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SOME COMBINATORIAL THEOREMS ON
MONOTONICITY

BY
V. CHVATAL AND J. KOMLOS

n—1
points in the plane one can always choose n+ 1 of them which are the vertices of a
convex polygon, thus answering a question due to Miss Esther Klein (who later
ptq— 2) +1
p—1
points, (but not necessarily from fewer) no two with equal abscissae, one can always
select p+1 of them, say (x;, ), i=0, 1,..., p, satisfying

1. Introduction. P. Erdos and G. Szekeres [1] proved that from any <2n—2) +1

became Mrs. G. Szekeres). Indeed, in [1] they proved that from any (

Y1i—= o < Y2a—)1 <...< yp'—yp—l, Xo < Xp <0< Xp,
xl"“xO x2—X1 xp—'xp_l

or some g+ 1 of them satisfying

Y1i7Vo Yool o J’q_J’q—l’ Xo < X1 <or < Xg.
X1 —Xo = Xo—X1 Xq—Xg-1
In §3 we prove the more general theorem which results when the points are
replaced by an arbitrary ordered set and the “slope function” is replaced by an
arbitrary real-valued function on the pairs of points. In §2 we describe the problem
in terms of real-valued functions on vertices of a digraph D and find a generaliza-
tion of Gallai’s theorem relating monotone paths in D to its chromatic number.
As a particular case we obtain another theorem of Erdés and Szekeres concerning

monotone subsequences of sequences of real numbers.

2. A generalization of Gallai’s theorem. A digraph D is an ordered pair (V, E)
where V=V(D)={vy,...,0,} is the finite vertex-set and E=E(D) (the directed
edge-set) is a subset of {(v;, v;) | i#Jj}. A sequence vy, vy, . . ., v of distinct vertices
is called a path of length k terminating at v, if

(0o, v1), (U1, V2), - « -, (Vi -1, VK)

are edges of D. If (v, v,) is also an edge then we have a cycle.

A mapping ¢: V— X from ¥V to an arbitrary set X is an m-coloring of D if
| X|=m and ¢(v)#¢(w) whenever (v, w) is an edge of D. The chromatic number
x(D) is the least m such that there exists an m-coloring of D.
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T. Gallai [2] proved that if digraph D has no path of length p then (D) <p.
Let R denote the reals and f any function f: ¥ — R. The path v, vy, ..., vy is
called f~-nondecreasing if

Swo) < foy) <--- < f(w)

and f-decreasing if

So) > f(w) >+ > fwy).

We generalize Gallai’s theorem to

THEOREM 1. If there exists a function f: V — R so that digraph D contains no
f-nondecreasing path of length p and no f-decreasing path of length q then x(D) <pq.
(When f is a constant function this reduces to Gallai’s theorem.)

Proof. Split D into subdigraphs (¥, E;) and (V, E,) where

Ey,={w,WeE|f) <fw)}  Es={@,w)eE|f) > fW)
(Of course E; N E;, = @ and E; U E;=F.) These subgraphs contain no paths of
length p or g respectively, so by Gallai’s theorem there is a p-coloring of (¥, E;) and
a g-coloring of (V, E,), say
(;01: V% Xl, |X1| :p; (Pz: V—_> Xz, le =q.
The mapping
P V=X x Xo,  9(v) = (p:v), 92())

is clearly a pg-coloring of D. Hence x(D) <pq.

A digraph D is transitive tournament if its »n vertices can be labelled v, v, . . ., v,
in such a way that (v;, v;) € E if and only if i <j. Then x(D)=n. Since any sequence
of real numbers ay, a,, . . ., a, can be considered as the values of a function on the
vertices of a transitive tournament, we have immediately

COROLLARY (Erdis and Szekeres [1]). Every real sequence of length more than
pq contains a nondecreasing subsequence of length more than p or a decreasing sub-
sequence of length more than q.

3. A generalization of the Erdos-Szekeres theorem. Let D,=(Vy, E;) and
D,=(V,, E,) be digraphs. We call a mapping ¢: V; — V, compatible provided [3]

(p(v), p(w)) € E; whenever (v, w) € E;.

A digraph without cycles is acyclic.
Let D, , denote the digraph with vertex set

Vee ={@,))]i=0,1,...,p—1; j=0,1,...,9—1}
and edge set
Epq={((ab)c,d)|a<c orb<d}
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LemMmA 1. Let D=(V, E) be an acyclic digraph and f: V — R be a function so
that D has no f-nondecreasing path of length p and no f-decreasing path of length q.
Then there is a compatible mapping ¢: V— V, ,.

Proof. We construct such a mapping. For any v € V, let (v) resp. B(v) denote
the maximum length of f~nondecreasing resp. f~decreasing paths terminating at v.
Consider the mapping

Q. V—=>"Vy,
defined by
() = («(v), B)) € V,,, forveV.

If (v, w) € E, then, because D is acyclic, e(v) <c(w) or B(v) <B(w), i.e.  is a com-
patible mapping.

