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On coinduced corepresentations

William H. Wilson

We prove a Frobenius reciprocity type theorem for coinduced

comodules.

We shall assume familiarity with the notation and resul ts of the f i r s t

two chapters of Sweedler [ / ] . Throughout th is paper, C and D wi l l

denote coalgebras over a f ie ld k , and f : C •*• D will denote a coalgebra

surjection. W wil l be a r ight D-comodule with structure map \\).. and V
w

will be a r ight C-comodule with structure map tyv . e,,, £ n , A_, An wil l

denote the counits and comultiplications of C and D .

Trushin [2, page 176], has defined the coinduced comodule (/ gT C to

be the kernel of the map

with structure map lb = (x ® ^) \^ .

We shall use comod-C and comod-Z5 to denote the categories of r ight

D- and C-comodules respectively, and F to denote the forgetful functor

F : comod-C •+ comod-D .

THEOREM. For every W € comod-Z? and every V € comod-C , there is an

isomorphism

Pw : comod-C(7, W 0 ° C) •+ comod-D(Fy, W)

which is natural in V and W .

Proof. If <j> : V •*• W gr C is a morphism of C-comodules, then we set
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100 Wi I 1 i a m H . Wi I s o n

Pw(<i>) = M ° (l ® ec) ° F<f> , where u : W ® k •*• W is the scalar

We also define

: comod-D(FV, W) -* comod-^(7, W gP c)

Pw(<i>) = M ° (l ® ec

multipl icat ion map. We also define

We have to check that

(1) Pyy(,4>) i s a Z>-comodule morphism,

(2) im Xw(x) c k e r ? = W ®D C ,

(3) X^yCx) i s a 0-comodule morphism,

{h) pj_. and Xyr, are inverse to each other, and

(5) pyrj i s natural in V and W .

( l ) We must show that

^ o (y o ( l ® zc) o <f\ = [(U ® 1) (l ® Cc ® l j (((> ® 1)] o [(1 ® / ) o

tha t i s , tha t the outside rectangle of the following diagram commutes.

This will follow if we show that subdiagrams (A) to (G) commute.
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(A) commutes, s ince <)> i s a C-morphism.

(B) commutes, by d e f i n i t i o n of W gT C .

Easy c a l c u l a t i o n s show t h a t (C) , (D) , ( F ) , and (G) commute.

(E) may not commute in g e n e r a l , but

commutes, by d e f i n i t i o n of coa lgebra , so (E) commutes i n t h i s con tex t .

(2) We must show t h a t

(1 ® / ® 1) ( l ® Ac) (X ® D<IV = (<V ® l ) (X

Now s ince x i s a D-morphism,
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[i>w ® i ) ( x ® i)*y = (x® i

= ( 1 ® /

since \}>v i s a C-comodule structure map; so

[il>w ® l) (x ® l)<J>j, = (1 ® / ® 1) ( l ® (X

as required.

(3) Obviously the diagram below commutes, so A__.(x) i s a

C-comodule morphism:

(k) I f <i> € comod-C(v, W ®° C1) , then

pw(<(>)) = (y ® l ) ( l ® ec® l)(<t>® 1)*7

= (y ® 1) ( l ® ec ® l) ( l ® Ac)(|> ,

since <j> i s a C-comodule morphism,

= (y ® 1)(^1® efl® l ) ( l ® / ® l ) ( l ® hc)4> , since y = cQ ,

= (y ® 1) ( l ® eD ® l) [tyy ® l)(j) , since im <J> c ker £ ,

= <)) , by a comodule axiom.

If X € comod-n(Fy, W) , then

= "C1 ® e c ) ( x ® 1 } V
= y(l ® eD)(l® f)(x® l )* y since e ^ = e^ ,

= y ( l ® e J ^ x since x i s a 0-morphism,

= X >̂y a. comodule axiom.

(5) Naturali ty. We must show that the following diagram commutes:
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• 2 2 '

comod-n(Fn>9)

comod-C(7 ,W <&

where r\ € comod-C^^, V^\ and 9 € comod-D((/2, W ) .

1 \
V2, W2 gf C , then

p w (comod-c(n.

= e o p ( i x E . )

= 6 o [y[i x Eff)

= comod.-D(Fr), e

,W

e o n ]

'2"2
•
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