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Abstract We study the problem of finding conditions which guarantee that given operator data propa-
gate under the control of unitary operators. This is a kind of moment problem and the way we solve it is
based on unitary dilations. Comparing it with other results in this area, our approach has the advantages
of

(i) allowing the data to be unbounded operators,

(ii) considering arbitrary dilations, not necessarily regular ones.

The relationship between the moment problem and harmonizable multivariate discrete processes is indi-
cated.
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1. Introduction

A family T = {Tξ}ξ∈X of commuting linear operators on a complex inner product space E

(we always use 〈· ,−〉 to denote the inner product, regardless of the space) indexed by
a non-empty set X is said to have a unitary dilation if there exists a complex Hilbert
space K ⊃ E (isometric embedding) and a family U = {Uξ}ξ∈X of commuting unitary
operators on K such that

〈T xf, g〉 = 〈Uxf, g〉, x ∈ Z[X]+, f, g ∈ E, (1.1)

where Z[X]+ is the set of all non-negative integer-valued functions on X with finite
support,

T x =
∏
ξ∈X

T
x(ξ)
ξ and Ux =

∏
ξ∈X

U
x(ξ)
ξ .

Such a U is called a unitary dilation of T . The condition (1.1) is obviously equivalent to

T x = PUx|E, x ∈ Z[X]+,

where P is the orthogonal projection of K onto Ē, the closure of E in K.
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The problem is to determine whether, for a given family {Ax}x∈Z[X]+ of linear opera-
tors from a complex inner product space D to a complex Hilbert space H, there exists a
family T = {Tξ}ξ∈X of commuting contractions on H having a unitary dilation and such
that

Ax = T xA0, x ∈ Z[X]+. (1.2)

Our main result, Theorem 4.1, solves this problem (which can be regarded as a moment
problem) for a family {Ax}x∈Z[X]+ of arbitrary cardinality, allowing the solution T to
have a unitary dilation with no further restrictions.∗ Calling this a moment problem is
a matter of language; in no way does it limit the range of applicability. In particular,
applications in stochastic processes deserve more attention. An important special case of
(1.2) takes the form

hx = T xh0, x ∈ Z[X]+, (1.3)

where {hx}x∈Z[X]+ is a family of vectors in H. Denote by T
X the Cartesian product

of cardX-copies of the unit circle T
def= {λ ∈ C : |λ| = 1} and equip it with the topology

of pointwise convergence. Let U = {Uξ}ξ∈X be a unitary dilation of T consisting of
operators acting on a Hilbert space K and let E be the joint spectral measure† of U

defined on Borel subsets of T
X , i.e.

Uξ =
∫

TX

λξE(dλ), ξ ∈ X, λ = {λζ}ζ∈X . (1.4)

Denote by P the orthogonal projection of K onto H and define the vector Borel measure φ

on T
X by φ(·) = PE(·)h0. Then, by (1.3) and (1.4), we have

hx =
∫

TX

λxφ(dλ), x ∈ Z[X]+,

with
λx def=

∏
ξ∈X

λ
x(ξ)
ξ .

Hence, {hx}x∈Z[X]+ is a harmonizable multivariate discrete process‡ (or, in another ter-
minology, a random field); its stationary dilation {fx}x∈Z[X]+ is of the form fx

def= Uxh0.
As multivariate processes can be generalized to the operator case [9], Theorem 4.1 offers
some sufficient conditions for so-called weak operator harmonizability as well; all this is
given in terms of covariance kernels. It should be pointed out that the operators Ax in the
moment problem (1.2) are allowed to be unbounded, which may be of some prospective
interest.

∗ The moment problem (1.2) has been solved by Sebestyén for card X = 1 [20,21] (see also [16] for
a recent approach). Its variant with so-called regular unitary dilations has been solved by Gãvruţã and
Pãunescu for card X = 2 [6] and by Popovici and Sebestyén for arbitrary X [15].

