposition follows by an examination of the minimal and characteristic
polynomials of the operators C' we found in each of the cases (i), (ii) and (iii) above. O

4.2 The cases of Theorem 11(iii) and (iv)

In this section we prove the following proposition.
PROPOSITION 13.
(i) Let (M,g,J) be a Bochner-flat generalised Kéahler cone, which belongs to case (iii) of Theo-

rem 11. Then (M,g,J) is of two-step parabolic type.

(ii) Let (M,g,J) be a Bochner-flat generalised Kahler cone, which belongs to case (iv) of Theo-
rem 11. Then (M, g, J) is of two-step parabolic type, except when p1; = 0 for any j € {2,...,n}.
In this case it is of one-step parabolic type if a # 0 and of elliptic type if a = 0.

(iii) Any two-step parabolic Bochner-flat Kéhler structure can be locally realised as a Bochner-flat
generalised Kéhler cone which belongs to case (iii) of Theorem 11, and also as a Bochner-flat
generalised Kéhler cone which belongs to case (iv) of Theorem 11.

We divide the proof of Proposition 13 into several lemmas and propositions. Let (M, w, J) be a

Bochner-flat generalised Kéhler cone, which belongs to case (iii) or (iv) of Theorem 11. We continue
to preserve the notation of Theorem 11 and Remark 2.
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PROPOSITION 14. The Bryant modified Ricci operator © of (M, g, J) has the following expression:

— ¢ o a(&5) .
@(Lj)—<77] m+3>LJ 7‘4(77]-17)‘/’ jedl,...,1},

)\k C
=2k 1,...,m—
Q(Uk) <7’2 m+ 3>Uk7 LS { ) , l}a
L foo(m+ 2)c>
o)== — (— —— V.
V=5 y@m 2w
Here &1, ...,& (respectively, Ai,...,\pn—;) are the non-constant (respectively, constant) eigenval-

ues of the Bryant modified Ricci operator ©, of Mp., Ly,...,L; are vector fields on M which,
at a point (z,7) € M, belong to H, = Homc(x,W/r) and are the homomorphisms L;j(w) =
by (§)w(mod w), v1, ..., vy, are eigenvectors of © which correspond to the eigenvalues A1, ..., Ay,
pr(t) = Hé-:l(t — &) is the non-constant part of the characteristic polynomial of ©,, m =
& /2, o= &/r%, g is the minimal polynomial of B, and ¢ =y — .

Proof. Recall that © is related to the modified Ricci tensor S from the proof of Proposition 10 by
1 tracer (S)
O=-(5—-———-1d).
4 < 2(m + 3)

We need to determine S(L;), S(vg), S(V') and traceg(S). From the proof of Proposition 10 we know
that, for any X € H,

S() = 5 (5,X - 20x) + 2y 2y, 1)

It is easy to check the following equalities:
ZfQT (é‘])
r2(n; =)’
which imply, using ©,(L;) = & L;, O,(vy) = A\gvi, and relation (5) applied to ©,., that

2w w (&5

2w w
S(vk) = 7"_22<2)\k - % — f>7)k

df (L;) = df(JL;) =0, df(ve) =0, df(Jug) =0, (32)

To evaluate S(V), we write it as a sum of S+(V), the g-orthogonal projection of S(V) on H,
and (S(V,V)/r?f)V. It is easy to check, using the fact that S is hermitian, relation (6) and L; =
5P,(&5)grad, (&) (see [DGO6, Theorem 2]), that

L—Z

To evaluate S(V, V) = S(T,T), we use the first equality of (16) and the expression of g(R%VV, T)
provided by Lemma 9. Notice that the vector field v defined in Lemma 8 has the following expression:
at a point (z,7) € M, v(y,) € H, = Hom(z, W/xz) is equal to

Ve (w) = 2(Ayw — fr(2)Byw) modw,

pr 5] -7) (33)

and so

B?w,
gr(v(:c,r)7 v(:c,r)) = 4fr(x)2 <% - 27‘27)7 (34)
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where w € x is non-zero. It follows that

(B w, w)

svv) = -2 ()

