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ON MODEL-THEORETIC CONNECTED GROUPS

JAKUB GISMATULLIN

Abstract. We introduce and study the model-theoretic notions of absolute connectedness and type-
absolute connectedness for groups. We prove that groups of rational points of split semisimple linear groups
(that is, Chevalley groups) over arbitrary infinite fields are absolutely connected and characterize connected
Lie groups which are type-absolutely connected. We prove that the class of type-absolutely connected group
is exactly the class of discretely topologized groups with the trivial Bohr compactification, that is, the class
of minimally almost periodic groups.

§1. Introduction. This paper is about connected groups in the sense of
model-theoretic connected components. Suppose G is an infinite group with some
first-order structure. In model theory, we consider several kinds of model-theoretic
connected components of G, after passing to a sufficiently saturated extension G∗

of G. Let A ⊂ G∗ be a small set of parameters and define (cf. [6, 15, 17, 19, 24,
27, 36]) the following:

• G∗0
A (the connected component of G over A) is the intersection of all

A-definable subgroups of G∗ which have finite index in G∗.
• G∗00

A (the type-connected component of G over A) is the smallest subgroup
of ‘bounded index’ in G∗ (bounded relative to |G∗|), that is, type-definable
over A.

• G∗∞
A (the ∞-connected component of G) is the smallest subgroup of bounded

index in G∗, that is, A-invariant (invariant under the automorphisms of G∗

fixing A pointwise).
In the literature G∗∞

A is sometimes denoted by G∗000
A [10, 24, 25]. The groups G∗0

A,
G∗00
A , and G∗∞

A are important in the study of groups from a model-theoretic point
of view. In general, the quotients G∗/G∗∞

A , G∗/G∗00
A , and G∗/G∗0

A with the logic
topology (where a set is closed if and only if its preimage under the quotient map
is type-definable over a small set of parameters), are topological groups which are
invariants of the theory Th(G). They do not depend on the choice of saturated
extension G∗ (cf. [19, Proposition 3.3(3)]). We have G∗∞

A ⊆ G∗00
A ⊆ G∗0

A; also,
G∗/G∗0

A is a profinite group, G∗/G∗00
A is a compact Hausdorff group, and G∗/G∗∞

A

is a quasi-compact topological group, that is compact but not necessary Hausdorff
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ON MODEL-THEORETIC CONNECTED GROUPS 51

(cf. [19, Proposition 3.5(1)] where we used the notation G∗
L for G∗∞). Hence, if we

equip G with the discrete topology, then for all A ⊆ G the mappingsG → G∗/G∗00
A

and G → G∗/G∗0
A are compactifications of G.

We focus on the type-connected component G∗00
A and the ∞-connected

component G∗∞
A . The goals of the paper are: to study the notions of absolute

connectedness and type-absolute connectedness, to give examples of (type-)absolutely
connected groups and to derive some applications. We say that a group G, without
any additional first-order structure, is absolutely connected [resp. type-absolutely
connected] if for all possible first-order expansions (G, ·, ...) of G, and for all
sufficiently saturated extensions G∗ and small A ⊂ G∗, we have G∗∞

A = G∗ [resp.
G∗00
A = G∗, for every A ⊆ G ] (see Definitions 3.3 and 4.2).

The main novelty in this approach derives from considering groups equipped
with an arbitrary first-order structure. It extends the previous settings (NIP,
o-minimal). In many examples these connected components are determined by
the group structure alone, that is, by some group-theoretic properties. For example,
every uniformly simple group (Section 3) [14] is absolutely connected.

As an application of our methods we obtain a description of all compactifications
of a Hausdorff topological group G as mappings G → G∗/H , for some type-
definable bounded index subgroup H of G∗ (where G∗ is a sufficiently saturated
extension of G). Similar result has been proved by Robinson and Hirschfeld [21] but
in the context of the enlargement ∗G from non-standard analysis. As a corollary of
Theorem 5.7 we obtain the following characterization of the class of type-absolutely
connected groups (Theorem 6.10):

The class of type-absolutely connected groups coincides with the
class of discretely topologized minimally almost periodic groups,
that is the class of groups without any nontrivial compactifications.

This gives a direct link between notions from topology and model theory. Using this
observation and [38] we can characterize all connected Lie groups which are type-
absolutely connected (Remark 6.11). In particular, the topological universal cover

S̃L2(R) of SL2(R) is type-absolutely connected (this generalizes results from [10]).
Also we introduce and study, in Section 6, the type-connected radical of a group
(Definition 6.1).

Other goal of this note is to prove Theorem 7.7 concerning the structure of groups
of rational points of split semisimple linear groups (also called Chevalley groups),
with the uniform upper bound 12 for the diameter of the absolute connectedness.
Recall that a linear group defined over a field k is called split over k or k-split if
some maximal torus T in G is split over k, that is, T is isomorphic over k to a direct
product of copies of the multiplicative groups Gm [3, Section 18.6, page 220]. Over
an algebraically closed field, every semisimple group is split.

Theorem. 7.7 Let k be an arbitrary infinite field and G be a k-split, semisimple
linear algebraic group defined over k. The derived subgroup [G(k), G(k)] of G(k) is
12-absolutely connected. Moreover [G(k), G(k)] is a ∅-definable subgroup of G(k) in
the pure group language.

The proof of Theorem 7.7 goes through the Gauss decomposition with prescribed
semisimple part from [9]. We first prove absolute connectedness of simply connected
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52 JAKUB GISMATULLIN

semisimple split groups (Theorem 7.5) and then, using universal k-coverings,
establish the general case. If G is not simply connected, then the group [G(k), G(k)]
might be a proper Zariski dense subgroup ofG(k). For example ifG = PGLn, then
[G(k), G(k)] = PSLn(k) is a proper subgroup for some fields. Likewise the result
of [35] implies that if G is a non-simply connected semisimple k-split k-group and k
is a finitely generated field, then [G(k), G(k)] is a proper subgroup of G(k).

§2. Basic notation and prerequisites. In this section we establish notation and
prove some basic facts.

2.1. Group theory. For a group G, elements a, b ∈ G , and subsets A,B ⊆ G
we use the following notation: A · B = {ab : a ∈ A, b ∈ B}, ab = b–1ab, AB =⋃
a∈A,b∈B a

b , An = A · ... · A︸ ︷︷ ︸
n times

, A≤n =
⋃
i≤n A

i , and [a, b] = a–1b–1ab. The subset

X ⊆ G is called normal if XG = X . The derived series is defined by G (1) = [G,G ],

G (n+1) =
[
G (n), G (n)

]
, G (�) =

⋂
α<� G

(α). A group G is called perfect if G = [G,G ].

The perfect core of G is the largest perfect subgroup of G. It is also the intersection
of all elements from the transfinite derived series of G. The commutator length of an
element g ∈ [G,G ] is the minimal number of commutators sufficient to express g as
their product. The commutator width cwG(X ) of a subset X ⊆ G is the maximum
of the commutator lengths of elements from X or the sign ∞ if the maximum does
not exist or X �⊆ [G,G ]. The number cwG(G) is denoted by cw(G). By Z(G) we
denote the center and by e the neutral element of G.

2.2. Model theory. We assume that the reader is familiar with basic notions of
model theory. The model-theoretic background can be found in [28]. Suppose M
is a model over some language L. We usually work not in M, but in its saturated
elementary extension M∗, called a monster model. It is κ-saturated and κ-strongly
homogeneous model M∗ 	 M, for sufficiently big κ. By A we always denote some
small, that is, |A| < κ, set of parameters from M∗, and by L(A) the set of all
L-formulas with parameters from A (also called A-formulas). A-definable means
definable by an A-formula; A-type-definable means definable by a conjunction of a
family of A-formulas; A-invariant means invariant under the group Aut (M∗/A) of
automorphisms of M∗ stabilizing A pointwise. An equivalence relation E on M∗ is
called bounded if E has fewer than κ many equivalence classes. It is well known that
if E is type-definable over A or A-invariant, then either the number of classes of E
is at most 2|L(A)| or at least κ.

Usually we will deal with groups with some first-order structure, but sometimes
we consider groups only in a group language without any extra structure. In the
latter case we say that the group is pure. If G is a group, byG∗ we denote its monster
model. Obviously G∗ contains G as a subgroup.

2.3. Boundedness and thickness. Let us recall some notions from [8, 44]. Fix a
model M over some language L and small A ⊂ M∗. A formula ϕ(x, y) ∈ L(A),
with free variables x, y (tuples of same length |x| = |y|), is called thick if ϕ is
symmetric and for some n ∈ N, for every n-sequence (ai)i<n from M∗ (where we
do not require a0, ... , an–1 to be pairwise distinct) there exist i < j < n such that
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ϕ(ai , aj) holds in M∗ [44, Section 3]. By ΘA(x, y) we denote the conjunction of all
thick formulas over A. The relation ΘA is type-definable over A, but is not necessarily
transitive. It has the following known properties ([44, Lemmas 6 and 7], [8, 1.11 and
1.12]):

(2.3.1) If ΘA(a, b), then there is a small modelM ′ ≺M containing A, such that
a ≡
M ′
b, that is, tp(a/M ′) = tp(b/M ′).

(2.3.2) If for some small model M ′ ≺M containing A, a ≡
M ′
b holds, then

ΘA
2(a, b).

2.4. Model-theoretic connected components. Unless otherwise stated, we assume
in this subsection that G is a monster model. Let H be an A-invariant subgroup
of G. The index [G : H ] is either at most ≤ 2|L(A)| or at least ≥ κ. In the first case
we say that H has bounded index in G. The following subgroups are called the
model-theoretic connected components of G.

• G0
A =

⋂
{H < G : H is A-definable and [G : H ] is finite}.

• G00
A =

⋂
{H < G : H is type-definable over A and [G : H ] is bounded}.

• G∞
A =

⋂
{H < G : H is A-invariant and [G : H ] is bounded}.

If for every small set of parameters A ⊂ G , G∞
A = G∞

∅ , then we say that G∞ exists
and define it as G∞

∅ . Similarly we define existence of G00 and G0. By [15], the
groups G∞

A ⊆ G00
A ⊆ G0

A are normal subgroups of G of bounded index. Following
the notation from [15, Section 1], define XΘA = {a–1b : a, b ∈ G,ΘA(a, b)}. Note
that G∞

A is generated by XΘA [15, Lemma 2.2(2)]. In [15, Lemma 3.3] we gave
another description of XΘA . The key idea is the notion of a thick subset of a group,
based on the definition of thick formula.

