
Can. J. Math., Vol. XXIX, No. 6, 1977, pp. 1223-1229 

COMPACTIFICATION OF HEREDITARILY LOCALLY 
CONNECTED SPACES 

E. D. TYMCHATYN 

All spaces considered in this paper are completely regular and T\. A continuum 
is a compact , connected, Hausdorff space. A cont inuum is hereditarily locally 
connected if each of its subcontinua is locally connected. The reader may consult 
Whyburn [5] or Kuratowski [2] for a discussion on hereditarily locally connected 
metric continua. Nishiura and T y m c h a t y n [3] recently obtained some metric 
characterizations of connected subsets of hereditarily locally connected metric 
continua. Simone [4] extended to arbi t rary hereditarily locally connected 
continua some well-known characterizations of hereditarily locally connected 
metric continua. In the first section of this paper some other characterizations 
of hereditarily locally connected metric continua are extended to the non-
metric case. In particular, we extend Wilder 's theorem to say tha t a cont inuum 
is hereditarily locally connected if and only if every connected subset is locally 
connected. In the second section of this paper there are given some uniform 
and some topological characterizations of connected spaces which admi t a 
hereditarily locally connected compactification. 

1. Charac ter i za t ions of heredi tar i ly local ly c o n n e c t e d c o n t i n u a . Let 
X be a uniform space. A family se of subsets of X is said to be null if for each 
uniform open cover 21 of X there exist a t most finitely many A Ç s/ such tha t 
A (£_ U for any U (E SI. If X is a compact space this is equivalent to the condi­
tion t ha t for each pair P and Q of open subsets of X with disjoint closures a t 
most finitely many members of se meet both P and Q. 

We shall need the following result of Simone [4]. 

T H E O R E M 1 (Simone [4]). A continuum X is hereditarily locally connected if 
and only if the components of every closed subset of X form a null family. 

We let Ndenote the set of natural numbers. We let C\Y(A) denote the closure 
of a set A in a space Y. By a neighbourhood of a point we always mean open 
neighbourhood. 

T H E O R E M 2. A continuum X is hereditarily locally connected if and only if the 
components of every open set in X form a null family. 

Proof. Let X be hereditarily locally connected. The components of each 

open set in X are open. Suppose U is an open subset of X such t ha t the corn-
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ponents of U do not form a null family. Then there exists a sequence Ci) ^N of 
components of U which is not a null family. For each i there exists a cont inuum 
Di C Ci such t h a t the family D t) ieN is not a null family. Let 

D = C W D o U A U . . . ) . 

For each i £ N, d is a neighbourhood of D* in X such t h a t Ct C\ D = D j . 
T h e sets D^) ^ ^ are components of D, cont rary to Theorem 1. Hence, the com­
ponents of every open subset of X form a null family. 

Suppose now tha t the family of components of every open set in X is a null 
family. Then X is locally connected. Jus t suppose X is not hereditari ly locally 
connected. By Theorem 1 there exists a closed subset K of X such t h a t the 
components of K do not form a null family. Let U and V be open sets in X 
with disjoint closures such t h a t infinitely many components of K meet both U 
and V. Let C\ and C2 be two components of K each of which meets both U and 
V. Since K is compact the components of K are quasi-components so K = 
J/i U Vi where JJ\ and Fi are disjoint open sets in K such t h a t C\ C U\ and 
C2 C Fi . Wi thou t loss of generality, V\ contains infinitely many components 
of K each of which meets both U and V. Since X is normal and K is closed in X, 
there exist disjoint open sets P i and Qi in X such t h a t Ui C P i and Vi C (?i-
Let P i be the component of P i which contains C\. Let C3 be a component of X 
dist inct from C2 which meets both U and F and such t h a t C3 C Fi . Then 
Vi = c72 U F2, where C/2 and F 2 are disjoint open sets in K such t h a t C2 G U2 
and C3 G F2. Wi thou t loss of generali ty, F2 contains infinitely many com­
ponents of K each of which meets both U and F . Since X is normal and V\ is 
closed, there exist disjoint open sets P 2 and Q2 in X such t h a t JJi C P2, 
F2 C (?2 and P 2 W Ç2 C (?i- Let P 2 be the component of P 2 which contains C2. 
Induct ively we can define a non-null sequence P^) of disjoint connected open 
sets in X. This is a contradict ion. T h u s X is hereditari ly locally connected. 

