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Abstract

We compute the open Gromov-Witten disk invariants and the relative quantum cohomology of the Chiang La-
grangian L, C CP3. Since L 4 is not fixed by any anti-symplectic involution, the invariants may augment straight-
forward J-holomorphic disk counts with correction terms arising from the formalism of Fukaya A,-algebras and
bounding cochains. These correction terms are shown in fact to be nontrivial for many invariants. Moreover, exam-
ples of nonvanishing mixed disk and sphere invariants are obtained.

We characterize a class of open Gromov-Witten invariants, called basic, which coincide with straightforward
counts of J-holomorphic disks. Basic invariants for the Chiang Lagrangian are computed using the theory of
axial disks developed by Evans-Lekili and Smith in the context of Floer cohomology. The open WDVV equations
give recursive relations which determine all invariants from the basic ones. The denominators of all invariants are
observed to be powers of 2 indicating a nontrivial arithmetic structure of the open WDVV equations. The magnitude
of invariants is not monotonically increasing with degree. Periodic behavior is observed with periods 8 and 16.
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1. Introduction

The main result of the present paper is a complete computation of the open Gromov-Witten disk invariants
of the Chiang Lagrangian [8] in CP?. The Chiang Lagrangian is not fixed by any anti-symplectic
involution [10]. Multiple phenomena are observed that have not appeared in previous computations of
open Gromov-Witten invariants for Lagrangian submanifolds fixed by anti-symplectic involutions. Our
computation relies on direct geometric arguments combined with general structure theorems governing
the invariants including the open WDV'V equations of [48] and results of the present paper.

1.1. Invariants

To formulate our results, we recall relevant background on open and closed Gromov-Witten invariants.
Let (X, w) be a symplectic manifold of real dimension 2n, let L C X be a Lagrangian submanifold
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and let J be an w-tame almost complex structure. For simplicity, assume L is a connected, spin
Lagrangian submanifold with H*(L;R) ~ H*(S";R) and [L] = 0 € H,(X;R). We refer the reader
to [46] for a fuller account of settings where open Gromov-Witten invariants can be defined. Write
H*(X,L;R) = H(L;R) ® H>°(X, L;R). Let y : H"(L;R) — H"*!(X, L;R) denote the boundary
map from the short exact sequence of the pair (X, L). Choose a map P : H! (X,L;R) - H"(L;R)
left-inverse to y. For 8 € Hy(X, L;Z) and k,1 > 0, let

OGWp i : H (X, L;R)® - R

denote the open Gromov-Witten invariants of [48]. The multilinear maps OGWp ;. are invariants of
the symplectic manifold and the Lagrangian submanifold L up to Hamiltonian isotopy. When S be-
longs to the image of the natural map @ : H»(X;Z) — H»(X, L;Z), the invariants OGWp o depend
on the choice of Pr. Explicit formulas for this dependence are given in Propositions 1.1 and 8.1
below.

The invariants OGW can be described as follows. Let A;,...,A; € ﬁ*(X , L;R). Assume first that
either k > 0 or B does not belong to the image of w. The invariant OGWp (A1, ..., A;) counts J-
holomorphic disks u : (D,dD) — (X, L) representing 8 with boundary passing through k chosen
points on L and interior passing through chosen cycles on X Poincaré dual to Ay, ..., A;, together with
correction terms that compensate for disk bubbling. The correction terms come from bounding cochains
in the Fukaya A, algebra associated to L. The assumption H*(L;R) ~ H*(S";R) is used in [46] to
show vanishing of obstruction classes that arise in the construction of the bounding cochains following
the method of Fukaya-Oh-Ohta-Ono [14].

In the case kK = 0 and 8 € Imw, it is necessary to add an additional correction term to the above-
mentioned counts of J-holomorphic disks to obtain an invariant. The additional correction term counts
J-holomorphic spheres in X passing through an n+1 chain C in X with dC = L. This term compensates for
the fact that the boundary of a J-holomorphic disk can collapse to a point in L forming a J-holomorphic
sphere. The topological type of the chain C is characterized by the map Pgr : ﬁ”*‘(X ,L;R) —
H"(L;R) mentioned above, which is given by the integration of differential forms over C. See
Remark 4.12 in [48].

Suppose L is fixed by an anti-symplectic involution, dim L = 2 or 3, and either k > O or 8 ¢
Im . Then, it is shown in [46] that the invariants OGWp i (- - -) coincide with invariants defined by
straightforward counting of J-holomorphic disks [9, 45] or real J-holomorphic spheres [50, 51]. When
L is the Chiang Lagrangian, which is not fixed by any anti-symplectic involution, the invariants OGW
do not coincide with straightforward disk counts in general. See Section 1.2.2 below. Closely related
invariants were defined in [52], and a comparison can be found in [5].

Although the definition of the invariants OG Wis quite abstract, they have a rich structure that makes
them explicitly computable in many situations. This structure includes the open WDVV equations
recalled in Theorem 2.2, the open axioms recalled in Proposition 2.2, and the wall-crossing formula
recalled in Theorem 2.3. Moreover, the relative quantum cohomology ring of the pair (X, L) recalled
in Section 2.8 encodes the invariants O GW along with the genus zero closed Gromov-Witten invariants
of X.

The genus zero closed Gromov-Witten invariants of X are given by multilinear maps

GWgs : H'(X;Q)® — Q

for § € Hy(X;Z) and [ > 0. For Ay,...,A; € H*(X;Q), the invariant GWg(Ay, ..., A;) counts J-
holomorphic maps §? — X representing the class 8 and passing through chosen cycles Poincaré dual
to Ay, ..., A;. Werecall the basic properties of these invariants in Section 2.
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1.2. Statement of results

Let L, denote the Chiang Lagrangian in CP3. In particular, L, is a rational homology sphere, so the
open Gromov-Witten invariants OGWp i are defined. The definition of L , is recalled in Section 3. Write

Ty =[1] € H(L,;R) = HY(CP?, L,;R), and for j = 1,2, 3, write

I; = [w/] € HY(CP,Ly;R) = HY(CP3, L R).

Write A; = [w/] € H*(CP?;R). Take Py to be the unique left-inverse of y such that ker(Pg) =
span{I>}. In light of Lemma 3.4 below, we identify HZ(CP3, L,;7Z) = Z. Our main results are the
following.

Theorem 1.1. The open WDVV equations imply the following relations for the invariants OGWg i of
(CP3,L,).

1. Fork>1,l>1,and I ={},...,J1}

0GWp (T}, Ty, ..., Tj)

3
=- Z Z GWg(Aj—1,A1,A1,A)OGWp, 1 ('3, 1)
@ (B)+p1=p =0
P1#p
Luh=I
k-1

1

+ )(OGWBI,kl (-1, 11, T ) OGWg, i, 2(Tn)

Bi+pr=p (
ki+kr=k—-1
Lul=1

-~ OGWg, i, +1(T,-1,T'1,))OGWp, 1,41 (T'1, T, |-

2. Fork 22,1 >20,and I ={j1,...,J1},

OGWg i (L, ..., Tj;)OGW, o(I2,I)

3
= Z ZGW[?(AZ,AZ,AII,Ai)OGW,Bl,k—l(FS—i,FIZ)

@ (B)+1=p+2 =0
Luh=1

k-2
1

+ ( )OGWﬁl,kln(Fz, I')OGWg, i1 (12, Tp,)
Bi+P2=p+2
ki+ky=k-2

Lul=I

k—2\——
- Z ( ki )OGWﬁl,kﬁZ(Fll)OGW52,1<2(F2,FQ,F,2),
Bi1+B2=p+2

ky+ko=k-2
LubhL=I
(Br.k1)#(B,k-2)
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3. Forl 22, and I ={j3,..., 1},

OGWp (L), ..., Tj) = 0GWp x (Tj,—1,Tjps1, Ty, .., Tj)

3
+ Z Z(GWﬁ(A],AjpAllaAi)OGW,b’],k(F3—iaFj1—l,Flz)
@ (B)+p1=p =0

B1#B
Lul=1

—GWg(AL A1, A A)OGWg, k(T3 Ty, Fzz))

e\ (— .
+ E OGWg, 1, (T'1,Tj,-1,T')OGWg, k41 (T}, T'r,)
ky
B1+p2=p
ki+kr=k
LUL=I

- 0OGWg, 1, (I't, T}, T ) OGWp, ky41 (I -1, FIZ)).
Theorem 1.2. Consider the choice of spin structure and orientation on L, given in Section 3.2. Then
- - 1 -
OGW; 1 =-3, OGWL()(Fz) = Z, OGWLO(F:;) =1.

It follows from the open WDVV equations that OGW (12, I2) = %.

We call the invariants OGW; 1, OGW, o(I2) and OGW, o(I") basic invariants. Theorem 1.6 below
shows that these invariants are given by straightforward counts of /-holomorphic disks without correction
terms. Thus, we can compute the basic invariants using the theory of axial disks developed by Evans-
Lekili [10] and Smith [43, 44] for computing the Floer cohomology of the Chiang Lagrangian and other
homogeneous Lagrangian submanifolds. Since the Chiang Lagrangian is not fixed by an anti-symplectic
involution, the techniques of real algebraic geometry used in other computations of open Gromov-Witten
invariants [7, 28, 29, 48] are not available.

Corollary 1.3. The genus zero open Gromov-Witten invariants of (CP3, L ) are entirely determined by
the open WDVV equations, the axioms of OGW, the wall-crossing formula Theorem 2.3, the genus zero
closed Gromov-Witten invariants of CP3, and the values computed in Theorem 1.2.

Samples values for the invariants OGW computed using Theorems 1.1 and 1.2 are given in Tables |
and 2.

1.2.1. Monotonicity versus periodicity
In other computations [30, 31, 32, 40, 48, 28, 11, 7], the absolute values of OGWg i or invariants of a
similar flavor are monotonically increasing in 8. In the case of (CP3, L, ), we see that these values are
not monotonically increasing. Interestingly, it appears that the only persistent violation of monotonicity
occurs periodically: [OGWz_1 g-1| > |OGWp g| for 8 € 8Z at least up to 8 = 32.

Another unusual periodicity is visible in the signs of the invariants presented in Table |, which repeat
with period 16. Moreover, the sign is inverted when S is increased by 8.

1.2.2. Bounding cochain corrections and denominators

In [10], Evans-Lekili proved that there are exactly two J-holomorphic disks representing the class
B =2 € Hy(CP3, L,;Z) passing through a specific choice of two points in L ,. This does not coincide
with our computation OGW, 5 = —%. The discrepancy reflects correction terms arising from a bounding
cochain in the Fukaya A algebra of L,. The correction terms need not be whole numbers. In fact,
all invariants with only boundary constraints that are not whole numbers indicate the presence of
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Table 1. Values of invariants with boundary constraints only.

B=k ociwﬁ,k exact value round value B=k Wﬁyk round value
1 -3 -3.00 17 -1.38 - 107
2 -2 -1.25 18 -7.68 - 107
3 Z 0.44 19 3.17 - 108
4 3 0.75 20 6.78 - 10°
5 105 0.41 21 2.24-1010
6 -8 -1.33 22 -3.73 - 10"
7 . -3.91 23 -4.65 - 10'2
8 0 0 24 -8.08 - 1010
9 pPEE 32.40 25 4.84 .10
10 2035 88.90 26 4.05-105
T — 201485745 _192.15 27 -2.48 - 10'6
12 - 2045 -2261.25 28 -7.68 - 10"7
13 ~ 203115293 -4293.03 29 -3.62-10'8
14 603299995 42437.74 30 8.50 - 10'°
15 BT305406388675 325312.49 31 1.47 - 104
16 4860 4860.00 32 1.82 - 10"

Table 2. Values of OGWg (Iﬂflz s F;% ). The value of I, is determined by B and l3 by the open
degree axiom.

B 2 3 4 5 6 7 8
[
0 1 35 507 723 427725 1180259 839314095 39117
4 64 1024 1024 262144 262144 67108864 1024
1 0 1 3 u 1251 5003 1481235 15033
8 2 2048 09 524288 2048
1 5 23 2943 25
2 0 0 ! % & 0% T
7 3
3 0 0 0 0 0 % 2

nontrivial correction terms. Table | provides several examples. When interior constraints are present,
open Gromov-Witten invariants may be non-integral even in the absence of correction terms [28].

As far as we have calculated, for the Chiang Lagrangian L ,, the denominators appearing in the
invariants OGWp ;. with only boundary constraints are always powers of 4. In the presence of interior
constraints, powers of 2 appear as well. Examining the proof of the existence of bounding cochains
in [46], we can see where denominators of 4 arise. Namely, the proof uses a 1-cochain i with real
coefficients with coboundary equal to a 2-cocycle g representing the generator of H>(L x;7Z) ~ Z/4Z.
Since [4g] = 0 € H?(L ,;Z), there exists an integral 1-cochain /& with coboundary equal to 4g. So, we

can take h = %. This is the source of the powers of 4 in the denominators of the invariants OGWg .

In contrast, the invariants OG Wz . with only boundary constraints for the Lagrangian submanifold
RP"™ c CP™ with n odd are shown in [48] to be whole numbers. For n = 3, these invariants are shown in
[46] to be straightforward disk counts, but for n > 5, they presumably include correction terms arising
from bounding cochains. Since H* (RP";Z) ~ Z/2 for 0 < i < n/2, by the reasoning of the preceding
paragraph, one might expect to see powers of 2 in the denominators of the invariants O GWg ;. However,
since RP" is fixed by an anti-symplectic involution, (i.e., complex conjugation), holomorphic disks
come in pairs. So, in the proof of the existence of bounding cochains in [46], one needs only a (2i — 1)-
cochain & with coboundary equal to twice a 2i-cocycle g representing the generator of H* (RP";Z). But
[2¢] =0 € H*(RP";Z), so h can be chosen to be integral. This explains the absence of denominators.
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A similar argument should apply for other Lagrangian submanifolds L fixed by an anti-symplectic
involution. If all torsion in H 2’A(L;Z) has order 2, then the invariants OGWp ;. should be integral.
More generally, if H* (L;Z) contains torsion of even order, the rate of growth of the power of 2 in the
denominator of OGWj i as a function of w(3) should be slower when L is fixed by an anti-symplectic

involution than otherwise. In particular, the behavior of denominators in the invariants OGW3 i could
potentially be used to prove that a Lagrangian submanifold is not fixed by an anti-symplectic involution.

1.2.3. Mixed disk and sphere invariants

As mentioned above, the invariants OGWg ;. for § € Imw@ and k = 0 count J-holomorphic disks and
J-holomorphic spheres together. In other computations [48, 29], these mixed disk and sphere invariants
vanish for a natural choice of Pr. Another family of invariants combining counts of J-holomorphic
maps of different topology has also been shown to vanish in certain examples [11].

We show that the mixed disk and sphere invariants of (CP3,L,) do not vanish. As shown in
Lemma 3.4 below, the map @ : Hy(CP3;Z) — H,(CP3,L,;7Z) ~ Z is given by multiplication by 4.
So, the nonvanishing of mixed disk and sphere invariants is visible in Table 2 for g = 4, 8. In fact,
Corollary 1.4 below asserts that this nonvanishing persists for any choice of Pg.

Let p : H*(CP? L,;R) — H*(CP3R) denote the natural map. Let Pg, P}, be two choices of

left inverse maps of y with associated invariants OGWg  and OGWp i, respectively. The long exact
sequence of the pair (CP3, L) implies there exists a map

pz : HY(CP*R) — H(L,;R)

such that pr o p = Pg — P;. We use Poincaré duality to identify H? (Lo;R) 2R,

Theorem 1.1. For B8 € Im @, we have

B

OGW'B’O(F[’I, ey Fil) — OGW[’;,Q(F[I, . ,Fil) = ZGW% (Aip . ,A[I)DR(AQ).

Corollary 1.4. There is no map Py : ﬁ4(CP3, L.;R) — H3(L,;R) such that OGWp . vanishes for
every 8 € Imw and k = 0.

Proposition 1.1 is a special case of Proposition 8. 1, which gives the analogous statement for X a general
symplectic manifold and L a connected spin Lagrangian submanifold with H*(L;R) ~ H*(S";R) and
[L] =0 € H,(X;R). In fact, Proposition 8.1 remains valid in all situations where the invariants OGW
are defined in [48].

1.2.4. Relative quantum cohomology

It follows from Corollary 1.3 that we can compute the big relative quantum cohomology of (CP3, L ).
The resulting ring does not appear to have a tractable presentation by generators and relations. However,
the small relative quantum cohomology of (CP3, L,) is more accessible.

Theorem 1.5. The small relative quantum cohomology of (CP3, L) is given by
QH'(CP*,L,) = R[[¢"*][x. y1/1,
with

1
T=(x*—g——g
(x"-q X

3 1

/
74 y).