Definition 2.1 [15, Definition 3.1]. A subset P of an arbitrary group G (not
necessarily sufficiently saturated) is called n-thick, where n ∈ N, if it is symmetric
(that is,P = P–1) and for every n-sequence g1, ... , gn from G, there are 1 ≤ i < j ≤ n
such that g–1

i gj ∈ P. We say that P is thick if P is n-thick for some n ∈ N (the
condition g–1

i gj ∈ P is equivalent to requiring gig–1
j ∈ P, as one can take g–1

1 , ... , g
–1
n

instead of g1, ... , gn).

A finite index subgroup is an obvious example of a thick subset. More examples
are given in [6, Section 4] and in [15]. A typical example is the following [15, Lemma
3.2(4)]: let for X ⊂ G and finitely many translates of X cover G (i.e., X is generic),
then P = X –1X is thick.

Let us collect below a couple of standard results about thick sets. Suppose G and
H are groups (not necessarily sufficiently saturated),f : G → H is an epimorphism,
P,Q ⊆ G , S ⊆ H , and n,m ∈ N. By R(n,m) we denote the Ramsey number.

Lemma 2.2. (1) If P is n-thick and Q is m-thick, then P ∩Q is R(n,m)-thick.
(2) The preimage f–1(S) is n-thick if and only if S is n-thick.
(3) If P is n-thick, then f(P) is n-thick.
(4) If H < G and P is n-thick in G, thenH ∩ P is n-thick in H.
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Proof. (1) Assume that P ∩Q is not R(n,m)-thick and take the sequence
(ai)i<R(n,m) witnessing this. Consider the complete graph on R(n,m) vertices with
the following coloring: {i, j} is black if and only if ai –1aj �∈ P, otherwise {i, j} is
white. By the Ramsey theorem either there is a clique of size n with all black edges,
so P is not n-thick, or a clique of size m with white edges, so Q is not m-thick. (2)–(4)
are immediate. �

Lemma 2.3. The group G∞
A is generated by the intersection of all A-definable thick

subsets of G. More generally, suppose n ∈ N. Then:

(1) XnΘA =
⋂

{Pn : P ⊆ G is A-definable and thick},
(2) XGΘA =

⋂{
PG : P ⊆ G is A – definable and thick

}
,

(3) XGΘA ⊆ X 4
ΘA

.

Proof. (1) is [15, Lemma 3.3]. (2) ⊆ is clear. For ⊇, take a from the intersection.
By (1) for n = 1 and Lemma 2.2(1), the type p(x, y) = {a = xy, x ∈ P : P ⊆
G is A-definable and thick} is consistent, so a ∈ XGΘA . (3) By (2.3.1) and (2.3.2)
we have

XΘA ⊆
⋃

M≺G small and A⊆M
X≡
M
⊆ X 2

ΘA
, (※)

where X≡
M

=
{
a–1b : a, b ∈ G, a ≡

M
b

}
. Moreover

(
X≡
M

)G
⊆ X 2

≡
M

holds. Indeed, if

y ∈
(
X≡
M

)G
, then there are a, x ∈ G and h ∈ Aut(G/M ) such that

y = (a–1h(a))x = (ax)–1h(a)x = ((ax)–1h(ax))(h(x)–1x) ∈ X 2
≡
M

.

Hence, by (※), we get XGΘA ⊆ X 4
ΘA

. �

Corollary 2.4. Let G be a group (not necessarily sufficiently saturated). IfP ⊆ G
is thick, then there exists a thick subsetQ ⊆ P4 which is normal and ∅-definable in the
structure (G, ·, P), where P is a predicate.

Proof. Consider G = (G, ·, P) and let G∗ = (G∗, ·, P∗) be a sufficiently saturated
extension. By Lemma 2.3, XG

∗
Θ∅

⊆ X 4
Θ∅

⊆ P∗4, and by compactness we can find a

thick and ∅-definable Q ⊆ G∗, with QG
∗ ⊆ P∗4. �

We need the following standard lemma, which was already in [15, Remark 3.5(2)]
and [6, Fact 2.4]. We include the sketch of the proof for the convenience of the
reader.

Lemma 2.5. The component G00
A can be written as

⋂
i∈I Pi for some family {Pi :

i ∈ I } of thick and A-definable subsets of G such that

for every i ∈ I, there is j ∈ I with Pj · Pj ⊆ Pi . (†)

Proof. Since G00
A is type definable over A of bounded index, there is a family

P = {Pi : i ∈ I } of thick and A-definable subsets such thatG00
A =

⋂
i∈I Pi . By using

Lemma 2.2(1), we may assume that P is closed under finite intersections.
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Let us prove (†). Fix i ∈ I . Because G00
A is a group, we have that⋂

i∈I
Pi ·

⋂
i∈I
Pi = G00

A ·G00
A = G00

A =
⋂
i∈I
Pi ⊆ Pi .

Using that G is saturated (compactness argument), there are finite sets I1, I2 ⊂ I
such that ⋂

i∈I1

Pi ·
⋂
i∈I2

Pi ⊆ Pi .

It is enough to set Pj :=
⋂
i∈I1∪I2 Pi . �

§3. Absolutely connected groups. The aim of the present section is to introduce the
notion of (definable) absolute connectedness (Definition 3.3), and give some basic
results on it. In short, G is absolutely connected if G∗∞

A = G∗, for every small A,
working in any sufficiently saturated extension G∗ of any arbitrary expansion of G.
We introduce also an auxiliary subclass W of the class of absolutely connected
groups (Definition 3.4).

The symbol (G, ·, ...) denotes a group G possibly equipped with extra first-order
structure (...). For example, G might be a definable group in some structure M. In
this case, there is a natural induced structure on G from M (cf. [28, Section 1.3]).
We usually do not assume that G is sufficiently saturated. By G∗ we always denote
a sufficiently saturated elementary extension of (G, ·, ...).

Proposition 3.1. The following are equivalent:

(1) G∗∞ exists and G∗ = G∗∞.
(2) There exists n ∈ N such that for every parameter-definable thick subset P ⊆ G ,
Pn = G (see Definition 2.1).

Note that since every thick set P contains the neutral element Pn = P≤n.

Proof. (2) ⇒ (1) It is enough to show that G∗ = XnΘA for every small set
A ⊂ G∗. LetP∗ = ϕ(G∗, a) be k-thick and a ⊂ A. Since in G it is true that ‘for every
ϕ-definable (with parameters) and k-thick P ⊆ G , Pn = G ’, the same is true in G∗,
that is, ϕ(G∗, a)n = G∗. Hence, by Lemma 2.3(1), G∗ = XnΘA = G∗∞

A .
(1) ⇒ (2) Suppose (2) fails. Thus, for every n ∈ N, there is Pn ⊂ G∗, definable

over some finiteAn ⊂ G∗ and thick, withPnn �= G∗. LetA =
⋃
n∈N
An. Then clearly,

for every n ∈ N, we have XnΘA ⊆ Pnn �= G∗. By compactness G∗∞
A �= G∗, which is

impossible. �
In the next proposition we consider groups G having the property G∗ = G∗∞ in

all first-order expansions.

Proposition 3.2. Let G be a non-trivial group. The following conditions are
equivalent.

(1) There exists n ∈ N such that for every thick subset P ⊆ G (not necessarily
definable), Pn = G .

(2) G is infinite and if G∗ is a sufficiently saturated extension of any first-order
expansion of G, then G∗∞ exists and G∗ = G∗∞.
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Furthermore if (1) holds, then G∗∞ = XnΘA for every small A ⊂ G∗ and arbitrary
sufficiently saturated extension G∗ of G.

Proof. (1) ⇒ (2)G is infinite, because otherwise the thick subset {e} of G does
not fulfill the condition from (1). The rest of (2) follows easily from Proposition 3.1.

(2) ⇒ (1) Suppose, contrary to our claim, that for every n ∈ N there is a thick
subset Pn of G with Pnn �= G . Expand the structure of G by predicates for all Pn. If
G∗ is a sufficiently saturated extension of G, then clearly for every n ∈ N we have
XnΘ∅

⊆ P∗
n
n �= G∗, so G∗∞

∅ �= G∗, contrary to (2). �

In [19, Section 3] we made a link between model-theoretic connected components
and strong types. Strong types are fundamental objects in model theory and
correspond to orbits on G∗ of some canonical subgroups of Aut(G∗). In [31]
Newelski considers the diameters of Lascar strong types. Motivated by his idea
we introduce below (Definition 3.3) the notion of n –(definable absolutely connected
group, for n ∈ N. It turns out that G is n-definable absolutely connected if and only
if the Lascar strong type of a sort X in a certain structure (G, ◦, X ) has diameter at
most n [19, Section 3].

Definition 3.3. (1) A group G is called n-absolutely connected or n-ac, if it
satisfies the condition (1) from Proposition 3.2, that is, for every thick subset
P ⊆ G , we have Pn = G .

(2) We say that a group (G, ·, ...) with some first-order structure is n-definably
absolutely connected, if for every definable (with parameters) thick P ⊆ G ,
we have Pn = G .

(3) A group is [definably] absolutely connected, if it is n-[definably] absolutely
connected, for some n ∈ N.

It is clear that every elementary extension of an absolutely connected group is
definably absolutely connected.

Let us relate absolute connectedness with simplicity. A group G is called simple, if
G has no proper nontrivial normal subgroup. A finer notion is of uniform simplicity.
A group G is n-uniformly simple if for every g ∈ G \ {e} and x ∈ G , the element x
is the product of n or fewer conjugates of g±1. Obviously uniform simplicity implies
simplicity, as if H �G is a nontrivial, there is g ∈ H , g �= e, then every x ∈ G is
the product conjugates of g±1, hence x ∈ H , as H is a normal subgroup. Many
examples of uniformly simple groups (e.g., some groups acting on trees) are given
in [14, 16].

Observe that for fixed n ∈ N, the notion of n-uniform simplicity is a first-order
property, expressible in the language of groupsLG = {·}. Obviously, every uniformly
simple group is absolutely connected. In order to give other examples of absolutely
connected groups, we introduce auxiliary classes Wn, n ∈ N of groups. Each Wn is
a proper subclass of the class of absolutely connected groups (Theorem 3.11 and
Proposition 8.1).

For n ∈ N define

Gn(G) =
{
g ∈ G :

(
gG ∪ g–1G

)≤n
= G

}
.
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If G is n-uniformly simple, then Gn(G) = G \ {e}. In Definition 3.4 we require the
set Gn(G) to be big in a weaker sense.

Definition 3.4. We say that a group G is in class Wn if

G \ Gn(G) is not thick.

That is, for every k ∈ N, there is a sequence (gi)i<k in G such that g–1
i gj ∈ Gn(G)

for all i < j < k. We also define W =
⋃
n∈N

Wn.
In Proposition 3.8 and Lemma 3.9 we collect basic properties of absolutely

connected groups and groups from the class W . We give two lemmas for use in
the proofs.