T H E O R E M 3. A continuum X is hereditarily locally connected if and only if the 
quasi-components of each subset of X form a null family. 

Proof. If the quasi-components of every subset of X form a null family then 
the components of every closed subset of X form a null family. By Theorem 1 
X is hereditari ly locally connected. 

Suppose now tha t X is locally connected and C is a subset of X such t h a t 
the quasi-components of C do not form a null family. Let U and F be open 
sets in X with disjoint closures such t h a t infinitely many quasi-components of 
C meet both U and V. Let Q\ and Q2 be two quasi-components of C each of 
which meets both U and F . Let V\ and U\ be disjoint open sets in C such t h a t 
C = UiKJ Fi , Qi C U\ and Q2 C F i . We may suppose, wi thout loss of 
generali ty, t ha t V\ contains infinitely many quasi-components of C each of 
which meets both C/and V. Let IFi be an open set in X such t h a t W\ C\ C = U\. 
T h e component of W\ which contains Qi is an open connected set in X which 
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meets both U and V. Let Si be a connected open set in Wi which meets both U 
and F and such tha t CI* (Si) C Wi. 

Let w b e a positive integer. Suppose Qi, . . . , Qn+i are quasi-components of 
Ceach of which meets both [ /and V. Suppose Uit Vu Su Wi have been defined 
for each i = 1, . . . , n such t ha t F*_i = [/* U Vt where Z7< and Vt are dis­
joint open sets in C, Qt C Uu Qi+i £ F<, Wi is an open set in X such t ha t 
Wi C X\C\X(S\ U . . . U 5 t_ i ) , 1FZ- O C = [/*, S? is a connected open set in 
X which meets both [ / a n d F, C1X(S7) C JF* and F* contains infinitely many 
quasi-components of C each of which meets both U and F . 

Let Qn+2 7^ Qn+i be a quasi-component of C in Fw such tha t Qn+2 meets both 
U and F. There exist disjoint open sets Un+i and Vn+i in C such tha t Vn = 
Un+\ \J Vn+i, Qn+i C Un+i and Çn+2 C F n + i . We may suppose, without loss of 
generality, th~t v n+i contains infinitely many quasi-components of C each of 
which meets both [ /and F. Let Wn+i C X\Clx(Si U . . . U 5W) be an open set 
in X such t ha t PF^+i P\ C = Un+i. The component of W^+i which contains 
Qn+i meets both U and V. Let S^+i be a connected open set in X such tha t ,Sw+i 
meets both [ / and F and Cl x (S w + i ) C Ww+i. By induction we define a non-null 
sequence 5<) of connected pairwise disjoint open sets in X. By Theorem 2, X is 
not hereditarily locally connected. We have proved tha t if X is hereditarily 
locally connected, then the quasi-components of every subset of X form a 
null family. 

T H E O R E M 4. A continuum X is hereditarily locally connected if and only if the 
components of every subset of X form a null family. 

Proof. If the components of every subset of X form a null family then X is 
hereditarily locally connected by Theorem 1. 

Suppose X is hereditarily locally connected. Jus t suppose C is a subset of X 
which contains a non-null family C\-)*CAr of components. Let U and F be open 
sets in X with disjoint closures such tha t each of infinitely many Ci)ieN meet 
both [ / and F. Wi thou t loss of generality, we may suppose each Ct meets both 
U and V. Let D = C0 U Ci U C2 U . . . . Then D contains a non-null family 
of quasi-components contrary to Theorem 3. This completes the proof of 
Theorem 4. 