Let v=(xy, y1), w=(x3, y) be vertices in V,,. We write v<w if x; <x, and
Y1<Y2. A subset A<V, , is called thin if no two distinct vertices v, w in A4 satisfy
v<w. Obviously, the vertices in a thin subset can be ordered

(x19 J’1), (x29 J’2), RS ] (xla yk)
in such a way that

x1<x2<---<xk; yl>y2>'.'>yk'

Hence the number of thin subsets of cardinality k is (i) (Z), and ¥, has

20 -07)

We are about to consider mappings from the edge-set of a digraph to the reals;
these are conveniently described in terms of the dual digraph. The dual of digraph
D is the digraph D*, whose vertices are the edges of D and two vertices of D¥*,
say (a, b), (c, d), (these are edges of D) are joined by a directed edge from the
former to the latter whenever b=c.

thin subsets.

THEOREM 2. If the acyclic digraph D has chromatic number x(D)> (p ;q) then
there is no compatible mapping

V(D*) = V4
In other words, for any mapping
@2 E(D) — V.4

(from the edges of D to the vertices of D, ,) there exist two “adjacent” edges (a, b),
(b, ¢) of D such that ¢((a, b)) = ¢((b, ©)), i.e.

‘p((a’ b)) = (xly yl)’ (P((b, C)) = (X2, y2)

With Xy 2 X3, 12 3.
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Proof. Let
e: V(D*) >V, ,

be any mapping. For each v € V(D) consider the set
Pv = {(P((u9 U)) | (u’ U) € E(D)}
Let X, denote the “maximal” points of P,:

X,={ZeP,|Z" = Zforno Z'(#Z)€P,}.

Of course the sets X, are thin subsets of ¥V, ,. Because there are only (p ;—q) such
thin subsets, and (by hypothesis) this number is less than x(D), the assignment
v—> X,

cannot be a coloring. Hence there must be an edge (¥, w) of D for which X, =X,
The point ¢((u, w)) is in P, (by definition), so there is a point Z € X,, with
Z>¢((u, w)). But X,=X,<P,, so Z is a point in P,. From the definition of
P,, there is an edge (¢, u) of D for which Z=gp((#, u)). Thus

o((t, w) = o((u, w)),
S0 @ is not compatible.
Combining Theorem 2 and Lemma 1 (applied to D*), we have

THEOREM 3. Let F: E(D) — R be a function from the edge-set of the acyclic di-
graph D to the reals. If x(D) > (p ;-q) then D contains either a path vy, Uy, ..., Upy1
€ V(D) with

S((wo, v1)) < f((01,v2)) < ... < f((Vps Up+1))
or a path vy, vy, . . ., V441 € V(D) with
S(@o, 1)) > f((v1, 02)) > -+ > f(vgy Vg4 1))-

Consider the transitive tournament T, with vertex set V(T,)={vy, ..., v,} and
edge-set

ET) ={@w,v) |1 <i<j<n}
Let F(p, g) be the smallest integer such that if n> F(p, ¢), then, for any function
JE(T,) —> R,
T, contains either a path vy, vy, ..., v, € V(T,) with
M S (w0, v1)) < f((01,v2)) < -+ < f(Vp-1, Vo)
or a path v, vy, ..., v, € V(T,) with

@ S (o, 1)) > f(V1,22)) > - -+ > f(Vg-1, Vo))
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As an immediate consequence of the last theorem we have the following generaliza-
tion of the Erdos-Szekeres result [1]:

pt+q— 2) )
Fo. < (737
Indeed, we have

THEOREM 4. F(p, q) = (p ;ﬁ;z)

Proof. It remains to show F(p, q)> (p ;—_4{;2) First observe that F(p, 2)=p

and F(2, g)=gq, so it suffices to show that

3) F(p,q) = F(p—1,9)+F(p,q—1).
For convenience, we will say that the function
fE(T,)—~>R

has property [p, q] provided T, contains no path vy, ..., v,, of length p, satisfying
(1) and no path v, . . ., v,, of length g, satisfying (2).
Let I=F(p—1,q), m=F(p,q—1), n=I4+m, and T,, T,, T, be the transitive

tournaments:
V(Tl) = {Uly RS Ul}’ E(Tll) = {(Ui, Uj) [ 1<i <j < l};
V(Tn) = {Wis1y e+ s Usmps E(Tw) ={(w,v) |1+l i< j<I+m};
V(T,) = {vy, ..., v}y E(T,) ={w,v) |1 <i<j<n.