Definition 3.5. We say that a subsetP ⊆ G is m-generic in G if there are elements
g1, ... , gm from G, such that

⋃
1≤i≤m P · gi = G .

Lemma 3.6 [15, Lemmas 3.2(4) and 3.6]. (1) If P is an m-generic subset of G,
1 ∈ P, and P = P–1, then P3m–2 is a subgroup of G of index at most m.

(2) If P is m-generic, then P–1P is (m + 1)-thick. If P is m-thick, then P is (m – 1)-
generic.

Lemma 3.7. Let G be a perfect group with cw(G) = n <∞, and let A ⊆ G be a
normal and symmetric subset. If B < G is a solvable subgroup of derived length m and
G = A · B , then G = A(4n)m .

Proof. Let C be the set of all commutators. By the assumptionG = Cn. We use
the following commutator identity:

[a1b1, a2b2] =
(
a–1

1

)b1 (a–1
2 a1

)b1b2 a2
b2
b1 · [b1, b2]. (∗)

It is enough to proveG = A(4n)k · B (k) for every k ∈ N. The case k = 0 follows from
the assumption, as we set B (0) = B . For the induction step, note that (∗) implies

that C ⊆ A4(4n)k ·
[
B (k), B (k)

]
and then G = A(4n)k+1 · B (k+1), since G = Cn and A

is a normal subset of G. �
Proposition 3.8. Let f : G → H be an epimorphism of groups.

(1) If G is n-ac, then H is also n-ac.
(2) If H is n1-ac and ker(f) is n2-ac, then G is (n1 + n2)-ac.
(3) If G =

⋃
i∈I Gi and each Gi is n-ac, then G is n-ac.

(4) If H is n-ac, G has no subgroups of finite index, and ker(f) is finite of cardinality
m, then G is n(3m – 2)-ac.

(5) If H is n-ac, G is perfect with cw(G) = r <∞, and ker(f) is solvable of derived
length m, then G is 4n (4r)m-ac.

Proof. Proofs of (1)–(3) are standard. (4) LetP ⊆ G be thick. Thenf(P)n = H ,
so G = Pn · ker(f) and Pn is right m-generic. By Lemma 3.6(1), G = Pn(3m–2). (5)
Take a thick subset P ⊆ G . By (2.4), the set P4 contains a normal thick subset Q.
Then as in (4), G = Qn · ker(f). By Lemma 3.7, G = Qn(4r)m = P4n(4r)m . �

As in Proposition 3.8, we can prove that the class W is closed under certain
operations.
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Lemma 3.9. (1) For each n ∈ N, the class Wn is elementary in the pure language
of groups and is closed under taking homomorphic images, direct sums, and
arbitrary direct products.

(2) Let f : G → H be an epimorphism of groups.
(a) If H ∈ Wn, G has no subgroups of finite index and ker(f) is finite of

cardinality m, then G ∈ Wn(3m–2).
(b) If H ∈ Wn, G is perfect with commutator width cw(G) = r <∞ and

ker(f) is solvable of derived length m, then G ∈ Wn(4r)m .

Proof. (1) This follows from the following remarks: if f : G → H is
an epimorphism, then f

(
Gn(G)) ⊆ Gn(H ), Gn

(⊕
i∈I Gi

)
=
⊕
i∈I Gn (Gi), and

Gn
(∏
i∈I Gi

)
=
∏
i∈I Gn (Gi).

(2) The proof is identical to the proof of Proposition 3.8(4) and (5). �
Remark 3.10. In fact, Proposition 3.8(5) and Lemma 3.9(2b) are true under the

condition cwG(ker(f)) <∞, instead of cw(G) <∞. The reason is that Lemma 3.7
can be proved under the assumption that cwG(B) <∞, instead of cw(G) <∞. We
leave the verification of this to the interested reader.

We finish this section by proving that every group fromW is absolutely connected.

Theorem 3.11. Every group from Wn is 4n-absolutely connected.

Proof. Let P ⊆ G be a thick subset. We will prove that P4n = G . By
Corollary 2.4, there is a thick and normal subset Q ⊆ P4. Since G ∈ W , we have
that Q ∩ Gn(G) �= ∅ (because otherwise Q ⊆ G \ Gn(G) and then G \ Gn(G) would
be thick). Take g ∈ Q ∩ Gn(G). Since Q is symmetric, we have that

gG ∪ g–1G ⊆ QG = Q ⊆ P4.

It is enough to use Definition 3.4. �
Examples of absolutely connected groups are given in Sections 7 and 8.

§4. Type-absolute connectedness. In this section we use the notation from
Section 3. We introduce the concept of type-absolute connectedness: G is type-
absolutely connected if G∗00

A = G∗, for every small subset A of G and any monster
model G∗ of G. Note that we restrict A to be a subset of G, not of G∗ as in the
definition of absolute connectedness. We collect basic properties of type-absolutely
connected groups below.

Remark 4.1. The following conditions are equivalent.

(1) G∗ = G∗00
A holds.

(2) There is no family {Pn : n ∈ N} of A-definable thick subsets of G∗ such that:
(a) Pn+1Pn+1 ⊆ Pn, for each n ∈ N,
(b) P0 is a proper subset of G∗.

Proof. (1) ⇒ (2) Suppose {Pn : n ∈ N} is such a family. Then the intersection
H =

⋂
n∈N
Pn is a type-definable over A proper subgroup of G∗. Since every Pn

is thick, H has bounded index in G∗. Therefore G∗00
A ⊆ H ⊆ P0 �= G∗. (2) ⇒ (1)

follows by Lemma 2.5. �

https://doi.org/10.1017/jsl.2023.85 Published online by Cambridge University Press

https://doi.org/10.1017/jsl.2023.85


ON MODEL-THEORETIC CONNECTED GROUPS 59

Definition 4.2. A group G is called type-absolutely connected if for any
sufficiently saturated extension G∗ of any first-order expansion (G, ·, ...) of G,
we have G∗ = G∗00

G . Equivalently (by using Remark 4.1), for an arbitrary family
{Pn : n ∈ N} of thick subsets of G satisfying (4.1(2a)), Pn = G holds for every
n ∈ N.

The equivalence in Definition 4.2 is because of Lemma 2.5 and the following
observation:

the thickness can be stated as a first order property, so a subset
P ⊆ G is thick if and only if its interpretation P∗ ⊆ G∗ is thick.

Observe that, every type-absolutely connected group is infinite (as {e} is thick in
any finite group). Every absolutely connected group is type-absolutely connected.
The converse is not true (cf. Corollary 5.4(2)). In fact, if G is type-absolutely
connected but not absolutely connected, then G∗00

∅ /G
∗∞
∅ is nontrivial for some

saturated extension G∗ of G.
We prove in Proposition 4.3 a stronger version of Proposition 3.8(3) for the class

of type-absolutely connected groups. In fact Proposition 4.3 is false for absolutely
connected groups (cf. Corollary 5.4(2)).

Proposition 4.3. If G is generated by a family {Gi}i∈I of type-absolutely connected
subgroups, then G itself is type-absolutely connected.

Proof. Take an arbitrary family {Pn : n ∈ N} of thick sets in G satisfying
Remark 4.1(2a). Fix n ∈ N, i ∈ I , and consider P′

n = Gi ∩ Pn. Clearly P′
n+1P

′
n+1 ⊆

P′
n, so since Gi is type-absolutely connected, Gi ⊆ Pn for any i ∈ I . Similarly, by

Remark 4.1(2a), Pn contains any finite product Gi1 · ... ·Gim . Hence, Pn = G . �
The proof of the following proposition is similar to the proof of Proposition

3.8(1, 2).

Proposition 4.4. Let f : G → H be an epimorphism of groups.
(1) If G is type-absolutely connected, then H is also type-absolutely connected.
(2) If H and ker(f) are type-absolutely connected, then G is type-absolutely

connected.
(3) If H is type-absolutely connected, ker(f) is finite and G has no subgroups of

finite index, then G is type-absolutely connected.

Proposition 4.5. Every type-absolutely connected group is perfect.

Proof. First we verify that the abelian groups Z/pZ and Z
[

1
p

]
/Z, for

prime p, are not type-absolutely connected. The group Z/pZ is not type-absolutely

connected, because is finite. Let H = Z
[

1
p

]
/Z. Then H can be viewed as a dense

subgroup of the circle group S1. Let us identify

S1 = (– 1/2, 1/2] ,

where the addition is modulo 1. Consider the following collection of neighborhoods
of 0 in S1:

P = {Pn : n > 3} Pn = [– 1/n, 1/n].
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Observe that each Pn is thick in S1 (in fact is (n/2 + 1)-thick) and

P2n + P2n = Pn.

Therefore P form a collection of thick subsets of S1, contradicting the condition
from Definition 4.2. Since H is dense in S1, intersections of these neighborhoods
with H also work for H. Thus H is not type-absolutely connected.

Suppose, for a contradiction, that there is a non-perfect type-absolutely connected
group G. Then by Proposition 4.4(1)G/[G,G ] is type-absolutely connected. The
next lemma (which is presumably already known but we could not find a relevant
reference) implies that our group G/[G,G ] may be mapped homomorphically onto

Z/pZ or Z
[

1
p

]
/Z, which is impossible. �

Lemma 4.6. Every abelian group can be homomorphically mapped onto Z/pZ or

Z
[

1
p

]
/Z, for some prime p.

Proof. Let G be an abelian group. We may assume that G is infinite, because
otherwise G can be mapped onto Z/pZ. We may also assume that G is a torsion
group. Indeed, suppose that there isg ∈ G of infinite order. LetH < G be a subgroup
of G maximal subject to being disjoint from the set {gn : n ∈ Z \ {0}}. When
G/H ∼= Z, G can be mapped onto Z/2Z. If G/H �∼= Z, then G/〈H, g〉 is a nontrivial
torsion group (for every a ∈ G \H , there is n, such that gn ∈ 〈H, a〉, so am ∈ 〈H, g〉
for some m). Every torsion abelian group G splits as a direct sum of Sylow
p-subgroupsG =

⊕
p∈P
Gp, where each element ofGp has order pn for some n ∈ N.

Hence we may assume thatG = Gp is a p-group. IfG �= p ·G , thenG/pG is a vector
space over finite field Fp, so there is a mapping from G onto Z/pZ. IfG = pG , then
G is divisible. By a well-known fact, every divisible abelian group splits as a direct

sum of groups isomorphic to Q or to Z
[

1
p

]
. Since G is torsion, G can be mapped

onto Z
[

1
p

]
/Z. This finishes the proof. �

Since every type-absolutely connected group is perfect, the natural question arises
about the commutator width of these groups. In general, type-absolutely connected
group might have infinite commutator width. For instance, by Remark 6.11,

the topological universal cover S̃L2(R) is type-absolutely connected and

cw
(

S̃L2(R)
)

= ∞. Proposition 4.7 answers this question for groups from W
(cf. Definition 3.4).