/

5
Yy, v =g Py, xy -

3
2. 2 1
y q I

64

Computations of small relative quantum cohomology for a variety of pairs (X, L) are given in [29].
However, all Lagrangian submanifolds considered there are fixed by an anti-symplectic involution. The
definitions of big and small quantum cohomology are recalled in Section 2.8.
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1.2.5. Invariants without corrections

The proof of Theorem 1.2 depends on the following general result, which says when the invariants
OGWz i can be computed without taking into account correction terms from bounding cochains. For
simplicity, we continue as in Section 1.1 with L a connected spin Lagrangian with H*(L; R) ~ H*(S"; R).
A similar result holds in other settings where the invariants OGW can be defined. For 8 € H>(X, L;Z),
define

Pg ={f € Ha(X, L;Z)| w(B) > w(B) > 0}. (1.1)
Letor =(k—1)!fork € Z.gandlet oy = 1.

The9rem 1.6. Letk € Zspand 8 € H>(X, L;Z) satisfy eitherk > Oor § ¢ Imw. Let A € ﬁ*(X, L;R).
Let b € A"(L;R) such that PD([b]) = pt, and let a; be a representative of A ;. Suppose that for every

B € Pg, 0<j<k, Ic{l,....1},

one of the following two conditions is satisfied:

Lo L= p(B) +j(n— 1)+ Sies (JA] = 2) < 0, 0
2. 1—pB)+jn=1)+ X (|4 =2) 2n—1.
Then,

1

OGWﬁ‘k(A],...,AZ) = (—1)"O'k/ /\evif*aj
Mk,l(ﬁ) j:1 j=1

>

evb?*b.
J

Theorem 1.6 is a special case of Theorem 4.19. The basic invariants OGW; 1, OGW, o(I2) and
OGW, o(I'3) of Theorem 1.2 are exactly the invariants to which Theorem 1.6 applies for L the Chiang
Lagrangian.

1.2.6. Orientation, spin structure and signs

We prove general formulas governing the dependence of the invariants OGWp . on the spin structure
and orientation of L, which appear as the spin axiom 7 and the orientation axiom 8 of Proposition 2.2.
See also Lemmas 4.5 and 4.6. We use the spin and orientation axioms to deduce vanishing results for
certain open Gromov-Witten invariants, which are formulated in Corollaries 4.7 and 4.8.

A significant part of the present paper is devoted to computing the signs of the three basic invariants of
Theorem 1.2. The spin and orientation axioms show that by changing the orientation and spin structure
on L,, one can adjust the signs of any two of the basic invariants arbitrarily. Moreover, changing the
orientation and spin structure only affects the signs of invariants but not their absolute values.

However, it can be seen from the proof of Lemma 6.1 that if the sign of one of the three basic invariants
is changed while the two others are held fixed, then the absolute values of non-basic invariants change.
Qualitatively, the denominators of invariants cease to be powers of two.

1.2.7. Arithmetic structure of the open WDVYV equations
From the perspective of Theorem 1.1, it is surprising that only powers of 2 appear in the denominators of
the invariants O GW for the Chiang Lagrangian L ,. Indeed, to use relation 2 for recursive computations,
it is necessary to divide by OGW; o(I"2,I2) = % A priori, this should introduce factors of 5 and 7 in
denominators, but unexpected cancellations occur so that only factors of 2 remain.

To test the rigidity of these cancellations, we searched for rational numbers v # 1/4 that upon
substitution for the value of OGW, ((I"2) in the recursive scheme of Corollary 1.3 yield OGWj ; with
denominator a power of 2 for k = 1, ..., M. As M increases, the magnitudes of the possible numerators
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and denominators of v increase. For M = 4, the v with smallest numerator and denominator that we
found is
46,912,496, 118,431

Y= 717,592, 186,044,416 ~ 2%

For this choice of v, the value for OGWs s given by the recursive scheme has denominator 7.
Therefore, we reach the following conclusion. Suppose it were possible to formalize the heuristic
argument of Section 1.2.2 to prove geometrically that the invariants OGWp ; can only have powers of

2 for denominators. Then, it seems reasonable to expect that the basic invariant OGW, ((I"2) could be
deduced from the other two basic invariants, the open WDV'V equations, the axioms of OGW, and the
closed Gromov-Witten invariants of CP3.

If it were necessary to compute only two basic invariants geometrically, it would not be necessary to
compute their signs. Indeed, these signs could be adjusted arbitrarily by changing the orientation and
spin structure on L as noted in Section 1.2.6. Thus, the computations of this paper could be simplified
significantly. In fact, this strategy can be generalized for an arbitrary pair (X, L) as outlined below.

1.3. Directions for future research

Remarkably, Theorem 1.6 applies exactly for those invariants that are needed as initial values for
the recursions given by Theorem 1.1. It is an interesting question to determine to what extent this
phenomenon persists more generally.

We expect the techniques of the present paper to extend to the other Platonic Lagrangians studied by
Smith [43] and more general homogeneous Lagrangians [3, 23, 33]

Motivated by the discussion of Section 1.2.7, we formulate the following two hypotheses. These
hypotheses should hold for a large class of Lagrangian submanifolds L c X, but some restrictions are
necessary.

1. The invariants OGWp ) are rational of the form GILI{:]N where pi,...,pn are the primes that

Py
occur as orders of torsion elements in H*(L;Z).

2. Let A be a minimal set of the invariants OGWp ; from which all other invariants can be deduced
using the open WDVV equations, the axioms of OGW, the wall-crossing formula, and the closed
GW invariants of X. Let B c A be defined in the same way as .4 except that we are also allowed to
use hypothesis 1 to deduce the other invariants. Then B is a proper subset of A.

Hypothesis 1 follows from the heuristic argument of Section 1.2.2 applied to L of general topology.
It should admit a geometric proof. Hypothesis 2 is a statement about the arithmetic structure of the
open WDVV equation. In the case of the Chiang Lagrangian, we can take A to be the basic invariants
OGW,.1,0GW, o(T"2) and OGW, o(I'3). Then, the calculations presented in Section 1.2.7 indicate that
the invariants OGW; ; and OGW, o(I3) suffice for B. However, in the case (X, L) = (CP",RP"), one
can see that hypothesis 2 does not hold as follows. It is shown in [48, Corollary 1.9] that one can take
A to consist of a single invariant. It follows from either the spin axiom 7 or the orientation axiom 8 of
Proposition 2.2 that by changing the spin structure or orientation on L, the sign of this single invariant
can be changed without affecting the absolute value of the others — in particular, without violating
hypothesis 1. Thus, B cannot be smaller than A. Another case where hypothesis 2 does not hold is
when X is the quadric hypersurface in CP™*! given by DIV z% - zfl +1 = 0and L is the real locus. This
is explained in Remark 4.9 based on results of [29], which are related to the orientation axiom.

We observe the following common feature of the forgoing exceptions to hypothesis 2. In both cases,
one can take .4 to contain a single invariant, while there are one or more geometric degree of freedom
affecting the values of the invariants: in the case (X, L) = (CP",RP"), there are choices of spin structure
and orientation, and in the case of the quadric, there is the choice of orientation. The presence of more
geometric degrees of freedom than the size of A forces a measure of flexibility in the open WDVV
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equations. In contrast, for the Chiang Lagrangian, A contains three invariants, while there are only two
geometric degrees of freedom, the choices of spin structure and orientation. So, the equations can be
sufficiently rigid for hypothesis 2 to hold.

1.4. Outline

In Section 2, we recall general definitions and results on closed and open Gromov-Witten invariants
that will be useful in the other sections. This includes the closed and open axioms, the closed and the
open WDVYV equations, the wall-crossing formula, and the definitions of small and big relative quantum
cohomology.

In Section 3, we recall from [43] a family of Lagrangian homology spheres in Fano threefolds called
Platonic Lagrangians. We focus mainly on the Chiang Lagrangian L ,, which is a special case of this
construction, and recall some of its basic properties.

Section 4 contains results related to Fukaya A, algebras, bounding cochains and the superpotential.
We recall definitions and results on obstruction theory for bounding cochains from [46]. These are used
to prove Theorem 4.19, which gives a criterion for open Gromov-Witten invariants to coincide with
straightforward counts of J-holomorphic disks. Theorem 1.6, which is needed for Section 5, is obtained
as a special case. We also prove Lemmas 4.5 and 4.6, from which we deduce the spin axiom 7 and the
orientation axiom 8 of Proposition 2.2.

The goal of Section 5 is to compute the basic invariants that serve as initial values for the recursive
formulas. In Sections 5.1-5.3, we recall definitions and results about the anticanonical divisor, the
Maslov class and axial disks. In Section 5.4, we give the definition of a spin Riemann-Hilbert pair, recall
results on canonical orientations, and prove some new ones. Section 5.5 contains results concerning
Riemann-Hilbert pairs arising from a certain type of axial disk. We use these results to compute the
basic invariants geometrically in Sections 5.6-5.8.

Section 6 contains the proofs of Theorem 1.1 and Corollary 1.3, which give recursive formulas that
determine all open Gromov-Witten invariants of (CP3, L ,) from the three basic invariants.

In Section 7, we compute the small relative cohomology of (CP3, L,).

In Section 8, we recall definitions and results concerning the map Pg from [48]. These results are used
to prove Proposition 8.1, which shows how the invariants OGW depend on the map Pg. Proposition 1.1
is obtained as a special case. Finally, we prove Corollary 1.4.

2. Background

In this section, we recall definitions and properties of open and closed Gromov-Witten invariants and
relative quantum cohomology.

2.1. Invariants

Let (X, w) be a closed symplectic manifold. For 8 € H>(X;Z) and [ > 0, let
GWs : H'(X;:Q® - Q

denote the standard closed genus zero Gromov-Witten invariant. This invariant counts J-holomorphic
maps S? — X representing the class 8 passing through cycles Poincaré dual to I cohomology classes
on X.

Let L C X be a closed Lagrangian submanifold. Genus zero open Gromov-Witten invariants are
analogous invariants that count J-holomorphic maps (D,dD) — (X, L) along with correction terms
arising from bounding cochains. To simplify the exposition, we focus on the case that L is connected
and spin, with H*(L;R) ~ H*(§";R) and [L] = 0 € H,(X;R). These conditions hold for the Chiang
Lagrangian. Similar results are known [46] in the case that L is only relatively spin or [L] # 0 €
H,(X;R).

https://doi.org/10.1017/fms.2025.6 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.6

Forum of Mathematics, Sigma 11

Consider the subcomplex of differential forms on X consisting of those with trivial integral on L,

A*(X,L;R) := {n € A*(X;R)|/LU|L = 0}.
For an R-algebra Y, write
AYX,L;Y) = A"(X,L;R)® Y, H'(X,L;Y) := H'(A*(X,L;Y),d).
Observe that
H (X,L;Y) ~ H'(L;Y) ® H°(X, L; Y).
For 8 € Hy(X,L;Z) and k,[ > 0, let
OGWpg . : H*(X,L;R)® >R

denote the open Gromov-Witten invariants of [46]. The definition is recalled in Section 4.2. For 8 €
Hy)(X,L;Z)and k,l > 0, let

OGWg; : H (X, L;R)® — R

denote the enhanced invariants defined in [48]. The definition is recalled in 8. These invariants combine
counts of J-holomorphic disks and J-holomorphic spheres. With the exception of the case that 8 belongs
to the image of the natural map

w: Hy(X;Z) - Hy(X,L;Z)

and k = 0, we have OGWp x = OGWpg . In the exceptional case, OGWg ;. = 0, but OGWp i need not
vanish. By the assumption [L] = 0 € H,(X;R), there is a short exact sequence

0 — H"(L;R) = H"™ (X, L;R) 2 H™!(X;R) — 0. 2.1

For k = 0 and 8 € Imw, the definition of the enhanced invariants OGWg i depends on the choice of a
linear map

Pr : H"'(X,L;R) —» H"(L;R) ~

that is a left-inverse to the map y in the short exact sequence. A choice of Pr is equivalent to a splitting of
(2.1). We extend P to amap Pp : H*(X,L; R) — H"(L;R) by setting it to zero outside H! (X, L;R).

2.2. Axioms
The closed Gromov-Witten invariants satisfy the following properties [4, 22, 34, 36, 38, 37, 41, 42].
Theorem 2.1. Let B € Hy(X,Z) and let Ay, ..., Ax € H (X;R).

1. (Effective) If w(B) < O, then GWg(Ay,...,Ax) =0
2. (Symmetry) For each permutation o € Sk,

GWs(Au(t)s - Acty) = (1) " DGWg(Ay, ..., Ap),

where s(A) =Y i<j  |Ail - 1A;].
o(i)<o(j)
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3. (Degree) If GWg(A1, ..., Ax) # 0, then

|A;] - 2k +6 =21+ 2¢1(B).

k
=1

1

4. (Fundamental Class) If (B, k) # (0,3) and k > 1, then
GWg(Ar,...,Ar-1,1) =0.

5. (Divisor) If (B, k) # (0,3), |Ax| =2 and k > 1, then
GW,g(Al,...,Ak)=GWB(A1,...,Ak_1)-/BAk.
6. (Zero) If k # 3, then GWy(Ay,...,Ax) =0. If k = 3, then
GWo(A1, Az As) = [ A1~ A2 = s

7. (Deformation invariance) The invariants GW g remain constant under deformations of the symplectic
form w.
The enhanced open invariants O G W satisfy the following properties.

Theorem 2.2. Let B € Hy(X,L;Z), letk € Zsg and let Ay, ...,A; € ﬁ*(X, L;R).

. (Effective) If w(B) < 0, then OGWp i (A1, ..., Ax) = 0.
. (Symmetry) For each permutation o € Sy,

N =

OGWp i (Ac(r)s - Ac) = (1" W OGW(A,, ..., Ay),

where s (A) =3 i<j Al - 145l
o(i)<o())
3. (Degree) If OGWg ik (A1, ..., A;) # 0, then

l

n—3+,u(,8)+k+21=kn+Z|Aj|.
J=1

4. (Unit/ Fundamental class)

I _1’ (ﬁ’k’l) = (:80’1’1)
OGWp (1, Ay, ..., A1) =1 Pr(A), (B,k,1) = (Bo,0,2)

0, otherwise.
5. (Zero)
-1, (k,)=(1,1)and A; =1
OGWgy k(A1,...,A) = Pr(A| — Ay), (k,1) =1(0,2)
0, otherwise.

6. (Divisor) If |A;| = 2, then

OGWB’k(Al, A ,Al) = /Al . OGW,B,k(Al, A ’Al—l)-
B
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7. (Spin) Changing the spin structure on L by the action of @ € H'(L;Z/2Z) changes the sign of
OGWp i (A, ..., Ay) by the sign (=1)29P).

8. (Orientation) Changing the orientation of L changes the sign of OGWg (A1, ..., A;) by the sign
(_1)k+1.

9. (Deformation invariance) The invariants OGWg . remain constant under deformations of the sym-
plectic form w for which L remains Lagrangian.

Proof. Axioms 3-6 are given in Proposition 4.19 from [48]. The analogs of Axioms 2 and 9 for the
invariants OGW are given in Theorem 4 of [46]. The analogs of Axioms 7 and 8 for the invariants OGW
are given in Lemmas 4.5 and 4.6 below, respectively. The extension to the invariants OG W is similar to
the proof of Proposition 4.19 in [48]. Axiom 1 follows from the fact that the Novikov ring A consists of
power series in 7% for w(B) > 0. Indeed, the enhanced superpotential Q is defined in Section 1.3.3 in
[48] as an element of the ring Ry . O

2.3. Bases

LetA; € H*(X;R) fori =0,...,N,beabasisand letI'; € ker(Pgr) C ﬁ*(X, L;R) be the unique classes
such that p(I7;) = A;. Let 'y 41 = y(1). We also write I', = y(1). For convenience, set A4+ = 0.

2.4. Novikov rings
Let u : Hy(X, L;Z) — Z denote the Maslov index. Define Novikov coefficients rings

A= { E a;iTPla; € R, B; € Hy(X, L; Z), w(B;) = 0, lim w(B;) = 00}»
1—00
i=0

Jj=0

Gradings on A, A, are defined by declaring |T#| = u(B). Let

RW = A[[t()s' . .,tN+1,S]],
Ow = Acllto,- .- tnall, Ov = Acllto, ... tw]].

Gradings on Ry, Qw, Qu, are defined by declaring |¢;| =2 — |[T;], |s| =1 —n.

2.5. Potentials

The closed Gromov-Witten potential is given by

D(tg,...,tN) = Z

BEH>(X:Z)
ri 20

T’Ef(ﬁ)t;\’," .. .[60
e OWe(Ag" @ @ AT™) € Qu.

The enhanced superpotential, which encodes the enhanced open Gromov-Witten invariants OGWg i, is

given by
J— TﬁsktrNJrl "'tro—
Q8,20 ..., IN+1) = Z ;N—TI?OGWB,k(F?VO 2 Fﬁ:l‘iﬂ) R .
BeH,(X,L;Z) k'rye!--ro!
k>0
V.EO
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2.6. WDVV equations
Let

8ij=/AivAj, i,j=0,...,N,
X

and let g’/ denote the inverse matrix. The following WDVV equations hold for the closed Gromov-
Witten potential [4, 22, 34, 36, 38, 37, 41, 42, 53].

Theorem 2.1 (Closed WDVV equations). For all quadruples of integers i, j, k,l € {0,...,n}, the
function ® = ®°F" satisfies

N N
Z (953,_,. atvq) . gV/J . atu('),k 6th) = Z ('3,_,.3,,{3,‘,@ . gV;l . 6,H (%i @lq).
M,v=0 u,v=0

The following is Corollary 1.6 from [48].

