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Abstract  We study the problem of finding conditions which guarantee that given operator data propa-
gate under the control of unitary operators. This is a kind of moment problem and the way we solve it is
based on unitary dilations. Comparing it with other results in this area, our approach has the advantages
of

(i) allowing the data to be unbounded operators,
(ii) considering arbitrary dilations, not necessarily regular ones.

The relationship between the moment problem and harmonizable multivariate discrete processes is indi-
cated.
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1. Introduction

A family T' = {T¢ }¢c x of commuting linear operators on a complex inner product space €
(we always use (-, —) to denote the inner product, regardless of the space) indexed by
a non-empty set X is said to have a wunitary dilation if there exists a complex Hilbert
space X D & (isometric embedding) and a family U = {Ue}ecx of commuting unitary
operators on X such that

(T*f,9) =(U"f.9), xeZlX]y, fg€g, (1.1)

where Z[X]; is the set of all non-negative integer-valued functions on X with finite

support, © ©
o x (& _ (&
T =[] % and U= [] UF'Y.
£eX cex

Such a U is called a unitary dilation of T'. The condition (1.1) is obviously equivalent to
T® = PU*|¢, =z € Z[X]:,

where P is the orthogonal projection of K onto &, the closure of & in K.

689

https://doi.org/10.1017/5001309150500180X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150500180X

690 Z. J. Jabtonski, J. Stochel and F. H. Szafraniec

The problem is to determine whether, for a given family {Ag}zez(x], of linear opera-
tors from a complex inner product space D to a complex Hilbert space H, there exists a
family T' = {T¢ }¢cx of commuting contractions on H having a unitary dilation and such
that

Ay =T%Ap, x€Z[X]4. (1.2)

Our main result, Theorem 4.1, solves this problem (which can be regarded as a moment
problem) for a family {Ag}zeczix), of arbitrary cardinality, allowing the solution T' to
have a unitary dilation with no further restrictions.* Calling this a moment problem is
a matter of language; in no way does it limit the range of applicability. In particular,
applications in stochastic processes deserve more attention. An important special case of
(1.2) takes the form

he =T%ho, =€ Z[X]4, (1.3)

where {hg}zez(x), is a family of Vectors in H. Denote by TX the Cartesian product
of card X-copies of the unit circle T & {)\ € C: |A\| =1} and equip it with the topology
of pointwise convergence. Let U = {Ug}ecx be a unitary dilation of T' consisting of
operators acting on a Hilbert space K and let E be the joint spectral measuref of U
defined on Borel subsets of TX, i.e.

Ueg = o /\gE(d)\), EeX, A= {)‘C}CEX- (1.4)
Denote by P the orthogonal projection of X onto H and define the vector Borel measure ¢
on TX by ¢(-) = PE(-)ho. Then, by (1.3) and (1.4), we have

ha :/ A=p(dN), =€ Z[X],
T

with
def x(§)
A= T A8
fex

Hence, {hz}zezix], is a harmonizable multivariate discrete processf (or, in another ter-
minology, a random field); its stationary dilation { f }zezx]. is of the form f;c Umho
As multivariate processes can be generalized to the operator case [9], Theorem 4.1 offers
some sufficient conditions for so-called weak operator harmonizability as well; all this is
given in terms of covariance kernels. It should be pointed out that the operators A, in the
moment problem (1.2) are allowed to be unbounded, which may be of some prospective
interest.

* The moment problem (1.2) has been solved by Sebestyén for card X = 1 [20,21] (see also [16] for
a recent approach). Its variant with so-called regular unitary dilations has been solved by Gavruta and
Paunescu for card X = 2 [6] and by Popovici and Sebestyén for arbitrary X [15].

t E is the product of spectral measures of unitary operators {Ug }¢cx defined on Borel subsets of the
compact Hausdorff space T (for more details see [28, Proposition 4] and [3]).

1 The notion of a harmonizable process is attributed to Rozanov [18]. This circle of ideas has been
developed by many authors [1,5,7-14,17,19,22,28,29].

https://doi.org/10.1017/5001309150500180X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150500180X

Unitary propagation of operator data 691

2. Preliminaries

The n-dimensional complex Euclidean space C" is equipped with the standard inner
product (z,w) = Z?:1 zjwj for z = (z1,...,2,) and w = (wy, ..., w,) in C". Throughout
what follows, D and € are complex inner product spaces and H is a complex Hilbert space.
We denote by L(D, &) (respectively, B(D, £)) the set of all linear (respectively, bounded
linear) operators from D to & We shall abbreviate L(D,D) to L(D) and B(D,D) to
B(D). The identity operator on D is denoted by Ip. If f,g € €, then f® g € B(€) is
defined by

(f©g)(h) = (h,g)f, heE.
Given a non-empty set Y, we write E[Y] for the set of all maps f : Y — & with finite

support {£ € Y : f(€) # 0}.