Proposition 4.7. For every N ∈ N there is a constant kN such that every group
from WN has commutator width at most kN .

Proof. Suppose that for every k ∈ N there is Gk ∈ Wk with commutator width
at least k. Take gk ∈ Gk of commutator length at least k. Consider the product
G =

∏
k∈N
Gk . The group G is in WN (Lemma 3.9(1)); hence G is perfect. However

G �= [G,G ], because the element g = (gk)k∈N ∈ G has infinite commutator length,
so is not in [G,G ]. �

4.1. Quotients. We give a general remark about the model-theoretic connected
components of a quotient group. We use this remark in Remark 7.8. Suppose
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f : G → H is a surjective homomorphism and G, H, f are A-definable in some
structure M. For example, suppose M = G and ker(f) is A-definable subgroup
of G. Assume that M (and so G and H) is sufficiently saturated. We describe
the relationship between the connected components of G and H. It is clear that
f (G∞

A ) = H∞
A , f

(
G00
A

)
= H 00

A , and f
(
G0
A

)
= H 0

A. Therefore f induces natural
surjective homomorphisms f00 : G/G00

A → H/H 00
A and f∞ : G/G∞

A → H/H∞
A .

Remark 4.8. If ker(f) is absolutely connected, then f–1(H∞
A ) = G∞

A and
G/G∞

A
∼= H/H∞

A . If ker(f) is type-absolutely connected, thenf–1(H 00
A ) = G00

A and
G/G00

A
∼= H/H 00

A .

Proof. We prove the first part. The intersection ker(f) ∩G∞
A is A-invariant

bounded index subgroup of ker(f); hence ker(f) ⊆ G∞
A . The proof of the second

part is similar. �

§5. Generalized quasimorphisms. Our goal in this section is to construct a group
G such that G∗00

∅ /G
∗∞
∅ is far from being abelian (Theorem 5.11). To this aim

we first introduce and use the concept of a generalized quasimorphism of a group
(Definition 5.2) and then, using certain method of recovering of a compact
Hausdorff group from a dense subgroup via standard part map (Theorem 5.7),
we construct such an example (Theorem 5.11).

A quasimorphism or pseudocharacter on a group G is a real-valued function
f : G → R such that for some r ∈ R, called the defect of f, the following holds
|f(xy) – f(x) – f(y)| < r, for all x, y ∈ G [26, 37].

If G is type-absolutely connected, then by Proposition 4.5, every homomorphism
from G to (R,+) is trivial. However, G might admit many unbounded quasimor-
phism. For example, a free productG = G1 ∗G2 of two absolutely connected groups
G1 andG2 is type-absolutely connected (Proposition 4.3). The next example provides
many unbounded quasimorphisms on G.

Example 5.1. [37, 5.a] Suppose V and W are nontrivial groups and decompose V
into a disjoint unionV1 = V+ ·∪V– ·∪V0, whereV –1

+ = V– (for example,V+ = {v}, for
v2 �= e). Define s : V → Z as: s(v) = 1 if v ∈ V+, s(v) =– 1 if v ∈ V– and s(v) = 0
if v ∈ V0. Then the map f : V ∗W → Z defined as f(v1w1v2w2 ...) = Σs(vi) is an
unbounded quasimorphism of defect 3. Note that f is surjective.

Definition 5.2. We say that f : G → H is a generalized quasimorphisms with
defect S ⊂ H if f(x)f(y)f(xy)–1 ∈ S and f

(
x–1
)

= f(x)–1, for all x, y ∈ G .

Below is a variant of Lemma 2.2(2) for generalized quasimorphisms.

Proposition 5.3. Suppose f : G → H is a generalized quasimorphism of defect S.
Let P ⊆ H be n-thick and define Q = f–1(SP) ∩ f–1(SP)–1. Then:

(1) Q is n-thick in G,
(2) if additionally SP = PS and S = S–1, then for each m ∈ N,

Qm ⊆ f–1 (S2m–1Pm
)
∩ f–1 (S2m–1Pm

)–1
.

Proof. (1) follows from f(xy–1) ∈ Sf(x)f(y)–1. (2) follows from f–1(A) ·
f–1(B) ⊆ f–1

(
S–1AB

)
for A,B ⊆ H . �
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Corollary 5.4. (1) Every quasimorphism on an absolutely connected group is
a bounded function.

(2) Suppose G1 and G2 are infinite groups. The free product G = G1 ∗G2 is not
absolutely connected. If moreoverG1 andG2 are type-absolutely connected, then
by Proposition 4.3, G is type-absolutely connected. Hence G∗ = G∗00

∅ �= G∗∞
∅ ,

for some monster model G∗ 	 G .

Proof. (2) follows from (1) and Example 5.1. (1) Let f be a quasimorphism on
G of defect r ∈ R. Suppose that Im(f) ⊆ R is unbounded. For each N ≥ 1 there is
a thick subset PN of (R,+) such that

Im(f) �⊆ PNN +
(
– (2N – 1)r, (2N – 1)r) .

For example as PN one can take g–1(– ε, ε), where g : R → R/tZ is the quotient
map and some ε, t > 0. By Proposition 5.3, the group G is not absolutely connected.
Indeed

Q = f–1(PN + (– r, r)) ∩ f–1(PN + (– r, r))–1

is thick in G and QN ⊆ f–1
(
PNN + (– (2N – 1)r, (2N – 1)r)

)
�= G . �

The proof of the proposition below is straightforward. It says that a free product
of a family of quasimorphisms is a generalized quasimorphism.

Proposition 5.5. Suppose {Gi}i∈I is a family of groups and fi : Gi → Z = xiZ is
a quasimorphism of defect ri , for i ∈ I . Let G = ∗i∈I Gi . Then

f = ∗i∈I fi : G → FI = 〈xi , i ∈ I 〉

is a generalized quasimorphism of defect S =
⋃
i∈I
⋃ri
k=–ri

xki
FI , where FI is a free

group of basis {xi}i∈I and xki
FI is the conjugacy class of xik in FI .

We prove now that every generalized quasimorphism induces a homomorphism
after passing to a saturated extension and taking quotient by the subgroup generated
by the defect.

Proposition 5.6. Suppose f : G → H is a surjective generalized quasimorphism
of defect S, where S = S–1 and S is normal in H. Assume that G, H, f, and S are
A-definable in some structure M. Then, for a monster model M∗ of M, f∗ induces
an epimorphism

f : G → H/
〈
S
〉
,

where G = G∗/G∗∞
A , H = H ∗/H ∗∞

A , and
〈
S
〉

is generated in H by S = S∗/H ∗∞
A .

The components G∗∞
A andH ∗∞

A of G∗ andH ∗ in Proposition 5.6 are calculated
with respect to the structure on G and H induced from M.

Proof. Since H/
〈
S
〉

= H ∗/ 〈S∗〉H ∗∞
A , it is enough to check that f∗(G∗∞

A ) ⊆
〈S∗〉H ∗∞

A . Then it is immediate that f is an epimorphism. Since f(xy) ∈
S–1f(x)f(y) and G∗∞

A is generated by XΘA (cf. Section 2.4) we get f∗(G∗∞
A ) =
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f∗ (〈XΘ〉) ⊆ 〈S∗〉
〈
f∗ (XΘA

)〉
. By compactness, Lemma 2.3(1), and Proposition

5.3(1), we have

f∗(XΘA) =
⋂{

f∗(Q) : Q ⊆
A-def. thick

G∗
}
⊆
⋂{

S∗P : P ⊆
A-def. thick

H ∗
}

= S∗XΘA,

so
〈
f∗ (XΘA

)〉
⊆ 〈S∗〉H ∗∞

A . �

In Theorem 5.7 below we recover a compact topological group from its dense
subgroup.

Theorem 5.7. Suppose C is a compact Hausdorff topological group and D < C is
a dense subgroup. Let {Ui}i∈I be a family of open subsets of C such that:

(1) {Ui}i∈I is a basis of the topology at the identity e of C, closed under finite
intersections,

(2) for every i ∈ I , there is j ∈ I such that Uj
2 ⊆ Ui and Ui = U –1

i ,
(3) x–1Uix = Ui for i ∈ I , x ∈ C .

Suppose D is equipped with some structure D = (D, ·, ...) in a such a way that
for some A ⊆ D, U ′

i = Ui ∩D is A-definable in D for each i ∈ I ( for example,
D = (D, ·, U ′

i )i∈I , where each U ′
i is a predicate and A = ∅).

Then, for every monster model D∗, there exists a surjective homomorphism.
st : D∗ → C , called the standard part map, such that:

(a) ker(st) =
⋂
i∈I U

′
i
∗ is an A-type-definable bounded index normal subgroup

of D∗,
(b) st(d ) = d , for d ∈ D; for a definable subset S of D, if S∗ is the interpretation

of S in D∗, then st(S∗) = S (the closure is taken in C),
(c) st induces a homeomorphic isomorphism s̃t : D∗/ ker(st) → C , where

D∗/ ker(st) is endowed with the logic topology.

Proof. Since C is compact, each Ui is a generic subset of C (cf. Definition 3.5)
and by Lemma 3.6(2) and (2), Ui is thick in C. Hence U ′

i = Ui ∩D is thick in D
(cf. Lemma 2.2(4)), and again by Lemma 3.6(2), we obtain that U ′

i is generic in D.
We define st : D∗ → C . Let x ∈ D∗. For each i ∈ I there is di ∈ D such that

x ∈ diU ′
i
∗. Hence, the family

{
diUi

}
i∈I has the finite intersection property in C. By

(2) and (3), there is a unique y ∈ C such that
⋂
i∈I diUi = {y}. Indeed, if y1, y2 ∈⋂

i∈I diUi , then y–1
2 y1 ∈

⋂
i∈I Ui

2
= {e}. Define st(x) as the unique element from⋂

i∈I diUi .
Note the following property, which will be used in the rest of the proof: for x ∈ D∗,

d ∈ D, and i ∈ I , if x ∈ dU ′
i
∗, then st(x) ∈ dUi .

Since D is dense in C, st is surjective. Hence, the first part (b) is true.
It follows from (1) that st–1(e) =

⋂
i∈I U

′
i
∗; hence (a) follows.