T h e following theorem was proved by Wilder (see [5]) for the case of metric 
continua. 

T H E O R E M 5. A continuum X is hereditarily locally connected if and only if 
every connected subset of X is locally connected. 

Proof. Suppose X is hereditarily locally connected. Let C be a connected 
subset of X. Let x G C, let U be a neighbourhood of x in X and let Q be the 
quasi-component of U C\ C which contains x. Jus t suppose there is a net xa) 
in C\Q which converges to x. Let F be a neighbourhood of x in X such t h a t 
C1(F) C [/• If IF is a closed and open neighbourhood of xa in U C\ C then 
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CI (IF) meets the boundary of [/since C is connected. By the proof of Theorem 
3 there is a sequence Vx) of disjoint open connected sets in X each of which 
meets both X\U and V. This contradicts Theorem 2. Thus , x is a C interior 
point of Q. I t now follows t ha t the quasi-components of open sets in C are open 
and hence C is locally connected. 

I t is well-known (see \5]) t h a t a metric cont inuum is hereditari ly locally 
connected if and only if the quasi-components of every subset of X are con­
nected. Simone proved in [4] t ha t if X is a cont inuum in which the quasi-
components of each subset are connected then X is hereditari ly locally con­
nected. The following question remains open: 

Question. If X is a hereditari ly locally connected cont inuum are the quasi-
components of each subset of X connected? 

2. C o n n e c t e d s u b s e t s of heredi tar i ly loca l ly c o n n e c t e d c o n t i n u a . A 
space F is called a perfect extension of a space X provided for each closed C in X 
which separates A and B in X C1F(C) separates A and B in F. 

L E M M A 6. Let X be a uniform space that has a basis of uniform coverings of 
connected sets. Let Y be the completion of X. Then Y is a perfect extension of X. 

Proof. Let C be a closed set in X which separates A and B in X. Then , 
X\C = MKJ N where M and N are disjoint open sets in X such t h a t A C M 
and B C N. 

If Slis an uniform cover of X let 1 = {C\Y(U)\U G 21}. Then I is a uniform 
cover of F by [1, Theorem 11.9]. 

Let p G C l y ( M ) \ C l y ( C ) . Let SI be a uniform cover of X by connected sets 
such t ha t S t (p , 2Ï) is disjoint from ClY(C). Let U £ 21 such t h a t C1F(*7) con­
tains a neighbourhood of p in F. T h e n U H\ M ^ 0. Since U is connected and 
C separates M and N, U P\ TV = 0. Thus , p g C l Y ( N ) . I t follows t h a t Cl Y (M) 
H Cl r ( iV) C C l r ( C ) and C l y ( C ) separates A and £ in F. 

A uniform space X is said to have property S if each uniform open cover of X 
has a finite refinement whose members are connected sets. 

Let F be a compactification of a space X. Then F is said to be a perfect 
compactification of X if F is a perfect extension of X. W e say F has ponctiforme 
remainder if F \ X contains no non-degenerate cont inuum. 

We shall call a space hereditarily locally connected if and only if all of its 
subsets are locally connected. By Theorem 5 this definition agrees with the 
usual definition of heredi tary local connectedness on continua. 

Let D denote the set of dyadic rat ionals in [0, 1]. 

T H E O R E M 7. For a connected, locally connected Tychonoff space X the following 
conditions are equivalent: 

i) X has a hereditarily locally connected compactification. 
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ii) X is hereditarily locally connected and has a perfect compaclification with 
ponctiforme remainder. 

iii) There exists a uniformity for X such that every connected open subset of X 
has property S. 

iv) There exists a uniformity for X such that each family of pairwise disjoint, 
open, connected subsets of X is null. 

v) For each x G X and each closed set A in X\{x) there exists a family 
Ud)d£D of neighbourhoods of x such that for each d < e in D C\(Ud) C Ue C 
X\A and there does not exist a family Vt) i^N of open, connected, pairwise disjoint 
sets each of which meets both Ud and X\ Ue. 

vi) There exists a family fa)aeA of continuous functions of X into the unit 
interval [0, 1] which separate points and closed sets of X and such that for each 
a G A and x < y in [0, 1] there does not exist a family Vi) i^N of pairwise dis­
joint, open, connected sets each of which meets bothfa~

l (x) andfa~
l (y). 