Theorem 2.2 (Open WDVV equations). Foru,v,w =0,..., N+ 1, we have the open WDVV equations

N
> 0,0, 8" - 8,,0,0,® - 8,09 - 0,,0,Q

1,m=0
N
= > 0,00,0,® ¢ ,,0,Q-0,0,Q-9,0,Q, 2.3)
1[,m=0
N
> 00,9 ¢ 8,,0,0,® - Q- 8,,0,Q = -0,0,,Q 9,0,Q. (2.4)
1[,m=0

2.7. Wall-crossing
Define

T, = y(1) € H (X, L;R).

The following is Theorem 6 from [48].

Theorem 2.3 (Wall crossing). Suppose [L] = 0. Then the invariants O GWp i satisfy

OGWg k+1(m1s ... sm1) = —OGWg 1 (Lo, m1, .. .5 1)

2.8. Relative quantum cohomology
Abbreviate

N N+1
A:Zmi, r= Ztiri.
pary i=0

The underlying module of the big relative quantum cohomology is

QHy, (X, L) := H'(X, L; Al[to, ..., tn+1]]).
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The big relative quantum product

nbie . OHy, (X, L) ® QHyy (X, L) — OHy (X, L)
is given by
. T@(B)
SN WESEDY —GWg(A®P ® A, & A, @A) - g™ T,
0<l,m<N p:
BeH,(X:Z)
p=0
T _____
+ Z —O0GWpo(T®*” ®T, ®T,) - T. (2.5)
pets(X,L:z) P’
p=0

In Theorem 7 of [48], it is shown that the product "€ is associative and graded commutative. Though
in [48] the definition of »P® is based on a chain-level construction, the above explicit formula follows
from Lemma 5.11 in [48].

The underlying module of the small relative quantum cohomology is

QH*(X,L) = H*(X, L; A).
The small relative quantum product
»:QH (X,L)y® QH*(X,L) —» QH*(X, L)

is given by specializing the big relative quantum product to fg = - - - = 41 = 0. So, it too is associated
and graded commutative. Explicitly, 2 is given by

m(ruarv) = Z TW(ﬁ) 'GW/S(Au,Av,AZ) .glm 'Fm
0<l,m<N
BeHy(X:Z)
+ Z TF . 0GWp o(T,,T,) - .. (2.6)
BEH(X,LZ)

3. The Chiang Lagrangian

In this section, we describe the construction of the Chiang Lagrangian along with an orientation and
spin structure. Then, we prove some lemmas concerning its topology.

3.1. Geometric construction

The following is largely based on [43]. Consider the fundamental representation V of SL(2, C). Pro-
jectifying, we obtain an action of SL(2,C) on CP' = P(V). Taking the d-fold symmetric product, we
obtain an action of SL(2, C) on Sym?CP! = CP?. Equivalently, we can consider the d-fold symmetric
power S¢V and projectify to obtain an action of SL(2, C) on P(S9V) = CP4.

Fix d > 3, and a configuration C of d distinct points in CP!. Then, the SL(2,C)-orbit of C in
Sym?CP! = PS?V is a three-dimensional complex submanifold, of which the SU(2)-orbit is a three-
dimensional totally real submanifold. The stabilizer of C in SL(2,C) is a finite subgroup of SU(2)
which we denote by I'c. In [1], Aluffi and Faber identify those configurations C for which the SL(2, C)-
orbit has smooth closure X¢ in PS?V. There are four cases: the vertices of an equilateral triangle on a
great circle in CP!, which we denote by A, and the vertices of a regular tetrahedron, octahedron and
icosahedron in CP!, which we denote by T, O and I, respectively.
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In each case, the restriction of the SU(2)-action to X¢ with the Fubini- Study Kihler form is
Hamiltonian with the moment map m : PS?V — su(2)* which is defined by

i 2'p(8)z

m([2]).£) = 55

& esu(2),

where ¢ : su(2) — Mat(g.1)x(a+1)(C) is given by the representation S4V. The SU(2)-orbits of the
configurations A, T, O and / all lie in the zero sets of the respective moment maps, so they are Lagrangian.
We denote these orbits by L¢.

The Chiang Lagrangian is L, € X, = PS3V = CP3. It is the space of all the equilateral triangles on
great circles in CP!. Topologically, L, is the quotient of SU(2) by the binary dihedral subgroup I', of
order 12.

To work with the Chiang Lagrangian, we will need the following additional notations. Let W, denote
the Zariski open SL(2, C)-orbit in CP3, and let Y, denote its complement. Y, consists of those 3-point
configurations in CP* where at least 2 of the points coincide. Let N, C Y, be the subvariety consisting
of those configurations where all 3 points coincide. If [zg : ... : z3] are standard coordinates on PS3V,
then the roots of the polynomial

F(T) =) 2 (-T)

correspond (with multiplicity) to the 3-tuple of points obtained by viewing [z] as a point of Sym>CP!.
We count oo as a root with multiplicity 3 — deg f. Consequently, Y, is defined by the vanishing of the
discriminant A(f) of f.

3.2. Orientation and spin structure

Let @, B,y be abasis of su(2) corresponding to infinitesimal right-handed rotations about a right-handed
set of orthonormal axes. The infinitesimal group action gives rise to a frame for 7L ,,

a-z,B-2,7"%,

where z € L. Let o, be the orientation on L, such that this frame is positively oriented. Let s, be the
spin structure on L , such that this frame can be lifted to the associated double cover of the frame bundle.

3.3. Topological lemmas

Equip PS®V = CP? with the Fubini-Study Kahler form w such that [, w = 1. The following lemma
is given in Section 4.3 of [10].

Lemma 3.1. H|(L,;Z) = Z/4Z.
Lemma 3.2. H>(L,;Z) =0.

Proof. By Poincaré duality, it suffices to show H'(L;Z) = 0. By the universal coefficients theorem, we
get the following short exact sequence

0 — Ext' (Hy(LA;Z),Z) — H'(L;Z) — Hom(H; (L A;7Z),Z) — 0.

By Lemma 3.1 H{(L;Z) = Z/4Z. In addition, L, is connected, so Ho(L;Z) = Z. Hence, we get an
exact sequence 0 — H' (L ,;Z) — 0, which yields H' (L ,;Z) = 0. 0

The following is Lemma 4.4.1 from [10].

Lemma 3.3. The Chiang Lagrangian L , has minimal Maslov number equal to 2.
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For { € H,(CP3;Z), we denote by c|(¢) the evaluation of the first Chern class of CP3 on ¢. Let
& =[CP'] € Hy(CP3;Z),s0 c1(¢) = 4.

Lemma 3.4. The long exact sequence of the pair (CP3, L) gives the short exact sequence
0 — Hy(CP*Z) 3 Hy(CP?, L, Z) — Hi(LxZ) — 0,
with Hy(CP3, L ,;Z) ~ Z ~ H,(CP3;Z), and the map @ is given by multiplication by 4.
Proof. Consider the long exact sequence
.= Hy(Lp;Z) = Hy(CP3Z) 5 Hy(CP?, Ly Z) — Hy(Ly;Z) — H(CP3Z) — ..,
where
Hi(CP%Z)=0,  H)(CP*Z)=~2Z,

and Lemma 3.1 gives H;(L;Z) ~ Z/4Z. By Lemma 3.2, we have Hy(L,;Z) = 0, so we get the short
exact sequence

02725 Hy(CP?,L,;Z) > ZJAZ — 0. (3.1

We have two possibilities:

1. The short exact sequence (3.1) is split, so Hz(CP3, L,;Z) ~Z®Z/4Z. Thus, (3.1) is isomorphic to
0523 7207Z/47 > Z/4Z — 0,
where
w(x) = (x,0).
2. The short exact sequence (3.1) is not split, so HZ(CPS, L,;Z) =Z. Thus, (3.1) is isomorphic to
05237 —>7/47 -0,
where
w(x) = 4x.
In case 1, the Maslov index is given by
UZ®LIAZ — Z,
u(a, b) = ka, k € Z.

Since u(w(&)) = 2c¢1(£) = 8, it follows that k = 8 is in contradiction to Lemma 3.3. Therefore, we
must be in case 2. o

In light of Lemma 3.4, let £ € H,(CP3,L,;Z) be the generator such that @ (&) = 4&. Recall
I = [w] € H*(CP3,L ;7).

Lemma 3.5. We have
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Proof. We have

4. Bounding cochains and open Gromov-Witten invariants

In this section, we recall the definition of the Fukaya A algebra of a Lagrangian submanifold following
[12, 13, 17, 15, 16, 14, 47]. We recall the notion of bounding cochains from [14] and the invariants
OGWpg, of [46] mentioned in Section 2.1. Additionally, we recall results concerning bounding cochains
from [46]. We use these results to prove Theorem 4.19, from which Theorem 1.6 follows as a special
case. These theorems give a class of open Gromov-Witten invariants which coincide with straightforward
counts of J-holomorphic disks without corrections from bounding chains. Theorem 1.6 plays an essential
role in the computation of the basic invariants of Theorem 1.2. We also prove Lemmas 4.5 and 4.6
concerning the affect of change of spin structure and orientation on the invariants OGW. These lemmas
are used to prove parts 7 and 8 of Proposition 2.2.

Throughout this section, (X, w) is a symplectic manifold of real dimension 2rn and L € X is a
connected Lagrangian submanifold with relative spin structure s. The notion of a relative spin structure
appeared in [14]. See also [49]. In particular, a relative spin structure determines an orientation on L.
Let J be an w-tame almost complex structure on X.

4.1. Moduli spaces

Denote by M.41.;(8) the moduli space of J-holomorphic genus zero open stable maps u : (D,dD) —
(X, L) of degree B with one boundary component, k + 1 boundary marked points and / interior marked
points. The boundary points are labeled according to their cyclic order. We denote elements in My ;(3)
by [u; z0, - - .2k, W1, - - -, Wi ], Where z; € D and w; € int D. Denote by

evbf Mppi(B) = L, j=0,...,k,
evilfl : Miwii(B) = X, j=1,....1,

the evaluation maps associated to boundary marked points and to the interior marked points respectively.

Denote by Mi ,(B) the moduli space of genus zero J-holomorphic open stable maps u : (D,dD) —
(X, L) of degree 8 with one boundary component, k unordered boundary points, and [ interior marked
points. It comes with evaluation maps as in the case of M ;(8).

We assume that all J-holomorphic genus zero open stable maps with one boundary component are
regular and the moduli spaces Mk+1,l(,3),/\/l;il(,8) are smooth orbifolds with corners. In addition,
we assume that the evaluation maps evbg are proper submersions. These assumptions should hold for
(X,L) = (CP3,L,) and J the standard complex structure on CP3 by Remark 1.6 of [47] in light of the
transitive action of SL(4, C) on CP? and the transitive action of the subgroup SU(2) c SL(4,C) on L.
The arguments of the present section extend to arbitrary targets (X, w, L) and arbitrary w-tame almost
complex structures J given the virtual fundamental class techniques of [12, 13, 14, 15, 16, 17, 19, 18,
20, 21, 22]. Alternatively, it should be possible to use the polyfold theory of [24, 27, 26, 25, 35]. The
relative spin structure s determines an orientation on M. ;(8), M;E ,(B) as in Chapter 8 of [14].

4.2. The Fukaya A algebra

Denote by A*(X;R) the ring of differential forms on X with coefficients in R. For m > 0, denote by
A™(X, L;R) differential m-forms on X that vanish on L, and denote by AO(X , L;R) functions on X that
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are constant on L. Define
H*(X,L;R) := H*(A*(X, L;R), d).
By Lemma 5.14 from[46], if H*(L;R) =~ H*(S";R), then I:i*(X,L;R) ~ H*(X, L;R). Denote by B
the zero element of H,(X, L;Z).
Recall the definition of the Novikov ring A from Section 2.4. Let s, f9, . . . , tar, be formal variables
with degrees in Z. Set
R::A[[sst()s""tM]], szR[[[()s""tM]]CR’
thought of as differential graded algebras with trivial differential. Define a valuation
v:R >Ry
by
) M . M
) ﬁ ki aj | _ . .
y Za’T ok l_[’u' = inf (w(ﬁ,) +k; +Zzaj).
Jj=0 a=0 aj#0 a=0

Whenever a tensor product (resp. direct sum) of modules with valuation is written, we mean the
completed tensor product (resp. direct sum). Set

C:=A*(L)®R, D:=A"(X,L)®OQ.
In particular, the gradings on C and D take into account the degrees of 77, s, ¢ 7» and the degrees of the

differential forms. The valuation v induces valuations on A, @, C, D and their tensor products, which
we also denote by v. Let

A* ={a € Al v(a) > 0}.
Let
R*:=RA" <R, ZIr:={eeR|v(a)>0}<R, Zg:={aeQ|v(a)>0}<Q.

Let ¥y € ZgD be a closed form with |y| = 2. For example, given closed differential forms y; €
A*(X,L;R) for j =0,..., M, take t; of degree 2 — |y,| and y := Zj”io tjv;. Define maps

m/? . c® - ¢
by
mly’ﬁ"(a) =da,

and for k > 0 when (k, 8) # (1, Bo), by

1 k

Kk i(la; 1 L % *

WP (. ag) = (=1)Ea el ;O ﬁevbg*(/\(ew?) y A Al(evbf) ;). .1
> J=1 J=
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The push-forward evbg ~is given by integration over the fiber, which is well-defined because evbg isa
proper submersion. Define also

mZ:C®k—>C

by
Y o._ B VB
m; = Z T m;.
BeHy(X,L;Z)
Furthermore, define
mzl = —T'B/ /\(ew'g) y.
BGHZ(X LZ) MOI(B)

The following is Proposition 2.6 from [47].

Theorem 4.1. The operations {mZ}k >0 define an A structure on C. That is, for any ay, ..., € C
and k € Z,
(s |+1
Z (_I)Zlil(l Jl )mkl (a]’ e ,ai—hmkz(ai’ e ’ai+k2—1)$ ai+k2’ sy Q/k) = 0
ki+ky=k+1
1<i<k;

The following is Proposition 3.1 from [47].

Theorem 4.2. The operations my, are R-multilinear. Namely, for any ay, . ..,ar+1 € C and a € R,

mz(al,...,ai,l,a'ai,.. ,ap) = (- 1)“1'(”27"0’")(1 mk(al,...,ak)+51,k~da~ozl. 4.2)

Theorem 4.3. For k > 0 and w(B) =0,

day, (B, k) = (Bo, 1),
mz,ﬁ(al’ ) = (D!l Aaa, (B, k) = (Bo, 2),
-7le, (B. k) = (Bo,0),
0, otherwise.
Proof. 1If B # o and w(B) = 0, then My = 0. If B = By, see Proposition 3.8 in [47]. O
Let (, ) denote the Poincaré pairing
@&mny = (=H /L§ AT, 4.3)
The following is Proposition 3.1 from [47].
Theorem 4.4. Let a € R and a1, . .., a1 € C. The Poincaré pairing satisfies the following:
(a-an,a@)=ala, @), (ana-a)= (DI (0, a0). 4.4

The following is Proposition 3.3 from [47].

Theorem 4.5. For ay,...,ar4 € C,

K (las
(m)(a,...,ap), ax) = (1) U+ 2, (e |+])(mZ(ak+1,a1, s @), Q). 4.5)
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4.3. Bounding pairs, the superpotential and invariants

Definition 4.1. A bounding pair with respect to J is a pair (y, b) where y € Zy D is closed with |y| = 2
and b € ZxrC with |b| = 1, such that

Zml(b@’k):nl, c €Igr, |c|=2.
k=0

In this situation, b is called a bounding cochain for m?.
The definition of bounding pair appeared in [46], and the definition of bounding cochain appeared

in [14].
Lety € ZoD, b € ZgrC. The standard superpotential [13] is given by

B0y, b) = 8y (,0) = (1| Y sl (%), by + 7, |
k>0

Intuitively, Q counts J-holomorphic disks with constraints y in the interior and b on the boundary.
Modification is necessary in order to avoid J-holomorphic disks the boundary of which can degenerate
to a point, forming a J-holomorphic sphere. We say that a monomial element of R is of type D if it
has the form a T#5°1)" - - - 13 with a € R and B € Im(w). Following [46], in the present paper, the
superpotential is defined by

Q(y,b) :=Qy(y,b) = Q, (v, b) — all monomials of type D in Q.

Definition 3.12 from [46] gives a notion of gauge equivalence between a bounding pair (y, b) with
respect to J and a bounding pair (y’, b”) with respect to another almost complex structure J’. Let ~
denote the resulting equivalence relation. For a graded module M, we denote by (M); the degree j part
of the module.

Define a map

o : {bounding pairs}/~ — (ZoH" (X, L;Q)), ® (Zr)1-n

o([y.b]) :=([7],/Lb).

By Lemma 3.16 in [46], o is well defined. The following is Theorem 1 from [46].
Theorem 4.2. If (v, b) ~ (y',b’), then Q;(y,b) = Qy (y’, b’).

by

The following is Theorem 2 from [46].
Theorem 4.3. Assume H*(L;R) = H*(S";R). Then o is bijective.
Fix Iy, ...,y abasis ofﬁ*(X,L;R), set [¢j| =2 —|I';], and take

M
r= Zt,-r,- € (IoH' (X, L;R)),.
j=0
By Theorem 4.3, choose a bounding pair (y, b) such that

o([y,b]) = (I, s).

