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HOLOMORPHIC MAPPING INTO ALGEBRAIC

VARIETIES OF GENERAL TYPE, II

PEICHU HU

This announcement is a continuation of Hu [3]. Our results improve
Theorem 1 of [3], but the latter is needed in the proof of the former.

Let / : M -> N be a holomorphic mapping from a connected complex
manifold M of dimension m to a protective algebraic manifold N of dimen-
sion n. Assume that M possess a parabolic exhaustion τ and denote

υ = ddcτ, σ = dc log r Λ (ddc log r)w"\

A(t; 0 = *2-2w f C Λ υ-\ Γ(r, β; ζ) = Γ-^^d*,
J Λf [C] J S t

where ζ is a form of bidegree (1,1) on M and M[t] = {xeM: τ(x) < ?}.
Suppose throughout that L is a positive holomorphic line bundle over
N with a hermitian metric p along the fibers of L such that the Chern
form c(L, p)> 0. The characteristic function of / for (L, p) is defined by

T(r,s) = T(r,s;f*(c(L,p))).

Let Ricr (r, 5) be the Ricci function of r. We obtain that

THEOREM 1. Lei iV be of general type. If M is a Stein, covering para-

bolic space of Cm and if rank f — min (m, ή), then there exist positive con-

stants c1 and c2 such that

c,T{r, s) < RicΓ(r, s) + c2 log r

with the exception of a set of values (r) of finite measure.

COROLLARY 2. If N is of general type, any non-degenerate holomorphic

mappings f: Cm —> N is necessarily rational

In fact, we will prove a more general result than Theorem 1 (see
Theorem 4). For this, we need some facts about hermitian geometry, dual
classification map, associated maps and covering space.
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a) Hermitian Geometry

Let V be a complex vector space of dimension n + 1. Then V* is the

dual vector space, /\ V is the exterior product. The Grassmann cone in

Λ V is defined by Gk(V) = {α0 Λ Λ αft : α, e V} with G0(V) = V and

Gn(V) ~ C. If 0 =£ * e V, let P(Λ ) = Cx be the complex line spanned by

x. If A g V, define P(A) = {P (x) : 0 Φ x e A}. Then P(V) is the complex

protective space associated to V. A holomorphic map P: V — {0} -» P(V)

is defined. The same symbol P is used for all vector spaces. Take an

integer k with 0 < k <n. The Grassmann manifold Gk(V) = P(Gk(V)) of

order k is a connected, smooth, compact submanifold of P(/\ V). Take
k + l

a e Gk(V). Then α = α0 Λ Λ ak Φ 0 exists such that P(d) = a. A

(k + l)-dimensional linear subspace E(a) = Ca0 + + Cak is associated

to α, independent of the choice of a. The associated projective space

E(ά) = P(E(ά)) is smoothly imbedded into P(V) and called a £-plane.

Take α e Gfc(F*). Then a = α:0 Λ Λ α , ΐ O exists such that P(α)

= α. A (^ + l)-codimensional linear subspace

E[a] = Π αjXO)

and a (n — k — l)-plane E[a] = P(E[a]) are associated to a. The biholomor-

phic dualism map δ: Gk(V) -> G^^^V*) is defined by £[δ(α)] = E(ά).

The trivial bundle Gk(V) X V contains the tautological bundle

Sk(V) - {(α, x) e Gt(V) X V: x e £J(α)}

as a holomorphic subbundle. The quotient bundle Qk(V) exists and the

classifying sequence

(1) 0

is obtained. If q — n — k — 1, then (1) is the pullback of

(2 ) o -»• Q,( y*) -> σ,( v*) x v -+ sq( v*)* -> o

under the dualism δ: Gk(V)-+Gq(V*).

Let I be a hermitian metric on V. Then I induces hermitian metrics

/ along the fibers of Qq(V*)*, G9(V*) X V and S,(V*)* and Fubini-Kaehler

forms Ωq > 0 on Gq(V*). Then

*, 0 = β
Ric(β0") = - (n
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b) Dual classification map

A holomorphic vector bundle homomorphism ξ: N X V -> E is said to

be ample at x e N, if ζ({x} X V) = £JX, where Z? is a holomorphic vector

bundle over N. The set N^ of all # e N such that f is ample at x is

open. Also 2V — JV̂  is analytic. Then ξ is said to be an amplification

if N = iVTO, semi-amplification iΐ N — N<» is thin (see Stoll [5]).