We denote by Z the additive group of all integers. Let X be a non-empty set. We write
Z[X] for the additive group of all functions & : X — Z with finite support {{ € X :
x(§) # 0} equipped with pointwise defined group operation. Define the sets

Z[X)y ={zx € Z[X];2(£) > 0 for all £ € X},
ZIX]x = Z[X]1 U (-Z[X]4),
Z[X]E = ZIX]\ Z[X]+.

If Y is a subset of X, then we can think of Z[Y] as a subset of Z[X]. Given x € Z[X],
we denote by @pos, Tneg € Z[X ]+ the positive and the negative parts of , i.e.

[oH
n

xpos(g) é (w(g))POS’
xneg(f) = (w(g))negv

where 7pos e max{n,0} and npeq Lef min{n, 0} for n € Z.
The ensuing lemma characterizes families of operators having unitary dilations; it is
an adaptation of the results from [25] to the present context.

§e X,

Q.
-

Lemma 2.1. If T = {T¢}eex C L(€) is a family of commuting operators, then the
following conditions are equivalent:

(a) T has a unitary dilation;

(b) for all integers m,n > 1, for all maps A\1,..., A\, € C*"[Z[X]4] such that

> (@) @) =0, wez[X]|S, kil=1,...m, (2.1)
z,y€L[X]+,
T—y=u
and for all vectors v1,...,v, € &, the inequality
S @ Ve TE V) (A (@), M(y) 20 (22)

k=1 @,yeZ[X]}

holds;
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(c) for any integer n > 1 and for all maps fi,..., fn € E[Z[X]+] such that

i: Y fi@efily) =0, uweZlX|E,

J=1 x,y€er[X],,
rT—Yy=u
the inequality

SO (T f(), TE e f(y) > 0

J=1 @, y€eZ[X]+

(2.3)

holds.
Idea of the proof. Apply [25, Theorem 1] to the group & = Z[X] with involution
z —x, the set X = Z[X]4, the inner product space D = & and the function w :

Z[X]+ x € x & — C given by

w(z, f,g) = (T f, T%=g), xcZ[X]+, f,g€g,

and argue as in the proofs of [25, Theorem 3] and [24, Theorem 29]. We leave the details

to the reader.

]

Recall that a family T = {T¢}ecx C B(H) of commuting contractions has a regular

unitary dilation [27, Chapter I, §9] if and only if

Z <T(m_y)posf(w))T(m_y)negf(y» > 0, f S }C[Z[X]_;'_]
z,yeZL X+

Clearly, the above condition implies Lemma 2.1 (¢) with & = 3.

3. Contractive solutions

For £ € X, we define e¢ € Z[X]; by

1 if (=€,
ec(Q) = .
0 if¢#¢.
Given a family {Ag}zezix), C L(D,H), we set

R = lin U Az(D), Ha = Ra.

T€Z[X]+

The next lemma extends [16, Theorem 3.1] to the multidimensional setting. Despite
this setting, it becomes slightly simpler and its proof is essentially shorter than that

in [16].
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Lemma 3.1. Let {Az}zezx), € L(D,H) be a family of operators. Then, for every
¢ € X, the following conditions are equivalent:

(i) there exists a contraction T¢ € B(H) such that

TgAm = AeE+m7 T € Z[X]+, (31)

(ii) for all maps hy,ho € D[Z[X];],

2
Z Z (Ak=1)posec+atk(®), A=) epec+y i (Y)) = 0; (3.2)
kl=1x,yeZ[X]+

(i) for any map h € D[Z[X]+],

< . (3.3)

Z Aeerah(z)

cE€Z[X] 4

> Agh(x)

c€Z[X]+

Moreover, if either condition (ii) or (iii) holds for every & € X, then there exits a family
{Te}eex C B(H) of commuting contractions satisfying (3.1).

Proof. Note first that the inequality (3.2) can be rewritten in the form
lgull* + llg2ll* + 2Re(g1, g2) > 0, (3.4)

def ~ def
where g; = > e, Azhj(®) and g2 = 3o cp(x), Aectahz(T).
(i) = (ii). Since §o = T¢(g2) and T¢ is a contraction, we get
—2Re(g1,92) = —2Re(g1, T¢(92))
< 2l [l Te(g2)
< 2llg1llllg2ll < llgal® + llg2l1?,
which implies (3.4).
(ii) = (iii). Take h € D[Z[X]+] and define hy, hy € D[Z[X]+] by he = h and
—h(x — e ifx—es € Z[X]|y,
0 otherwise.
Then g; = —go. Together with (3.4), this yields ||ga||? < |lg2]|?, which implies (3.3).

(iif) = (i). It follows from (3.3) that there exists a unique contraction Tz € B(34)
such that }
TeApf = Aeruf forall @ € Z[X],, f€D.

