THE STRESS ON THE BOUNDARY OF AN ELASTIC
HALF-PLANE IN WHICH BODY FORCES ARE ACTING

by IAN N. SNEDDONf}
(Received 9 September, 1964)

1. Intrdouction. In this note we consider the problem of determining the stress on the
boundary y = 0 of the elastic half-plane y = 0 when there are prescribed body forces acting in
the interior and the boundary is free from applied stress. Expressions for the components of
stress at a general point of the half-plane when the imposed body force is concentrated at a
single point have been derived by Melan [1], Sneddon [2] and Green [3], each author making
use of a different method.

The method employed in [2]-—see also pp. 415-422 of [4]—consists in superposing on
the known solution of the stress field due to a point force acting at an interior point of the

whole plane, a solution of the second basic problem for a half-plane which leads to the con-
dition of zero applied stress on the boundary. This, like the other methods cited, leads to

quite a lengthy calculation to determine the distribution of stress in the interior of the half-
plane, but, in the analysis of practical problems in which this solution is used, most interest is
attached to calculating the distribution of stress and the form of the displacement vector on
the boundary. Here we make use of an elementary property of the Laplace transform to
calculate these surface values.

In §2 the basic formulae corresponding to an arbitrary distribution of body forces are
derived. In the next three sections the forms of surface stress corresponding to three special
cases are considered—body forces acting in a direction normal to the boundary (§3), point
force (§4) and body forces derivable from a potential function (§5). Finally, in §6, expressions
are derived for the components of the surface displacement.

The equations of plane strain (in the classical theory of elasticity) are assumed throughout;
the solutions corresponding to a state of plane stress can easily be deduced by means of the
usual trivial changes in the values of the elastic constants.

2. The basic formulae. We consider the distribution of stress in the half-plane y = 0 when
the boundary is free from applied stress and there are body forces [ X(x, y), Y(x, y)] acting on
the body whose density is taken to be p. We assume that the components of the stress tensor
all tend to zero as r — oo, where r =/(x2+)?), y 2 0.

If we take the Fourier transforms of the equations of equilibrium

do,, 0oy, do,, O
i Y+pX =0, DB pY =0,
ax Ty 7P ax oy TP
we find that
—ifZ, . +DX,,+P =0, 2.1)
—-if%,,+DZ,,+Q =0, 2.2)
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where we have written

Zall 9) = Zloal, 3); x> 8] = ﬁj m Tealx, ) dx,

etc., D denotes the operator d/dy and we have taken
FlpX(x,y); x> & =P, y), FpY(x,y); x>&]=Q(¢, ).
Similarly we find that the stress-strain relations

Ju

2# a_xx' = (1_’1)0::::_’10” ’

du
2” 'a_; = (1 _n)ayy—ﬂaxx ’

6u,,+6ux _
P\ ox dy = O

49

2.3)

in which u denotes the rigidity modulus and # the Poisson ratio of the half-plane, are equivalent

to the equations
- 2/“5 Ux = (1 - n)zxx - nz}'y ’
2[1D Uy = (1 - n)zyy - ﬂzxx ]

p(DU,-iEU)=Z%,,,
where
U, p) = Fludx, p); x=2&, UYS, p) = Zluyx, y); x—£&]

If we make the representation
P, y) =2ui®@(&, y), Q(&, ¥) =2uDY (S, y),
with
D, 0 =Y(,0 =0,
we find that the equations (2.1), (2.2), (2.4), (2.5), (2.6) have solution
T =2u(D’G+®), I, =2uitDG, I, = -2u(¥+£%G),
where the function G(€, p) satisfies the fourth order ordinary differential equation
(L=m)(D* =G = —[nD*+(1—n)E¥ (¢, )~ [(L-mD*+nE?I0(E, y).
If the boundary is free from applied stress, we have the conditions
0.,(x,00=0, 0,(x,0)=0,
and it follows from equations (2.9), (2.8) that these are equivalent to the relations

DG(,0=0, G(&0)=0.
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The values of D*G(¢, 0) = G, (&), D*G(¢&, 0) = G4 (&) are not known but we note from the first
of the equations (2.9) that

L€, 0) = 2uG,(9). (212)

We solve the equation (2.10) by taking the Laplace transform of both sides and expressing
the result in terms of

66,0 = 266, y=2l= | 6(E D by
Because of equations (2.11) we find that

#[D*G; p]=p’G, <[D*G; p]=p*G-pG,—G,
so that equation (2.10) is equivalent to the relation

(L=m)(p*=ED*G (&, p) = A(&, p),

where
A, p) = (1=n) (G2 + G3) —[np* + (1 —mETF (&, P)+n¥,(&, 0)

—[1-mp?* 110 P+(1-NDE,0).  (2.13)
Now if the components of stress are to vanish as y — o0, G(¢, p) cannot have terms such as

A B(%)
p—1¢1" (=1

In other words p =| & | must be a double zero of A(&, p) regarded as a function of p. Hence
we have the conditions

A= &1 G, +G3) = EF(E, | EN—nFyE O+ E2D(E, | EN—(1—mD,E, 0),  (2.14)

and
A=mGy =20 E 1P, | EN+EF,LE [ ED+2(1—m) | E| B, | EN+E2Q,E | ED).  (2.15)

If we substitute the expression for G,(£) given by this last equation into equation (2.12), we
obtain the required expression for X (£, 0) and hence the formula

04X, 0) = 20 F7[G4(§); & - x] (2.16)
for the determination of the surface stress.

