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SUPPORT OF THE JOINT SPECTRAL MEASURE
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Abstract

For a doubly commuting n-tuple of unbounded normal operators in a Hilbert space the joint spectral
measure can be constructed and its closed support described as the joint spectrum of the given
n- tuple. The same is here shown for larger, possibly uncountable, families of operators.
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Introduction

A. B. Patel in [3] has established the joint spectral theorem for a doubly
commuting n-tuple of unbounded normal operators. What seems to be most
interesting in Patel's result, apart from a new technique, is an explicit formula for
the closed support of the constructed joint spectral measure, characterizing it as
the joint spectrum of the given n-tuple of operators.

The existence of the joint spectral measure for an arbitrary, even uncountable,
family of normal operators whose resolutions of the identity commute is also
known (see [1] or [2]), but without such an algebraic characterization of its
support. In what follows it is shown that doubly commuting normal operators
have commuting resolutions of the identity. Accordingly, the joint spectral
measure exists [1]. It turns out that the support of the joint spectral measure can
be characterized as the joint spectrum of the given family of operators. Thus a
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121 Support of the joint spectral measure 75

version of the result from [3] is valid for any family of normal doubly commuting
operators, although the method used there cannot be applied when the family of
normal operators is too numerous.

1. Introductory definitions

Let / be a set of indices and (Tj)jeJ be a family of normal (possibly
unbounded) operators acting in a Hilbert space H.

1.1. DEFINITION ([3]). The family (Tj)jeJ is said to be doubly commuting iff for
any i, j <= J there is TtTj = Tfr and T^* = Tj*Tt.

The above equalities are in the usual sense of equality of unbounded operators.
That is, if D(A) denotes the domain of an operator A, then X>(7]7}) = D(TjTt)
and for any x e Z>(7)7}) there is 7)7}JC = TjTtx and similarly the domains of the
operators 7)7}* and 7}*7) are equal and the values of these operators are the
same.

Now let T = {Tj)jeJ be a family of normal operators.

1.2. DEFINITION. An element (\j)jeJ from CJ belongs to the joint resolvent set
p(T) if there exist a natural number N, indices j l t j 2 , •. •, jn e J and bounded linear
operators Bv B2,...,BN acting in Hsuch that Y^=lBn(TJn - Xjl) c / , where I is
the identity operator. The joint spectrum of the family T = (7J-) -ey is the set
Sp(T) =C'\p(T).

When one considers a n-tuple of normal operators (the set / is equal to
{1,2,..., n }) then the above definition coincides with the definition of joint left
spectrum in [3]. We remark that (\j)JeJ e Sp(T) iff for any i V e N and
Jv J2'---JN^J it is the case that (A,,, \h,..., XJs) e Sp^,7}2,...,Tjif). These
remarks enable us to use the following result obtained by Patel (see [3], Proposi-
tion 1.2).

1.3. PROPOSITION. Let Xv X2,...,XN be complex numbers and Tx, T2,...,TN be
closed linear operators with a common domain 3i. Then (Xl5 A 2 , . . . , XN) e
Sp(7\ , r 2 , . . . , Ts) if and only if there is a sequence { yk }f= x of unit vectors from 3)
such that limfc _ JTnyk - Xnyk) = 0, for every n = l,2,...,N.

REMARK. In Proposition 1.2 of [3] it is assumed that the domain 3> is dense in
H. However, an examination of the proof shows that the result remains valid
without this hypothesis.
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Let now £ be a spectral measure defined on a a-algebra 98 of subsets of a
topological space Q. Denote by Af(S2) the set of all equivalence classes of complex
^-measurable functions on Q and by 7,°° (£2) its subset formed by the £-essen-
tially bounded functions.

1.4. DEFINITION. Let fvf2,---,fN be elements from M(fl). The spectrum
SPr«(B)(/i>/2> •••>/#) " defined as the set of all N-tuples (\ly X 2 , . . . , XN) of
complex numbers such that there do not exist elements vvv2,...,vN from L°°(fi)
satisfying YJ^=lvn{z)[fn{z) — Xn] = 1 E-almost everywhere.