Let x, x′ ∈ D∗. We prove that st(xx′) = st(x) st(x′). It is enough to find for each
i ∈ I an element d ∈ D such that st(xx′), st(x) st(x′) ∈ dUi . Fix i ∈ I . There is
j ∈ I satisfying (2) and dj, d ′j ∈ D such that x ∈ djU ′

j
∗ and x′ ∈ d ′jU ′

j
∗. Then

xx′ ∈ djd ′jU ′
j
∗d ′jU ′

j
∗ ⊆ djd ′jU ′

i
∗
,

https://doi.org/10.1017/jsl.2023.85 Published online by Cambridge University Press

https://doi.org/10.1017/jsl.2023.85


64 JAKUB GISMATULLIN

by (3). Hence st(xx′) ∈ djd ′jUi . Moreover st(x) st(x′) ∈ djd ′jUj
d ′jUj = djd ′jUj

2 ⊆
djd

′
jUi .

We prove (b). For ⊆ suppose s = st(s∗), for some s∗ ∈ S∗. By (1) it is enough

to prove that for every i ∈ I , sUi ∩ S �= ∅. Take j ∈ I such that Uj
2 ⊆ Ui . Suppose

s∗ ∈ dU ′
j
∗ for d ∈ D. Then s ∈ dUj in C and S∗ ∩ dU ′

j
∗ �= ∅ in D∗. Hence, the

same is true in D, that is there is s ′ ∈ S, such that s ′ ∈ dU ′
j . Thus d ∈ s ′U ′

j , so
s ∈ dUj ⊆ s ′UjUj ⊆ s ′Ui , and then s ′ ∈ sUi . ⊇ follows by compactness.

We prove, using (b), that st induces a continuous isomorphism s̃t : D∗/ ker(st) →
C of compact Hausdorff groups, i.e., s̃t is a homeomorphism. It is immediate (see
[33, Section 2]) that the following family forms a basis of the logic topology for
closed sets of D∗/ ker(st):

{Yϕ/ ker(st) : ϕ formula over D} ,

where Yϕ = {x ∈ D∗ : x ker(st) ∩ ϕ(D∗) �= ∅} = ϕ(D∗) ker(st). Hence using (b)
we get s̃t

(
Yϕ/ ker(st)) = st(Yϕ) = st(ϕ(D∗)) = ϕ(D) is closed in C. �

Remark 5.8. By [23, 1.12], every compact Hausdorff topological group has small
normal neighbourhoods, that is, the identity element has a neighbourhood basis
consisting of sets invariant under inner automorphisms. Hence, every such group
has a basis at the identity satisfying (1)–(3) from Proposition 5.7.

Theorem 5.9. Suppose C is a compact Hausdorff group and D < C is a dense
subgroup generated by D = 〈di〉i∈I . Let S =

⋃3
k=–3

⋃
i∈I d

k
i

D
. Then there exist a

type-absolutely connected group G with some first-order structure, and an epimorphism

G∗00
∅ /G

∗∞
∅ → C/

〈
S
〉
,

where S is the closure of S in C.

Proof. Let {Vi ,Wi}i∈I be an arbitrary family of type-absolutely connected
groups. For each i ∈ I take a quasimorphism fi : Vi ∗Wi → Z of defect 3 from
Example 5.1. Let G = ∗i∈I Vi ∗Wi and f′ = ∗i∈I fi . Then by Proposition 5.5,
f′ : G → FI is a generalized quasimorphism. Compose f′ with the natural
epimorphism i : FI → D, to get a generalized quasimorphism f = f′ ◦ i : G → D
of defect S. Consider the following structure:

M = ((G, ·), (D, ·, S,U ′
j)j∈J , f),

where U ′
j = Uj ∩D, for some basis {Uj}j∈J of C satisfying (1)–(3) from

Proposition 5.7 (cf. Remark 5.8). By Proposition 4.3, G is type-absolutely connected,
so by Proposition 5.6 f induces an epimorphism

f : G∗00
∅ /G

∗∞
∅ −→ D/

〈
S
〉
,

whereD = D∗/D∗∞
∅ . By Proposition 5.7 there is a continuous epimorphism s̃t : D =

D∗/D∗∞
∅ → D∗/ ker(st) ∼= C , such that s̃t(S) is the closure of S in C. By composing

s̃tmod
〈
S
〉

with f we get the desired epimorphism. �

We give some applications of Theorem 5.9.
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Example 5.10. Let D = 〈d1, d2〉 be a free group, freely generated by d1, d2, let
C = D̂ be a profinite completion of D, and let S ⊂ D be defined as in Theorem 5.9.
Then

〈
S
〉

= N (x1, x2) is the normal closure of d1, d2 in C (as every conjugacy class
in D̂ is closed). Hence, by Theorem 5.9, D̂/N (x1, x2) is a homomorphic image of
G∗00

∅ /G
∗∞
∅ , for some type-absolutely connected group G. Recent remarkable result

of Nikolov–Segal [32, 1.6] implies that the quotient D̂/N (x1, x2) is abelian.

We now find C, D, and S as in Theorem 5.9, such that C/
〈
S
〉

is non-abelian.
The weight w(G) of a topological space G is the minimal cardinal number that a

base for the topology on G can have.

Theorem 5.11. Suppose {Gn}n∈N is any family of compact connected Hausdorff
topological groups such that each Gn has weight at most 2ℵ0 ( for example, every
compact connected Lie group is such). Then there exists a type-absolutely connected
group G such that

∏
n∈N
Gn/

⊕
n∈N
Gn is a homomorphic image of G∗00

∅ /G
∗∞
∅ .

If infinitely many of the Gn’s are non-abelian, then G∗00
∅ /G

∗∞
∅ is also non-abelian.

Proof. Let C =
∏
n∈N
Gn. We find a dense subgroup D < C and S witnessing

the assumption of Theorem 5.9 and such that C/
〈
S
〉

maps homomorphically onto
C/D1 whereD1 =

⊕
n∈N
Gn. By [22, Theorem 4.13], there are xn, yn ∈ Gn such that

〈xn, yn〉 is a dense subgroup of Gn. Consider

K = {e, xkn , ykn : n ∈ N, k =– 3, ... , 3}

as a subset of C (under the natural embedding ofGn into C). SinceD1 is dense in C,
the subgroupD = 〈K〉 is also dense in C. Note that K is a compact subset of C, as e
is a limit point of K and K \ {e} is discrete. The set S =

⋃3
k=–3

⋃
n∈N
xkn
D ∪ ykn

D
is

contained in S ′ =
⋃3
k=–3

⋃
n∈N
xkn
C ∪ ykn

C
. Since K is compact, S ′ is also compact.

Indeed, consider F : C × C → C , F (a, b) = ab . As F is continuous, the image
F (K × C ) = S ′ is compact. Hence S ⊆ S ′ ⊂ D1, soC/

〈
S
〉
maps homomorphically

onto C/D1 =
∏
n∈N
Gn/

⊕
n∈N
Gn. The theorem follows by (5.9). �

Every ultraproduct
∏
n∈N
Gn/U is a homomorphic image of

∏
n∈N
Gn/

⊕
n∈N
Gn.

Therefore Theorem 5.11 implies that there exists a type-absolutely connected G such
that G∗00

∅ /G
∗∞
∅ is non-solvable.

§6. Radicals and compactifications. In this section we introduce the notion of the
type-absolutely connected radical of a group (Definition 6.1). Our goals are to use
that notion together with the concept of the von Neumann radical of a group and
Theorem 5.7 to:

• classify all compactifications of a topological group G as mappings
G → G∗/H ′ for some type-definable bounded index subgroups H ′ of G∗

(Theorem 6.6 and Remark 6.7);
• prove that the class of type-absolutely connected groups coincides with the

class of discretely topologized groups with trivial Bohr compactification
(Theorem 6.10);
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• characterize all connected Lie groups which are type-absolutely connected
(Remark 6.11);

• prove certain result about solvable extensions (Theorem 6.12).

Let us remind that a Lie group is a topological group that has a differentiable
manifold structure, which agrees with the topology. Lie groups appear in research
in model theory (see, e.g., [33]).

In 1976 Hirschfeld [21] described all compactifications of a given group G as
quotients of an enlargement ∗G (in the sense of non-standard analysis) of G. We
obtain a similar result (Theorem 6.6) as a corollary of Theorem 5.7. In our case
the quotients have the logic topology. We also give a certain description of a group
H such that G∗/H is the universal (the Bohr) compactification of G. A. Pillay
(independently) proved that such H can be characterized in another way.

Definition 6.1. For a group G, byRtc(G) we denote the maximal type-absolutely
connected subgroup of G, that is, a subgroup which itself is type-absolutely
connected, and contains all type-absolutely connected subgroups of G. We call
Rtc(G) the type-absolutely connected radical of G. Existence of Rtc(G) is given by
Proposition 4.3.

Rtc(G) is a characteristic subgroup of G and is contained (by Proposition 4.5)
in every element of the derived series of G, hence is contained in the perfect core
of G (the largest perfect subgroup of G). In Section 7 (Theorem 7.7) we prove that
for every Chevalley group G, the subgroup Rtc(G) is definable (in the group theory
language LG = {·}) and coincides with [G,G ].

Remark 6.2. Rtc has the following properties:

(1) Rtc(Rtc(G)) = Rtc(G).
(2) Rtc(G/Rtc(G)) = {e} (cf. Proposition 4.4(2)).
(3) Rtc(G ×H ) = Rtc(G) ×Rtc(H ).
(4) If f : G → H is a homomorphism, then f(Rtc(G)) ⊆ Rtc

(
f(G))

(by Proposition 4.4(1)).
(5) For an arbitrary structure on G we have Rtc(G) ⊆ G ∩G∗00

∅ .

We make below the definition of ‘absolutely connected subset of a group’
(cf. Definition 3.3(1)) for use in Example 6.5.

Definition 6.3. A subset X of a group G is called an n-absolutely connected if
for every thick P ⊆ G , we have X ⊆ Pn.

Remark 6.4. Note that if X ⊆ G is an absolutely connected subset of G which
is also A-definable with respect to some structure on G, then X ∗ ⊆ G ∩G∗∞

A .

Example 6.5. We give an example of a group G for whichRtc(G) is trivial, but for
any structure on G,G ∩G∗00

∅ is nontrivial, i.e., where the inclusion in Remark 6.2(5)
is strict. Suppose k is an arbitrary field of characteristic 0. Consider

G =
{(
a b
0 1

)
: a, b ∈ k, a �= 0

}
and H =

{(
1 b
0 1

)
: b ∈ k

}
.
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We prove that H is a 4-absolutely connected subset of G (but H itself is not an
absolutely connected group, as H is abelian; see Proposition 4.5). Suppose P ⊆ G
is thick. By Corollary 2.4, we may assume that P4 is a normal subset of G. Let
h ∈ H . Since char(k) = 0, thickness of P implies that for some n ∈ N, e �= hn ∈ P4.
However h and hn are conjugate in G, as(

n 0
0 1

)
h

(
n 0
0 1

)–1

= hn.