† E is the product of spectral measures of unitary operators {Uξ}ξ∈X defined on Borel subsets of the
compact Hausdorff space T

X (for more details see [23, Proposition 4] and [3]).
‡ The notion of a harmonizable process is attributed to Rozanov [18]. This circle of ideas has been

developed by many authors [1,5,7–14,17,19,22,28,29].
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2. Preliminaries

The n-dimensional complex Euclidean space C
n is equipped with the standard inner

product 〈z, w〉 =
∑n

j=1 zjw̄j for z = (z1, . . . , zn) and w = (w1, . . . , wn) in C
n. Throughout

what follows, D and E are complex inner product spaces and H is a complex Hilbert space.
We denote by L(D,E) (respectively, B(D,E)) the set of all linear (respectively, bounded
linear) operators from D to E. We shall abbreviate L(D,D) to L(D) and B(D,D) to
B(D). The identity operator on D is denoted by ID. If f, g ∈ E, then f ⊗ g ∈ B(E) is
defined by

(f ⊗ g)(h) = 〈h, g〉f, h ∈ E.

Given a non-empty set Y , we write E[Y ] for the set of all maps f : Y → E with finite
support {ξ ∈ Y : f(ξ) �= 0}.

We denote by Z the additive group of all integers. Let X be a non-empty set. We write
Z[X] for the additive group of all functions x : X → Z with finite support {ξ ∈ X :
x(ξ) �= 0} equipped with pointwise defined group operation. Define the sets

Z[X]+ = {x ∈ Z[X];x(ξ) � 0 for all ξ ∈ X},

Z[X]± = Z[X]+ ∪ (−Z[X]+),

Z[X]C± = Z[X] \ Z[X]±.

If Y is a subset of X, then we can think of Z[Y ] as a subset of Z[X]. Given x ∈ Z[X],
we denote by xpos,xneg ∈ Z[X]+ the positive and the negative parts of x, i.e.

xpos(ξ)
def= (x(ξ))pos,

xneg(ξ)
def= (x(ξ))neg,

⎫⎬
⎭ ξ ∈ X,

where npos
def= max{n, 0} and nneg

def= − min{n, 0} for n ∈ Z.
The ensuing lemma characterizes families of operators having unitary dilations; it is

an adaptation of the results from [25] to the present context.

Lemma 2.1. If T = {Tξ}ξ∈X ⊂ L(E) is a family of commuting operators, then the
following conditions are equivalent:

(a) T has a unitary dilation;

(b) for all integers m, n � 1, for all maps λ1, . . . , λm ∈ C
n[Z[X]+] such that∑

x,y∈Z[X]+,
x−y=u

〈λk(x), λl(y)〉 = 0, u ∈ Z[X]C±, k, l = 1, . . . , m, (2.1)

and for all vectors v1, . . . , vm ∈ E, the inequality
m∑

k,l=1

∑
x,y∈Z[X]+

〈T (x−y)posvk,T (x−y)negvl〉〈λk(x), λl(y)〉 � 0 (2.2)

holds;
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(c) for any integer n � 1 and for all maps f1, . . . , fn ∈ E[Z[X]+] such that

n∑
j=1

∑
x,y∈Z[X]+,

x−y=u

fj(x) ⊗ fj(y) = 0, u ∈ Z[X]C±, (2.3)

the inequality

n∑
j=1

∑
x,y∈Z[X]+

〈T (x−y)posfj(x),T (x−y)negfj(y)〉 � 0

holds.

Idea of the proof. Apply [25, Theorem 1] to the group S = Z[X] with involution
x∗ def= −x, the set X = Z[X]±, the inner product space D = E and the function ω :
Z[X]± × E × E → C given by

ω(x, f, g) = 〈T xposf,T xnegg〉, x ∈ Z[X]±, f, g ∈ E,

and argue as in the proofs of [25, Theorem 3] and [24, Theorem 29]. We leave the details
to the reader. �

Recall that a family T = {Tξ}ξ∈X ⊂ B(H) of commuting contractions has a regular
unitary dilation [27, Chapter I, § 9] if and only if

∑
x,y∈Z[X]+

〈T (x−y)posf(x),T (x−y)negf(y)〉 � 0, f ∈ H[Z[X]+].