To complete our set of definitions we recall that the closed support, supp E, of
the measure E is, by definition, the intersection of all closed, measurable sets of
full ^-measure, that is,

supp£ = f l { a e ^ : o is closed and £ ( f i \ a ) = 0}.

2. The main result

Before stating the main theorem we will separate here a part of its proof as a
separate lemma.

2.1. LEMMA. Let T = (Tj)jeJ be a doubly commuting family of normal, not
necessarily bounded, operators in a Hilbert space 77 such that 7J>(7]7J*7J) =
D(Tt(I + T/Tj)) for all i, j e / . Then the resolutions of the identity of the
operators Tj, j e J, commute.

PROOF. In [2] §12 it has been shown that the values of the spectral measure of
an unbounded normal operator T belong to the W*-algebra generated by the
coefficients of its characteristic matrix, that is, the operators: ( / + T*T)~X,
T{I + T*T)~\ T*(I + TT*)~\ TT*(I + TT*)~l, (the above algebra is com-
mutative if T is normal, see [4] Theorem 20). Therefore to prove the lemma it is
sufficient to prove that all the coefficients of the characteristic matrices of Tj,
j G J, commute with one another, as then the algebra they generate will also be
commutative and the values of the spectral measures of Tp j e / , are in this
algebra.

Some of the required computations were done in [3]. As all of them can be
shown similarily let us see, for example, iiow to establish the following equality:
T;.(7 + T-*Tty\I + T/Tj)-1 = (/ + T^TjY^il + TfT,)-1. There is TffTj =
T/TjTj = T/TjTi as Tt and 7} doubly commute, and thus 7 (̂7 + 7}*7}) =
(7 + Tj*Tj)Ti. Hence (7 + T/Tj)-^^ + 7}*7}) = (7 + T*Tj)-\l + 7}*7})7; c
Tt and therefore (7 + T/Tj)'1^ c 7)(7 + T*TjYl. As (7 + T/Tj)'1 is bounded
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and Tt is normal then also (/ + TJ*TJ)-%* c T*(I + T/Tj)-1. It follows
that (/ + T/Tj)-1^*^ c (TfTtXI + 7}*?})"1 which in turn implies that
(/ + TJ*TJ)-\I + T,*T,) c (/ + T,*Ti)(I + TfTj)-1. Thus

(/ + TfT,)'1^ + TfTj)'1 c (/ + TfTj)'1^ + T*^)'1

and since the operators on both sides are bounded we have an equality here.
Using this equality and the inclusion ( / + T/Tj)-1^ c Tt(I + TfTj)-1, obtained
earlier, we can reach our goal as follows:

( \ -1 / \ - l / \ ~ 1 / \ — 1

j _i_ T"1 • TI 1 T l / J- T * T I t— T f f 4- T * T I / -I- T * T I
j j) '\ ' i) i\ J j) V ' ' /

= 7].(/+7;*r,)"1(/+r/2;.)"1.
Noting that the left-hand side operator is bounded we can once more deduce that
the inclusion is in fact an equality.

Before stating the main theorem we will need some further notation. Let
T = {Tj)j^j be a doubly commuting family of normal operators. Let £2 = CJ,
equipped with the product topology, and J1 be the a-algebra generated by all the
cylindric sets in fi, that is, sets of the form C = HL, e y C, where each Cy is a Borel
subset of C and C. = C for all but a finite collection of the indices j . Let /»,
denote the projection onto the ith factor given by pt: C

J 3 (ZJ)J e y -* zi^ e C.

2.2. THEOREM. For any family T = (Tj)JeJ of doubly commuting normal opera-
tors fulfilling the assumptions of Lemma 2.1 there exists a spectral measure E on
{U,3§) such that Tj = japjdE, j e / . For such a measure E, its closed support
coincides with the joint spectrum of the given family, that is, supp E = Sp(T).