3. Body forces normal to the boundary. An important special case arises when the body
force is always normal to the boundary, i.e. when X(x, y)= 0 and hence ®(£, y) =0. In that
case equation (2.14) reduces to

GO =(L—n) &, (& 1 EN+2n | E1P(E 1 ED)
and equation (2.15) to
2p

0%, 0) = T FTEWLE | ED+20 1 E1 ¥ 1 €D); &) ERY
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Now if we write
Y& p)= 2[F{Y(x,y); x~ &} y- )
it is easily shown that
T P =5V D),
so that equation (3.1) reduces to

p

axx(x) 0) = _1_:1

FHA=-2YE 1ED-1E1T,(6 1 ED; £~ x]. (3.2)

Now, by the definition of the Fourier and Laplace transforms,

(AT =ﬁr d J': Yoo, Bre-1419%1 ap,

so that
— 1= © BY(a,
S ALTSEE N Y
Similarly we have that
-181 7, @180 =755

from which it follows that

da J‘wﬁY(a, Ple~ 118+t gp
0

@© © 2o 2
_y—x[lill—’p(f,lél);qu]=}tj~_ da'olm_f_o;‘_%}%

If we substitute these values into equation (3.2) we obtain the relation

20 ® 2 —a)2/n—1
0uulx, 0) = —;”j o f | BYE X ?ﬁ'l(f(x"‘_) of)(i’}z ) ap 3.3)

Y(a, p) dB.

from which to derive the surface stress.
For instance the surface stress due to a body force of total strength P distributed uniformly
over the strip y = A, | x| < a and acting normally to the x-axis is given by the equation
Ph(® B> +n(x—a)?/(n—1)

Oxx(X,0) = TTGJ-a {hz +(X—-(Z)2}2

do. 3.4)

The integration is elementary and we find that

3 P h(x+a) h(x—a)
0,(x,0) = m{(l —2n)(0,—0,)+ 72 72 }’

(3.5)

where 8, = tan™" {(x—a)/h}, 0, = tan™" {(x+a)/h}, r? = (x—a)®+h? and r} = (x+a)*> +h>.

D2
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4. Solution for a point force. Another special case of some interest is that in which a point
force F is acting at the point (0, 4), (5 > 0) in the direction of the x-axis. We then have

pX =Fé(x)o(y—h), pY =0,
so that

D(¢ )———15—6*‘” ¥ p)=0
,P = 2#\/(270 € 3 ’p — Ve

From equations (2.15) and (2.16) we find that in this case

0.x(x, 0) = —%f'{(ﬁ sgnf—l—i-?]hg) ~B121. éﬂx]

from which it is easily deduced that

2Fx
Orx(%, 0) = T [ —1—;'1 hz]

If we take F = P sin 8 in this equation and p Y{(«, §) = —P cos § d(«) 6(f —h) in equation
(3.3), we find that the surface stress due to a point force P acting at the point (0, ) (h > 0),ina
direction which makes an angle 8 with the negative direction of y is given by the equation

2p
0%, 0) = Y 2)2[ ( Z—I—Z—nxz) cos 0+x(x2 —1%7W> sin 0].

5. Conservative body forces. Finally we consider the special case in which the body forces
are conservative, i.e. there exists a function ¥ (x, y) such that

ov v
X(xvy)= —5;5 Y( Y)"' —a'—y.
It is then easily shown that
&P = ~F& =5 V¢ D) 5.0)
where _
V()= £[F{V(x,y); x= &} y->pl. (5.2)

If we substitute from equations (5.1) into equation (2.15) and insert the resulting expression in
equation (2.16), we find that

2(1 217)

Ouxlx, 0) = pZFHIEIVEIED; £ x]

Using the fact that

VE 1D = Iw ke do Lw V(a, Pe1¢1? dp,

Jem) -
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and that
et dtels, 2\ B—(x—o)
Z {|§|e‘ I“B, é"’x}_ <7?>[ﬂ2+(x—0()2]2’

we find that the surface stress is given by the equation
_2(1-2n) J J' (A —(x-)]
T B2+ (x—a)’J?

6. The surface displacement. In a similar way we can derive expressions for the compo-
nents u,(x, 0), u,(x, 0) of the surface displacement. From equations (2.4) and (2.9) we find that

U, y) = iE ' [{1=mD?* +1¢*}G+ (1 )@ +1¥]),
from which it follows immediately by using equations (2.8) and (2.11) that
U (&, 0) = iE~'(1-nG,(8),

0.(x,0 Ve, B)dp. (5.3)

i.e. that
ulx,0) = (1—n) F~H{ig™'G(&); {-x}. (6.1)
If we substitute the expression for G,(&) given by (2.15), we find that
ux,0) = F~2nisgn EP(, | £ N+i¥, (L 1 ¢ D)
+2(1—n)isgn { B¢, | EN+i&DLE, 1€ D; E>x). (6.2)
From equations (2.6) and (6.1) we find that
Uy, 0) = £72[(1—mG3(O)+ (L —mDy(&, 0)+1F (&, 0]
and substituting the value of G,(¢) given by equation (2.14), we find that
u,(x,0) = FTUA-2NFE | EN—1EI W& 1 EN+DE, 1ED; € x]. (63)

For instance, if the body forces are derivable from a potential function V(x, y), we find
from equations (5.1), (6.2) and (6.3) that

(1-2n)p
U

uy(x,0) = F - isgn ¢ V(& 1E1); £~ x],

u(x, 0)=§pl—13’"‘[2r17(¢, LED+ || VETED; Ex].

The integrations are elementary and we find that

a- in)p‘[ e—ay do| L P B

e 0= o PrG—a

and
{1+2m)p2 -1 -2 (x—0)*}
[ +(x—)*]?

u,(x, 0) =2#LRJ‘_ da BV (@ f) dp.
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