By Theorem 4.2, the superpotential Q = Q(y, b) is independent of the choice of (v, b).
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Definition 4.4. The open Gromov-Witten invariants of (X, L),
OGWpg . : H'(X,L;R)® — R,
are defined by setting
OGWg ¢ (I, ..., I,) := the coefficient of 7% in O, - Oy, (959|s=0,rj:0

and extending linearly to general input.
The following is Proposition 5.2 from [46].

Theorem 4.6. The invariants OGWg . are independent of the choice of a basis.

4.4. Changes of spin structure and orientation

The following Lemmas describe the dependence of the invariants OGWg ;. on the spin structure and
the orientation of L.

Lemma 4.5. Changing the spin structure on L by the action of @ € H'(L;Z/2Z) changes OGWpg k(- - -)
by multiplication by (—1)*(9P),

Proof. In the following proof, we add a superscript s to the A, operations, superpotential and open
Gromov-Witten invariants to indicate the spin structure used to construct them. By Lemma 2.10 of [45],
the orientations of My ;(8) induced by s and « - s differ by a sign of (—=1)*(?%)_ So,

) Be = (1) Fes,

Let fg : R — R be the R algebra automorphism that sends 7% to (—1)*9A)TF and acts trivially on the
other formal variables. Then, the R module automorphism

f=1r ®IdA*(L) :C->C

is a strict A, homomorphism between the A, structures m; and m;”* and preserves the pairing -, -).

@S with

So, if b is a bounding cochain for m; with fL b = s, then (D) is a bounding cochain for m;

/L f(b) = s and f(Q°(y, b)) = Q¥*(y,§(b)). By Definition 4.4, we obtain
OGWE’.]i(Fil LR Fil) = [Tﬁ] (9til T al‘i,l aA‘Ian'S(,y’ f(b)))|s:(),t_,-:0
= [TP10, -+ - 01, 05T (R (¥, b)) ls=0.4,=0
= (=) BTFg,, -8y, X (Q (. b))ls=0.1,=0
= (—1)“<‘9ﬁ>0GW§g,k(rﬁ, T,

O

Lemma4.6. Changing the orientation of L changes OGW g 1 (I';,, . .., I';,) by multiplication by (— 1)kt

Proof. In the following proof, we add a superscript o to the A, operations, superpotential, Poincaré
pairing, /L and open Gromov-Witten invariants to indicate the orientation used to construct them. By
Lemma 2.9 from [45], changing the orientation of L reverses the orientation of M. ;(8). Since the
relative orientation is not changed, it follows that

Y80 _  V.B,—0
mk = mk .
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Let fg : R — R be the R algebra automorphism that sends s to —s and acts trivially on the other formal
variables. Then, the R module automorphism

f=fR®IdA*(L) :C—-C

is a strict A, homomorphism between the A, structures m; and m,° that satisfies
<'9 '>D = _<" '>_D'

Similarly, /LD = - f;’ . So, if b is a bounding cochain for m,“( with /LD b = s, then {(b) is a bounding
cochain for m;* with fL_U f(b) = s and §(Q°(y, b)) = —Q7°(y, f(b)). By Definition 4.4, we obtain

OGW3 (Tiy,...,Ty) = [TF10,, - 8, 05 (Q° (7, F(5)))ls=0.1=0
= —[TP18;,, -+~ 81, O5T(Q° (¥, b)) s=0,4,0
= (=) [TP10,, -+ 8, 05 (Q° (¥, b)) ls=0.4;=0
= (-)*oGwWy (T, ..., Ty).

]

We apply the preceding lemmas to prove vanishing results for the invariants OGW of certain La-
grangian submanifolds L C X. The case n = 3 and k even of the following corollary has been proved
previously in [6, Proposition 1.3] by a different method, which goes back to an observation of Mikhalkin
[51, Remark 2.4].

Corollary 4.7. Consider (X, L) = (CP",RP™) with n odd. Let « € H' (RP";Z) be the generator. The
invariants OGWg i (- - ) vanish when k + a(0p3) is even.

Proof. We identify H,(CP",RP";Z) with Z by the isomorphism taking the generator with positive
symplectic area to 1 € Z. It is shown in [48, Corollary 1.9] that all the invariants OGWp i (- -) are
determined by the open WDV'V equations, the axioms of OGW, the wall-crossing formula Theorem 2.3,
the closed Gromov-Witten invariants of CP", and the value of OGW; . If we simultaneously change
the spin structure on RP" by @ and reverse the orientation, then Lemma 4.5 and Lemma 4.6 imply that
OGWp k(- - ) changes by multiplication by (=1)**1+@(3B) 1n particular OGW; » remains unchanged.
But since all the invariants OGWp i (- - - ) are determined from OGW, > in a way that does not depend on
the spin structure or the orientation of RP”", they must also remain unchanged. So, when k + 1 + a(98)
is odd, OGWg i (- - - ) must vanish. O

The following was obtained by a different method in [29, Lemma 6.8].

Corollary 4.8. Take X to be the quadric hypersurface in CP™*! given by DI z? - qu +1 =0andLtobe
the real locus. Then OGWg i (- - - ) vanishes when k is even.

Proof. Weidentify H,(X, L;Z) with Z by the isomorphism taking the generator with positive symplectic
area to 1 € Z. It is shown in [29, Theorem 7] that all the invariants OGWp i (- - - ) are determined by
the open WDV'V equations, the axioms of OGW, the wall-crossing formula Theorem 2.3, the closed
Gromov-Witten invariants of CP", and the value of OGW, 3. If we reverse the orientation of L, then
Lemma 4.6 asserts that OGWg k(- -+) changes by multiplication by (—1)**'. In particular, OGW, 3
remains unchanged. But since all the invariants OGWg (- - ) are determined from OGW; 3 in a way
that does not depend on the orientation of L, they must also remain unchanged. So, when k + 1 is odd,
OGWp k(- - ) must vanish. O

Remark 4.9. Let (X, L) be as in Corollary 4.8. It is shown in [29, Prop. 6.9] that the vanishing result of
Corollary 4.8 implies that changing the sign of the invariant OGW; 3, from which all the other invariants
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OGWare determined by a recursion, does not affect the absolute value of other invariants. Consequently,
hypothesis 2 of Section 1.3 cannot hold for this choice of (X, L). The proof of Corollary 4.8 is based
on the tension between the fact that all invariants are determined recursively from a single invariant,
and the freedom in the choice of the orientation of L, which affects the values of invariants through
Lemma 4.6. Thus, it seems natural to restrict hypothesis 2 to (X, L) where such tension is not present.
That is, the number of geometric degrees of freedom in the definition of invariants should not exceed
the number of invariants from which all others are determined by recursions that do not depend on these
degrees of freedom.

4.5. Obstruction theory

The goal of the present section is the proof of Lemma 4.18, which refines the existence result for
bounding cochains given in Proposition 3.4 of [46]. For this purpose, we recall relevant parts of the
obstruction theoretic construction of bounding cochains given there. The basic idea goes back to [14].

Let
T(C) := EB ek

k>0

denote the completed tensor algebra. For x € ZgC, abbreviate
F=lexd(x®x)®d(x®x®x)®...€T(C).

Moreover, define

mY:T(C)—>C
by
m” (®komk) = Z m) ().
k>0

Any element a € C can be written as

o Mo

a= Z/lioz,-, a; € A*(L), A; =TPiski ﬂ £, limy () = . (4.6)
L
i=1 a=0

Define a filtration F£ on R, C by
1e FEC = v(1) > E.

Definition 4.10. A multiplicative submonoid G C R is sababa if it can be written as a list

G ={xg = TP, £+, +,,...} 4.7)
such thati < j = v(4;) < v(4).

Forj=1,...,m,andelementso; = }}; A;;;; € C decomposed asin (4.6), denote by G(ay,...,anm)
the multiplicative monoid generated by {+7% | B € I}, {1; ;V: o> and {4;;}; ;. The following is Lemma
3.3 from [46].

Lemma 4.11. For ay,...,a, € Ig, the monoid G(ay, . ..,a,,) is sababa.
For ay,...,a, € Ig, write the image of G = G(ay,...,a,) under v as the sequence {EOG =0,

ElG, EZG ...} with ElG < Egl. Let Kl.G € Zs( be the largest index such that V(/lKiG) = ElG In the future,
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we omit G from the notation and simply write E;, kx; since G will be fixed in each instance and no
confusion should occur.

Given a € C, a differential form with coefficients in R, we denote by (a); € C the summand of
differential form of degree j in @. Let Y’ be an R—vector space, let Y/ = R, Q,or A,andlet Y = Y’ Y".
For x € Y and a monomial A € Y”’, denote by [1](x) € Y’ the coeflicient of A in x.

Fix a sababa multiplicative monoid G = {4; };io C R ordered as in (4.7). Let [ > 0. Suppose we

have by € C with |b(;y| = 1, and

m” (e’0) = ¢ - 1(mod F¥C), cy € (Zr)a-
Define the obstruction cochains 0; € A*(L) for j = k;+1,..., k41 to be

0; = [4;](m7 (ePD)).

Lemmas 4.12—4.17 are Lemmas 3.5-3.10 from [46].
Lemma 4.12. |o;| =2 — |4/].
Lemma 4.13. do; = 0.
Lemma 4.14. If |1;| =2, then oj = cj - 1 for some c; € R.If|A;| # 2, then o; € A”O(L;R).
Lemma 4.15. If |A;| =2 — n and (db)), = 0, then 0; = 0.

Lemma 4.16. Suppose for all j € {k;+1,...,ki41} such that |A;| # 2, there exist b; € AL R)
such that (—1)|’l-f|dbj =—0;. Then

busy =byy + Z A;b;

Ki+1 <j <Kp41
‘/lj‘iz

satisfies
m? (") = cqypy - 1(mod FEHIC), ey € (Tr)a
Lemma 4.17. Let { € IgC. Then m” (e%) = 0(mod FEoC).
Lemma 4.18. Let by € C such that
lbol=1,  (dbo)u =0,  m”(e”) =c-1(mod R*C), c € (Zg).

Then there exists a bounding cochain b, such that

1. b = bg(mod RY),
2. [, b= [ by,
3. (b)j = (bo); where j € {n—1,n}.

Proof. We follow the proof of Proposition 3.4 from [46]. Define b := bo. By Lemma 4.17, the
cochain b o) satisfies

m? (e?©) =0 =c( - I(mod FF°C), ¢ =0.
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Moreover, |bg)| = 1, fL b = /L bo, (db()), = 0, and (b(y)); = (bo); where j € {n —1,n}. Observe
also that FEoC ¢ R*C. Proceed by induction. Suppose we have by € Csuchthat [by| =1, by = by

(mod R*C), and
(db@y)n =0, /b(z) =/bo,
L L

(bwy)j = (bo); je{n—1,n}, m? (e?®) = ¢y - l(mod FEC), ¢y € (Zr)a.

By Lemma 4.13, we have do; = 0, and by Lemma 4.12, we have 0; € A27M/I(L;R). In order to
apply Lemma 4.16, we need to find forms b; € A-WI(L;R) such that (—1)|’lf|dbj = —o; for all
j€{ki+1,... ku1} such that [A;] # 2. Since FEIC c R*C, we have

m”(e?®) = ¢(;y - 1(mod R*C).

It follows that o; = 0 when A; ¢ R*, so we choose b;j = 0. Hence, we may assume A; € R If
|4j] =2 —n, since (db(;)), = 0, Lemma 4.15 gives 0; = 0, so we choose b; = 0.If2 —n < |1;| < 2,
then O < |o;| < n. The assumption H*(L;R) ~ H*(S";R) implies [0;] = 0 € H*(L;R), so we choose
b such that (-)Wildb j = —o;. For other possible values of |4 |, degree considerations imply o, = 0,

so we choose b; = 0. By Lemma 4.16, b(141) := b(j) + Zi+1<j<nn Ajb; satisfies
|/lj|¢2

my(eb““)) = c(j41) - 1(mod FEn C), c+1) € (Zr)2-

Since b; = 0 when A; ¢ R, it follows that b1y = by = bo(mod R*C). Since b; = 0 when
|4j] = 2 — n, it follows that (b(1+1))n,1 = (b(l))nfl = (b(0))n-1, and that (db(l+1))n = (db(l))n =0.In
addition, b; = 0 when |;| = 1 —n. Thus, (b(s1))n = (b1))n = (bo)n» and [ bsry = [, bay = [, bo.
The inductive process gives rise to a convergent sequence {b(;},°, where b(; is bounding modulo
FEiC. Taking the limit as [ goes to infinity, we obtain

bitimbe. |bl=1. b=bymod R°C). [ b= [ b
L L

(b); = (bo); je{n—lm},  m(P)=c-1, e=limey) € (Tak.

4.6. Straightforward counts

In the following, we will be using the following notation conventions. For £ > 1, denote by [k] the set
[k] :={1,...,k}. For N > 0, we denote ¢ := (t{,...,ty). Similarly, we denote by a an N-tuple where
all the components are taken from the set Z¢; that is,

a:=(ay,...,ayn), «a; €Zsg.

We denote 1 := ;" - - - 13" . Recall the definition of Pg from (1.1).
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Theorem 4.19. Let A; € H*(X,L;R). Let b € A"(L;R) such that PD([b]) = pt, and let aj be a
representative of A;. Let oy = (k —1)! for k € Z~q and let oy = 1. Then,

I k
OGWpg i (Ay,...,A) = (—1)"0'k/ /\ evi[;)*aj /\evbf*l_a
Mia(B) j=1 ;

= (—1)”/ i /l\evif*aj /k\evb?*l;
MiaB) j=1 j=1
if for every
BePs, O0<j<k,  IcC[l],
one of the following two conditions is satisfied:

Lo T=pu(B)+j(n—1)+Zies (|Ail =2) <0, 0r
2 1-uB) +jn=1)+Zi (1Al =2) =n~ 1.

Proof. Let T, ..., Ty be a basis of H*(X,L;R) with Ty = 1. From multilinearity of OGW and
Proposition 4.6, it suffices to prove the lemma for OGWg (Fgo NQ...® FIQSIVM ). By the unit axiom 4,

we can assume that ry = 0, and by the zero axiom 5, we can assume that 8 # y. We have y = Zf.‘;’ 1 LiYis

where vy; is a representative of I'; € H*(X,L;R). Let bo.1.0 € A"(L;R) be a representative of the
Poincaré dual of a point. Since by Proposition 4.3 we have

m? (e?019) = dbg 1.0 — bo.1.0 A bo.1,0+ ¥ = 0(mod R*C),

it follows by Lemma 4.18 that there exists a bounding cochain b € C such that b = s - b 1 o(mod R*C),
and

(b)n = bo,1,0 (b)n-1 = 0. (4.8)
Write b =5 - bo 1,0+ 2, Tstt“bB’j’a, where
BeHy)X,L;Z), w(B) >0, a=(ay,...,ay)c Zg’o, J€Zs0, bpjq€ A*(L;R).
Since
|b] =1, Is|=1-n, IT#| = u(f). |til =2 = |yil,

it follows that
M
Ibg el =1=1(B) = j(1=n) = > a2 = lyi).
i=1

Hence, if conditions 1 and 2 are satisfied, then by (4.8) we must have b[;’ g = 0 when
B € Pg, 0<a; <1y, 0<j<k.
Define

— pt k+1 ri+l rar+1
J:=R" "+ (s 0.1ty ) <R,
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and denote

b’=s-b0,1,0+ Z Tﬁsjtab/;’j’a.

w(P=w(B)
0<j<k
O0<a;<r;

Since b’ = b(mod JC), it follows that
[T1(0]) .. 0 05y b)smo.4,=0) = [TP1(D]) ... [ X Qy. b')s=0.1,-0)-

Hence, it suffices to consider Q(y, b’) instead of Q(y, b) in the computation of OGWg 1 (F1® "®--®
I'y™). Since

dbo,1,0 =0, bo,1,0 A bo,1,0 =0, YL =0
by Proposition 4.3, for every m > 0,0 < j < k and € H>(X, L;Z) such that w(8) = 0, we get
<myﬁ(bo 100 0p-p.j.a) = 0.
So, by Proposition 4.5 for every 1 < i < m, we get
(P (s @ by .0 ® DTS b 0) = 0
Hence,

[TP1(3! ... o aX (D ma(b"™), b)) =

m>0
= (3. O K (M) (s boo.- .5 bo10). S bo1o)).  (4.9)

Denote [ = 3™, r;. For k = 0, we get

OGWgo(T" @+ @Ty™) = [TP1(8]" ... 0™ 05 Qls=0,1,-0)
= (-D)"[TP1(a; ... o7k m” )

ri rm
= (—1)"/ /\evif*y] ---/\6sz Y™,
Mo (B) =1 j=1

where Mg ;(B) = /\/lg ,(B). For k # 0, we get

OGWp  (IP"'®---@Ty™) =
=[Tﬁ](a” O O Qls=0,1,-0)

4.9 r T -
W (- 1)" TPI@ Mk mY_ (s - bo,1o)® ), s - bo1.0))

(4.2)+(4.4) ko)

(- 1)‘*“ WIS (k=D [P o (my (B8 )y bo.o))

! k-1
(4 1) B %
(k - < A " Va; Aevbf (b0,1,0))- b0,1,0

j=1 j=1

k
(4.3) B *
= (=D"(k - 1)!/ /\ew'jg. Ya, /\evbf (bo.1.0)-
M1 (B) =1

J=1
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The diffeomorphism of M‘Z ,(B) corresponding to relabeling boundary marked points by a permutation
o € S preserves or reverses orientation depending on sgn (o). Let o= € Sy be a permutation. Denote by
M (k),1(B) the moduli space obtained from My ;(3) by relabeling boundary marked points by o-. So,

l k
/Mmm /\ v ve /:\ by (o) = sgn(a)/ Mo.1(B) ) ANED J/_\l oty ()
I k
= sgn((r)zf /\ evif*yaj /\ evb’f*(bo,l,g)
M (k),1(B) j=1 j=1
! k

:/ /\evif*yaj /\Ebe*(b(),l,O)-
Mo (1).1(B) j=1

j=1
Therefore, since Mi’l(ﬁ) = Heoes, Mo (x).1(B), it follows that

k

1
OGWp (T ®---®r§;’M):(—1)"/ . N\ e va; \ evb (bo.1.0).
M3 (B) =1

Proof of Theorem 1.6. By Lemma 5.14 of [46], if H*(L;R) =~ H*(S";R), then ﬁ*(X,L;R) o~
H*(X,L,R). Recall that if £ # 0 or 8 ¢ Im @, then OGWp = OGWpg . Thus, when k # 0 or
B ¢ Im @, Theorem 4.19 yields Theorem 1.6. O

Remark 4.20. In the case of the Chiang Lagrangian, by Lemma 3.4, Hy(X, L,;Z) = Z and w is given
by multiplication by 4. Hence, Theorem 1.6 holds for OGWg (- - -) when 8 ¢ 4Z.

