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Abstract

In this paper we prove some inequalities for finite sums and infinite series with positive
terms. As an application of these results we obtain some inequalities for entropies of
discrete probability distributions.

1. Introduction

Let(p, > 0, £k =0,1,2,...)beadiscrete probability distribution (finite or countably
infinite). The Shannon entropy of this distribution is defined by

H=-> pilogps. (1)
k

The quantity H is a measure of information of the distribution (p, > 0, k =
0,1,2,...) and it plays a key role in information theory. For this reason in many
applications of discrete probability distributions, it is important to find lower and upper
bound for entropy H.

In [1] the following result has been proved.

Let (p, > 0, n = 0) be a countably infinite probability distribution such that

sup <p;' > m) <A <oco. e)

n20 k=n+1
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Then
H < F(A), 3)
where
F(x)=(x+1)logx+1)—xlogx, x>0. @)
Equality holds in 3) if p, = T (n>0).

This result has been generalized in [3] where the lower and upper bounds for H
have been obtained by use of the function F.

In [4] the authors found another upper bound for H, where the probability distri-
bution satisfies (2).

By the use of the function F defined by (4), we will find in this paper a lower
bound for the entropy of a finite probability distribution which is non-increasing in
mean, and an upper bound for the entropy of a finite probability distribution which is
non-decreasing in mean.

First we have the following definition.

DEFINITION. A sequence (a;, k € N) C R is non-increasing in mean if
1 & 1 &

;Zakzn_*_lZak, neN. 5)

The sequence (ax, k € N) C R is non-decreasing in mean if we reverse the
inequality in (5).

In a similar way we define when a finite sequence (a;, k = 1,2,...,n) C Ris
non-increasing in mean or non-decreasing in mean.

It is well known and easy to see that if (a;, k € N) is non-increasing or non-
decreasing, then it is also non-increasing in mean or non-decreasing in mean, respec-
tively, but the reverse implications do not hold in general.

It is also easy to check that (a;, k € N) is non-increasing in mean if and only if

k
Se=Y ai>ka, keN. (6)
i=l

The sequence (ax, k € N) is non-decreasing in mean if and only if
Sy <ka,, keN. 0]

We need the following proposition (for the proof see {4, Corollary 1]).
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1-(1—-x)
PROPOSITION. Let f (x) = —Lxx—) x € (0,1).

(i) If0<p <lorp > 2 thenf isstrictly convexon (0, 1). If 1 < p < 2, then
[ is strictly concave on (0, 1).
Gi) If0O<p <1, then f'(x) >0, x € (0,1). Ifp > 1, then f'(x) <0,
x € (0, 1).
(iiiy Forall p > 0, we have f (x) > 0, x € (0, 1).

In the following sections we suppose that all series are convergent.

2. Results

We first prove the following theorem.

THEOREM 1. Let (ay > 0, k=1, 2, ..., n) be non-increasing in mean. Then
(i) Forallp,0 < p < 1, we have

p
n n n 1
(Z ak> < DIk — (k= 1)%1af + ) _ o' Duthar = S, ®)
k=1 k=1 k=2

where

ag

D= passfil + S0 - 5t =aist s (
k

), k=23,...,n, ®

where f is the function from the Proposition.
Forall p, 1 < p < 2, the opposite inequality holds in (8).
(ii) Forall p, p > 2, we have

n 4 n n
(Z ak) > Y kP — (k= 1°laf + ) _aS{ T Celka — S, (10)
k=1 k=1 k=2

where

Ce=k"?[plhk— 1)’ + (k= 1)) —k"] = %f’ (%) k=2,3,...,n. (11)

Equalities hold in (8) and (10) if and only ifa, = a; = - - - = a,.

PROOF. (i) For 0 < p < 1, the function f from the Proposition is strictly convex
on (0, 1),soforall x, y € (0, 1) we have

fR)=2fO)+ & =nf'(x). (12)
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Substituting x = a;/Sy and y = 1/k into (12) and using the fact that S, — @, =
Sy (fork =2,3,...,n), we get B

1
St -Si’l_f< )akS” '+(ﬂ——)ak8" 'f ﬂ), k=2,3,....n, (13)
S,k St

wheref(,"-) = [k —(k—1)?]k'? > Oandf’(‘;:) (paxSET +50_, S"’)S2 P ‘2 >
0, by the Proposition from the Introduction. Since 0 < p < 1, it follows from (6) that
aSP™ < kP~'a® (k=2,3,...,n)so we conclude that

SP— S0, <[k — (k—1)la’ + f( )akS”' (kay — S, k=2,3,...,n
(14)

Summing the inequalities in (14) forall k = 2, 3, ..., n leads to (8) since
n P
Z(sk SP ) =8 = (Z ak> .
k=1

We can also conclude that in this case we have D, > 0(k =2,3,...,n).

For 1 < p < 2, the function f is strictly concave on (0, 1) so we have the
opposite inequalities in (12) and (13). Since 1 < p < 2, it follows from (6) that
aSC™" = kP~'al (k = 2,3,...,n) so we have the opposite inequality in (14).
Summing these inequalities for all k = 2, 3, ..., n, we get the opposite inequality in
(8). In this case we have D, < 0 (k=2,3,...,n).