Proof, i) => iv). This follows from Theorem 4. 

iv) =» iii). Let ju be a uniformity on X such tha t every family of pairwise 
disjoint, connected, open sets in X is a null family. We prove first t ha t X with 
the uniformity \x has property S. 

Let °U G M be a uniform cover of X by open sets. Suppose tha t no finite 
subfamily of °ti covers X. Let *V G M such t h a t f ** <°ti. Let V0 G *V and 
let Uo £ <% such tha t S t ( F 0 , V*) C U0. Let Xi G X\U0. Let Vx G V such 
t ha t xi G Vi and let U± G <% such t ha t S t ( F i , y * ) C J7i. Then S t ( F 0 , ^ ) C\ 
S t ( F i , 7 ^ ) = 0 and X\(Uo U C/i) ^ 0. Inductively, we can construct a pair-
wise disjoint family St(F2-, ^)^N of open non-empty sets. For each i G N 
a t least one component Ct of S t ( F * , ^ ) meets F<. L e t ^ G M such t h a t # " * < 
7^ . Then C* (^ IF for any W G ' # ' . Thus d) is a non-null family of pairwise 
disjoint, open, connected subsets of X. This is a contradiction. Hence each 
uniform open cover of X has a finite subcover. 

Let C be a connected open set in X . Let °li,^ G M be uniform covers of X 
by open sets such t h a t ^ * * < °ll. Let F G ̂  and £/ G <% such tha t S t ( F , ^ * ) 
C £/. Each component of £/ C\ C which meets V is open and is not contained in 
any member of i^. Since every family of pairwise disjoint open connected sets 
in X is null a t most finitely many components of U Pi C meet V. Since X is 
covered by finitely many members of ̂  it follows tha t C has proper ty S. 

iii) => ii). Let JU be a uniformity for X such t ha t every open connected subset 
of X has proper ty 5 . For ^ G M let °U' = {C\C is a component of St(£/ , ^ ) , 
£/ G ^ and U C\ C ^ 0}. Let v be the uniformity generated by {<%'{<% G / /} . 
Then v generates the topology of X. Every member of v has a finite uniform 
refinement consisting of connected sets and every open connected subset of X 
has proper ty S. 

Let Y be the completion of the uniform space X with uniformity v. Then Y 
is a perfect extension of X by Lemma 6. By Isbell [1, Theorem 11.29], Y is 
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compact . Since X has proper ty S, F has proper ty 5 by Isbell [1, Theorem 11.9]. 
Hence F is locally connected. 

Jus t suppose Y\X contains a non-degenerate cont inuum K. Let x, y £ K so 
t h a t x 9^ y. Let U and V be neighbourhoods in Y of x and y respectively such 
t h a t U and V have disjoint closures and U is connected. Let Wo be a connected 
neighbourhood of K in F. Since F is a perfect compactification of X, Wo C\ X 
is connected. So WQ\K is continuumwise connected. Let K0 be a cont inuum in 
WQ\K which meets both U and V. Let O0 be a connected neighbourhood of KQ 
in F such tha t Cl F (O 0 ) C Wo\K. Then Oo H I is a connected open set in X 
which meets both U and V. Let W\ be a connected neighbourhood of K in F 
such t ha t IFi C WO\C\Y(OQ). By a similar a rgument one can find a connected 
open set 0\ in F, with Cly(Oi) C W\K such t ha t 0\ meets both U and V. 
By induction there exists a sequence 0*) ^AT of pairwise disjoint open connected 
sets in F such t ha t each 0t meets both [ / and V. Hence ( [ / W O0 U 0\ U . . .) 
n i i s a connected open set in X which does not have proper ty S. This is a 
contradiction. Hence Y\X is ponctiforme. 