Therefore h ∈ P4. Since G is solvable, Rtc(G) is trivial. However, if H is ∅-definable
in G, thenH ⊆ G ∩G∗∞

∅ ⊆ G ∩G∗00
∅ .

We recall the notion of the von Neumann radical (also called the von Neumann
kernel) and Bohr compactification. Let G be a topological group. There exist a
‘largest’ compact Hausdorff group bG and a continuous homomorphism b : G →
bG such that:

• the image b(G) is dense in bG , and
• for every continuous homomorphism of dense image f : G → G̃ , where G̃ is a

compact Hausdorff topological group, there is a unique continuous surjective
homomorphism f̃ : bG → G̃ such that f = f̃ ◦ b.

The group bG is called the Bohr compactification of G. The kernel of b is called the
von Neumann radical of G, and is denoted byRvN (G). Note thatRvN (G) depends on
the topology on G and is a closed normal subgroup. G is said to be minimally almost
periodic if RvN (G) = G [30], which means that G has trivial Bohr compactification.
At the other end of the spectrum are maximally almost periodic groups, for which
the Bohr compactification is injective.

Suppose now that G is a group with some first-order structure, endowed with
the discrete topology. Fix A ⊆ G . The subgroup G ∩G∗00

A of G is the kernel of the
mapping � : G → G∗/G∗00

A . The group G∗/G∗00
A with the logic topology is compact

Hausdorff and one can easily check that �(G) is dense in G∗/G∗00
A (as A ⊆ G).

Therefore
(
G∗/G∗00

A , �
)

is a compactification of G.

The next proposition is a consequence of Theorem 5.7. For every Hausdorff
topological group G equipped with some structure, we give a sufficient condition to
recover the Bohr compactification of G, and also all other compactifications of G,
as G → G∗/H , where H is type-definable bounded index subgroup of G.

Theorem 6.6. Suppose (G, ·, ...) is a topological Hausdorff group equipped with
some first-order structure (...). Let {Ui}i∈I be a basis at the identity of bG satisfying
(1)–(3) from Proposition 5.7. Assume that the following subsets of G are definable
in G :

• RvN (G)(the von Neumann radical),
• Vi = b–1(Ui ), for i ∈ I .

Then G → G∗/H is the Bohr compactification of G, where H =
⋂
i∈I V

∗
i . Further-

more, any compactification of G is of the form G → G∗/H ′, for some type-definable
over G normal subgroup H ′ of G∗ containing H.
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Proof. Since RvN (G) is definable in G, the map b : G → b(G) is interpretable
in G (we identify b(G) with G/RvN (G)). Therefore working in G∗ one can find
b∗ : G∗ → b(G)∗, which extends b, and also b(G)∗ = G∗/RvN (G)∗. Note that:

• the object b(G)∗ with the induced structure from G∗ is a sufficiently saturated
extension of b(G) with the induced structure,

• the natural surjective map G∗/H → b(G)∗/
⋂
i∈I b(Vi )

∗ is continuous with
respect to the logic topology on both groups.

Since b(G) is a dense subgroup of bG , by Theorem 5.7, there is a surjective
homomorphism st : b(G)∗ → bG , satisfying (a), (b) and (c) from (5.7), that is
ker(st) =

⋂
i∈I b(Vi)

∗. Hence, we have a surjective map st ◦b∗ : G∗ → bG with
ker(st ◦b∗) = H and such that G∗/H ∼=

homeo
b(G)∗/ ker(st) ∼=

homeo
bG .

The furthermore part follows from the first part and the definition of the Bohr
compactification. �

Remark 6.7. As an immediate corollary of Theorem 6.6 we obtain: under the
notation of Theorem 6.6 endow G with the following structure:

(G, ·,RvN (G), Vi)i∈I ,

which is an expansion of G by some family of open sets (as RvN (G) is closed), then
G → bG is homeomorphically isomorphic to G → G∗/H , where H is defined as
in Theorem 6.6. Therefore, as has been also observed by A. Pillay in [20], H might
be seen as a kind of canonical subgroup of G∗. The natural question arises: does
H coincides with G∗00

G ? If we additionally assume that G is compact and that every
definable subset of G is Haar measurable, then one can apply the argument from
[24, p. 579], to getH = G∗00

G . Because G∗00
G =

⋂
j∈J Wj where eachWj is thick, so

is generic (Lemma 3.6). Hence eachWj has positive measure, soW 2
j has non-empty

interior and contains some Vi .

We make some comments on groups with discrete topology.

Proposition 6.8. Let G be an arbitrary group with discrete topology.

(1) For every sufficiently saturated extension G∗ of G, RvN (G) ⊆ G ∩G∗00
G .

(2) There exist a family {Pi : i ∈ I } of thick normal subsets of G satisfying ((†))
from (2.5) and such that RvN (G) =

⋂
i∈I Pi . Moreover RvN (G) = G ∩G∗00

∅
in the structure (G, ·, Pi)i∈I .

Proof. (1) Since � : G → G∗/G∗00
G is a compactification of G, there is f : bG →

G∗/G∗00
G such that � = f ◦ b, so ker(b) = RvN (G) ⊆ ker(�) = G ∩G∗00

G .
(2) Choose by Remark 5.8 a basis {Ui : i ∈ I } of the neighbourhood of identity

of bG satisfying (1)–(3) from Theorem 5.7. It is enough to take Pi = b–1(Ui). We
prove the moreover part. Inclusion ⊆ follows from (1). For ⊇ note that

⋂
i∈I P

∗
i is

a ∅-type-definable bounded index subgroup of G∗, so
⋂
i∈I P

∗
i ⊇ G∗00

∅ . �

An immediate consequence of Remark 6.2(5) and Proposition 6.8(2) (or of
Theorem 6.6) is the following.

Corollary 6.9. For an arbitrary topological group G (not necessarily with discrete
topology) Rtc(G) ⊆ RvN (G).
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One can prove (cf. [30, 5 (α)]) that in Example 6.5, if G is discretely topologized
then RvN (G) = H . That is, Rtc(G) might be a proper subgroup of RvN (G).
However, by the next theorem, this cannot happen for minimally almost periodic
groups.

Theorem 6.10. Consider G with the discrete topology. Then RvN (G) = G if and
only if Rtc(G) = G . That is the class of type-absolutely connected groups coincides
with the class of discretely topologized minimally almost periodic groups.

Proof. ⇐ holds as Rtc(G) ⊆ RvN (G). ⇒ follows by Proposition 6.8(1).
Indeed, if RvN (G) = G , then G ⊆ G∗00

G , for any G∗ 	 G , so G is type-absolutely
connected. �

Remark 6.11. Shtern in [38] described the von Neumann kernel of a connected
Lie group and characterized discretely topologized minimally almost periodic
connected Lie groups [38, Section 4, Corollary 2]. Therefore, by Theorem 6.10,
this also gives a characterization of connected Lie groups which are type-absolutely
connected. Namely, suppose G is a connected Lie group with Levi decomposition
G = SR, where R is the solvable radical of G (the largest connected solvable normal
subgroup of G) and S is a Levi subgroup. Then RvN (G) = G with respect to
discrete topology on G if and only if S has no nontrivial compact simple factors and
R = [G,R]. In particular every semisimple connected Lie group without compact

factors, for example, the topological universal cover S̃L2(R) of SL2(R), is type-
absolutely connected. Another proof of this fact can be derived from Theorem 6.12.

We describe how RvN behaves under solvable extensions.

Theorem 6.12. Suppose f : G → H is an epimorphism of groups with discrete
topology. If ker(f) is solvable of derived length m, then

f–1(RvN (H ))(m) ⊆ RvN (G).

In particular if RvN (H ) = H (that is, H is type-absolutely connected ), then G (m) ⊆
RvN (G). If additionally G is perfect, then Rtc(G) = G , so G is type-absolutely
connected.

Proof. The second part follows from the first part and Theorem 6.10. We prove
the first part. By Proposition 6.8(2), RvN (G) =

⋂
i∈I Pi , where each Pi is thick and

normal in G.

Claim. For i ∈ I and n ∈ N, f–1(RvN (H ))(n) ⊆ Pi · ker(f)(n).

Proof of the claim. We prove by induction on n. Take an arbitrary i ∈ I . Since
each f(Pi) is thick in H and {f(Pi)}i∈I satisfies (†) from Lemma 2.5, RvN (H ) ⊆
H ∩H ∗00

∅ ⊆ f(Pi), for a suitable H ∗. Thus f–1(RvN (H )) ⊆ Pi · ker(f). This
proves the case n = 0.

Suppose that the claim is true for n. By (∗) from the proof of Lemma 3.7 we get{
[x, y] : x, y ∈ f–1

(
RvN (H )(n)

)}
⊆ P4

i · ker(f)(n+1).

Since ker(f)(n+1) is a normal subgroup of G and i is an arbitrary element of I, (†)
from Lemma 2.5 implies that f–1(RvN (H ))(n+1) ⊆ Pi · ker(f)(n+1). �
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By the claim f–1(RvN (H ))(m) ⊆ Pi for each i ∈ I , so f–1(RvN (H ))(m) ⊆
RvN (G). �

Corollary 6.13. The topological universal cover S̃L2(R) of SL2(R) is type-
absolutely connected, but not absolutely connected.

Proof. Consider the following exact sequence:

0 → Z → S̃L2(R) → SL2(R) → 0.

Since S̃L2(R) is perfect [43] and SL2(R) is 12-absolutely connected (Theorem 7.5),

Theorem 6.12 implies that S̃L2(R) is type-absolutely connected. S̃L2(R) is not

absolutely connected by [10] or by Corollary 5.4(1). Namely, S̃L2(R) is isomorphic
with (Z× SL2(R), ·), where · is defined by the rule (b1, x1) · (b2, x2) = (b1 +
b2 + h(x1, x2), x1x2), for some 2-cocycle h : SL2(R) × SL2(R) → {– 1, 0, 1} [1,

Theorem 2]. Hence there exists an unbounded quasimorphism f : S̃L2(R) → Z
of defect 1. �

Further results on S̃L2(R) are in [18].

§7. Split semisimple linear groups. The aim of the present section is to prove (see
Theorem 7.7) that groups of rational points of split semisimple simply connected
linear groups (so in particular Chevalley groups) over arbitrary infinite fields are
12-absolutely connected.

For the class of connected Lie groups CLie , in particular for linear groups over
R, we can characterize the subclass CLie,tc of CLie consisting of type-absolutely
connected groups (cf. Remark 6.11). One may expect that some groups from
CLie,tc are absolutely connected. However it is not true that all groups from CLie,tc
are absolutely connected, as, for example, S̃L2(R) is not absolutely connected
(Corollary 6.13).