(ii) If p > 2, the function f is strictly convex on (0, 1). Therefore for all x,y €
(0, 1) we have

fF@=fO)+ @ —=yf'O. (15)

1 .
Substituting x = % and y = Z into (15) we get
k

a 1 a1
— S l_f( )akS” '+(§z—-;)ak8}(’ ' (;), k=2,3,...,n, (16)

where f(%) = [ptk — P+ (k- 1) — k”‘]kz“’ < 0. It follows from (6) that
aSE™' > kP~'af (k=2,3,...,n),s0 we get from (16) that

_ 1 1
S¢ — S, 2 [k — (k—1)lal +aSP 2 + Ef(;) (kay — 8), k=2,3,...,n
a7
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Summing the inequalities in (17) for all k = 2,3, ..., n leads to (10). We also have
G <0(k=23,...,n)

The last statement follows from the fact that equalities hold in (12) and (15) if and
only if x = y and therefore equalities hold in (8) and (10) if and only if S, = ka;
(k=12,3,...,n)and this is equivalenttoq, = a, = - - - = a,.

In the same way one can prove the following theorem.

THEOREM 2. Leta, > 0, (k=1,2,...,n) be non-decreasing in mean. Then

(i) Forall p,0 < p < 1, inequality (10) holds (here C, > 0).
Forallp, 1 < p < 2, the opposite inequality holds in (10) (here C, < 0).
(ii) Forall p, p > 2, inequality (8) holds (with D, < 0).

Equalities hold in (i) and (ii) ifand only ifa, = a; = - - - = a,.

REMARK 1. It is easy to check that for p = 1 and p = 2 we have equalities in (8)
and (10).

Following the arguments used in the proofs of Theorem 1 and Theorem 2 one can
prove the following theorem.

THEOREM 3. (a) Let (a, > 0, n € N) be non-increasing in mean. Then:
(i) Forallp,0 < p < 1, we have

oo p 00 o0
(}: an> <D - (=1l + Y %a;‘mnan - 5, (18)
n=1 n=2

n=1

where D, (n > 2) is given by (9) (here D, > 0).
Forall p, 1 < p < 2, the opposite inequality holds in (18) (here D, < 0).
(ii) Forallp, p > 2, we have

o] p o0 o0
(Z a,.) > In" = (n— 1Y)l + ) _ a,5272C,(na, — S,), (19)
n=1 n=1 n=2

where C, (n > 2) is given by (11) (here C, < 0).
(b) Let(a, > 0, n € N) be non-decreasing in mean.

(i) Forall p, 0 < p < 1, inequality (19) holds (here C, > 0).
Forallp, 1 < p < 2, the opposite inequality holds in (19) (here C, < 0).
(iv) Forall p, p > 2, inequality (18) holds (with D, < 0).

REMARK 2. For p =1 and p = 2 we have equalities in (18) and (19) .
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The next theorem is a consequence of Theorem 1 and Theorem 2.
THEOREM 4. Let (p;, > 0,k = 1,2,...,n) be a probability distribution with
entropy H = — 3 i_ pilogpiandlet P, =3 i pi (k=1,2,...,n).

(1) Ifthe sequence (py, k = 1,2,..., n) is non-increasing in mean, then we have

n n 1
D Fk=Dpes H+Y p;'kpe = PO(Pelog P = Pelog Py ~ py). (20)
k=2 k=2
(ii) Ifthe sequence (py, k = 1,2, ..., n) is non-decreasing in mean, then we have
H + ZPkPk_l(kPk — P)lklogk — klog(k — 1) — 1] < Z Fk-1p,. (@D

k=2 k=2
Equalities hold in (20) and (21) if py, = 1/n (k=1,2,...,n).
PROOF. (i) We can use Theorem 1 forl < p < 2,a, = prand S, = P, (k =

1,2,...,n). Set

a=a(p)=) [k — (k- 1*Ip},
k=1

n 1 _
b=b(p)=)_ —p;'kp — P)(pp: P + PL, — P]).
=k
It is obvious that lim,_,, a(p) = 1, lim,_,, b(p) = 0. It follows from (8) that
a+b<1l, (22)

and therefore

loga - log(1 — b)
p-17 p-1

(23)

In the limiting case where p — 1+, the left-hand side of (23) gives

D Fk-Dpe+ Y pelogpe,
k=2 k=1

while the right-hand side of (23) becomes

n

1
2 zPv ' (px = PO(Pilog Py = Pilog Pooy — py),
k=2
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together forming inequality (20).
(i) We use Theorem2forl < p <2, =pyand S, = P (k=1,2,...,n). Set

c=c(p) =) peP! (kpe = POK'P[plk — 17" + (k — )P — K],
k=2
It is obvious that lim,_,; c(p) = 0. It follows from (10) that
a+c>1, (24)

and therefore

loga - log(1 — c)‘

25
p—17 p-1 @

As we have already seen, in the limiting case where p — 1+, the left-hand side of
(25) gives Z:=2 F(k — 1)p; — H, while the right-hand side of (25) becomes

n

> peP (kpi — POlklogk — klog(k — 1) — 1],

k=2

together forming inequality (21).

The last statement follows from the fact that p, = 1/n (k = 1,2,...,n) is
equivalent to P, = kp, (k = 1,2, ..., n) and in that case we easily find 3 _;_, F(k —
Dpiy = H =logn.

REMARK 3. We can get inequalities (20) and (21) by the use of Theorem 1 and
Theorem 2 for the case 0 < p < 1 and by taking limitsas p — 1—.
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