PROOF. Lemma 2.1 together with the known method of constructing the joint
spectral measure from a collection of commuting ones (see [1], §3 or [2], Lemma
9) gives immediately the first assertion. It remains to prove the required char-
acterization of the support of this joint spectral measure.

Fix now a point (Ay)y e y belonging to CJ. It will not belong to suppi? iff there
is an open cylindric set, from the basis of neighbourhoods of (Xj)jeJ, that is of
£-measure zero. In other words iff there exist N e N, j u j 2 , . . . , j N e / and
e > 0 such that E[C(E; j l t j 2 , . . . , jN)] = 0 where the cylindric set C(e; j v . . . , jN)
is given by {(Zj)jsy. max1<n<Ar|zyn — XjJ < e}. For the time being fix iV e N
and j v j 2 , . . . , jN e / . Let Ce = C(e; j r , j 2 , . . . , jN) whenever e > 0. The follow-
ing conditions are equivalent:

(i) E(Ce) = 0 for some e > 0,
(ii) (Xj, X , . . . , A ) £ ^PL"(Q)(Pi > Pi > • • • > Pi )>

(iii)(x;.i,4...,x;)«sP(7;i,7;2,
1...;^). "
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The proof of the equivalence of (i) and (ii) has in fact been done in [3],

Proposition 1.9 and we will it omit here. (One only needs to change the scalar

measure n to the spectral measure E; both are used only to determine the

measure zero sets.)

Now, consider the set s/E = {jfdE:fe. M(fi)}. In [2], Proposition 1 it has
been shown that this set under the opertions of the strong product, strong sum
and scalar product of operators (that is, the closures of the usual operations of
sum or product) forms an algebra and that the map: 0:M(fi) 3 f -> (ffdE) e
sfE is an algebraic homomorphism.

We will use this homomorphism to prove the implication from (ii) to (hi). Let
then (ii) be fulfilled and let vv v2,..., vN e L°°(!i2) be as in the definition of
S>Pz.°°(fl) that is Y,"=lvn(z)[pj(z) -Xj] = 1 £-almost everywhere. Then / = 0(1)

= ^ - i * ( ^ ) ° [ * ( ^ ) - V ] ^ ^ = i ^ ( ^ X ^ - V ) t h e f i r s t P r o d u c t a n d

sum being in the strong sense. (We used here the formula ®(PjJ = jpjn dE = 7J ).
But, if vn G L°°(fi), 1 < n < N, then O(uJ = jvndE is bounded" and thus

7 i , 2 , j } i } 2 y
There remains to prove the implication from (iii) to (i). This can be achieved

using Proposition 1.3. Namely, assume that (iii) is fulfilled but (i) is not. Then
E(Ce) ¥= 0 for every e > 0. We will take e equal to 1/w where m runs through
the natural numbers.

Let Cm = C( l /m; j v j 2 , •••, jN) and let xm be a unit vector from H such that
E(Cm)xm =£ 0. Furthermore, let xm be the characteristic function of the set Cm

and jum be the scalar measure connected with xm, that is, /im(a) = (E(a)xm, xm).
Put sm = [ J M C J ] 1 / 2 , L = C x m and ym = (ffmdE)xm.

The functions fm are from L°°(J2) and so the ym are certainly well defined since
each xm e D{jfmdE) = H. We will show that the sequence {ym}%=i fulfills the
requirements of Proposition 1.3. Indeed, their norm is equal to 1 since

ILvJI2 = / \L Uv-m

Now $ ( / m ) are bounded operators so the strong product and product coincide in
the equation

Hence to show that ym, m = 1,2,..., are in the domain of each (TJn — \j I),
1 < n < N, and to compute the norms of their images it is enough to show that
the vectors xm are in the domains of the operators j(pjn — Xjn)fmdE and to
compute the norms of their images by these operators. But,

\pJm - K\\L U*m = ( O / r \PJ. -= (O~a/r
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as in the set Cm we have |(/»7n - \Jn){z)\ < 1/m, z e Cm. Thus the ym are indeed

in the domain of (7^ — XjJ), 1 < n < iv~, and what is more ||7J• ym — \jnym\\2 <

1 / w 2 -» 0 as w - • oo.