If W is an open set in F the components of W are open since F is locally 
connected. Let {C a} a € A denote the family of components of W. J u s t suppose 
there exist open sets U and V in F with disjoint closures such t ha t infinitely 
many of Ca meet both U and V. Since F is a locally connected cont inuum we 
may suppose U is connected. Then 

0 = U\J{ Ca|«€A, U r\ Ca ?* 0 and V H Ca ^ 0} 

is a connected open set in F. Since F is a perfect compactification of X} 0 r\ X 
is a connected open set in X. However, 0 C\ X does not have proper ty 5 . This 
is a contradiction. Therefore, the components of every open subset of F form 
a null family. By Theorem 2, F is hereditari ly locally connected. By Theorem 5, 
X is hereditari ly locally connected. 

ii) => i). Suppose X is hereditari ly locally connected and has a perfect com­
pactification F with ponctiforme remainder. I t is clear t ha t F is locally con­
nected a t each point of X. Since a cont inuum cannot fail to be locally con­
nected only a t points of a ponctiforme set, F is locally connected. 

J u s t suppose F is not hereditari ly locally connected. By Theorem 2, there 
exists an open set U in F and a non-null family Ut) i^N of components of U. 
For each i Ç N, let Vi C C\Y(Vi) C Ut be a connected open set such t ha t 
Vi)i£N is not a null family. Then C\Y(Vi) C C l y ( U ; ^ i Vj) = 0 for each i Ç TV. 
Let x and y be two points of X which lie in the same component of lim sup Vt. 
Such points exist since Y\X is ponctiforme. Let U and V be connected neigh­
bourhoods in F of x and y respectively such t ha t C l F ( [ / ) Pi C 1 F ( F ) = 0. 
Wi thou t loss of generali ty, one may suppose U meets Vi for each i. Then W = 
[ / U F o U Vi W . . . is a connected open set in F. Since F is a perfect com­
pactification of X, W r\ X is connected. Hence (W C\ X) VJ {y} is a connected 
set in X which is not locally connected a t y. This is a contradict ion. Hence F is 
hereditari ly locally connected. 
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i) => v ) . This follows from Theorem 2. 

v ) => v i ) . Construct Urysohn functions using the sets Ud)dcD. 

vi) =» iv) . Let g be a family of continuous functions of X into [0, 1] which 
satisfy the conditions of v i ) . Let n be the coarsest uniformity on X which in­
cludes all of the inverse images of uniform coverings of [0, 1] under these 
mappings. Then /x satisfies the conditions of iv) . 

A space X is said to be rim-compact if it has a basis of open sets with compact 
boundaries. 

T h e following result was obtained in [3] for the case of separable metric 
spaces. 

COROLLARY 8. A rim-compact, hereditarily locally connected, completely regular, 
T\ space has a hereditarily locally connected compactification. 

Proof. The Freudenthal compactification F of a r im-compact space X is 
perfect and has zero-dimensional remainder (see [1, Theorem VI.36]). 

T H E O R E M 9. For a separable metric connected space the following conditions are 
equivalent: 

i) X has a hereditarily locally connected compactification. 
ii) X has a hereditarily locally connected metric compactification. 

Proof. Suppose X has a hereditarily locally connected compactification Y. 
Let & be the set of all continuous functions of Y onto [0, 1]. Then g = 

{g|^ |g 6 ^ \ satisfies vi) of Theorem 7. 
Let U be an open set in X and let x G U. There exists / g g such tha t / 

separates x and X\U. S i n c e / is continuous it separates a neighbourhood of x 
and X\U. Since U is Lindelôf there exists a countable subfamily ^v of g such 
t ha t for each y G U there is an fy Ç $v such tha t fu separates y and X\U. 
Since X has a countable base there is a countable subfamily g ' of g which 
separates points and closed sets of X. This family defines a metric hereditarily 
locally connected compactification of X. 
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