Abbreviate the tensor product L®p by ZΛ We say that L is ample if

there exists some p such that a basis of sections (s0, , sk) of H%N, Lp)

generates Lp at every point (i.e., the evaluation map e: NX HQ(N, LP)-^LP

defined by e(xy s) = s(x) is an amplification), and give a projective imbed-

ding

( 3 ) (so, ••-,«*): N^P(H\N,Lp)).

We say that L is very ample if we can take p — 1 in the above condition

(see S. Lang [4]). Let L be ample. We have a projective imbedding (3).

Hence we can take a complex vector subspace V of H°(N9 L
p) with dim V

= n + 1 such that the evaluation map e: N x V -> Lp is an amplification

(see Stoll [5], Lemma 16.1, Proposition A16). Let S be the kernel of e.

An exact sequence

( 4 ) Q-+S-+NX V->Lp->0

is defined. Here S has fiber dimension n. If x e N, one and only one

φ(x) e P(V*) and ^0(x) e Gn-i(V) exist such that

E[φ(x)] = SX =

The maps φQ: N—>Gn_1(V) and φ; N—>P(V*) are called the classification

map and the dual classification map respectively, which are holomorphic.

If δ is the dualism, then φ = δ o φQ. The classification map φϋ pulls back

(1) to (4) for k = n - 1. Hence

Let Z be a hermitian metric on V. Then / induces hermitian metrics /

along the fibers of S, N X V and L by (4) and along Q0(V*)*, P(V*) X V

and S0(y*)* by (2) for q = 0. Hence

5 pc(L, 0 = c(LP, Z*) - ^(cίSoίV*)*, /)) = φ*(Ω0),

Ric c(Lp

y l*Y = Ric p*(βf) = ^^(Ric flf) = - (n + ϊ)c(Lp,

c) Associated maps
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Now we consider the holomorphic map φf = φof: M->P(V*), where

φ: N -> P(V*) is the dual classification map in b). Let Lf is the pullback

φf(S0(V*)*) of the hyperplane section bundle S*(V*)* on P(V*). Take a

holomorphic form B of bidegree (m — 1, 0) on M. We can define the kth

representation section Fk of <pf of the holomorphic vector bundle

L,[k] = ( M χ ( Λ V*)) ® (L,)*+1 ® ( i ^ f c + 1>/2

Jfc + 1

by means of the Zϊ-derivative, where KM is the canonical bundle of M.

Here

Fo: M^L,[0] = ( I X V*) ® L,

but Ffc = 0 if k > n. If Ffc = 0, then F f c + 1 = 0. Hence an integer lf exists

uniquely such that Fk ξέ 0 if 0 < k < lf and Fk = 0 if k > lf. We call lf

the generality index of φf for B. The map ^ 7 is said to be general for B

if // = n (see Stoll [6]). If M admits m analytically independent holomor-

phic functions, then for any finite sets of meromorphic maps defined on

M, there exists a holomorphic form B of degree m — 1 on M such that

the generality index of each of these maps φf for B equals the dimension

of the smallest projective plane containing the image of φf (see Stoll [7],

Theorem 7.11).

For each k with 0 <, k < lf, the kth associated map

of φf is defined with /0 = φf9 and is holomorphhic. Define

Lf[- 1] = M X C

and let F_ί be the trivial section defined by F_λ(z) = (z, 1). Denote the

divisor of Fk by μ^. Then μF_x = ^F o = 0. For 0 < k <lf, teh kth station-

ary divisor

( 6 ) Dfk = μFk_1-2μFk+ μk+1>0

is non-negative (effective).

Define

Hk = mim_xf*(Ωk) AB Λ 5 > 0

with i/fc = 0 if k < 0 or if k > ls. For 0 < A < Z/? we have the identity

( 7 ) Ric Hk = Λ*-i(β»-i) - 2/f (βfc) + /f+1(flfc+1).
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Since M i s a parabolic manifold, the open set

M+ = [x e M: υ(x) > 0}

is not empty. On M+ , an on-negative function hk is defined by Hk = h2

kυ
m.