In the case of quasi-simple Chevalley groups over arbitrary infinite fields we
have the following result. By [13, Theorem M], there exists a constant d, such that
every quasi-simple Chevalley group G(k) over an arbitrary field k is d · rank(G)-
uniformly simple (see the comment after Definition 3.3). HenceG(k) is inWd ·rank(G)
(Definition 3.4), so by Theorem 3.11 G(k) is 4d rank(G)-ac. In fact, we prove that
G(k) is in W3 and so is 12-absolutely connected.

By a linear algebraic group we mean an affine algebraic group (cf. [3, 34]). We
assume throughout that k is an arbitrary infinite field. All linear groups are assumed
to be connected.

We say that a linear algebraic group G is a k-group or that G is defined over k, if
the ideal of polynomials vanishing on G is generated by polynomials over k (cf. [3,
AG §11]). ByG(k) we denote the group of k-rational points of a k-group G. A Borel
subgroup of G is any maximal connected Zariski closed solvable subgroup of G; a
subgroup of G is called parabolic if it contains some Borel subgroup. A k-group G
is called:

• reductive (resp. semisimple), if the unipotent radical Ru(G) (resp. the solvable
radical R(G)) of G is trivial,

• split over k or k-split if some maximal torus T in G is split over k [3, 18.6],
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• absolutely almost simple (resp. almost simple over k or almost k-simple) if G has
no proper nontrivial normal connected closed subgroup (resp. defined over k)
([4, 0.7], [41, 1.1.1 and 3.1.2]),

• simply connected if G does not admit any nontrivial central isogeny � : G̃ → G
([34, 2.1.13], [39, 8.1.11], [41, 1.5.4 and 2.6.2]).

Every absolutely almost simple k-group is almost k-simple, but the converse is
not true in general. However, when G is k-split, semisimple, and simply connected,
then these two notions are equivalent. We use this fact in the proof of Theorem 7.5.

For every separable field extension k′ ⊇ k there is a functor Rk′/k [4, 6.17] which
assigns, by restriction of scalars, to each affine k′-group H ′ an affine k-group H =
Rk′/k (H ′) such thatH ′(k′) ∼= H (k).

Lemma 7.1. Every almost k-simple k-split simply connected semisimple k-group G
is absolutely almost simple.

Proof. By [4, 6.21(II)] and [41, 3.1.2], there exists a finite separable field
extension k′ of k and absolutely almost simple and simply connected k′-group
G ′ such thatG = Rk′/k(G ′). It is enough to prove that k′ = k. Let T ′ be a maximal
k′-split torus of G ′. Since G is k-split, by [39, 16.2.7], T = Rk′/k(T ′) is a maximal
k-split torus of G and dim(T ) = dim(T ′). However, by [4, 6.17], dim(T ) =
dim(T ′)[k′ : k], so k′ = k. �

Throughout this section unless otherwise is stated we use the following notation
[3, 18.6, Sections 20 and 21]:

• G is a connected reductive k-split k-group,
• T is a maximal k-split torus in G,
• Φ = Φ(T,G) is the root system of relative k-roots of G with respect to T (each
α ∈ Φ is a homomorphism α : T → k×); in fact Φ can be regarded as a root
system in Rn, satisfying the crystallographic condition: < α, 	 >= 2 (α,	)

(	,	) ∈ Z,

for all α, 	 ∈ Φ, where (, ) is the usual scalar product on Rn [3, 14.6 and 14.7],
• Π ⊂ Φ is the simple root system generating Φ; that is, every root α ∈ Φ can be

written as a linear combination of roots from Π, where all nonzero coefficients
are positive integers or all are negative integers,

• Uα for α ∈ Φ, is the k-root group of G corresponding to α ∈ Φ,
• Φ+ and Φ– are the sets of all positive and negative k-roots from Φ,
• U (resp. U –) is the group generated by all Uα for α ∈ Φ+ (resp. α ∈ Φ–).

If α =
∑
	∈Π k		 is the representation of α ∈ Φ with respect to Π, then the height

of α is ht(α) =
∑
	∈Π k	 .

For each α ∈ Φ the group Uα(k) is a connected and unipotent subgroup,
normalised byT (k). In particular [3, 18.6], there is an isomorphism xα : k → Uα(k)
such that for s ∈ k and t ∈ T (k),

txα(s)t–1 = xα(α(t)s). (∗)

More precisely, for u ∈ k×, α ∈ Φ, define wα(u) = xα(u)x–α
(
– u–1

)
xα(u) and

tα(u) = wα(u)wα(1)–1. Furthermore, if G is simply connected, then [40, Lemma
20(c), p. 29] T (k) = 〈tα(u) : u ∈ k×, α ∈ Π〉 and the action of tα(u) on the k-root
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subgroup U	 is given by the formula

tα(u)x	(s)tα(u)–1 = x	
(
u<	,α>s

)
. (∗∗)

If we fix an ordering on Φ+, then for every element x ∈ U there is a unique tuple
(sα)α∈Φ+ ∈ k|Φ

+|, such that x can be uniquely written in the form

x =
∏
α∈Φ+

xα(sα), (∗∗∗)

where the product is taken in a fixed order. The analogous fact is true for negative
roots Φ– and U –.

The next definition is well known for linear algebraic groups [3, 12.2].

Definition 7.2. An element t ∈ T (k) is called regular if CG(k)(t) ∩U (k) = {e},
where CG(k)(t) is the centralizer of t in G(k). Equivalently (by (∗∗) and (∗∗∗)) t is
regular if and only if for every root 	 ∈ Φ+, 	(t) �= 1.

Proposition 7.4 below is a variant of [12, Proposition]. In the proof we use the
Gauss decomposition in Chevalley groups from [9].

Theorem 7.3. [9, Gauss decomposition Theorem 2.1] Suppose k is an arbitrary
infinite field and G is an absolutely almost simple and simply connected k-split k-group.
Then for every noncentral g ∈ G(k) and t ∈ T (k) there exist v ∈ U –(k), u ∈ U (k),
and x ∈ G(k) such that gx = v · t · u.

Proposition 7.4. Suppose that G is an absolutely almost simple and simply

connected k-split k-group. Then G(k) =
(
tG(k)

)3
for every regular element t ∈ T (k).

Proof. Let C = tG(k). Consider the following functions:

• ϕ : U (k) → U (k), ϕ(u) = [t, u] = t–1u–1tu,
• 
 : U –(k) → U –(k), 
(v) = [v, t–1] = v–1tvt–1.

The functions ϕ and 
 are well defined, because U (k) and U –(k) are normal
subgroups of B(k). Since t is regular, ϕ and 
 are injective. In fact, ϕ and 
 are
bijections. We prove that ϕ is surjective; the argument for 
 is similar. Consider the
central series U (k) = U1(k) �U2(k) ...�Um(k) = {e} for U (k), where Ui(k) =
〈xα(s) : α ∈ Φ+, ht(α) ≥ i, s ∈ k〉. By the Chevalley commutator formula [3, 14.5
and Remark (2)], we have

Ui(k)/Ui+1(k) ⊆ Z
(
U (k)/Ui+1(k)) .

Each factor Ui(k)/Ui+1(k) is a finite-dimensional vector space over k. Namely, by
(∗∗∗),

Ui(k)/Ui+1(k) ∼=

⎧⎨
⎩
∑

ht(α)=i

xα(sα) : sα ∈ k

⎫⎬
⎭ .

By ∗), ϕ
(
Ui(k)) ⊆ Ui(k); hence ϕ induces a k-linear transformation

ϕi : Ui(k)/Ui+1(k) → Ui(k)/Ui+1(k),
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with the matrix diag(1 – α(t) : α ∈ Φ, ht(α) = i). Since t is regular, each ϕi is a
bijection. Now, using (†) one can easily prove, by induction on 1 ≤ i ≤ m – 1, that
for every u ∈ U (k), there is ui such that u ≡ [t, ui ]mod Ui+1. Thus ϕ is surjective.

Claim. C 2 ⊇ G(k) \ Z(G(k)).

Proof of the claim. Take an arbitrary g ∈ G(k) \ Z(G(k)). By [9, Theorem
2.1]

gG ∩U –(k) · t2 ·U (k) �= ∅.

Since ϕ and 
 are surjective, for some g ′ ∈ gG there are v ∈ U –(k), u ∈ U (k)
satisfying g ′ = 
(v)t2ϕ(u) = v–1tvu–1tu ∈ C 2. �

Our conclusion follows from the claim, because if x �∈ C 2 · C , then xC –1 ⊆
G(k) \ C 2 ⊆ Z(G(k)); this is impossible sinceZ(G(k)) is finite and C is infinite. �

We prove that simply connected split groups are 12-absolutely connected.

Theorem 7.5. Let k be an arbitrary infinite field and let G be a k-split, semisimple,
simply connected, k-group. Then G(k) is in W3, so G(k) is 12-absolutely connected.

Proof. Without loss of generality we may assume that G is absolutely almost
simple. Indeed, by [3, 22.10] and [41, 3.1.2], the group G is a direct product G1 ×
··· ×Gn over k, where each Gi is k-split, semisimple, simply connected, and almost
k-simple. ThusG(k) ∼=

∏
1≤i≤n Gi(k). By Lemma 7.1, everyGi is absolutely almost

simple, so by Lemma 3.9(1) and Theorem 3.11, it is enough to prove that Gi(k) is
in W3.

By Proposition 7.4 and Theorem 3.11, in order to prove the conclusion of the
theorem, one needs to show that the set of non-regular elements in T (k) is non-
thick (cf. Definition 2.1). By Definition 7.2, it is enough to find, for each m ∈ N, a
sequence (ti)i<m in T (k) such that 	(t–1

i tj) �= 1 for i < j < m and 	 ∈ Φ.
By (∗) and (∗∗), 	

(
tα(s)) = s<	,α>. Fix some sequence (�α)α∈Π ⊂ Z and for

s ∈ k×, define a(s) =
∏
α∈Π tα

(
s�α
)
. Then for i < j < m,

	
(
a
(
si
)–1
a
(
sj
))

= s (j–i)
∑
α∈Π �α<	,α>.

Fixm ∈ N. Since the Cartan matrix (< α, 	 >)α,	∈Π of the irreducible root system Φ
is non-degenerate (cf. [7, Section 3.6]), one can find a sequence (�α)α∈Π of integers
such that, for every simple root 	 ∈ Π, the sum

∑
α∈Π �α < 	, α > is positive. Every

root 	 is a Z-linear combination of simple roots with all coefficients positive, or all
negative. Moreover < ·, · > is additive in the first coordinate. Hence for all 	 ∈ Φ,∑

α∈Π

�α < 	, α >�= 0.