5. Computation of basic invariants

In order to use the recursive formula to compute the open Gromov Witten invariants of the Chiang
Lagrangian L ,, we need the initial values for the recursive formula, which are given by the following
theorems. Fix the orientation o, and the spin structure s, on L, as defined in Section 3.2.

Theorem 5.1. WWM = -3
Theorem 5.2. WWI,O(I}) = i.
Theorem 5.3. WWQ,O(I}) =1
The proofs appear below.

5.1. Intersections with the compactification divisor

Recall from Section 3.1 the definition of the Chiang Lagrangian L, ¢ X, ~ CP3 ~ Sym3CP I Recall
also the definitions of the discriminant locus Y, € X, and the subvariety N, C Y,.

Lemma 5.4. CP3 is Fano with anticanonical divisor Y ,.
Proof. The proof is part of Section 3.4 in [43]. )
The following is Lemma 3.1 from [2].

Lemma 5.5. If L is special Lagrangian in the complement of an anticanonical divisor Y in a compact
Kdhler manifold X, then the Maslov index of adisku : (D,dD) — (X, L) is given by twice the algebraic
intersection number [u] - [Y].
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The following is Lemma 3.7 from [43].

Lemma 5.6. A clean intersection of a holomorphic disk u with N, contributes at least 2 to the inter-
section number [u] - [YA]. A non-clean intersection contributes at least 3.

5.2. Axial disks
The following is Definition 2.1 from [43].

Definition 5.7. If X is a complex manifold carrying an action of a compact Lie group K by holomorphic
automorphisms, and L is a totally real submanifold which is an orbit of the K-action, then we say (X, L)
is K-homogeneous.

Example 5.8. The pair (CP3, L) is SU(2)-homogeneous as explained in Section 3.1.
The following is Definition 2.3 from [43].

Definition 5.9. Let (X, L) be K-homogeneous. If u : (D,0D) — (X, L) is a holomorphic disk, and
there exists a smooth group homomorphism R : R — K such that (possibly after reparametrizing u) we
have u(e’z) = R(0)u(z) for all z € D and all @ € R, then we say u is axial. Let & € ¥ = Lie(K). We
say that  is axial of type & if R(0) belongs to the orbit of & under the adjoint action of K.

Thinking of CP' as CU {co}, we identify CP' ~ S? by stereographic projection from the north pole.
Thus, the complex structure on the 2-sphere is given by left-handed rotation around the outward normal
by an angle of /2.

For concreteness, we choose A to be the triangle with vertices

V3ol V3ol
C]—(0,0,l), Cz—(z,o, 2), C3—( 2,0, 2).
By abuse of notation, we also denote by A the point [c1, c2,c3] € Sym>CP!.

Let ¢, € su(2) be the infinitesimal right-handed rotation about the z axis and let £, € su(2)
be the infinitesimal right-handed rotation about the y axis scaled so that for & = &,,&¢, we have
{t eR:e?¢" . A =p}=Z. Thus, &,,& r, are generators of rotations about the vertex ¢ and the center
of the face of the triangle, respectively, as shown in Figure 1.

Example 5.10 (Axial Maslov 2 disk). Consider the homomorphism
R :R — SU(2)
given by
R(9) = e?%.
Letu : (D,dD) — (CP3,L,) be given by u(z) = e7'4v1°22 . A_ See below for more explicit formulas.

Then u satisfies u(e'?z) = R(0)u(z), so it is an axial disk of type &, .
Recall we denote by ¢y, ¢, c3 the vertices of the triangle A. The stereographic projection from the

north pole
p:8* - CuU{co}
is given by
Xty 1
p(x,y,2) = { > 7
OO, = 1
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Figure 1. The choice of ¢,,&y for the configuration A.

We have

G = plen) =, T = ples) = % & = ple3) = :/_;
Since &, is the generator of a rotation about the vertex cy, the flow of &, is given by
(ptfv(w) = et = Xy, w € CU {oo}
for some y € R. Since &, is normalized so that
Z={teR:e¥" . p=n}={treR: 902’”(02) =é&orca)={teR: 2yt € nZ},

we have y = % and

1.
t,otgv (w) = e2w, w € CU {o0}.
Hence, for z € D, we get
u(z) — e—if‘, logz | A

=[[1: 925 @], [1: 9y @], [1: ¢ % (@)] ]

:[[0:1], [1: \/7 \/7] eSym(CP)

Hence, we can write u(z) = [0:1:0:-%] € CP?.

We can describe u geometrically as follows. The boundary of u is obtained by the action of R(6) on
A. Call an isosceles triangle narrow if the congruent sides are longer than the base. A point in the interior
of u is described by a narrow isosceles triangle on a great circle where the north pole is the apex. For
example, the triangle c|d,d3 in Figure 2 represents a point in the interior of u. Note that as z — 0, the
vertices ¢, and ¢3 move toward the south pole, so u intersects Y, in a single point. So, [u] - [YA] = 1.
The proof of Lemma 3.8 in [43] shows that equality holds. Hence, by Lemma 5.5, u is a Maslov 2 disk.
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Figure 2. A Maslov 2 disk passing through A.

Example 5.11 (Axial Maslov 4 disk). Consider the homomorphism
R :R — SU(2),
given by
R(0) = e%%r .

The disk u : (D,dD) — (CP3,L,) given by u(z) = e767 1922 . A satisfies u(e!?z) = R(0)u(z), so it is
axial of type £¢.

We can describe u geometrically as follows. The boundary of u is obtained by the action of R(6)
on A. The interior of u is given by all the equilateral triangles on northern lines of latitude if we take
r := (0, -1, 0) for the north pole. For example, the triangle s; 5,53 in Figure 3 represents an interior point
of u. Since u intersects N, at the unique point [r,r,r], it follows by Lemma 5.6 that [u] - [YA] = 2.
The proof of Lemma 3.8 in [43] shows that equality holds. Hence, by Lemma 5.5, u is a Maslov 4 disk.

5.3. Classification of holomorphic disks

The following definition is given in Section 4 from [43].

Definition 5.12. The intersection points of a holomorphic disk u : (D,dD) — (CP3,L,) with the
compactification divisor Y, are called poles of u.

The following is Definition 4.6 from [43]. Recall from Section 3.1 the definition of I',.

Definition 5.13. A pole germ is the germ (at 0) of a holomorphic map u, from an open neighborhood of
0in C to CP?, such that u~!(Y,) contains 0 as an isolated point. More generally, for a Riemann surface
¥ and a point a € X, one can speak of a pole germ at a. If we do not specify ‘at a’, then we are implicitly
working at 0 in C. We define an equivalence relation on pole germs at a by u; ~ u; if and only if there
exists a germ of holomorphic map A, from a neighborhood of a in £ to SL(2, C), such that uy = A - u;.
The principal part of a pole germ u is its equivalence class [#], under this relation.
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Figure 3. A Maslov 4 disk passing through A.

We say a pole germ u is of type & € su(2) and order k € Z, if its principal part is
[z > e7ikelez . 2],

and & is scaled so that {r € R : 274! €T\ } = Z.

Example 5.14. An axial disk of type & has a pole germ of type & and order 1.
The following is Lemma 4.10 from [43].

Lemma 5.15. A pole germ u is of type &, if and only if u(0) € Y,\N4.
The following is Corollary 4.13 from [43].

Lemma 5.16. All Maslov index 2 holomorphic disks u : (D,0D) — (CP3,L,) are, up to
reparametrization, of the form

u(z) = A-eévoez. o

fJor A € SU(2). In particular, they are all axial.
The following is Corollary 4.14 from [43].

Lemma 5.17. Suppose u : (D,0D) — (CP3, L,) is a holomorphic disk of Maslov index 4. Then either
u has two poles of type &, and order 1, one pole of type &, and order 2, or one pole of type &y and
order 1. In the last case, the disk is axial of type &7 .

Recall the notation for moduli spaces of holomorphic disks from Section 4.1. The following is
Corollary 4.21 from [43].

Lemma 5.18. Let u : (D,0D) — (CP3,L,) be an axial disk of type &r. Then for any w € int D, the
evaluation map

evi; : Mo 1(2) — CP?

is a submersion at [u; w].

Lemma 5.19. Let a,b € CP! be two sufficiently close points. There exists a unique point ¢ € CP!
such that there exists a holomorphic disk u : (D,dD) — (CP3, L) of Maslov index 2 passing through
[a, b, c] € Sym>CP' = CP3. This disk is unique up to reparameterization.
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Proof. Following Example 5.10, we call an isosceles triangle narrow if the congruent sides are longer
than the base. Since a, b, are sufficiently close, they cannot belong to an equilateral triangle on a
great circle, so a point of the form [a, b, c] must be in cp3 \ L. Thus, if a J-holomorphic disk
u: (D,dD) — (CP3, L ,) passes through a point of the form [a, b, c], then [a, b, c] € u(int D). By
Lemma 5.16, all J-holomorphic disks u : (D,dD) — (CP3, L,) of Maslov index 2 have the form
u(z) = A- e 'év1022 . o For such u, it follows from the geometric explanation given in Example 5.10
that a point of u(int D) is given by the vertices of a narrow isosceles triangle with apex A - (0,0, 1).
So, since a, b, are sufficiently close, if u passes through [a, b, c], then a, b, ¢, must be the vertices of a
narrow isosceles triangle on a great circle with apex ¢ = A - (0,1, 1). We claim that such ¢ is unique.
Indeed, the points a and b are sufficiently close, so they determine a unique great circle. In addition,
there exists a unique point ¢ on the great circle such that the triangle with vertices a, b, ¢, is narrow
isosceles. The condition ¢ = A - (0,0, 1) determines A up to the action of S! = Stabg,0,1) € SU(2).
This S' acts on u by reparameterization. O

Lemma 5.20. Let p € N,. There exists an axial disk of type &y that passes through p. This disk is
unique up to reparameterization.

Proof. Let ¢ € CP! such that p := [q, ¢, g]. Denote r := (0,—1,0). By definition, the general axial
disk of type ¢ has the form u(z) = A - e7671°22 . A Tt follows from Example 5.11 that such a disk
intersects N, at the unique point [A-r,A-r, A -r]. Let A € SU(2) be a rotation such that A - r = gq.
Then u(0) = p. However, the condition A - r = ¢ determines A up to the action of §' = Stab, c SU(2).
This S! acts on u by reparameterization. O

5.4. Riemann-Hilbert pairs

Definition 5.21. A Riemann-Hilbert pair consists of holomorphic rank n vector bundle E — D over
the closed unit disk with a smooth totally real n-dimensional subbundle F C E|sp. A spin Riemann-
Hilbert pair is a Riemann-Hilbert pair (E, F) along with an orientation and spin structure on F.

Definition 5.22. Let (E, F), (E’, F’) be spin Riemann-Hilbert pairs. An isomorphism of Riemann-
Hilbert pairs (E, F) — (E’, F’) consists of

1. abiholomorphism f : D — D, and
2. a holomorphic isomorphism of bundles ¢ : E — E’ covering f such that ¢|sp takes F to F’.

If (E,F) and (E’, F’) are spin Riemann-Hilbert pairs, we say that (f, ¢) is an isomorphism if addition-
ally, ¢|r : F — F’ preserves orientation and spin structure. We may refer to the pair (f, ¢) by ¢ alone.

Let (E, F) be a Riemann-Hilbert pair. Since D is contractible, we identify E with the trivial bundle
C", and thus, the pair is determined by the subbundle F. A totally real subspace of C" is described by
A -R" where A € GL(n,C). Moreover, A’ € GL(n,C) gives the same totally real subspace if and only
if A=!A” € GL(n,R). The fibers of a totally real subbundle F c C" can be written as F, = A(z) - R"
where A(z) € GL(n,C), so such a family of matrices {A(z)},cgp determines a Riemann-Hilbert pair.

Let F* C C denote the totally real subbundle given by F} = z* 2R and let F¥1-*2 C Qz denote the
totally real subbundle given by F£""*> = z¥1/2R @ z*2/?R. The following is Theorem 1 from [39].

Theorem 5.23. Any Riemann-Hilbert pair (E, F) splits as a direct sum of Riemann-Hilbert pairs
(E,F) =@, (C,F"),
where k; € Z.
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If the boundary real subbundle F is orientable, which is equivalent to having even total index, by
Theorem 5.23, we can write

(E.F) =@ (C,F) @ (C?, Fark),

where k; and «; + «; are even numbers. Hence, each summand is orientable.
For a Riemann-Hilbert pair (E, F), let

de.r) : T((D,dD),(E,F)) — T'(D,Q"(E))

denote the Cauchy-Riemann operator determined by the holomorphic structure on E. Let det 5( E,F)
denote the Fredholm determinant. Abbreviate

aK = a_(Q’FK), 6_,(1’,(2 = 5(@2’Fx1,;<2)-
The following is a special case of Proposition 2.8 from [45].

Theorem 5.1. Let (E, F) be a spin Riemann-Hilbert pair. Then det 5(E,F) admits a canonical orien-
tation. If ¢ : (E,F) — (E’,F’) is an isomorphism of spin Riemann-Hilbert pairs, then the induced
isomorphism

¢ : detd(e ) — detd(g, p)

preserves the canonical orientation. Furthermore, the canonical orientation varies continuously in a
family of Cauchy-Riemann operators.

The following is a consequence of the proof of a special case of Lemma 8.1 from [45].

Lemma 5.24. Suppose
0>V -5V-oV"50

is a short exact sequence of real vector bundles over a base B. Then an orientation on any two of V, V', V"
naturally induces an orientation on the third. A spin structure on any two of V, V', V' naturally induces
a spin structure on the third.

Suppose now that V', V"' are oriented and spin and equip V = V' & V'’ with the induced orientation
and spin structure. If &1, ...,&;, (resp. &1, ..., &/,) is an oriented frame of V' (resp. V") that lifts to
the associated spin bundle, then & @0, ..., &, ©0,0® &/, ...,0@ &), is an oriented frame of V' & V"’
that lifts to the associated spin bundle.

In light of Lemma 5.24, the direct sum of spin Riemann-Hilbert pairs is naturally a spin Riemann-
Hilbert pair. The following can be deduced from the proof of Proposition 8.4 from [45].

Lemma 5.25. Let (E, F) be a spin Riemann-Hilbert pair. If (E,F) splits as a direct sum of spin
Riemann-Hilbert pairs (E’, F') & (E", F""), then the isomorphism

det é(E,F) ~ det a_(E/’F/) ® det (’;(Ef/’Fu)

is orientation-preserving.

Remark 5.26. An oriented real line bundle has a canonical spin structure. So, a one-dimensional
Riemann-Hilbert pair with an orientation on the real bundle determines a spin Riemann-Hilbert pair.
We will use this implicitly below.

The proof of the following lemma is given as a part of the proof of Theorem C.4.1 in [38].
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Lemma 5.27. If k > —1, then ker 8, can be written explicitly as
kerd, = {Z ajz’|ajeCandaj=a,;}
=0

and Coker(d,) = 0. In particular, dimker 9, = k + 1.

Below, we often use the fact that if (E, F) is a Riemann-Hilbert pair with Coker 5( g,r) =0, then an
orientation of det d(g ) is the same as an orientation of ker (g ).