—2r 7> — AN f — 62 (35)
Relation (33), together with (35), determine S(V'). It remains to calculate traceg(S). Using (31)
and (35), we have

tracer(S) = r—lz(traceR(Sr) —4mf) + f

- (men( ) o)

Our claim follows now easily, combining the expressions of S(L;), S(vg), S(V) and tracer(S)
determined above. O

SV, V)

We introduce a new family of hermitian operators B, := (1/r2)B, = B+0(r)A, with §(r) := —
when A = 0 (equivalently, when (M, w, J) belongs to case (iii) of Theorem 11) and §(r) = —e*” /A
when \ # 0 (equivalently, when (M,w, J) belongs to case (iv) of Theorem 11). Let ¢, respectively
Q, be the minimal and characteristic polynomials of BT, equal to

ity ==t -6, Q:=—-n""][-8)",
j=1 Jj=1
if there is p1; # 0 and to
it)=@t-*T[t-0), Q) = "“Ht—ﬁg ,
j=1

otherwise. Let p,(t) := Hé’:1(t — 1;) be the non-constant part of the characteristic polynomial of
the Bryant modified Ricci operator ©, of the Kahler structure M B, 1t will be considered as a
polynomial with function coefficients defined on 22Bm+1’ We shall denote by p, . its value at a null

y2m-+1 .

line z € , which is a polynomial with constant coefficients.

T

PROPOSITION 15. Let ¢ be the constant polynomial equal to the quotient of ¢ by (t—~)?. Then the
characteristic polynomial P(t) of the modified Ricci operator © of (M, g,J) is equal to the product

Q(t+c¢/(m+3))
q(t+c/(m+3))

Pi(t) == <t - %)ﬁr <t + ﬁ) + r—";q1< + %) (36)

Proof. Using Proposition 14, together with the fact that the constant part of the characteristic
polynomial of the modified Ricci operator ©4 of a Bochner-flat Kéhler structure M4 is equal to
the quotient of the characteristic polynomial by the minimal polynomial of A (see [DGO06, §1.5]), it
is easy to see that

Pi(t),

where

Q(t +c¢/(m+3))
q(t+c/(m+3))
764
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Py(t) = (t - % + %)ﬁr<t+ %)

7’82 p(f')H<t_m+mL+3>'

7]

where

We shall evaluate the expression

(3 < ¢ )
' 8277—7 pr(ﬁg)H IRAEEE

For this, let g,, g, be the Bochner-flat Kéhler metrics of Mp,, respectively M B, (viewed as metrics
on H). Then, from relation (10), g, = r2g, = g on H. Using (6), we get

i qr (5 j)
Pi(&5)
which implies that

= g?‘(gradgr(gj)’gradgr (53)) =T gr(grad ( ) grad ( )) = 657“((777;]))

f~— @) ( c >
Et) == ;g + ———
0= 2oy =t 5
Note that & (t) := (r?/f)E(t) is a polynomial of degree [ — 1 which satisfies

& <77j - > = (2}(77]) H(T]j —ni) =q(n;), JE€E {1,...,1}.

Since ¢; is a monic polynomial of degree [ and &; is of degree [ — 1, we deduce that ¢;(t) =
E1(t —¢/(m + 3)) + pr(t), which implies that

.
41(n;) c . c . c
LT (=i —— ) =@t + ——= ) = [t + —— 37
;p;w)g( ! m+3> ‘“( m+3> p< +3> i
Our claim follows. O

The constant roots of the polynomial P; (which are also constant eigenvalues of ©) will be
determined in Proposition 17. For the proof of this proposition we need the following additional
lemma.

LEMMA 16. The following equality holds:

d

L=, - a0,

Proof. We take the derivative with respect to r of the equality
((n;1d — B — §A) tw,w) =0
(which follows from p,(n;) = 0) and we obtain
((n; 1d = By) ™" (1; 1d = 6 A) (n; 1d — B,) ', w) = 0. (38)
On the other hand, since AB = A, it is easy to see that
A
5

(n;1d — B) "A(n; 1d — B) ™t = ———
! ! (77j - ’Y)

(39)
765
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Applying (7) to A := B, and using the fact that n;1d — B, is invertible, we get

pr(m) 4
n; Id — B,) 2w, w ———=(Byw,w). 40
((n ) 2w, w) = i) ( ) (40)
Combining (38), (39) and (40), and using the fact that §(r) = —e*” /X when A # 0 and §(r) = —r?
when A = 0, we deduce the expressions of the derivatives 7); as follows:

