Ergod. Th. & Dynam. Sys. (1983), 3, 13-46
Printed in Great Britain

Positive Liapunov exponents and
absolute continuity for maps of the
interval

P. COLLET anp J.-P. ECKMANN

Centre de Physique Théorique, Ecole Polytechnique, 91128 Palaiseau, France;
Département de Physique Théorique, Universite de Genéve, 1211 Genéve 4,
Switzerland

(Received 16 September 1981 and revised 22 September 1982)

Abstract. We give a sufficient condition for a unimodal map of the interval to have an
invariant measure absolutely continuous withrespect to the Lebesgue measure. Apart
from some weak regularity assumptions, the condition requires positivity of the
forward and backward Liapunov exponent of the critical point.

1. Introduction and statement of results

Continuous maps of an interval to itself can be viewed as dynamical systems, whose
time evolution is given by iterating a given map. Despite their innocent looking
simplicity, iterated maps can serve as important models for testing general ideas
about dynamical systems.

One such circle of ideas concerns the existence of invariant measures which are
absolutely continuous (with respect to Lebesgue measure). If, in addition, the
measure is ergodic, then erratic behaviour can be expected for many orbits. One
would like to argue that if a system has positive characteristic (Liapunov).exponents,
then it behaves erratically. One is still far from a complete understanding of these
matters, because of the presence of stable directions, see e.g. [9]. The analogue of
this question for maps of the interval is easier to handle because, when there is an
unstable direction, then there is no space for a stable direction. The Liapunov
exponent is clearly positive if the map is everywhere expanding, and this is the
easiest case in which existence of an absolutely continuous invariant measure can
be shown [6], [12]. If the map of the interval has a critical point, it is of course
not uniformly expanding. It may nevertheless possess an absolutely continuous
invariant measure [11]. It was then discovered that this result can be generalized
to maps with the property that the critical points have orbits which eventually land
on unstable fixed points [8], [1]. One can further generalize this to maps whose
critical points have orbits staying away from the critical points [7], [10]. In the
present paper, we give different conditions for the existence of an absolutely
continuous invariant measure.
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For simplicity, we shall consider maps with a single critical point, xo. Apart from
technical conditions to be given below, we require that the map f satisfies

. | d .
(1) lim inf ~ log | == (1")(f(x0)| >0,
... 1, d ..
(C2) liminf ~ inf log l—f (y)’ >0,
n»00 N yef "(xo) dx

where f" =fo- - of (n times) and f " (xo) denotes the set of n’th pre-images of xo.

These conditions can be fulfilled even if the orbit of x, does not stay away
from xo, and they are thus weaker than those mentioned above. One can show
that they are met for a large set of maps among the one-parameter family & -+ f;
given by

1-2)x| if [x| =8,

fs(x)={1_6_( 2 .
x°/8) if |x| =8,

for 0<& <3. We have studied these maps in [2], and a slight extension of that
work shows that there is a set of positive Lebesgue measure in 8 such that f; satisfies
all conditions to be enumerated below, and hence f; has an absolutely continuous
invariant measure. In addition, this set of § has a Lebesgue point (i.e. full relative
measure) at § =0. Similar results for one-parameter families of maps have been
obtained earlier in [5].

If we consider our conditions in the general framework of dynamical systems
then (C1) corresponds to requiring that the Liapunov exponent is positive, while
condition (C2) says that the inverse of f (which only exists as a set function in our
case) is contracting. It is tempting to conjecture that (C1) might imply (C2), maybe
with some additional convexity condition, but our insight into this question is
incomplete. Note also that, if the orbit of the critical point stays at a distance from
the critical point, then Misiurewicz’ conditions are stronger than (C1) and (C2),
see the Appendix.

We now state our hypotheses in detail, followed by the statement of the theorem
and some remarks.

Hypotheses

(H1) f is defined on Q=[f(1), 1] and takes values in (. It is strictly increasing on
[£(1), 0] and strictly decreasing on [0, 1]. The function f is of class €. In addition,
F0)=1. 1

(H2) The function f’ is Lipschitz continuous, and |f'|™2 is convex on [f(1), 0] and
on [0, 1].

(H3)

lim sup |f'(x)/x] < o0, inf |f'(x)/x|>0.
x>0 xe[f(1), 1]
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(H4) There is a C;>0 and a 6 >0 such that

(1) ~(£—f")(1)| =C, exp (n6) foralln =0.

(2) If f"(z) =0 for some m >0, then
d m
l(af )(z)lzClexp(mO).

Our main result is the following:

THEOREM. If f satisfies (H1)-(H4) then f has an invariant measure which is
absolutely continuous with respect to Lebesgue measure. '

The conditions (H1)-(H4) can be formulated more concisely under the assumption
that f is of class € 3, Namely, we can replace (H2), (H3) by the more readable
(H2") Sf(x)=<0 for x € (}, where

Sf=r"/f =3(f"If)

is the Schwarzian derivative.
(H3) f"(0)<0and f'(f(1))#0 and f'(1) #0.
Although the Schwarzian derivative is not defined in the general case, the results
of the corresponding theory do apply, see e.g. [3]. In particular, (H1)-(H3) and
(H4.1) imply that the map f has no stable periodic orbit.

We next outline the main steps of the proof of the main theorem. Define the
operator £ by

_ g(x)
(Le)ly) = xefZ‘(y) |f ()

where fY(E)={x € Q, f(x)e E}.
The density # of the invariant measure, if it exists, satisfies the equation

Zh =h.
We shall consider the sequence of functions

h, =%"1, n=0,1,2,....