The field k is infinite, so there is t ∈ k× such that 	
(
a
(
si
)–1
a
(
sj
))

�= 1 for every

i < j < m. Thus (ti)i<m =
(
a
(
si
))
i<m

satisfies our requirements. �
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Corollary 7.6. Let SL∞(k) be the union (the direct limit) of groups SLn(k), where

for n < m, SLn(k) is embedded in SLm(k) in a natural way, that is, A �→
(
A 0
0 I

)
.

Proposition 3.8(3) and Theorem 7.5 implies that SL∞(k) is 12-absolutely connected.

Now we consider the case when G is k-split but not necessarily simply connected.
Our goal is Theorem 7.7 below, which is a more general version of Theorem 7.5.

Every semisimple k-group G has a universal k-covering � : G̃ → G defined over k
([34, Proposition 2.10], [41, 2.6.1]); that is, G̃ is a simply connected k-group and �
is a central isogeny defined over k.

Denote by G(k)+ the canonical normal subgroup of G(k) generated by the k-
rational points of the unipotent radicals of parabolic subgroups of G defined over k
[41]

G(k)+ = 〈Ru(P)(k) : P is a parabolic subgroup defined over k〉 .

Let G be a semisimple k-split k-group and let � : G̃ → G be a universal k-covering
of G. Then [5, 6.5 and 6.6]:

(1) G̃(k)+ = G̃(k) (see, for example, [40, Lemma 64, p. 183]),
(2) �

(
G̃(k)

)
= G(k)+ and G(k)+ is the derived subgroup [G(k), G(k)] of G(k)

(cf. [5, 6.5]).

Theorem 7.7. Let k be an arbitrary infinite field and let G be a k-split, semisimple
k-group. Then the derived subgroup [G(k), G(k)] is in W3, so it is 12-absolutely
connected. Moreover [G(k), G(k)] = Rtc(G(k))(cf.Section6) and it is ∅-definable
subgroup of G(k) in the pure group language.

Proof. Let � : G̃ → G be a universal k-covering of G. The group G̃ is simply
connected, so by Theorem 7.5, G̃(k) is in W3. By Lemma 3.9(1)�

(
G̃(k)

)
=

G(k)+ = [G(k), G(k)] is 12-absolutely connected. SinceG(k)+ ∈ W3, one can find
g ∈ G3(G(k)+) (cf. Definition 3.4). Therefore, sinceG(k)+ is a normal subgroup of
G(k),G(k)+ is definable over g. However, [G(k), G(k)] is ∅-invariant, so is definable
over ∅. As [G(k), G(k)] is absolutely connected, [G(k), G(k)] ⊆ Rtc(G(k)), and
Rtc(G(k)) is perfect, so Rtc(G(k)) ⊆ [Rtc(G(k)),Rtc(G(k))] ⊆ [G(k), G(k)]. �

Theorem 7.7 and Remark 4.8 imply the following remark.

Remark 7.8. (1) Suppose G is a semisimple k-split k-group and G(k) is
equipped with some first-order structure. Let G(k)ab be G(k)/[G(k), G(k)]
with the structure inherited fromG(k) and letG∗ be any sufficiently saturated
extension of G(k). Then by Remark 4.8, G∗/G∗∞

∅
∼= G(k)ab∗/G(k)ab∗∞

∅

and G∗/G∗00
∅

∼= G(k)ab∗/G(k)ab∗00
∅ . In particular G∗/G∗∞

∅ is abelian. As a
corollary of Remark 4.8 we have that for semisimple split groups, model-
theoretic connected components can be described in terms of components of
the abelianization.

(2) Suppose G is a reductive k-split k-group. Then [G,G ] is a semisimple k-split
k-group [3, 2.3 and 14.2]. Hence, by Theorem 7.7 the group

G0 = [[G,G ] (k) , [G,G ] (k)]
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is a 12-ac subgroup ofG(k) andG0 = Rtc(G(k)) (Lemma 6.1). Furthermore,
if [G,G ](k) is ∅-definable inG(k), thenG0 is ∅-definable inG(k) (by Theorem
7.7). In this case G∗/G∗∞

∅
∼= A∗/A∗∞

∅ , where A = G(k)/G0.

7.1. Groups over algebraically closed field. We consider the case when k = K is
an algebraically closed field. In this subsection we assume that G is a connected
linear algebraic K-group.

Any absolutely connected group is perfect (Proposition 4.5). In our context this
is also a sufficient condition for absolute connectedness.

Proposition 7.9. The following conditions are equivalent:
(a) G(K) is absolutely connected,
(b) G(K) is perfect.

More precisely, if cw(G(K)) = r and the solvable radicalR(G(K)) is of derived length
m, then G(K) is 12(4r)m-absolutely connected.

Proof. (a) ⇒ (b) follows from Proposition 4.5. For (b) ⇒ (a), note that H =
G/R(G) is a semisimple linear algebraic K-group. As G(K) is perfect, H (K) is
perfect and K-split, because every semisimple linear algebraic group is split. Hence
by Theorem 7.7,H (K) is in W3. It is enough to apply Lemma 3.9(2b) and Theorem
3.11 to G(K) → H (K) and H (K). �

If G(K) is perfect, the commutator width of G(K) is at most 2 dim(G) [3, 2.2].
Below is an immediate consequence of Proposition 7.9 and results from Section 6.

Corollary 7.10. The perfect core of G(K) is absolutely connected and equals
Rtc(G(K)).

Proposition 7.9 cannot be generalized to a nonsplit groups in general. For example
SO3(R) is simple as an abstract group (in particular perfect), but is not absolutely
connected.

We do not know if the bound 12(4r)m from Proposition 7.9 is asymptotically
sharp.

Question 7.11. Is there a constant c such that every perfect linear algebraic group
is c-absolutely connected?

§8. More examples. In this section we provide more examples of absolutely
connected groups. We consider some infinite permutation groups and infinite-
dimensional general linear groups.

8.1. Infinite permutation groups. Let Ω be an infinite set. Consider the alternating
group of permutations of Ω:

Alt(Ω) = {� ∈ Sym(Ω) : supp(�) is finite and � is even}.
The converse of Theorem 3.11 is not true.

Proposition 8.1. Alt(Ω) is 8-absolutely connected but is not in W .

Proof. Alt(Ω) is not in W because GN (Alt(Ω)) = ∅, for every N ∈ N. To
prove the absolute connectedness, take an arbitrary n-thick subset P ⊆ Alt(Ω).
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By considering P4 and using Corollary 2.4, we may assume that P is normal. Now
it is enough to prove that P2 = Alt(Ω).

We claim that P contains any finite product of disjoint even cycles. Take n cycles
(x, a1, ... , am), (x, b1, ... , bm), ..., (x, z1, ... , zm), where x is the only common element
of these cycles. Since P is n-thick, we may assume that

(x, a1, ... , am)–1 ◦ (x, b1, ... , bm) = (x, b1, ... , bm, am, ... , a1) ∈ P.
Therefore P contains every even cycle (because P is normal in Alt(Ω)). In the
same way we can prove that P contains any finite product of disjoint even cycles.
Namely, instead of one cycle (x, a1, ... , am), it is enough to consider a product
(x0, a01, ... , a0n0) ◦ (x1, a11, ... , a1n1) ◦ ··· ◦ (xk, ak1, ... , aknk ) of disjoint cycles.

The following two cycles (x, y, a1, ... , a2p+1) and (x, y, b1, ... , b2q+1) are in P, so

(x, y, a1, ... , a2p+1) ◦ (x, y, b1, ... , b2q+1) = (x, a1, ... , a2p+1) ◦ (y, b1, ... , b2q+1)

is in P2. Thus P2 contains every product of two disjoint odd cycles. In a similar way,
we can prove that every even permutation (which is a disjoint product of even cycles
and an even number of odd cycles) is in P2. �

Now we concentrate on the group Sym(Ω) and its normal subgroups. For
a cardinal κ define Symκ(Ω) = {� ∈ Sym(Ω) : | supp(�)| < κ}. By the previous
proposition, Symℵ0(Ω) has an absolutely connected subgroup Alt(Ω) of index 2.

We use the following result of Bertram, Moran, Droste, and Göbel [2, 11, 29].

Theorem [11, Theorem, p. 282]. If �, � ∈ Sym(Ω), | supp(�)| ≤ | supp(�)| and

| supp(�)| is infinite, then � ∈
(
�Sym(Ω)

)4
.

Proposition 8.2. Let κ be an uncountable cardinal.
(1) If κ = �+ is a successor cardinal, then Symκ(Ω) is in W4, so it is 16-absolutely

connected.
(2) If κ is a limit cardinal, then Symκ(Ω) is 16-absolutely connected, but is not

in W .

Proof. The group Symκ(Ω) is a normal subgroup of Sym(Ω) and two elements
from Symκ(Ω) are conjugate in Sym(Ω) if and only if they are conjugate in Symκ(Ω).
Therefore in the case when κ = �+ is a successor cardinal, from the above theorem
we conclude that the group Symκ(Ω) is inW4 (and non-simple as an abstract group),

that is, G4(Symκ(Ω)) = Symκ(Ω) \ Sym�(Ω), and
[
Symκ(Ω) : Sym�(Ω)

]
is infinite.

When κ is a limit cardinal, Symκ(Ω) =
⋃
�<κ Sym�(Ω). In this case Symκ(Ω) is

not in W , as GN (Symκ(Ω)) = ∅. However for a successor cardinal � < κ, the group
Sym�(Ω) is in W4. By Theorem 3.11, Sym�(Ω) is 16-absolutely connected and by
Proposition 3.8(3) the same is true for Symκ(Ω). �

8.2. Infinite-dimensional general linear group. The following proposition is
derived from the result of Tolstykh [42].

Proposition 8.3. Assume that V is an infinite-dimensional vector space over a
division ring D. Then the group GL(V ) of all linear automorphisms of V is in W32, so
GL(V ) is 128-absolutely connected.
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Proof. Call a subspace U of V moietous if dimU = dimV = codimU . We say
that � ∈ G is a moietous involution if there exists a decompositionV = U ⊕U ′ ⊕W
into a direct sum of moietous subspaces, such that � on W is the identity and
exchanges U and U ′. Proposition 1.1 from [42] says that every moietous involution
is in G32(GL(V )). In order to prove that GL(V ) is in W32 simple it is enough to find
in GL(V ) an infinite sequence (gi)i∈N, such that for all i < j ∈ N the element g–1

i gj
is a moietous involution (so g–1

i gj ∈ G32(GL(V ))). Take an infinite decomposition
V =

⊕
i∈N
Vi of V into moietous subspaces. Let gi be a moietous involution of V

with respect to the following decomposition:

V = V2i ⊕ V2i+1 ⊕
⊕

2i,2i+1
=j∈N

Vj,

such that gi(V2i) = V2i+1. Then clearly g–1
i gj for i �= j is also a moietous

involution. �
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