N o w Proposi t ion 1.3 gives the contradict ion (Ayi, \j2, . . . , \JN) e

Sp(7^, Tj2, ...,TJfi). This ends the proof of the equivalence of our three conditions

and the entire proof as well. For, if (iii) is true for certain N e N and

j v j 2 , . . . , j N G J, then (\j)j£j £ SpT. But, we have already noticed that if (i) is

true for some e > 0, N e N and j x , j 2 , . . . , j N e J then (\j)JeJ £ suppis .

3. Remarks

It should be mentioned that in general the support of the measure E need not

be J'-measurable [1], §6 and so the integral in Theorem 2.2 cannot be taken over

Sp(T) as in the paper [3] of A. B. Patel. In the case of a finite family the essential

range that Patel uses in his construction, that is, the set &{ul,u2,...,uN) by

definition equal to

( \
(\1,\2,...,\N)eCN: plzeQ: £ \un(z) - \n\ < e) * 0 for every e > 0

I n = l 1

determines the values of (M1 ; U2, ..., uN) up to a set of measure zero. One could

try to define an essential range of a family (wy)y e / in the same way that has been

done for the joint spectrum in Definition 1.2 in which case the equality Sp(T) =

&[(Pj)jeA ^ U hold. But, in the case when the set / is uncountable one cannot

conveniently extend a function / , defined on Sp(T), in such a way that / ° u,

where u = (Pj)j^j, is a ^-measurable function on the whole of CJ. This is an

essential obstruction in Patel's method of constructing the joint spectral measure

of the family.

It is no accident that this is so. There are families of non-trivial normal

operators for which suppE (or equivalently Sp(T)) is void. An example is

discussed in [1], §7.

It is always the case that Sp(T) c r i y e / a ( 7 y ) . We have just mentioned that one

extreme case of this inclusion is the possibility that Sp(T) = 0 . It can also

happen that Sp(T) = CJ. Of course, one can take the family T consisting of a

single operator T with its spectrum equals to C. To provide an example for the

case when the family of operators is more numerous we cannot simply take each

Tj equal to the chosen operator T. One can easily prove that in such a case the

joint spectrum is a subset of the diagonal of CJ; actually it is equal to

{(\j)JSJ e C:VjsJ\j = p, for certain ju e o{T)}.
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So, to construct a more general example take the Hilbert space H equal to
/2(CR) and let F be the spectral measure defined on all subsets of CR by
F(a)H = /2(a) = {x e H: suppx c a }, for each a c CR. As the set of indices /
we take R. Let g/. CR 3 f-* f(j), j e R and 7} = JgjdF. Then all 7} are
normal and their resolution of the identity are given by P,(T) = /r[gJ1(T)] and
hence commute.

Take now any ( \ y ) . e / e C / = CR. We will show that it belongs to Sp(T) by
finding a point / e CR such that (7} - Xjl) is zero on F({f})H for each index
j e 7 . As F({f}) ^ 0 this will mean that for any bounded operators
Blf B2,...,BN and any indices j v j 2 , . . . , jN e / the operator L"=xBn(Tjn - X, ) /
is zero on the space F({f})H and thus cannot be included into the identity /.
This means that (\j)JeJ lies in Sp(T).

For the required point it is enough to take / : / = R s ; - » \ ; . £ C , where
(Xj)j^j e CR is the fixed arbitrary point of CJ. Indeed, it then follows that
(Tj - \jI)F({f}) = / { / } (gj - \j)dF = (gj(f) - \j)F({f}) = (/(;) -
Xj)F({f}) = 0. Thus the constructed family T has the desired property that its
joint spectrum fills the whole space Sp(T) = CJ.

The above examples illustrate the usual deficiency of measure theory when
applied to more then a countable number of objects. The connection between the
given family T and the support of its joint spectral measure can then become
more vague and unspecified and the classical results more difficult to generalize.

The author is grateful to the referee for helpful comments.
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