Clearly, the above condition implies Lemma 2.1 (c) with E = H.

3. Contractive solutions

For ξ ∈ X, we define eξ ∈ Z[X]+ by

eξ(ζ) =

{
1 if ζ = ξ,

0 if ζ �= ξ.

Given a family {Ax}x∈Z[X]+ ⊂ L(D,H), we set

RA = lin
⋃

x∈Z[X]+

Ax(D), HA = R̄A.

The next lemma extends [16, Theorem 3.1] to the multidimensional setting. Despite
this setting, it becomes slightly simpler and its proof is essentially shorter than that
in [16].
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Lemma 3.1. Let {Ax}x∈Z[X]+ ⊂ L(D,H) be a family of operators. Then, for every
ξ ∈ X, the following conditions are equivalent:

(i) there exists a contraction Tξ ∈ B(H) such that

TξAx = Aeξ+x, x ∈ Z[X]+; (3.1)

(ii) for all maps h1, h2 ∈ D[Z[X]+],

2∑
k,l=1

∑
x,y∈Z[X]+

〈A(k−l)poseξ+xhk(x), A(k−l)negeξ+yhl(y)〉 � 0; (3.2)

(iii) for any map h ∈ D[Z[X]+],∥∥∥∥ ∑
x∈Z[X]+

Aeξ+xh(x)
∥∥∥∥ �

∥∥∥∥ ∑
x∈Z[X]+

Axh(x)
∥∥∥∥. (3.3)

Moreover, if either condition (ii) or (iii) holds for every ξ ∈ X, then there exits a family
{Tξ}ξ∈X ⊂ B(H) of commuting contractions satisfying (3.1).

Proof. Note first that the inequality (3.2) can be rewritten in the form

‖g1‖2 + ‖g2‖2 + 2 Re〈g1, ĝ2〉 � 0, (3.4)

where gj
def=

∑
x∈Z[X]+ Axhj(x) and ĝ2

def=
∑

x∈Z[X]+ Aeξ+xh2(x).

(i) ⇒ (ii). Since ĝ2 = Tξ(g2) and Tξ is a contraction, we get

−2 Re〈g1, ĝ2〉 = −2 Re〈g1, Tξ(g2)〉
� 2‖g1‖‖Tξ(g2)‖
� 2‖g1‖‖g2‖ � ‖g1‖2 + ‖g2‖2,

which implies (3.4).

(ii) ⇒ (iii). Take h ∈ D[Z[X]+] and define h1, h2 ∈ D[Z[X]+] by h2 = h and

h1(x) =

{
−h(x − eξ) if x − eξ ∈ Z[X]+,

0 otherwise.

Then g1 = −ĝ2. Together with (3.4), this yields ‖ĝ2‖2 � ‖g2‖2, which implies (3.3).

(iii) ⇒ (i). It follows from (3.3) that there exists a unique contraction T̃ξ ∈ B(HA)
such that

T̃ξAxf = Aeξ+xf for all x ∈ Z[X]+, f ∈ D.

Define the operator Tξ ∈ B(H) by Tξ = T̃ξ ⊕ IH�HA . Then Tξ is a contraction which
satisfies (3.1). Moreover, if this is done for every ξ ∈ X, then the operators Tξ, ξ ∈ X,
commute. This completes the proof. �
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As in [16, Theorem 3.1], one can deduce from Lemma 3.1 (i) that the inequality (3.2)
holds for all finite sequence h1, . . . , hm ∈ D[Z[X]+] (however, this requires a usage of
Sz.-Nagy’s dilation theorem [26]).