Lemma 5.28. Evaluation at 1 defines an orientation-preserving isomorphism
fo : kerdy — FV.
Proof. This follows from the definition of the orientation on det(dy) given in Section 2 of [45]. O

The following is Lemma A.2.1 from [44].

Lemma 5.29. Let (E, F) be a rank 1 Riemann-Hilbert pair of Maslov index 2. Evaluation at 0 and 1
defines an isomorphism

fr: kel"(';(E,F) — Eg @ Fi.

Moreover, for any choice of orientation on F, this isomorphism is orientation-preserving if the codomain
is oriented by the complex structure on Ey and the orientation on F.

We choose an orientation on F2 such that the frame z is positively oriented. By Remark 5.26, this
choice of orientation determines a spin structure on F2.

Lemma 5.30. The orientation on ker 8, is determined by the ordered basis
(Z+1), i(1-25, z
Proof. By Lemma 5.27, we have
ker & = spang{(z*> +1),i(1 — 2%), z}.
Consider the map
f ker 8, — Cy® F12

from Lemma 5.29. Orient the fiber C, by its complex structure and the fiber F 12 =R c C, by the basis
1. By Lemma 5.29, the map f, is orientation-preserving. Since

LU(Z+1)=(1,2), AIE(1=-2%)=(0), fi(z)=(0,1)
is an oriented basis, it follows that the basis
(2+1), i(1-22), =z
determines the orientation on ker 9. O

We choose the orientation on F'*! such that the frame

z+1 i(l-2)
{(z) = (-i(i‘—@)’ n(z) = ( 41 )
7

e
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is positively oriented. In addition, we choose the spin structure on F!»! such that this frame can be lifted
to the associated double cover of the frame bundle.

Lemma 5.31. Evaluation at zero
fi1 i kerd — Q%

defines an isomorphism. If the codomain is oriented by the complex structure on Qg, this isomorphism
is orientation-preserving.

Proof. By Lemma 5.27, the map f,; defines an isomorphism. We degenerate (Q2, F''1 to (Q2, F02)
in order to determine the orientation on ker d; ;. Consider the family of loops

A; 10D — GL(2,C), te[0,1]

given by

1427 t(Z—'l)
Ai(2) = t(IZ_Z) é
2i 2

We claim that the family of boundary conditions F(z) given by F(z), = A;(z) - R? is a degeneration
from F! to F%2, Indeed,

1 1 1 1
10\(50 T0|[ e gt
AO(Z) = (0 Z)((z) l)’ AI(Z) = (ZO 1) ,%2 ' s
1 ,

where the matrix

2 i
I e e
z 2—22 7z 2+4z2
2i 2

is an invertible real matrix for every z € 0D. The family of frames given by the columns of A;
gives rise to a continuous family of orientations and spin structures on F(¢). The orientation on F (1)
coincides with the orientation on F!-!. The orientation on F(0) coincides with the direct sum orientation
F%2 = FO @ F?. The spin structure on F(1) coincides with the spin structure on F!! and the spin
structure on F(0) coincides with the direct sum spin structure on F 0.2 a5 in Lemma 5.24. Let

(10 B+ + -z i(1 - +i(> - 1)z
k() = (0 t)’ B(.2) = Z(z’(%—t)ﬂ‘(t—%)z Gr+ b+ (t-nz |

Then B(t, z) is an invertible holomorphic matrix on D for every ¢ € (0, 1], and the matrices satisfy
B(t,2)loapA1(2)R(1) = Ai(2), te(0,1], z€adD.
Hence, B(t, z) is an isomorphism between (Q2, F(1)) and (@2, F (1)) for every t € (0, 1]. Denote by

5(t)_the family of the Cauchy-Riemann operators obtained from (Qz, F(t)) for t € (0,1]. Note that
kerd(1) = kerd;,1. By Lemma 5.27, the vectors

(5 (%07) (2 (o)
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form a basis for ker 51,1 . So, the following vectors form a basis for ker c'_)(t):
1+ i(1-
vi(2) = B, z)( 0 Z), va,(2) = B, z)( ‘. Z)),

va,(z) == B(t, Z)(l SZ)’ vai(2) = B(t, Z)(i(lo_ Z))
Let

wi.0(2) :=v1,(2) = vas(z) = (th + 1)’

izt — it

(-1 +2z+12+1
iZ2(t- 1) +i(t+1) - 2izt)’
1(iz2(1 =) + (1 +1%)i = 2iz
5( P-p-t-¢-2u )

Wo(2) 1= v1,4(2) +va,(2) = %(
w3.(2) == va:(2) —v3.(2) =

—iz+1
Wa,1(2) =2, (2) +v3,(2) = ( r+ 2 )
t

Fori = 2,3,4, define u; ,(z) := tw; ;(z) when ¢ > 0, and u; 0(z) := lim,,o tw; ;(z). In addition, define
uy ;(z) := wi(z). Note that the bases

{Vl,t,VZ,t,V3,t,V4,t}a {Wl,t’WZ,t,W3,t,W4,t}a {ul,l’ Mz,t,u3,t,u4,t}

determine the same orientation on ker d(¢) for ¢ € (0, 1]. We have

uro(z) = ((1))

1 0
MZ,O(Z) = E(l(l _ ZZ))’
u3 0(z) = —1( 0 )

2\2+1

ta0(2) = (2)

By Lemma 5.30, the basis {—u3 0, 12,0, 44,0} determines the orientation on ker &, and by Lemma 5.28,
the vector u o(z) determines the orientation on ker dy. Hence, by Lemma 5.25, the basis

{ul,O, us,0, 43,0, u4,0}

determines the orientation on ker d(0). Continuity implies that {u1,¢, 2, u3, ua s} is positively oriented
for every r € [0, 1], and so is {vi+, V2, V3¢, va,} fort € (0, 1]. Hence, the basis

14z _(i(1-2) [0 _ 0
Vl,l - 0 £ v2,1 - 0 £ V3,1 - 1+Z £ v4,1 - l(l—Z)

is positively oriented. Therefore, f;; is orientation-preserving. O

The orientation convention for dD is the counter-clockwise orientation. For a point z € dD, we
identify T,0D with izR, so iz is a positively oriented basis. The following definition is the orientation
convention for PSL(2,R) in [14].
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Definition 5.32. Let zg,z1,z2 € dD be three distinct points in anticlockwise order. Consider the
embedding

F :PSL(2,R) —» 0D x 0D x 4D,

g (g-20.8 21,8 22).

The orientation on PSL(2, R) is determined such that F is orientation-reversing.

Consider the Lie algebra psl(2,R). Let
10 00 01
Mm=lo-1) ™7{1o0) ™ loo

Lemma 5.33. {1, 12, 13} is a positively oriented basis of psl(2,R).

be a basis for this algebra.

Proof. Let H denote the closed upper half plane and let H denote the compactification by adding a
point at infinity. Since there is a biholomorphism D — H, we can identify the range of the map F from
Definition 5.32 with 0H x dH x 0H. Choose

z=-1, z21=0, z=1
The orientation of
T_10H x TydH x T 0H
is determined by the basis

(1,0,0), (0,1,0) (0,0,1).

We have
2 expm) -z = L€ °
dr t=0 EXpliny) -2 = dr t=0 0 e! Z
d | e'z
Tdt e
=2z.
Similarly,
d d
Zl=oexp(imz) - 2 = -22, Zl=oexp(ns) -z = 1.
Hence,
F(Ul) = (_27 07 2)7 F(UZ) = (_1’0?_1)7 F(US) = (1’ 17 1)
Since
-20 2
det|-10-1]|<0,
111

it follows that F is orientation-reversing. Thus, by Definition 5.32, the basis {11, 72,73} is positively
oriented. O
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Lemma 5.34. The action of PSL(2,R) on D induces an isomorphism
D : psl(2,R) — ker b,

which is orientation-reversing.

Proof. ldentify D with the one-point compactified upper half plane H and identify the Riemann-Hilbert
pair (C, F?) with the Riemann-Hilbert pair (7H, TdH). The latter identification preserves the canonical
orientation on the determinant line by Proposition 5.1. The map D is given by

d
D(4) = (z = Zli-oexp(iA) - 2).
Let ev := ev; ® evy, where ev; and ev are the evaluation maps at i and 0, respectively. By Lemma 5.22,
D is orientation reversing if and only if ev o D is orientation reversing. Consider the points 0,i € H.
The basis
(1,0), ((,0) (0,1)

is positively oriented basis of T;H & TydH. By the calculation of the previous lemma, we have

ev o D(T]l) = (217 0)7 ev o D(UQ) = (170)7 ev o D(’]?’) = (17 1)

Since
020
det|100]<0,
101
it follows that D is orientation-reversing. O

5.5. Riemann-Hilbert pairs and holomorphic disks

Let (X, J) be an n-dimensional complex manifold, and let L C X be a smooth totally real n-dimensional
submanifold. A holomorphic disk u : (D,dD) — (X, L) gives rise to a holomorphic vector bundle
uw'TX — D and a smooth totally real subbundle ul},TL C u*TX|sp. Thus, we obtain a Riemann-
Hilbert pair (E,, F,,) associated to u.

5.5.1. A useful example
Lemma 5.35. Let u : (D,0D) — (CP3,L,) be the holomorphic disk given by u(z) = e '¢v108% . p,
Let 61,0, € su(2) be such that &, 01, 0, form a basis of su(2). Equip L, with the orientation and spin

structure arising from the trivialization of TL , given by the infinitesimal action of su(2) and the basis
f\)s 917 92' Let

(E,F) := (u'TCP3,ul},TL,).
Then, the sections
&y
= -u, 01-u, h-uecl(E) 5.1
z

form a holomorphic frame. Moreover, there is an isomorphism of spin Riemann-Hilbert pairs

¥ (E,F)— (C,FPoF' e F°)
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given by
£ 1 0 0
2w |0, cu—|1], 6 -u—|0]. (5.2)
< 0 0 1

Proof. Recalling Example 5.10, we see that the kernel of the infinitesimal action of s[(2, C) at u(0) is
spanned by &,,. Given this, Smith (44, Appendix A.3) shows that the sections (5.1) form a holomorphic
frame for E. We split (E, F) by

E=<éu> ® (01 - u)c ® (01 - u)c,
z C

F=z<§—v u> ® (01 - u)yp ® (01 - u)p.
z R

It follows that the formula (5.2) gives the desired isomorphism ¥. Recall the choices of the spin structures
and orientations of F2 and F° given in Section 5.4. By Lemma 5.24, the frame

z 0 0
o, [1] [0
0 0 1

of F2@ F%@ FV is positively oriented and can be lifted to the associate double cover of the frame bundle.
Therefore, the isomorphism ¥ preserves orientation and spin structure. O

5.5.2. Orientation convention for disk moduli spaces

Let (X, w) be a symplectic manifold with w-tame (integrable) complex structure J, and let L C X
be a Lagrangian submanifold. Let M () denote the space of parameterized J-holomorphic maps
u: (D* dD?) — (X, L) such that u,([D?,dD?]) = B. Each u € M(3) determines a Riemann-Hilbert
pair (E,, F,) = (u*"TX,u*TL) as explained above. For the following discussion, we assume that the
linear Cauchy-Riemann operator d(g, r,) : ['((D?,8D?), (E,, F,)) — I'(D?,Q%'(E,)) is surjective
for every u, so M (B) is a smooth manifold and there is a canonical isomorphism

Tuﬂ(ﬂ) = keré(Eu,Fu>.

Thus, Proposition 5.1 gives a canonical orientation of M B).

We discuss now the relevant conventions concerning the orientations of the moduli spaces M. 1(8)
of unparameterized stable J-holomorphic maps with marked points. The following definition is Con-
vention 8.2.1 from [14].

Definition 5.36. Let G be an oriented Lie group with a smooth, proper, free right action on an oriented
manifold M. For p € M, let ¢, : G — M be givenby g — p - g. Letm : M — M /G be the quotient
map. Split the short exact sequence

dep dn
0->T.G = TyM - Ty, (M/G) >0

to obtain an isomorphism
TPM = Tn(p) M/G)®T,.G.

The quotient orientation on M /G is determined by the condition that the preceding isomorphism
preserves orientation for all p € M.
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The following definition is based on [14, p. 698].

Definition 5.37. Let U ¢ M(B) x (0D?)**! x (int D?)! denote the open subset where the marked points
are pairwise disjoint and the cyclic ordering on the boundary marked points given by the orientation on
dD? induced from the complex orientation of D? agrees with the order of the labels. Thus, points of U
are tuples (u, z, w) where

ue M(B), z=1(z0,....21) €OD?, w=(wi,...,w) € intD>.
An automorphism of the disk i € PSL,(R) acts on U by

l!/ ' (u’ <5 W) = (u o d/’ lr//_l(z)’ d’_l(w))

The orientation of M. ;(B8) is determined by the quotient orientation on the open subset
U/PSLy(R) € Mpy1,1(B).

5.6. Computation of OGW

Recall from Section 4 that we denote by My (8) the moduli space of holomorphic disks u :
(D,dD) — (CP3,L,) representing a class 8 € H>(CP3,L,;7) with k + 1 boundary points and /
interior points. We denote elements in M1 ;(8) by [u;20, ..., 2k, W1, ..., W], Where z; € dD and
w; € intD. Consider the moduli space M (1), and the evaluation map

evby : Mio(1) = L,

evbo([u;z]) = u(z).
The following lemma is part of Proposition 4.2 from [43].
Lemma 5.38. The evaluation map evbgy : M ,0(1) — L, is a covering map of degree +3.

Proof of Theorem 5.1. By Theorem 1.6, we have
OGWl’l = —/ evbo*E,
Mio(1)

where PD([b]) = pt. Hence, OGW | is determined by the degree of the map evbg, and Lemma 5.38
gives OGW, | = ¥3, where the sign depends on whether evbg preserves or reverses orientation.

We show that evbg preserves orientation. Choose 61, 6, that together with &, form a basis of su(2).
Equip L, with the orientation and spin structure arising from the trivialization of 7L, given by the
infinitesimal action of su(2) and the basis &, 61, 6,. The orientation of this basis does not affect the
calculation below, in accordance with the orientation axiom Proposition 2.2 8.

Letu : (D,dD) — (CP3, L,) be a holomorphic disk of Maslov index 2. Let

(E,F) == (W'TCP,ul}),TL,).

By Lemma 5.16, we can write u(z) = A - e77$v1°22 . A where A € SU(2). We may assume that A is the
identity since acting by A~! does not change the isomorphism class of (E, F).

Let z € D and let { € T,0D denote the unit vector in the direction of the orientation. By Definition
5.37, the oriented tangent space of M (1) at [u; ] is given by

Tiu:zgMi0(1) = (ker d(g,r) ® T.0D) /psl(2,R).
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By Proposition 5.1 and Lemma 5.35, we have an orientation-preserving isomorphism
kerd(g r) ® T,0D =~ ker &, @ ker dy @ ker 6y ® T,0D.
By Lemma 5.27, we have an orientation-reversing isomorphism
ker &, ® ker 0y ® ker p @ T,0D =~ ker dy & ker 0y ® T.0D & ker 0,.

The linearization of the action of PSL;(R) in Definition 5.37 composed with the projection on ker »
gives the map D : psl(2,R) — ker d, of Lemma 5.34. So, by Definition 5.36 and Lemmas 5.34 and
5.27, we have an orientation-preserving isomorphism

ker 8y @ ker dy & T,0D = (ker d(g ) ® T,0D) /psl(2,R),
given by
16000 [0, -u®0], 00100 [6-ud0], 08087 [0&/].
Abbreviate

0;=10; - u®0], (=[0&].

Thus, by Lemmas 5.25 and 5.28, the orientation on Tj,.;]M,0(1) is given by the basis 61, 8,,. In
order to show that evb( preserves orientation, it suffices to show that

devboy,., : Tluz)Mi,0(1) = Ty La

preserves orientation when z = 1. The tangent vector / € T;dD is represented by the path 7 — e'*. So,

devboy,y (D) = dir (D) = Su())imo = el g = &, (1),
Since
devby,,, (01) =01 -u(1), devby,, (62) =602-u(l), devby,, ({) =&, -u(l),
it follows that evb( preserves orientation. Therefore, WWM =-3. ]

5.7. Computation of OGW | o(I"2)

By Theorem 1.6, we have

OGW o(Iy) = —/ eviyys,
Mo, (1)

where 7y, is a a differential form representing I, € H4(CP3, L ,;R). By Poincaré-Lefschetz duality, we
have H*(CP?, L,;R) ~ H(CP3\L,;R). Hence, our strategy for computing OGW; o(I2) is to find a
complex curve in CP3 \ L, representing the Poincaré-Lefschetz dual to I, and determine how many
holomorphic disks intersect it.

Any complex subvariety Y ¢ CP3\L, of complex dimension 2 represents kPD([w]) where k € Z is
the degree of Y (i.e., the number of intersection points with a generic line). Consider complex subvarieties
Y, Y, of degree k1, k>, respectively, in general position. Then Y| N Y; represents k1 kyPD( [w?]), and
thus, PD(I) = [Y1 N Y]/ (k1k3).
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We consider the case where Y, Y, are small perturbations of the anticanonical divisor Y,. For
i=1,2,let g; € SU(2) be lifts of rotations by arbitrary small angles ¢; about different axes. Write

Y, = {[a,gi(a),b] € Sym’CP! | a, b € CP'}.
Note that Y; ¢ CP3 \ L, since ¢; are small.