0 = ﬁ@l(ﬁj)‘ (41)
(1)
Since
—pr Z iy [Tt —=m)
J=1 i#j
we get, using (37), our claim. O

ProprosITION 17. The following statements hold:

(i) Suppose that ¢i(c) # 0. Then the polynomial P, defined in (36) does not have constant roots,
except when X\ # 0 and o = p; = 0 for any j. In this case,
(m+2)c
T m+3
is the unique constant root of P; and is simple.
(ii) Suppose that qi(c) = 0. Then

+A

(m+2)c
- m+3
is a simple root of P;. The polynomial P; has other constant roots if and only if A # 0 and
a = pj = 0 for any j. In this case, there is only one additional constant root of Py, namely

(m+2)c

ti= A\
+ m + 3

9
which is simple.

Proof. We first consider the case when ¢;(c) # 0. We claim that P, has no multiple roots. Suppose,
on the contrary, that ¢ is a multiple (necessarily constant, because the non-constant eigenvalues of
the Bryant modified Ricci operator are always simple) root of P;. Since ¢1(c) # 0, t cannot be equal

to (m +2)¢/(m + 3) and so
<t+ _) 40

(because p, has no constant roots). The equalities P;(t) = P{(t) = 0 imply that

C C
tpl(t+ —— ) +topr(t+ —— ) =0, 42
(14 =S5 ) i (14 =) (42
where
(m +2)c (m +2)c (m+2)c\ ¢i(t+¢/(m +3))
t1 =t— —— R\ {0 d t9gi=—————(t— R.
! mrs R0 and ts m+3 m+3 )@t/ m+i3)

But (42) cannot hold: if it did, it would imply that I, Er, e Bffrl were dependent, which contradicts
the fact that the minimal polynomial of B, has degree [ + 2. We conclude that P; cannot have
multiple roots. We will now show that the only possible constant root of P; is A+ (m+2)c/(m+ 3)
and it is a root if and only if A # 0 and o = p; = 0 for any j. For this, let ¢ be a constant root
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of P;. Taking the derivative with respect to r of the equality P;(¢) = 0 and using Lemma 16, we get

(m+2)c . c
t——F—— A t+——] =0
( m+3 a\' s ’

from where we deduce that t = X\ + (m + 2)¢/(m + 3), since

c
h\t+——= 0.
Q1< + m+3> #
Moreover, P;(t) = 0 if and only if

M)+ () = 0. (13)

Equality (43) forces A # 0 (if A = 0, then, from (43), ¢1(7) = 0; also, ¢ = ~; recall however that
we are under the hypothesis ¢i(c) # 0; we obtain a contradiction). Therefore, A # 0 and then
A, = r*e*” A. Relation (43) is equivalent with

Ay (v)w, w) + a1 ()€™ (Aw, w) =0,

for any w € W null, where b, denotes the reduced adjoint operator of B,. With the notation of
Remark 2, l%('y), as well as A, act trivially on the subspaces W; (for j > 1) of W (here and below the
reader is referred to [DG06, Lemma 3], which describes the action of the reduced adjoint operator
of a k-step parabolic hermitian operator when applied to the parabolic eigenvalue). It follows that
(43) is equivalent with

by (7) + d1(y)eM A =0. (44)
We claim that equality (44) holds if and only if & = p; = 0 for any j (and A # 0). Notice first
that if (44) holds then i () # 0 (since b,(y) # 0), which implies that B, is one-step parabolic. We
deduce that p; = 0 for any j. With the notation of Remark 2, BT(V), as well as A, act trivially on

A(a-

(@ =) (v - 8) + a(me” =0;
j=1

W/70; on Span{eg, e}, IST('y) acts by

2
e)\r
A

)Hw-&m.
j=1

Relation (44) is equivalent to

since 1(v) = [[;=1(v — Bj) and A # 0, it reduces to a = 0. Since Py does not have multiple roots,

(m+2)c

A
+ m—+ 3

is the (unique) simple root of P;.