From the definitions of /, m, there exist functions
g E(T)—~> R, h: E(T,)—>R
such that g has property [p—1, g], and 4 has property [p, g—1].
Choose a number M greater than all the values of g and 4, and define
fAE(T,)—>R

by

g,v)) fl<i<j<l,

1)) =<h(v,vp)) fl+l<i<j<n=I+m,
M ifl<i<liI<j<n

It is easy to see that f has property [p, ], and hence F(p, q) >n=1I1+m, establishing
inequality (3).

4. Ordered hypergraphs. If digraph D is acyclic there is an ordering v;, v5 . ..

of the vertices such that (v, v;) € E(D) implies i<j. Let Z(k, D) be the set of
k-tuples of vertices which form paths. Theorem 1 implies that if (D) > (k—1)2 then
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given any function /> V(D) — R there corresponds a k-tuple P € #(k, D) such that
f is monotone (nondecreasing or decreasing) on P. This suggests the following
definitions. An ordered hypergraph is a pair (¥, H) where V is an ordered set and
H a set of some subsets of V. An ordered hypergraph (V, H) is said to have property
M if, given any function f: V' — R there is always an X € H such that fis monotone
on X. For convenience we use the notation [V]* to denote the set of all k-element
subsets of V. An ordered hypergraph (V, H) is called an ordered k-graph if
H< [V (An ordered 2-graph is simply an acyclic digraph.)

In terms of these notations, the corollary of Theorem 1 states: If |V|>(k—1)?
and H=[V]* then the ordered hypergraph (V, H) has property M. It follows that,
if M(k) is the smallest m for which there exists an ordered k-graph (V, H), with
| H|=m, having property M, then
k

M) < (k2—2k+2)'

On the other side, we have
THEOREM 5. M (k) = k!/2.

Proof. Let (V, H) be an ordered k-graph with |V|=n and |H|=m. Consider
the one-to-one functions f: V' —{1, 2, ..., n}. We proceed to show that if m<k!/2
then one of these functions is monotone on no k-tuple of H, i.e. the k-graph does
not have property M.

Given any k-tuple of H, there are precisely 2(:) (n—k)!=2n'k! functions which

are monotone on this k-tuple. Hence there are at most m2n!/k! <n! functions each
monotone on some k-tuple. Since there are just n! functions altogether, one of the
functions is monotone on no k-tuple of H.

Returning to a digraph D=(V, E), let H be the set of all k-tuples of V' which
form paths. If y(D)>(k—1)?> we know, from Theorem 1, that the hypergraph
(V, H) has property M. From Theorem 5 we have

COROLLARY. An acyclic digraph D with x(D)>(k—1)? contains at least k!/2
paths of length k—1.

5. Concluding remarks. There are some points in our exposition which are
perhaps worth mentioning. The functions used need not be real-valued; actually,
any ordered set could serve as the range. The functions were used to order the
domain. In fact, we did not need the vertex-sets of the hypergraphs to be ordered.
What we did was to compare two distinct orderings of the same finite set. The fact
that one of the orderings was a priori fixed was not essential. Moreover, we could
compare more than two orderings, i.e. we could deal with more than one function,
demanding that they be simultaneously monotone along certain paths. This remark
applies also to the earlier sections. We close with a related open problem. Let V
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be the vertex-set and [V]? be the edge-set of a complete graph. Let g(n) denote the
least integer such that if |V|>g(n) then for any function f: [V']? — R there is a
path vy, vy, ..., v, of length » on which f is monotone nondecreasing, i.e.

S (0o, 1)) < f(v1,02)) < -+ < fl(Vn-1, Va))-

(Note that the graph has undirected edges). The problem is, of course, to determine
the function g(n). R. Graham (oral communication) described a function which
shows that g(n) > ([4/3]—¢e)n; D. Kleitman (oral communication) established that
gn)<cn?.

If we allow the “‘paths” to pass through a vertex more than once (but the edges
are still distinct) then the corresponding function, call it g,(n), was determined by
Graham and Kleitman: g;(n)=n+1 for n#3, 5; g(3)=3, g(5)=>5.

We remark that some results related to this paper were also obtained by V. Radl
(Prague).

REFERENCES

1. P. Erd6és and G. Szekeres, A combinatorial problem in geometry, Compositio Math, 2
(1935), 463-470.

2. T. Gallai, On directed paths and circuits. Theory of graphs (edited by P. Erdds and G.
Katona), Academic Press, 1968.

3. Z. Hedrlin and A. Pultr, Relations (graphs) with given finitely generated semigroups,
Mh. Math. 68 (1964), 213-217.

UNIVERSITY OF WATERLOO,
WATERLOO, ONTARIO
McGILL UNIVERSITY,

MONTREAL, QUEBEC

HUNGARIAN ACADEMY OF SCIENCES,
BUDAPEST, HUNGARY

https://doi.org/10.4153/CMB-1971-028-8 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1971-028-8