Abbreviate

Then for almost all s, r with 0 < s < r, we have the Plύcker Difference

Formula

g N(r, s; Dfk) + Tk^(r, s) - 2Tk(r, s) + Γfc+1(r, s)

B(hl)

where Tk(r, s) = 0 if k < 0 or k > lf, and

Bit, h) = i - f (log AV, B(r, s; A) = B(r, A) - B(s, A),

iV(r, 5; D) = [rn(t, D)^L, n(t, D) = ί2~2w f y—1.
Js t J DΠMlf]

The exhaustion r is said to majorize the holomorphic form B of degree

m — 1, if for every r > 0 there exists a constant c > 1 such that

0 < mίm^B A B <cυm-ί on M[r],

where

The infimum of all these constants is called YQ(r). Then YQ(r) ^ 1, and

increases. Define

Y(r) = lim Y0(ί).
r<ί-r

Then Y(r) > Y0(r) > 1. The increasing function Y is called the majorant

associated to τ and B. If r > 0, then

m im.,B ΛB< Yi^υ™-1 on M[r]

m im_xB ΛB<(Yo VTK1"1 on M.

If m = 1, that is, if M is an open parabolic Riemann surface, we take

B — 1, then /n j m _ ! B A B == υ7""1 and r majorizes £ with Y Ξ I . From

now, we assume that τ majorizes B with Y. We use the notation
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la(r)<b(r)

to mean that the stated inequality holds except on an open set I d R+

such that rεdr < oo for ε > 0. We have

( 9) ll , B(r, hi) < -1(1 + ε)2(log T*(r, s) + log Y(r)) + _le log r,

(10) II. Tk(r, s) < 3*Γ0(r, s) + ^ ^ ( l o g Y(r) + Ricτ (r, β) + εc log r) ,

where the constant c is the volume of dM[r] (see Stoll [6], Proposition 6.14

6.15). (9) and (10) imply

||. B(r, a; Λ» < ± ( 1 + ε)3(log Γ0(r, β) + log Y(r)
(11) ^

+ log+ RicT (r, s)) + εc log r .

d) Covering space

If (M,τ) is a covering parabolic space of (Cm, r0) where ro(^) = |-ε|2,

then there is a proper surjective holomorphic map

such that τ =; τo°β = \β\2. The divisor of dβx Λ Λ rf/3m =£ 0 is called the

branching divisor of β and denoted by Dβ. Then

(12) Ric? (r, s) = iV(r, s; 7),) > 0 .

Define S — supp D .̂ Then β(S) is an analytic subset of Cm. Let So be
the (m — l)-dimensional component of β(S). If So is affine algebraic of
degree d, then we have

(13) Ricr(r, s) = N(r, s; Dβ) < dc log L
s

for 0 < s < r. If β is biholomorphic, Rict (r, s) Ξ 0.

If ^ 7 is linearly non-degenerate, then there is a holomorphic form j§ of

bidegree (m — 1, 0) on Cm whose coefficients are polynomials of at most

degree n — 1, such that φf is general for B — /3*(JB). Hence there is a

constant c > 0 such that τ majorizes B with

(14) Y(r) < 1 + cr2n-2 for r > 1.

see Stoll [6].
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If M = Cm and φf(Cm) does not be contained in any hyperplanes of

P(V*), there is a holomorphic form B of degree m — 1 on Cm whose coef-

ficients are constants such that φf is general for B and such that r0

majorizes B with

(14)' Y{r) < c

for a constant c.

e) Main results

Let ψ be a positive form of class C°° and bidegree (1,1) on N such

that

(15) lΊm log Γ(r, s /*(ψ))/Γ(r, β) = 0

Define

# , = ro ίm_J*(ψ) Λ B Λ B, ef = /*(Ric ψn) - n Ric φ,

and define η by ψ, = ?/*(ψ) Λ tΛ"1. Let

^ ( r , s) = T(r, s;ef) + nB(r, s η ) .

In [3], we proved that

THEOREM A. Let N be of general type. If there exists an effective

Jacobian section of f and if rank/ = min (m, n), then exist positive constants

Cj and c2 such that

(16) II, CίT(r, s)<n Ric t (r, s) + E,(r, s) - nN(r, s;Df) + c2ε log r ,

where Df is the divisor of ψ>

Abbreviate

nk(t) = τi(ί, ̂ J , ΛΓfc(r, 5) = AΓ(r, s; ^ J

for the kth representation section Fk of φf. We have

THEOREM 3. Let L be an ample, positive holomorphic line bundle over

N with the projective imbedding (3). Assume that B is a holomorphic form

of bidegree (m — 1, 0) on M such that τ majorizes B with Y and such that

φf is general for B. Then for ψ = pc(L, Γ), we have

II. Ej(r, s) - nN(r, s fDf)<- Nn(r9 s)

+ 4C- log Y(r) + ^-^QXr) - nB(s, η),
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where

Q.(r) = -1(1 + ε)3(log T(r, s) + log Y(r) + log* Ric, (r, β))

+ Ricr (r, s) + 2cε log r.