Now we consider the case when §;(c) = 0. Clearly, (m+2)c/(m+3) is a root in this case. Define
the polynomial ¢2(t) := ¢1(t)/(t — ¢) and let t be a constant root of

R C . C
Dr <t + m) + £QQ <t + m) =0. (45)

Taking the derivative with respect to r of (45) and using Lemma 16, we get

(m+2)c . c
t——F—— A t+ —— ) =0.
( m+3 e\t s
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This implies that
(m+2)c
m+ 3

()

(because p, has no constant roots). As before, t is a root of (45) if and only if

t=X+

)

because

be(7) + da(7)e* A = 0. (46)

Notice first that if (46) holds, then go(v) # 0. Next, we prove that if (46) holds, then B, is one-step
parabolic. The argument is the following. Suppose, on the contrary, tbat (46) holds and that B, is
two-step parabolic; then A = 0; otherwise, since (¢ — ) divides ¢; (B, being two-step parabolic),
G2(7) = 0, which is impossible. On the other hand, b,(v) acts as S lpkl? [T=i(v — 8;)A on

Span{eg, e1}, when B, is two-step parabolic; also ga(7) = [[=i(v = B;), when A = 0; from (46) it
follows that

n S
(Sl + 1) TG - 54
k=2 j=1
on Span{eg, 1}, which cannot hold. We have proved that if A + (m + 2)¢/(m + 3) is a root, then B,
is one-step parabolic. Moreover, in this case X\ # 0 (if A = 0 then ¢ = 7 and since ¢;(c) = 0, then
¢1(y) = 0 which is absurd because (t — ) does not divide the minimal polynomial § of B, when
B, is one-step parabolic). Finally, when B, is one- step parabolic and A # 0, relation (46) becomes
M\ A2
(- 5 ) 0= ) + e <o

j=1

which holds if and only if @ = 0, because

1

G2(7) = o Si(v) =

Hv 3;).

We have proved that P has an additional constant root, besides (m + 2)c/(m + 3), if and only if
B, is one-step parabolic (i.e. j = 0 for any j), A # 0 and o = 0. The additional constant root is
(m+2)c

m+3

It is easy to see that it is simple. O

>/|P—‘

A+

In Proposition 19 we shall determine the Bryant minimal and characteristic polynomials of
(M,w,J). For the proof of this proposition we need the following additional lemma.

LEMMA 18. For any t € R, (z,7) € M and w € x non-zero,

(Biw, w) >

H » H » _ A (N A YA  opa2 A2
Iy (AP, (2),d pr(t))—4<q (t)Dre(t) — 4(t)Dy 4 (1) 2tpr,x(t)+pr,x(t)7r2(3rw7w)

G (dH<rf> dH<1,fz>> 4:;2 <% _27«27),

v < JH < 7ﬁ_f2 > d, (t)> _ i_{ <(t — )@ (t) = (¢ +7)Bralt) + ﬁrf;gi%w) >
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Proof. The first equality follows from Lemma 3, applied to B,. To prove the second equality, we
remark that the 1-form d (f/r?) corresponds to the vector field (1/r%)v by means of the metric g.

Therefore,
gl f\ u(fY)_ 1
o (5). (%)) = oo
The second equality of the lemma follows from (34). To prove the third equality we notice that
AR L(f
g <dH <ﬁ ) deT (t) = 1;(2 ) 9

where L, is the vector field on M which, at a point (z,7) € M, belongs to H, = Homg(z, W/x)
and is the endomorphism

(I:t)(:c,r) (w) = 2(1:)7«(t)w — pr()Byw) modw, w € .

This is true since Ly corresponds to the 1-form dp, (t) by means of the metric g (which coincides
with g, on the bundle H, restricted to a level set N,). It is straightforward to check that

(A Lyw, w) = 2((t = 7)1 (1) = Ve (D) (4w, w),

T ~ (B3w7 w)
(BTL{UJ, w) = 2p7«’x(t) <t — m (Brw, UJ),
so that
. Proa(t)(BFw, w)
- 4 - T,z ’ )
By = 410 D(0) = (-4 )l + P
which proves the third equality. O

Proposition 13 is now an easy consequence of the following proposition.