Define the operator Tr € B(H) by T¢ = T¢ ® I3conc,. Then Te is a contraction which
satisfies (3.1). Moreover, if this is done for every £ € X, then the operators T¢, £ € X,
commute. This completes the proof. |
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As in [16, Theorem 3.1], one can deduce from Lemma 3.1 (i) that the inequality (3.2)
holds for all finite sequence hq,...,h, € D][Z[X]] (however, this requires a usage of
Sz.-Nagy’s dilation theorem [26]).

Regarding Lemma 3.1 (as well as Corollary 3.2 and Theorem 4.1), one can check that if
Ha = H, then there exists at most one operator Te € B(H) satisfying (3.1). On the other
hand, if there exists exactly one operator T¢ € B(H) satisfying (3.1), then Ha = .

Applying Lemma 3.1 and Ando’s dilation theorem [2], we get the following corollary.

Corollary 3.2. If {A, }m€Z2 C L(D,X), then the following conditions are equivalent
(we identify Z2 with Z[X]4, where X = {1,2}):

(i) there exists a pair T = (Ty,Ty) € B(H)? of commuting contractions having a uni-
tary dilation and such that A, = T*®Ag for all x € Zi;

(ii) for every j = 1,2 and for all hy, hy € D[ZZ],

Z Z A(k lpObeJJra:hk( ) A(k l,,egeJerhl( )> > 0.

k=1 @,yez2

4. Dilatability of solutions
We are now ready to prove the main result of the paper.

Theorem 4.1. Suppose that we are given { Az }zezx]), C L(D,H). Then the following
conditions are equivalent.

(i) There exists a family T = {T¢}ecx C B(H) of commuting contractions having a
unitary dilation and such that (1.2) holds.

(ii) For all integers m,n > 1, for all maps A1, ..., Ay, € C*[Z[X]4] satistying (2.1) and
for all maps hq,...,hy, € D[Z[X];], the following inequality holds:

SN Ayershi(8), Ay rehi(B) k@), Mi(y)) > 0.

k=1 @,y,s,teZ[X]4

iii) For any integer n > 1 and for all maps h1,...,h, € D[Z[X]?] such that
+

Z Z Z 8)) ® (Agh;(y,t) =0, weZ[X|{, (4.1)

J=1 ¢, yeZ(X], s,teZ[X]+
T—y=u

the following inequality holds:

Z Z <A(w y)pos+3h’ (m s) A(fc y)t)eg+th (y7 )> 0

J=1 x,y,s,teZ[X]}
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Proof. (i) = (ii). Take hq,..., hy, € D[Z[X]4] and Aq, ..., Ay € C*[Z[X]4] satisfy-
ing (2.1). Define
= Y Adw(s), k=1,...,m.

SEL[X]+

Applying the implication (a) = (b) of Lemma 2.1 and using (1.2), we get

0< Y Y (e Yoy, TEesy) (A (), Mi(y))

k=1 @,yeZ[X];

= > Do AT Ahy(s), TE Y Aghy (8)) (A (), i(y))

k=1 ®,y,s,teZ[X]4

= <A(m*'y)pos+shk(s)’ A(mfy)nngrthl (t)> <Ak (33), )‘l (y)>
=1 x,y,s,tEZ[X]+

(ii) = (i). Take £ € X and hq, hy € D[Z[X]4]. Define A1, A2 € C[Z[X]4] by

1 =k
@) =4 TTE g1
0 x # keg,

Note that (2.1) holds for m = 2. Hence, by (ii), we have

2
0< Y Y Ayesohi(s), Apeyy el () M (@), M (1))
kl=1 x,y,s,teZ[X]4
2

= Z Z (Ak—1)posect+8Mk(8)s Ak—1)nogec+eh1(E))-

k=1 steZ[X]y

It follows from Lemma 3.1 that there exists a family
T = {Tc}eex C B(Ha)

of commuting contractions such that T¢ Az = Aeeta for all £ € X and = € Z[X]4.
Arguing as in the proof of the implication (i) = (ii), we show that the family T satisfies
Lemma 2.1 (b) with & = H4 (verify (2.2) first for all vy, ..., v, € Ra and then, using the
continuity of Tg, for all vy,..., v, € Ha). As a consequence, T has a unitary dilation.
Define the family T = {T¢}eex C B(H) by Tz = Tt @ Iscog, for € € X. Tt is now easily

seen that T has all the required properties listed in (i).
(i) = (iii). Take hq, ..., h, € D[Z[X]2] satisfying (4.1). Define fi,..., f, € H[Z[X]4]
by

Z Aghj(x,s), xze€ZlX]y, j=1,...,n
SEL[X]+
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Then clearly fi,..., f, satisfy (2.3). Applying the implication (a) = (c) of Lemma 2.1
and using (1.2) we get

Z Z <T(m y)poif( )T(w y)negf( ))

j=1 x,yeZ[X]+

= Z Z <A(:B y)pos+sh (il: 3) A(w y)neg+th (yv )>

j=1 x,y,s,teZ[X]+
(iii) = (i). Take £ € X and hy, he € D[Z[X]]. Define f € D[Z[X]%] by

hi(s) for x = eg,
f(x,8) = { ha(s) for & = 2e,

0 otherwise.