Theorem 5.2. degY; =4

Proof. Write a = [ag : a1], b = [by : b1] € CP'. Identifying CP? with the projectivization of the
space of homogeneous polynomials of degree 3 in two variables, we can write

Y; = {[(aoy — a1x)(((g:)11a0 + (g)12a1)y — ((g:)21a0 + (gi)22a1)x) (boy — b1x)| |a, b € CP'},
where (g;)x; are the components of the matrix g;. Hence, we have an embedding

f;: CP'xCP! - CP?,

([ao : a1, [bo : b1]) = [f2(a,b) : f(a,b) : fF(a,b) : f7(a,D)],

where fl.j are homogeneous polynomials of bidegree (2, 1), such that Y; = Im f;.
Let H, and H; be hyperplanes in CP3 given by

H]Z{ZhijZO}, HZZ{ijZJ':O}.
The intersection H; N H; is a generic line, so we have
dng,' =#Y;NH N H,.

The preimages fi‘1 (Hp) and fl._l (H3) are the vanishing sets of the polynomials
3 . 3 .
pia,b)= > hif!(@b),  pfab)=> k;ifl(a,b)
j=0 j=0

of bidegree (2, 1). Denote by 7y, 7, : CP! x CP! — CP! the projection maps. Let
O, j) = n10(1) ® 75,0(j).
So,
c1(0(, j)) = (i,j) e H(CP' xCP"Y =Z & Z.
The polynomials pf‘, pf.‘ , define sections of the line bundle O(2, 1). So,
#Y; NH N Hy =#f"(H 0 Hy) =#f7'(H)) n 7' (Hy)

- / 1 (O2,1) — ¢1 (02, 1)) = 4.
CP'xCP!
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Proof of Theorem 5.2. Let y, be a a differential form representing I, € H*(CP3?, L,;R). We show
below that evi| is transverse to Y| N Y,. Thus, by Theorem 1.6 and Poincaré duality, we have

#evil" (Y1 NnYy)

OGW,o(In) = - Yy = — 5.3
1.0(I%2) '//\40,1(1) evi|y2 deg Y, deg Y (5.3)

So, we need to count Maslov 2 disks passing through Y| N Y, with sign given by the orientation of the
moduli space My 1 (1) and the complex orientation of the normal bundle to Y; N Y>.
We represent a point of Y; by three dots with an arrow between two of them labeled by g; as follows.
8i
o —> o °
Hence, a point of Y| N Y3 is represented by three dots with two arrows between them labeled by g; and
g2. There are 6 types up to continuous deformations:

B I ©))
° —)g] ° (—g2 ° (82)
. 82 . 81 . (@3)
° (—gl ° —)gz ° (®4)
/81%(
° & ° ° (®5)
81
. g:j . . (@)

More explicitly,

{la,g1(a), g281(a)] € Sym’CP'| a € CP'},
{[a,81(a),g;'g1(a)] € Sym’CP'| a € CP'},
[a,g2(a), g182(a)] € Sym*CP'| a € CP'},
{[a,g7"(a), 8287 (a)] € Sym’CP'| a € CP'},
{l
{l

0,
0,
03
A
Os a,g1(a),c] € Sym*CP!| a,c € CP!, g2gi(a) = a},
O

a,g(a),c] € SymaCP1| a,c € CP', gglgl(a) =a}.

Since each of @y, ..., 0y is the image of a map CP! — CP?3 of degree 3, it follows that deg®; =
... = deg®; = 3. We claim that each of ®5,0¢ is a union of two lines. Indeed, both g>g; and
g '¢1 have two eigenvectors, so there are two choices for a € CP!. Each such choice a gives a line

a,gi(a),cl]| c € CP'}. Hence, de ®5 = deg®¢ = 2. Therefore, 26_ deg®; = 16. By Bezout’s
g g i=1 4eg y
theorem and Proposition 5.2, we have

degY; N Y, =deg Y degY, = 16.

Since the degrees coincide, it follows that each ®; occurs with multiplicity 1 in the intersection Y; N Y>.
In particular, the intersection is generically transverse.
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Figure 4. The triangle u(w).

By Lemma 5.16, all Maslov 2 disks are axial of the form u(z) = A-e™7v1°22. A Let py, p2, p3 € CP!
such that [py, p2, p3] € Sym>CP! is in the image of a Maslov index 2 disk. As in Example 5.10, there
existi, j € {1,2,3} suchthatd(p;, p;) > e, where eis the distance between two vertices in an equilateral
triangle on a great circle in CP'. By choosing ¢; sufficiently small, @y, . . ., ®4 can be brought arbitrarily
close to the locus N, where all 3 points coincide. This rules out a Maslov index 2 disk passing through
them. Hence, the number of Maslov 2 disks through Y| N Y3 is equal to the number of Maslov 2 disks
through ®s and ®¢. Since a and g;(a) are sufficiently close, it follows by Lemma 5.19 that one such
disk passes through each of the lines making up @5, g, for a total of four disks.

Next, we determine the sign with which each disk passing through ®s5 and ®¢ contributes to
#evil‘l(Y] N Y;). The treatment of ®s and O is parallel, so we focus on Bq. Let a € CP' be one
of the two solutions of g5 lg1(a) = a as in the above formula for ®¢. Denote by O¢ the corresponding
component of @g. Let [u; w] € Mo 1(1) with u(w) € O¢. Let (vog)u(w) := TM(W)CP3/TM(W)®6 be the
normal space to O at u(w) equipped with the complex orientation. The differential devi p,,.,,] induces
a linear map

devii ] * Trusw Mo, 1 (1) = (Veg Ju(w) -

We show ?vil[u;w] is an orientation-reversing isomorphism.

By Lemma 5.16, we can write u(z) = A - e7'4v1°22 . A By applying an appropriate rotation to
CP! = §2, which does not affect orientations, we may assume that a and g; (a) are positioned in the xz
plane symmetrically about the south pole as in Figure 4. It follows from Example 5.10 that we may take
A to be the identify matrix. We begin by finding an oriented basis for T},.,,}Mo,1(1). Let

(E,F) := (u'TCP3,ul},TL,).

We choose 61, 6, € su(2) to be lifts of infinitesimal right-handed rotations around the x-axis and the y-
axis, respectively. Thus, the trivialization of T L , given by the infinitesimal action of s11(2) and the basis
&y, 01, 0,, determines the orientation and the spin structure of L, given in Section 3.2. Let w € int D.
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The tangent space of My 1(1) at [u; w] is given by
T Mo (1) = (ker d(g ry ® Ty D) /ps1(2,R).
Consider the canonical identification C ~ T,,D. We denote by £ and y the vectors in 7, D that
correspond to 1 and i in C, respectively. Hence, the basis {£, §} determines the orientation on T, D that
induced by its complex structure. By Proposition 5.1 and Lemmas 5.25, 5.28, 5.34 and 5.35, we have
an orientation-reversing isomorphism
ker o @ ker p @ Ty D = (ker (g ) ® T D) /psl(2,R),
given by
19000 [0 - u®0], 0®l®0—[6-ud0], 06080~ [006X], 0608 [087F].
Abbreviate
0; =[6; -ua0], i=[0@Z%], y=[0@ 9].

Thus, {-61,6,,%, y} is an oriented basis for Ty,;,,]Mo,1(1).
Next, we compute devi| on X, . Indeed,

: —I
rmpe TevioewH) A = il u(w),
w

. d
duw ()C) = E

and
d : i v
ity (§) = L]y ostwnin Ly 2 £V Ly,
dt w
It follows that
devi =\ _i‘fv . =\ _ fv
evi [uyw] (%) = u(w), deviy [y, (V) = o ~u(w). 5.4)

To determine whether deviy(,,, ] preserves orientation, it is helpful to work in a holomorphic
coordinate chart on Sym3 (CP"). Let

/S c > Sym3(CP1)
be given by
Y(z1,22,23) = [[1 21, [1 2 22], [z3 : 1]].
Recall the stereographic projection p from Example 5.10. Observe that
¥ (p(a), p(g1(a)),0) = u(w).

Since a # g1 (a), we may choose an open U c C containing (p(a), p(gi1(a)),0) such that i = |y is
a biholomorphism onto its image. Then

§71(©g) = Un ({(p(a), p(81(a)))} x C) =: ©F.
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Observe that the normal bundle to @g is canonically identified with C2 x {0} c C3. Let 7 : C3 — C?
be the projection onto the first two factors, and let

evifp=mo l/;_l o evij.
Since ¢ is biholomorphic and thus orientation preserving, it suffices to determine whether the map

dZVTl[u;wJ : Tlusw Mo, (1) — C?

preserves orientation. . o
We proceed to compute devij on the oriented basis {—61, 62, %, ¥} of Tj,.,,jMo,1(1). By Example

5.10, we have
(p(@). p(g1(@) = 70§~ ou(w) = (\/g—\/g) (5.5)

Since a lies in the xz plane, it follows that p(a) € R, and consequently, w € R.¢. Recall the map <p’£v
from Example 5.10. For z € C, we have '

d, i
v 2= im0y, (2) = 5.

So, by equations (5.4) and (5.5), we obtain

e () = o diy £ ~u(w)) -1 12‘/—2—’2“—% ,
) mo [ ) = LV
devi|(x) =mod(y) (T-u(w))—w NN

However, we can see by stereographically projecting Figure 4 or by direct calculation that

deviy(=01) = —(i,i) + O(er),  devii(62) = —(1,1) + O(e).

Since
0 -1 0 -1
-1 0 -1 0 1
det 1 0 1 0 =—— <0,
2V3w | 2V3w | 3w
O v 0

it follows that the basis
devii ({=01,62, %, 3})
is not complex oriented. Thus, devi; and consequently also devi; reverse orientation.
Therefore, each of the 4 Maslov 2 disks passing through Y; N Y, contributes to the signed count

#evil_1 (Y1 N Y,) with sign —1. By Proposition 5.2 and equation (5.3), we obtain

OGW; o(In) =4/16 = 1/4.
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5.8. Computation of OGW,(I3)
Proof of Theorem 5.3. By Theorem 1.6, we have

OGW,y(I'3) = —/ eviyys,
Mo,1(2)

where y3 is a representative of I'3. Since I'3 is Poincaré dual to a point, it follows that
OGWa,(I'3) = —#eviy' (p),

where p € CP? is a regular value of evij.

Let p € N,. First, we show that p is a regular value of evi; and compute #evil‘1 (p) up to sign. We
claim that any Maslov 4 disk u that passes through p is an axial disk of type £ ¢ . Indeed, by Lemma 5.4,
Y, is an anticanonical divisor, so by Lemma 5.5, the Maslov index of u is given by twice the algebraic
intersection number [u] - [Y,]. Hence, [u] - [Y,] = 2. Thus, Lemma 5.6 implies that u intersects Y,
only at p. Hence, by Lemma 5.15, a pole germ of u is not of type &,. So, by Lemma 5.17, u is an axial
disk of type £f as claimed. Thus, Lemma 5.18 guarantees that p is a regular value of evi;. Since by
Lemma 5.20 there exists a unique axial disk of type £ of Maslov index 4 that passes through p, it
follows that #evi!(p) = 1.

It remains to show that in fact #evil‘l (p) =-1.Letr :=(0,-1,0), and choose

p=|[r,r,r] € Ny C Sym3CPl.

Letu : (D,0D) — (CP3, L,) be the J-holomorphic disk of Maslov index 4 that intersects N, at p. As
shown above, u is an axial disk of type &7, so by Example 5.11, we have u(z) = e7ierlogz A Let

(E,F) == (W'TCP3,ul}),TL,).

We construct frames for E and F as follows. Let @ € su(2) be an infinitesimal right-handed rotation
about the —x axis, and let 8 € su(2) be an infinitesimal right-handed rotation about the z axis. Recall that
&7 is an infinitesimal right-handed rotation about the y axis, so £ ¢, @, 8 is a basis of su(2) corresponding
to infinitesimal right-handed rotations about a right-handed set of orthogonal axes as in the definition
of the orientation 0, and spin structure s, on L, given in Section 3.2. Since u(0) = p, and we have
taken the complex structure on CP' given by left-handed rotation around the outward normal by an
angle of 7r/2, it follows that i8 - u(0) = —a - u(0). See Figure 5. Thus, the kernel of the infinitesimal
action of sI(2,C) at #(0) is spanned by &£y and by « + i. So, it follows from the argument of Smith
[44, Appendix A.3] that the following sections give a holomorphic frame of E :

o B e-ip

Z Z

Taking C-linear combinations, we see that

& (1+z)a+i(1-2)B (1+2)B8-i(1 -2)a
— - u, ‘U, U

Z Z Z

is also a holomorphic frame of E. Since £y, a, § is a basis of s11(2), the sections

Er - u, a-u, B-u

give a frame of for F'. This frame is 0, oriented and can be lifted to the double cover of the frame bundle
of F associated to s, because of how we have chosen «, .
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Figure 5. The rotations « and B at p.

Let¥:E — Q3 be the isomorphism given by

1 . 0 . 0
f_f.u'_) ol (1+z)a+z(1—z)/3_u|_> 1 (1+z)/3—z(1—z)a'ul_) ol
z 0 z 0 z 1
Since
z 0 0
Eroum (0] arum| Bl poues [ H2 )
0 —i(1-z2) z+l
3 4

weseethat W : (E, F) — (Q3, F? @ F'1). Recall the choices of spin structures and orientations on F2
and F'-! given in Section 5.4. By Lemma 5.24, the frame

z 0 0
1 i (1-

ob |5 ) e 412)
—i(l-z +
0 4 ZT

of F?2 @ F'! is positively oriented and can be lifted to the spin double cover of the frame bundle.
Hence, the isomorphism ¥ preserves orientation and spin structure. Thus, by Lemma 5.25, we obtain
an orientation preserving isomorphism
Tiuw)Mo,1(2) = (kera_(E,F) & T, D)/psl(2,R) ~ (ker & @ kera_l,l & T, D)/psl(2,R),
where w € intD. By Lemma 5.34, this gives an orientation-reversing isomorphism
Y, : T[M;W]M(),l(Z) — kerél,l eT,D.

It suffices to show that

devi; [usw] * T[u;w]MO,l(z) - Tu(w)CP3
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reverses orientation when w = 0. Denote by fp : TpD — C the canonical isomorphism, and recall that
fi1 kerdy — 92) is the evaluation map at zero. In the following commutative diagram of isomor-
phisms, the left vertical arrow reverses orientation, and the right vertical arrow preserves orientation.

devi1 [14;0]

Tiu0jMo,1(2) — T, 0)CP?

lw* l‘mo

kera_],] ®ToD —>f1,1$ﬁ) c3

So, it suffices to show that fi 1 & fp preserves orientation. Since fp : TopD — C preserves orientation,
and by Lemma 5.31 the map f},| preserves orientation, it follows that f; ; @ fp preserves orientation
as desired. ]

6. Recursions

Proof of Theorem 1.1. Recall A; = [w'] € H*(X;R), fori = 0,...,3. So, by the definition of g’/ given
in Section 2.6, it follows that g"/ = &; 3_;. In order to derive recursion 1, let I = {ja, ..., ji}. Apply
ok1o,, = 6;“16% ...y, to equation (2.4) with v = j; — 1, w = 1. We consider the coefficients of TR
and evaluate at s = 7; = 0. Using the closed zero axiom Proposition 2.16, we single out instances of
OGWp i (I';,, ') and obtain

3
[TP] > (05" 01y (0501, Q- 8,01, 01, @) s=t,=0) =
i=0

3
= OGWc(Tjps o Ti) 4 D D GWa(A1 A1, A, A)OGWg, k(T3-is Th),
@ (B)+Bi1=p =0
Lul=I
Bi#B

[TP1(057'0,, (379 - 8, 01, Q) ls=1,=0) =

k—1\——— I
= Z k OGWﬁl,kl(Fjl—l’rl’rll)OGW,Bz,kzﬂ(rlz)’
T A
Ki+ho=k—1
Lul=I

[TB] (af‘lat, (as atwﬁ : atv asﬁ) |s=t_,-=0) =
k-1

( )OGWﬁl,kl+1(Fjl1,F11)0GWﬁ2,k2+1(Fl,F12)~
prip=p !
ki+ky=k-1
Lub=1
Substituting the expressions in (2.4) gives the required recursion.
In order to derive recursion 2, let I = {j, ..., ji}. Apply 85728, = 05720;, ... 8;, to equation (2.4)
with v = 2, w = 2. We consider the coefficients of 75*? and evaluate at s = ¢ 7 = 0. We obtain

3
[TP*2] " (95720, (80r, Q- 8,00, 01, ©)ls=y=0) =
i=0

3
= Z Z GW5(A2, Az, Ay, A))OGWg, k-1 (T3, T),

@ (B)+Br=B+2 i=0
Lul=I
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[TP*2] (85720, (379 - By, Oy, Q) |s=1,=0) =
= 0GW, (I, Fz)OGWﬁ,k(Fjl ey Fj,)

k—2\—— —
+ Z ( k )OGWﬁl,kl(r‘Z’ FZ’ Fl[)OGW,Bz,k2+2(F12)’
prp=pr2 \ !
ky+ky=k-2
(B1,k1)#(2,0)
LubL=I

[TP*21(85 720y, (8504, Q - 0y, 05Q) |s=1,=0) =
k-2

)OGWB1,k1+1 (F2, 1—‘I] )OGWﬁz,k2+1 (F2> 1—‘I] )

Bi+fa=p+2 ( !
ki+ky=k-2
Lul=1

Substituting the expressions in (2.4) gives the required recursion.
Recursion 3 is derived in the same way as recursion (a) in Theorem 10 from [48]. ]

Lemma 6.1. OGW o(I», T) = 2.