PROPOSITION 19. The Bryant characteristic polynomial of (M, g, J) is equal to

o () o ) e )

The Bryant minimal polynomial p,, of (M, g, J) has the following expression:
(i) if there is py, # 0 and c is different from f3; (for any j) and v, then

0= (- ) - e 55 -0)

(ii) if there is pu, # 0 and c is equal to f3j, (for a certain jy) or to ~, then

C 32 C
pm(t) = < +m—+3_7> E<t+m—ﬁj>;

(ili) if all pp =0 and c is different from @; (for any j), then

0= (- ) - e

except when A # 0 and o = 0, in which case

i (-2 25
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(iv) if all p, = 0 and c is equal to (3j, (for a certain jo), then
2 s

c c
m(t) = (t+ —— — t+—— — 8. ),
plt) = <+m+3 7>],1;[1<+m+3 BJ)

except when a = 0 (and X\ # 0), when

c : c
m(t - t —8; ).
pmt) = <+m+3 7>j1;[1<+m+3 ﬁj)

Proof. Let t be a non-constant root of the polynomial P;. Then

(-3 ) = (v )
(-l s) = (- 3 mo (- 5255)
(S ()

Using these relations and Lemma 18, we can calculate the square norm of the covector (df Py)(t)
as follows:

g((d" Pr)(t), (" Pr) (1) = —4¢ <t + —> <t - %) Pl

m+ 3

(e

)
Bl )

B a2

Since ¢'(t)¢1(t) — G(t)d; (t) = 2(t — 7)G3(t), the above expression reduces to

(m +2)c

ol(@ PO @ P(e) = —4q 1+~ ) (- W)P{(t)

el N Y
2q1 m+3 R

On the other hand, Lemma 16 together with the definition of P; imply that

()0 =—Ta( ) (- )

Since g(dr,dr) =1/ f, we obtain

2
g(dPy)(1), (dPy)(1)) = g((d™ Py) (1), (d Py) (1)) + (dip <t>> g(dr, dr)

_ _4q<t 4 ﬁ) <t - %)P{(ﬂ'

On the other hand, since P{(t)dt + d(Py(t)) = 0, we get

g((dPy)(t), (dP1)(1))
L e LAV (47)
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We distinguish three cases: (i) P; has no constant roots; (ii) P; has a unique constant root, which
is simple and equal to t; = XA+ (m + 2)c/(m + 3); and (iii) P; has two constant roots, ¢; and
to = (m+2)c/(m + 3), which are simple and distinct (see Proposition 17). In all cases, the Bryant
characteristic polynomial of (M,w,J) is

pe(t) = (t— %)Q(t—i— mi?))

In case (i), the Bryant minimal polynomial of (M, g, J) is

pm(t)=é<t+mi3><t_%>'

_ (m+2)c) . c
m®) = —t)(t—— g+ ——
Pmlt) = ( 1) < m+ 3 1 +m—|—3
and in case (iii) it is

pm(t) = (t —t1) " (t — ta) ! (t —~ M>q<t n L)

m—+3

In case (ii) it is

The conclusion follows. O

5. Examples

We end the paper by considering some important classes of Bochner-flat Kéhler manifolds and by
showing how they can be realised locally as generalised Kéahler cones.

(i) Bryant Bochner-flat Kihler structures. Let N = S?mt1 < C™! with its standard CR
structure and (ki,...,kpt1) a system of non-negative real numbers. Define, for every r > 0, the
vector field

m~+1 o o
T, (z) :== (1+k-r2)<m-——y-—>,
T JZ:; J J 8yj J amj
which is the Reeb vector field of a Sasaki structure on S2m+l < C™+!, Here 2 = (z15 -+ Zm+1)
belongs to S*™+1 z; = x;+iy; for any j € {1,...,m+1} and r? = 21>+ - - + |2pm+1/*. The family
of Sasaki Reeb vector fields {7}, > 0} defines a Bochner-flat generalised Kihler cone on C"™*1\ {0},
which belongs to the first case of Theorem 11; the solution of equation (19) is p(t) = —2/t and the
hermitian operator B is semi-simple, with eigenvalues