Note that

Z Z (Asf(x,8)) @ (Arf(y,t)) =0 for all u € Z[X]F.

z,YyEL[X] 1, s, teZ[X]+
T—y=u

Hence, by (iii), we get

0 < Z <A(m—y)pos+sf(wa 3)7 A(m—y)neg+tf(ya t)>

@,y,s.t€L[X]+

Z Z A(k lpogeé-&-shk( ) A(k—l)negeg—o—thl(t»‘

k,l=1 s,teZ[X

According to Lemma 3.1 there exists a family T = {T;}eex C B(Ha) of commuting
contractions such that TgAm = Aecye for all £ € X and x € Z[X ]4+. Arguing as in
the proof of the implication (i) = (iii), we show that the family {T¢|x,}ecx C B(Ra)
satisfies Lemma 2.1 (c) with & = Ra. Applying Lemma 2.1 and then exploiting the con-
tinuity of Tg, we deduce that the family T has a unitary dilation. As a consequence, the
family T = {T;}eex C B(H) defined by Te = Te @ Incaac,, € € X, has all the required
properties listed in (i). O

Corollary 4.2. Suppose that {As «}zezix), C L(D,H), 0 € X, is a net of families
of operators and {Ag}zezx], C L(D,H) is a fam1ly such that

liEn%AU,mh = Azh, heD, xzeclZ[X];.

If for every o € X there exists a family Ty = {Ty ¢ }eex C B(H) of commuting contrac-
tions having a unitary dilation and such that A, o = TF Ay for all x € Z[X],, then
there exists a family T = {T¢ }¢cex C B(H) of commuting contractions having a unitary
dilation and such that A, = T® Ay for all x € Z[X] .
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Proof. By Theorem 4.1, the family {As}oczix), satisfies Theorem 4.1 (ii). After

"
passing to the limit with o, we see that the limit family {Ay}zezx), satisfies the same
condition, which, by Theorem 4.1, completes the proof. |

As shown below, to find a solution T' to (1.2) which has a unitary dilation, it is
sufficient to do this for every double-truncated system {Az|e¢ }zezy], , where C is a finite-
dimensional linear subspace of D and Y is a finite subset of X.

Corollary 4.3. If {Az}zezx), C L(D,H), then the following conditions are equiva-
lent:

(i) there exists a family T = {T¢}eex C B(J() of commuting contractions having a
unitary dilation and such that (1.2) holds;

(ii) for every finite subset Y of X, there exists a family Ty = {Ty¢}ecy C B(H) of
commuting contractions having a unitary dilation and such that A, = T¥ Ao for
allx € Z[Y]4;

(iii) for every finite-dimensional linear subspace C of D, there exists a family Te =
{Te¢}eex C B(H) of commuting contractions having a unitary dilation and such
that Aac|€ = Teon|e for all x € Z[X]+

Proof. Since Z[X] = |J{Z[Y] : Y is a finite subset of X} and
ZIXI\Z[X]+ = {Z[Y]\ Z[Y]+ : Y is a finite subset of X},
we may apply either condition (ii) or (iii) of Theorem 4.1 to get the equivalences (i) < (ii)
and (i) < (iii). O
5. Concluding remarks

As mentioned in §1, our considerations also concern vector processes, which are the
subject of [15]. To make this precise, let us recall the content of [15, Theorem C (c)]: a
family {hg}eezix), of vectors in H is of the form (1.3), where T' = {T¢}¢cx C B(H) is
a family of commuting contractions having a regular unitary dilation (this is a kind of
restriction which we refer to on page 690) [4,27], if and only if

Z c(x, 8)c(Ys ) (M(z—y)postsr Pl@—y)nee+t) =0, CE ClZ[X)%).
z,y,s,tEL[X]+

A vector version of Theorem 4.1 (iii) is as follows (with D = C and Az = hy ® 1).

(iii*) For any integer n > 1 and for all functions c1,...,¢, € C[Z[X]3] such that

> X > ci(x8)c [y, hs ®hy =0, u € Z[X)S,

+, StEL[X]y
u
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the following inequality holds:

WV

YooY (@ 9)GY ) (hwy)pete M y)tt) =0

i=1 @y,s.teZ(X]4

Comparing this with [15, Theorem C (c)], it is evident that the latter implies our condi-
tion (iii*).
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