Regarding Lemma 3.1 (as well as Corollary 3.2 and Theorem 4.1), one can check that if
HA = H, then there exists at most one operator Tξ ∈ B(H) satisfying (3.1). On the other
hand, if there exists exactly one operator Tξ ∈ B(H) satisfying (3.1), then HA = H.

Applying Lemma 3.1 and Ando’s dilation theorem [2], we get the following corollary.

Corollary 3.2. If {Ax}x∈Z
2
+

⊂ L(D,H), then the following conditions are equivalent
(we identify Z

2
+ with Z[X]+, where X = {1, 2}):

(i) there exists a pair T = (T1, T2) ∈ B(H)2 of commuting contractions having a uni-
tary dilation and such that Ax = T xA0 for all x ∈ Z

2
+;

(ii) for every j = 1, 2 and for all h1, h2 ∈ D[Z2
+],

2∑
k,l=1

∑
x,y∈Z

2
+

〈A(k−l)posej+xhk(x), A(k−l)negej+yhl(y)〉 � 0.

4. Dilatability of solutions

We are now ready to prove the main result of the paper.

Theorem 4.1. Suppose that we are given {Ax}x∈Z[X]+ ⊂ L(D,H). Then the following
conditions are equivalent.

(i) There exists a family T = {Tξ}ξ∈X ⊂ B(H) of commuting contractions having a
unitary dilation and such that (1.2) holds.

(ii) For all integers m, n � 1, for all maps λ1, . . . , λm ∈ C
n[Z[X]+] satisfying (2.1) and

for all maps h1, . . . , hm ∈ D[Z[X]+], the following inequality holds:

m∑
k,l=1

∑
x,y,s,t∈Z[X]+

〈A(x−y)pos+shk(s), A(x−y)neg+thl(t)〉〈λk(x), λl(y)〉 � 0.

(iii) For any integer n � 1 and for all maps h1, . . . , hn ∈ D[Z[X]2+] such that

n∑
j=1

∑
x,y∈Z[X]+,

x−y=u

∑
s,t∈Z[X]+

(Ashj(x, s)) ⊗ (Athj(y, t)) = 0, u ∈ Z[X]C±, (4.1)

the following inequality holds:

n∑
j=1

∑
x,y,s,t∈Z[X]+

〈A(x−y)pos+shj(x, s), A(x−y)neg+thj(y, t)〉 � 0.
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Proof. (i) ⇒ (ii). Take h1, . . . , hm ∈ D[Z[X]+] and λ1, . . . , λm ∈ C
n[Z[X]+] satisfy-

ing (2.1). Define

vk =
∑

s∈Z[X]+

Ashk(s), k = 1, . . . , m.

Applying the implication (a) ⇒ (b) of Lemma 2.1 and using (1.2), we get

0 �
m∑

k,l=1

∑
x,y∈Z[X]+

〈T (x−y)posvk,T (x−y)negvl〉〈λk(x), λl(y)〉

=
m∑

k,l=1

∑
x,y,s,t∈Z[X]+

〈T (x−y)posAshk(s),T (x−y)negAthl(t)〉〈λk(x), λl(y)〉

=
m∑

k,l=1

∑
x,y,s,t∈Z[X]+

〈A(x−y)pos+shk(s), A(x−y)neg+thl(t)〉〈λk(x), λl(y)〉.

(ii) ⇒ (i). Take ξ ∈ X and h1, h2 ∈ D[Z[X]+]. Define λ1, λ2 ∈ C[Z[X]+] by

λk(x) =

{
1 x = keξ,

0 x �= keξ,
k = 1, 2.

Note that (2.1) holds for m = 2. Hence, by (ii), we have

0 �
2∑

k,l=1

∑
x,y,s,t∈Z[X]+

〈A(x−y)pos+shk(s), A(x−y)neg+thl(t)〉〈λk(x), λl(y)〉

=
2∑

k,l=1

∑
s,t∈Z[X]+

〈A(k−l)poseξ+shk(s), A(k−l)negeξ+thl(t)〉.