Proof. In Theorems 5.1-5.3, we computed

N E— 1 N
oGW 1 =-3, OGWo(I2) = T OGW,o(I53) = 1.

By recursion 3 of Theorem 1.1, we get
OGW, (I, I2) = OGWr o(I'1,I3) = OGWy 1(I'y) - OGW; o(T'1, T).

By the open divisor axiom Proposition 2.26, we get

OGWy (I, Ty) = % + % : % = Z—i
m]
Proof of Theorem 1.2. This follows from Theorems 5.1-5.3 and Lemma 6.1. O
In order to prove Corollary 1.3 we will need the following lemma.
Lemma 6.2. Assume |I';;| > 4. Ifm,k(r,-], ....T3) #0. Then (k,1) = (1,0) or (k,1) = (0,1) and

;| =4

Proof. By the open degree axiom Proposition 2.23 and Lemma 3.3,

1
=1 = 2+21:2k+Z|Fij|
j=1

1
= 2(k-1) +Z(|r,-j| ~2)=0.
j=1

Both summands are positive when k > 1. Hence, equality can hold only if (k,1) = (1,0), or (k,[) =
(0,1) and |I7;,| = 4. O

Proof of Corollary 1.3. By Theorem 2.3, invariants with interior constraints in I', are computable in
terms of invariants with interior constraints of the form I'; = [w/]. Furthermore, by the open unit
and divisor axioms Proposition 2.24,6, we may assume that |[';| > 4. Finally, assume for convenience
that interior constraints are written in ascending degree order. It follows from the open degree axiom
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Proposition 2.23 that for any S, there are only finitely many values of k,[, for which there may
be nonzero invariants with constraints of the above type. Hence, we give a process for computing
OGWg i (I'y,, ..., I';) which is inductive on (8, k,/,i;) with respect to the lexicographical order on
z%.

/OConsider a triple (B, k,1) with k +1 < 2. If B = 0, by the open zero axiom Proposition 2.25, all
invariants vanish. For 8 = 1, 2 all possible values have been computed explicitly in Theorem 1.2. Indeed,
if B8 = 1, this follows from Lemma 6.2. If 8 = 2, we have

1
B=2 = 4+2l:2k+Z|Fij|
j=1

1
= 2(k-2)+ Z(|rl-j| -2)=0.
j=1

Equality can only hold if k =0,/ =1 and |I';,| = 6. Similarly, the open degree axiom implies that for
B = 3, the only invariants that do not vanish have k +1[ > 2.

Consider a triple (8,k,1) with k +1 > 2. If [ > 2, by Theorem 1.1 3 and the open divisor
and zero axiom, we can express the invariant OGWB,k(Fil, ...,I}) as a combination of invariants
OGWg (I}, ...,I;,) that either have 8’ < B,or 8’ = B, k' =kand !’ < l,or 8’ = B, k"' =k,l" =1
and j; < i1. Thus, the invariant is reduced to invariants with data of smaller lexicographical order,
known by induction.

Note that by Lemma 6.1, we have OGW, o(I2,T2) # 0. So, if £ > 2, by Theorem 1.1 2, we can
express the required invariant in terms of invariants that are either of smaller degree or have equal
degree and fewer boundary marked points. Indeed, in formula 2, the closed zero axiom Proposition 2.13
and the open zero axiom imply that all the products involving invariants with degree 8 + 2 vanish.
By Lemma 3.4, the map @ is given by multiplication by 4. This and Lemma 6.2 imply that products
involving invariants with degree 8 + 1 do not occur.

Ifk > 1and! > 1, by Theorem 1.1 1, the open zero axiom and the closed zero axiom, we can express
the required invariant in terms of invariants that are of smaller degree. O

7. Small relative quantum cohomology
In this section, we compute the small relative quantum cohomology of (CP3, L,).
Lemma 7.1. OGW,; = —%.

Proof. By recursion 1 of Theorem 1.1, we get
OGW,,1(T) = —(OGW, 1(T))*.

In Theorem 5.1, we computed OGW; ; = —3. Thus, by the open divisor axiom Proposition 2.26, we get
oOGW, 1 (I) = —%. By recursion 2 of Theorem 1.1, we get

OGWs, - OGWs (12, T2) = GW (A2, Az, Az) - OGWo 1 (To) + OGWa 1 ((T2))2.

Lemma 6.1 gives OGW; o(I', ) = g—i, and the number of lines through a point and two lines is
GW(Ajy, A, A3) = 1. So, by the open unit axiom Proposition 2.24, we get

- A5
OGW, = 256 _ -7
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Recall the definition of I', from Section 2.7. By Lemma 3.4, we have HZ(CP3, L,;Z) = Z, and the
map

@ : Hy(CP?,Z) — H>(CP?,L,;7)

is given by m — 4m. Hence, since g/ = 6, 3_, it follows that the relative small quantum product (2.6)
for (X, L) = (CP3, L,) is given by

BT = Y TP GWe(AwAvA) - Tsy+ D TP -0GWgo([,,Ty) - To.

5 IL(I)s(icslg3 . BEH;(CP3,L,:7)
€M ke

Proof of Theorem 1.5. We claim that OH *(CP3, L,) is generated as a ring by 1,7,T1,T’,. Indeed, by
the open degree axiom Proposition 2.2 3 and the closed degree axiom Proposition 2.13, we obtain

NI, T) = GWo(Ar, AL Ay) - T,

(I, T) = GWo(Ar, Az, Ag) - T3+ T - OGW; o(IN, 1) - ..

So, by the closed zero axiom Proposition 2.1 6, the open divisor axiom Proposition 2.2 6 and Theorem 5.2,
we get

(I, Ty) =1y,
and

T
D(F],Fz) =I5+ —-T,.

16
Consider the ring R[x, y][[¢'/*]]/1 with
1 3 5 3
Tt — g 212y — 214, 22,002 _ 2414
X —q 2‘1 y 6461 y,y+4q Yy, Xy 4‘] y

Let

¢ Rlx,y1[[q"*11/1 — QH*(CP*, Ly)
be the ring homomorphism defined by

1—1, q1/4|—>T, x> I, ye— T
Hence,

1
$(q*)
p) =T, $() = = —0() =T, (7.

In order to show the map ¢ is well defined, it suffices to show that the generators of the ideal / are sent to
0. Using the closed degree axiom, the wall crossing formula Theorem 2.3 and the open degree axiom,
we obtain

T
(R, o)) =n(, I3) + (I, Ero)
_ T ——
=T"-GWi(A1,A3,45) - To+T?- OGWop(I',T3) - T'o = 22 OGW11(IN) - T.
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The number of lines through two points and a plane is GW (A1, A3, A3) = 1. Hence, by Theorem 5.3,
Theorem 5.1 and the open divisor axiom, we get

800* = 98"+ 204" "200) + 210" D6 (0).

So,

1 3
4 _ _ = 1/2 _ = 1/4 —
¢(x* —¢q 59V~ g4 y) =0.

By the wall crossing formula Theorem 2.3 and the open degree axiom, we get

N, T,) = Z T8 . 0GWp (o, Ts) - T,
BEH,(CP3,L,:;7)
= > TF-0GWs,-T,
BEH,(CP3,L,;7)
=T 0GWy, - T..

Hence, by Lemma 7.1, we get ¢(y” + 2¢'/2y) = 0. Using the wall crossing formula Theorem 2.3, the
open degree and divisor axioms, and Theorem 5.1, we get

BT = > TP 0GWgo(I),To) T.
BEH,(CP3,L,;7)
=- Z T8 . 0GWj, () - T,
BEeH>(CP3,L,:7Z)
=-T -OGW, (I')) - T,

3
= ZT . Fo.
So, ¢(xy — %ql/ 4y) = 0. Thus, the map ¢ is well defined. It is surjective because its image generates

QH*(CP3, L,) by equation (7.1).
Abbreviate

N:=QH'(X,L) M :=R[xylllg"" N/ m:=(q""<R[[¢"]].
We think of M and N as modules over the local ring R[[¢'/#]]. Consider the induced map
¢:M/mM — N/mN.

It follows from the definition of the ideal I that M /mM is a real vector space with basis 1, y,x,xz, x3.

Since ¢ is surjective and
dim M /mM = dim N/mN = dim H*(CP?, L ,;R),
it follows that ¢ is injective. Since ker ¢/mker ¢ C ker¢ = 0, it follows that m ker ¢ = ker ¢. Since

R[[g'7#]] is a local ring with maximal ideal m, Nakayama’s lemma gives ker ¢ = 0. Therefore, ¢ is an
isomorphism. m}
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8. Dependence of invariants on left inverse

In this section, we review in greater detail the dependence of the invariants OG W3 i on the map Pr. We
quantify this dependence in Proposition 8.1, from which we obtain Proposition 1.1 as a special case.
Finally, we prove Corollary 1.4.

In the present section, we continue in the setting of Section 2.1. In particular, L C X is a connected
spin Lagrangian submanifold with H*(L;R) ~ H*(§";R) and [L] = 0 € H,(X;R). Recall the definition
of the map Py : H! (X,L;R) — H"(L;R) from Section 2.1. In this section, we extend Pg to a map
Pr : ﬁ*(X, L;R) — H"(L;R) by setting it to zero outside ﬁ"“(X, L;R). We use Poincaré duality
to identify H"(L;R) ~ R. Let p : ﬁ*(X, L;R) — H*(X;R) denote the natural map. Consider Pg, PﬁR
with associated invariants OGWp  and OGWp x, respectively. The long exact sequence of the pair
(X, L) implies there exists a unique map

Pr:H (X;R) - R

such that pp o p = Pr — P}. Let Ao, ...,Any € H*(X;R) be a basis. Recall that

gij=/AivA,-, i,j=0,...,N,
X

and g'/ denotes the inverse matrix.

Theorem 8.1. Let Ay, .., A; € H*(X, L;R).

OGWgo(Ar,...,A)) —OGWp (A, ..., A)) = Z gijGWﬁ(Ai’p(Al)7 L p(AD)PR(A).
BeH,(X:Z)
@ (B)=p
Remark 8.1. Proposition 8.1 continues to hold in the more general setting of [48] without change. We
have formulated it only for the case of L spin and H*(L;R) ~ H*(S8";R) to streamline the exposition
since the Chiang Lagrangian satisfies these assumptions.
In order to prove Proposition 8.1, we will need a number of results from [48], which we now

summarize. The proof appears toward the end of this section. Recall the definition of the rings Qw and
Ry from Section 2.4. Define

i: A%(X;0w) = Rw[-n]

by

n > (~1)mnl / i'n.
L

This is a map of complexes when Ry is equipped with the trivial differential. The cone C(i) is the
complex with underlying graded Qw module A*(X; Qw) @ Rw [—n — 1] and differential

dc(n,¢) = (dn,i(n) — d¢) = (dn,i(n)).

Note that if [L] = 0 € H,(X;R), then Cokeri =~ Ry [-n — 1]. Thus, we consider the following
commutative diagram with exact rows and columns, which is taken from Section 4.4 in [48] except that
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Cokert is replaced with Ry [-n — 1].

0 0 (8.1

0——Rw/Qw —— Rw/Qw ————0

q P

0 Rw H*(C(i)) —= H*(X;Qw) —=0

N

a ¢

0 Ow (X, L; Qw) —% H*(X; Qw) —= 0

0 0 0
Here, a : Qw — Ryw is the inclusion and g : Rw — Rw /Qw is the quotient map. Let
P:H*(C(i)) » Rw

be a left inverse to the map X from the diagram (8.1) satisfying the following two conditions. The first
condition is that

GoP=P. (8.2)

This condition and the exactness of the diagram (8.1) imply that there exists a unique Pg
H*(X,L;Qw) — Qw such that the following diagram commutes:

Rw ~—F— H*(C(i)) (8.3)

-~

Ow <— H"(X,L; Qw).
The second condition is that there exists Py : ﬁ*(X ,L;R) — R, such that
Po=Pr®ldg. (8.4)
The following is Lemma 4.10 from [48].
Lemma 8.2. Pp o yp =1d.

The following is Lemma 4.11 from [48].

Lemma8.3. Let : H* (X, L;R) — Rsatisfyloy = 1d . There exists a unique choice of P : H*(C(i)) —
Rw satisfying conditions (8.2) and (8.4) such that | = Pr. Moreover, ker P = a(ker Pg).

Let ¥ € C(i) be the relative potential defined in Section 1.3.1 in [48]. The definition of Q given in
Section 1.3.3 in [48] is

Q=rv. (8.5)

This together with (2.2) and Lemma 8.3 makes precise the dependence of the invariants OGWg i on
Pr. To quantify this dependence, we recall another lemma.
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Denote by p* : Qu — Qw the inclusion map. Recall the map 7 from diagram (8.1). The following
is Lemma 5.9 from [48]

Lemma 8.4. n(¥) = p* (VD).

Proof of Proposition 8.1. Apply Lemma 8.3 to obtain maps P, P,” corresponding to Py, Py, that are
left inverses to X and satisfy conditions (8.2) and (8.4). Denote by P, P’Q the corresponding maps from
diagram (8.3). Since

(P—PI)O)EZO, (PQ—P/Q)OyQZO,

the maps P — P/, Pg — P’Q, factor through H*(X; Qw ). Consequently, there exist unique maps p, pg,
such that the following diagram commutes.

Ry —=—— H*(C(i) — —— H(X:0w)
. a . (8.6)
Ow 20 B (X, 1 0w) —L2—5 H'(X: 0w)
Po
Indeed, since
(Po=Pp)oyo =0, poojo=0,

then (Pg — P’Q)(ker po) = 0. By diagram (8.1), p is surjective. Thus, for every 7j € pél (n), we define
po(n) = (Po-— P’Q) (77). Hence, pg is determined by P and P’Q. A similar argument applies for p. Since

(pr ®1dg) 0 po = (pr ® Idg) o (p ® Idg)
= (prop) ®ldg
= (Pgr — Pﬁ{) ®Idg
=Py - P),

it follows by the uniqueness of pp that
Po =P ®Idg.

Let OGW, OGW be the Gromov-Witten invariants correspond to P and P’, respectively, and let ﬁ, 5’
be the corresponding superpotentials.

From multilinearity of OGWjp x, it suffices to prove this proposition for A; = I';. By (8.5), diagram
(8.6), and Lemma 8.4, we get

Q-Q'=(r-rP)¥
=(pom¥
=p(p" (VD))
=G opo(p" (VD).
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Recall that [T#] denotes the coefficient of T#. So,
(75101, -+ 1, (@ = Q) s=i=0 = [TP18y, - 04, (a0 P (0" (VD)) |s==0-
By (2.2), we have
(7818, 8y, (@ = Q) s=iy=0 = OGWp 0(T . ... Ty, ) = OGWpo(Tyy. ... Ty).
Since pp = pr ® Idg and VP = gijAjﬁi(I), it follows that

[Tﬁ]alil 20, (@opg(p*(V®)))ls=r=0 = [TB]ati] o0y (ao Po(p* (8" A j0;®)))ls=r,=0
[Tﬁ]ati] -+ Oy, (Pr(A/)g" 0;®)]5=1,=0

Z gIGWs(AL Ay, ... Ai)PR(A),
BeHy(X;2)
@ (B)=B

which completes the proof. O

Proof of Proposition 1.1. Lemma 3.4 asserts that @ is given by multiplication by 4. Recall the choice
of the basis I'; € ﬁ*(CP3, L,;R) from Section 1. Since Pr(I;) # 0 only if i = 2, it follows that
pr(A;) # 0 only if i = 2. Hence, since g’/ = 0;3-j, it follows by Proposition 8.1, Lemma 3.5 and the
closed divisor axiom Proposition 2.15 that

OGW[;’()(F,'I, . ,Fi[) - OGWE,O(Fil’ . ’Fil) = —GW% (Ail, . ,Ail)pR(Az).

ENJ e

]

Proof of Corollary 1.4. Assume there exists a map Py such that OG% . Vanishes where k = 0 and
B € Im w. Hence, by Proposition 1.1, we get

B

OGWB,O(FiI o Ty) = Zng (Ao, Ai[)pR(Az)

where 8 € Im @w. By Table 2, we have

. 1
OGW,y0(T3,T3) = vk OGW, (I, I, T3) =

11
32°

Since the number of lines through two points is GW (A3, A3z) = 1, we get

1
Pr(A2) = vh

However, the number of lines through a point and two lines is GW (A3, Az, A3) =1, so

11
Ar) = —
pr(A2) 3

which is a contradiction. O
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