Proof. Note that

Ttfr, β) = Γ(r, s f*(ψ)) = p5P(r, s /*(c(L, /)))

Γ(r, s) + 0(1)

See Stoll [5], Theorem 12.5. Hence (6), (8) and (11) imply

II. N^r, s) + T^ir, s) - 2(Nk(r, s) + Tk(r, s))

+ Nk+1(r, s) + Tk+ι(r, s) < Q.(r)

Multiply (20) by (n - k) and add these for k = 1, • • , n - 1. We get

II, (n - l)Γ,(r, s) - nT,(r, s) < nΛftr, β) - Nn(r, s)

(21) + n(n -

Now ψf = HQ, (5) and (7) imply

/*(Ric ψn) - n Ric ψ r = - (τι + l)/o*(flo) - ^ Ric iϊ0

= (n - l)/0*(flo) - tff(fli),

which yields

(22) Γ(r, 5; β /) = (Λ - l)Γ0(r, s) - TIΓ^Γ, S) .

Since r majorizes B with Y, we obtain

vf*M Λ ^ ^ = Ψ/ < (Y° Λ/~)/*(Ψ)Λ υ"-1,

which implies 27 < Yo jT. Also we have

(23) N(r, s; Df) = JV(r, s; £>/β) = iV;(r, s)

by (6) and the definition of Df ad DfQ for ψ = c(Lp, /p). So (17) follows

from (21)-(23). Q.E.D.

Take ψ = c(Lp, lp) in Theorem A. Then (15) follows from (19). Hence

Theorem A and 3 imply

THEOREM 4. Let N be of general type. Let B be a holomorphic form

of bίdegree (m — 1, 0) on M such that τ majorizes B with Y and such that
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ψf is general for B. If there exists an effective Jacohian section of f and if

rank f = min (m, ή), then exist positive constants cx and c2 such that

!|, Nn(r, s) + ctT(r, s) < ^ J l i i Ricr (r, s)

(24)
+ J M - ± _ i ^ ( i + e)s(iog Y(Γ) + log^ Rict(r, s)) + c2ε log r .

4

If M is Stein and rank / = min (m, n), effective Jacobian sections exist

by Stoll [5], Theorem 14.1, 14.2. Hence (12), (14) and Theorem 4 imply

Theorem 1.

Abbreviate

t) = A(t;f*(c(L,P)))

and define

Bτ = lim K i C r ί ^ , γB = ϋ m }°l3lϊ.
r->-° l o g r ' — log r

Hence Theorem 4 with ε -+ 0 implies.

(25) nΛ(oo) + c.ACcx.) < A n _ ± i λ j ? , + ^ L ± _ 1 i L
2 4

f) Green-Griffiiths' Conjecture

If M is an irreducible, affine algebraic variety with /i(oo) < oo, then

/is rational (Griffiths-King [2], Proposition 5.9, Carlson-Griffiths [1], Propo-

sition 6.20 and Stoll [5], Theorem 20.6). Hence (14) and (25) imply Corollary

2.

If M = C"\ then (14)' and (25) yield A(oo) = 0, which implies that

COROLLARY 5. If N is of general type, then the image of any holo-

morphic map f: Cm —> N with rank/ = min (m, n) is contained in a proper

subυariety.

Proof. If not, then φf is linearly non-degenerate. Hence there is a

holomorphic form B of degree m — 1 on Cm such that φf is general for B

and such that r0 majorizes B with (14);. Since rank / = min (m, n) and

c(L, p) > 0,

A(oo) = lim A(r) > 0

which contradicts A(oo) = 0. Q.E.D,
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Corollary 5 implies the following

GREEN-GRIFFITHS' CONJECTURE. Let N be of general type (or pseudo

canonical). Let f:C-+N be holomoprhic non-constant. Then the image

of f is contained in a proper subυariety.

For more detail, see S. Lang [4].
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