It follows from Lemma 3.1 that there exists a family

T̃ = {T̃ξ}ξ∈X ⊂ B(HA)

of commuting contractions such that T̃ξAx = Aeξ+x for all ξ ∈ X and x ∈ Z[X]+.
Arguing as in the proof of the implication (i) ⇒ (ii), we show that the family T̃ satisfies
Lemma 2.1 (b) with E = HA (verify (2.2) first for all v1, . . . , vm ∈ RA and then, using the
continuity of T̃ξ, for all v1, . . . , vm ∈ HA). As a consequence, T̃ has a unitary dilation.
Define the family T = {Tξ}ξ∈X ⊂ B(H) by Tξ = T̃ξ ⊕ IH�HA for ξ ∈ X. It is now easily
seen that T has all the required properties listed in (i).

(i) ⇒ (iii). Take h1, . . . , hn ∈ D[Z[X]2+] satisfying (4.1). Define f1, . . . , fn ∈ H[Z[X]+]
by

fj(x) =
∑

s∈Z[X]+

Ashj(x, s), x ∈ Z[X]+, j = 1, . . . , n.
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696 Z. J. Jab�loński, J. Stochel and F. H. Szafraniec

Then clearly f1, . . . , fn satisfy (2.3). Applying the implication (a) ⇒ (c) of Lemma 2.1
and using (1.2) we get

0 �
n∑

j=1

∑
x,y∈Z[X]+

〈T (x−y)posfj(x),T (x−y)negfj(y)〉

=
n∑

j=1

∑
x,y,s,t∈Z[X]+

〈A(x−y)pos+shj(x, s), A(x−y)neg+thj(y, t)〉.

(iii) ⇒ (i). Take ξ ∈ X and h1, h2 ∈ D[Z[X]+]. Define f ∈ D[Z[X]2+] by

f(x, s) =

⎧⎪⎨
⎪⎩

h1(s) for x = eξ,

h2(s) for x = 2eξ,

0 otherwise.

Note that ∑
x,y∈Z[X]+,

x−y=u

∑
s,t∈Z[X]+

(Asf(x, s)) ⊗ (Atf(y, t)) = 0 for all u ∈ Z[X]C±.

Hence, by (iii), we get

0 �
∑

x,y,s,t∈Z[X]+

〈A(x−y)pos+sf(x, s), A(x−y)neg+tf(y, t)〉

=
2∑

k,l=1

∑
s,t∈Z[X]+

〈A(k−l)poseξ+shk(s), A(k−l)negeξ+thl(t)〉.

According to Lemma 3.1 there exists a family T̃ = {T̃ξ}ξ∈X ⊂ B(HA) of commuting
contractions such that T̃ξAx = Aeξ+x for all ξ ∈ X and x ∈ Z[X]+. Arguing as in
the proof of the implication (i) ⇒ (iii), we show that the family {T̃ξ|RA}ξ∈X ⊂ B(RA)
satisfies Lemma 2.1 (c) with E = RA. Applying Lemma 2.1 and then exploiting the con-
tinuity of T̃ξ, we deduce that the family T̃ has a unitary dilation. As a consequence, the
family T = {Tξ}ξ∈X ⊂ B(H) defined by Tξ = T̃ξ ⊕ IH�HA , ξ ∈ X, has all the required
properties listed in (i). �

Corollary 4.2. Suppose that {Aσ,x}x∈Z[X]+ ⊂ L(D,H), σ ∈ Σ, is a net of families
of operators and {Ax}x∈Z[X]+ ⊂ L(D,H) is a family such that

lim
σ∈Σ

Aσ,xh = Axh, h ∈ D, x ∈ Z[X]+.