1 m+41

r_
kj =kj — m—I—ZZk“ for je{l,...,m+1}.
This Bochner-flat Kéhler structure was discovered in [Bry01] and further studied in [DGO6]; it can
be extended as a complete Bochner-flat Kihler structure on C™*+1,

(ii) Bochner-flat Kahler—Einstein structures. Let (M, g, J) be a Bochner-flat generalised Kéhler
cone. With the notation of Theorem 11, suppose that B = eA, for e € R. If (M, g,J) belongs to
cases (i) and (ii) of Theorem 11, then it is Kihler-Einstein if and only if e? + 2d = 0; moreover, the
Bryant modified Ricci operator of (M,w, J) is

e
O = Id
m + 3
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in case (i) and
e
0 =- Id
m+3
in case (ii). If (M, g, J) belongs to the case (iii) of Theorem 11 and B = eA then it is never Einstein;
if it belongs to case (iv) of Theorem 11 then it is K&hler-Einstein if and only if e = 0 (and A < 0);

the Bryant modified Ricci operator is

A
=—1
© m+3d

in this case.

(iii) Bochner-flat generalised Kdhler cones of order one. If B = eA but (M, g, J) is not Einstein,
then it must have order one. The Bryant minimal and characteristic polynomials have the following
expressions. If (M, g, J) belongs to case (i), respectively case (ii) of Theorem 11, then

m+1 2 2
e e e e®+2d
. < ) =+ :
pe(t) = <$m+3> <<t$m+3> e<t]Fm+3>Jr 4 >
2 2
e e e e+ 2d
m (T _ — | *xelt .
pm(t) = <$ +3><<]F +3> e<$m+3>+ 1 >

Moreover, (M, g,J) is of hyperbolic type when d > 0, of one-step parabolic type when d = 0 and of
elliptic type when d < 0. If (M, J, g) belongs to case (iii) and case (iv) of Theorem 11, then

(Recall that A\ = 0 in case (iii) and A # 0 in case (iv).) When (M,w, J) belongs to case (iii), it
is one-step parabolic; when it belongs to case (iv), it is two-step parabolic. Bochner-flat Kéahler
structures of order one have been studied in [ACGO06]. As shown in [ACG06, DGO06], they fibre over
a Kéahler manifold with constant holomorphic sectional curvature (in our formalism, the fibration
is M — N,/T,).

(iv) Weighted projective spaces as generalised Kdhler cones. Let P! be a weighted projective
space, of weights (a1, ..., am+1), where a; are positive integers. As shown in [Bry01, DGO6], prtl
has a canonical Bochner-flat Kéhler structure, of semi-simple type, isomorphic with Mg, where C
is a hermitian semi-simple operator of C™*+21  with eigenvalues — Zm+2 Ajy ALy .oy Ao, where A
are related to the weights a; by

m+2

A = 4 m—|—3za“

for any j € {1,...,m + 2}. As a Bochner-flat generalised Kéhler cone, P™*! belongs to case (i)
of Theorem 11; p is any solution of equation (19), with d = 2a%1+2/(m + 3)2, and the hermitian
operator B is semi-simple, with eigenvalues

1 1 1
_ZTJE a; Z;Hi a; Z;Hi a;

m+2 ) ay — m+2 ) ceey Am+1 — m+2

(v) Tachibana and Liu Bochner-flat generalised Kdhler cones. Consider a Bochner-flat generalised
Kahler cone structure (g, J) which belongs to case (i) of Theorem 11. With the notation of §4,
assume that k; = -+ = kp, 11 := k. On the set D C C™*! defined by (24), the Kihler structure
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(g,J) has a Kihler potential 2 which depends only on r2 := [21]? 4 --- + |2zm+1]?. As a function of
r? = t, x satisfies the implicit equation

W p(a(t) 712 =1, (48)

where a := (m + 2)k. In general, a Kéhler structure which is defined on an open subset of the
standard C™ and has a global Kéahler potential, say h, which depends only on 72 is Bochner-flat if
and only if h, as a function of r? = ¢, satisfies a differential equation of the form [TL70]

h(t) = Mth3(t) + ah?(t), (49)
where A1, A\ € R. It can be easily verified that, if x satisfies (48), then it also satisfies (49), with
A == a? 4+ d/2 and Ay := —2a.
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