If for every σ ∈ Σ there exists a family Tσ = {Tσ,ξ}ξ∈X ⊂ B(H) of commuting contrac-
tions having a unitary dilation and such that Aσ,x = T x

σ Aσ,0 for all x ∈ Z[X]+, then
there exists a family T = {Tξ}ξ∈X ⊂ B(H) of commuting contractions having a unitary
dilation and such that Ax = T xA0 for all x ∈ Z[X]+.
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Proof. By Theorem 4.1, the family {Aσ,x}x∈Z[X]+ satisfies Theorem 4.1 (ii). After
passing to the limit with σ, we see that the limit family {Ax}x∈Z[X]+ satisfies the same
condition, which, by Theorem 4.1, completes the proof. �

As shown below, to find a solution T to (1.2) which has a unitary dilation, it is
sufficient to do this for every double-truncated system {Ax|C}x∈Z[Y ]+ , where C is a finite-
dimensional linear subspace of D and Y is a finite subset of X.

Corollary 4.3. If {Ax}x∈Z[X]+ ⊂ L(D,H), then the following conditions are equiva-
lent:

(i) there exists a family T = {Tξ}ξ∈X ⊂ B(H) of commuting contractions having a
unitary dilation and such that (1.2) holds;

(ii) for every finite subset Y of X, there exists a family TY = {TY,ξ}ξ∈Y ⊂ B(H) of
commuting contractions having a unitary dilation and such that Ax = T x

Y A0 for
all x ∈ Z[Y ]+;

(iii) for every finite-dimensional linear subspace C of D, there exists a family TC =
{TC,ξ}ξ∈X ⊂ B(H) of commuting contractions having a unitary dilation and such
that Ax|C = T x

C A0|C for all x ∈ Z[X]+.

Proof. Since Z[X] =
⋃

{Z[Y ] : Y is a finite subset of X} and

Z[X] \ Z[X]± =
⋃

{Z[Y ] \ Z[Y ]± : Y is a finite subset of X},

we may apply either condition (ii) or (iii) of Theorem 4.1 to get the equivalences (i) ⇔ (ii)
and (i) ⇔ (iii). �

5. Concluding remarks

As mentioned in § 1, our considerations also concern vector processes, which are the
subject of [15]. To make this precise, let us recall the content of [15, Theorem C (c)]: a
family {hx}x∈Z[X]+ of vectors in H is of the form (1.3), where T = {Tξ}ξ∈X ⊂ B(H) is
a family of commuting contractions having a regular unitary dilation (this is a kind of
restriction which we refer to on page 690) [4,27], if and only if∑

x,y,s,t∈Z[X]+

c(x, s)c(y, t)〈h(x−y)pos+s, h(x−y)neg+t〉 � 0, c ∈ C[Z[X]2+].

A vector version of Theorem 4.1 (iii) is as follows (with D = C and Ax = hx ⊗ 1).

(iii�) For any integer n � 1 and for all functions c1, . . . , cn ∈ C[Z[X]2+] such that

n∑
j=1

∑
x,y∈Z[X]+,

x−y=u

∑
s,t∈Z[X]+

cj(x, s)cj(y, t)hs ⊗ ht = 0, u ∈ Z[X]C±,
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the following inequality holds:

n∑
j=1

∑
x,y,s,t∈Z[X]+

cj(x, s)cj(y, t)〈h(x−y)pos+s, h(x−y)neg+t〉 � 0.

Comparing this with [15, Theorem C (c)], it is evident that the latter implies our condi-
tion (iii�).
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22. M. S�lociński and J. Stochel, Weighted square summable and generalized harmoniz-
able sequences, Probab. Math. Statist. 12 (1991), 99–111.

23. J. Stochel, The Fubini theorem for semi-spectral integrals and semi-spectral represen-
tations of some families of operators, Univ. Iagel. Acta Math. 26 (1987), 17–27.

24. J. Stochel and F. H. Szafraniec, The complex moment problem and subnormality:
a polar decomposition approach, J. Funct. Analysis 159 (1998), 432–491.

25. J. Stochel and F. H. Szafraniec, Unitary dilation of several contractions, Operator
Theory: Advances and Applications, Volume 127, pp. 585–598 (Birkhäuser, Basel, 2001).
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