It is easy to see that

[ hutyay =110, (1)
We shall show:
THEOREM 1.1. Define h,(y)=(L"1)(y) if yeQ, h,(y)=0if y& Q. Then, for all n,
one has
[ ey =Bty o)l dy <exp (-logelh), 2)

for all € >0, € sufficiently small.
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The conclusions of theorem 1.1 together with (1) are the main input to Kolmogorov’s
compactness criterion (see e.g. [13]). It then follows from [4] (Mazur’s theorem) that
1 n
lim — Z hj =h
n-o pn i-1
exists, is in Ly, is not zero and satisfies #£h = A. Thus the main theorem follows
from theorem 1.1.
To discuss our method of proof, we define

d
Df" =—(f").

The difficulty in analysing h,(y)~—h.(y +¢) comes from those regions in which
1/|Df"| varies quickly. These regions are located near the pre-images of 0, where
1/|Df"} is infinite. In other words, since
n 1
ha(y) = (" 1)(y) xefznm DF ()

h,, varies rapidly around the points of the forward orbit of the critical point, i.e. of
zero. This orbit is allowed to come close to the critical point, (it may be dense),
and we have to subdivide carefully the space into pieces where A,(y)—h,(y +€) is
regular, and their complement where | 4, will be small. To be more precise, fix
¢ >0 sufficiently small and define the following ¢ dependent quantities.

Definitions. The following symbols have fixed meaning throughout the paper:

Li= sup [f(1)].
relf(1), 11

L, will be a constant which is fixed in (18) on p.25. The constant 7 is defined by
6
T="—""""T"3.
4(log L;—6)
We shall assume for simplicity that <3. (This can always be achieved by making
6 smaller.) Our main definitions are now as follows:

, —37/2)|log z—:|+L2_

logL,—6 ’ ®
n. =1000|log e{/8;
0 ifm=n,,
Ome=38""" ifn.<ms=n,, 4)

exp (—m6/20) if n, <m.
Sometimes we shall use conditions of the form /=1,2,...,n,. Then we tacitly
assume n. is rounded to that integer which allows for a larger set of /; similarly
forn..
We next define m, e-regular points. Let J be a maximal connected component
of f~"([—e, £]). The set J is called m, e-regular if
(1) f(L)ed, 1¢J,0&fU), k=0,1,...,m-1,

(these conditions imply that f™|J is strictly monotone);
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(2) let{z}=f""({0})NJ. Then, if m =n.,
I @)= ommje
forj=0,1,...,m—nl.
Every point in a m, g-regular set is called an m, e-regular point. We define
1
B (y) = YL (5)
Y 'xef‘z"‘w)l IDf™ (x)
X 18 m,e-regular

Our first main estimate is:

THEOREM 1.2. For all sufficiently small p >0, all small ¢ >0, and all n =0,

[ nmo)dy =467 +olao) (6)
lyl=p
for some universal constant ay> 0.

We shall then show that there are so many m, e-regular points that 4, can be
bounded in terms of A, %, This will lead to:

THEOREM 1.3. For all sufficiently small € >0,

I] Iy dy=eT )

This shows that A, is relatively well-behaved near y =0. To analyse the global
situation, we need other subsets of ().
We define new cut-off functions which are similar to the o, .. Namely, let

1 ifm=0,
Pm.e = sexp (—|log e I%) if0<m=nl,
exp (—m@/20) ifnl <m,

L . I . .
where n, =7|log ¢|>. Note that p is decreasing in m and increasing as £ 0.
Definition. We define, for given ¢ >0,

Ehy={teQ|ltl=yoh.}; (8)
Fry={teQ|1—t|=vypn.}; 9)
Gy ={teQ|If(D)~t]|<ypm.}. (10)

These are small sets around the critical point of f and near the endpoints of
Q=[f(1), 1]. We define xg as the characteristic function of the set E, and set

QR0 = 1T (I =X ot iocs ) (0O, (11)

p=0

and, for some e-independent constant y, >0,

n

T (=X G g P EN} + (1= R o, )0

anm=1-{ 1
S =x e, )T X)) (12)
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Then we have three parts of #4,,:

Quelx)
he(y)= — 13
«0y) xEI’Z"(y) IDf" (x)] )
Qr..(x)
hre(y)= v 15
) Xefz:"m IDf" (x)| 1)
The relations between these quantities are given by the following:
THEOREM 1.4. For sufficiently small € >0 and all n =0 one has
R () =Ry +6)| <O ) (h R (y) +hR(y +e) +hr () +hmely +e), (16)
and
[ hsetvrdy <[ hE.(r)dy=exp(-flogelh, an
R R

This theorem is based on a careful control of the sets E;, ., Fm.vo G .y, OCCUrring
in the definition of QX. and Q,T,E, and on theorem 1.3.
It is now straightforward to see that (1), (14), (16), (17), and the fact that

0=<hg.(y)=h.(y),

imply theorem 1.1, Hence the main theorem will follow if we prove theorems 1.2,
1.3, 1.4. This will be done in the subsequent sections.

2. Notation and terminology, preliminary estimates

We adopt all definitions of the preceding section. To make the statements of the
theorems, propositions and lemmas more readable, we use the following ter-
minology:

‘If £ <eq... is the short version of ‘There is an £>0 such that if £ €[0, ¢) .. .",
and similarly for other letters of the alphabets.

‘e small’ stands for ‘choosing £ >0 sufficiently small’.

C,Cs...,Ly, Lo, ...,L, and U denote finite positive constants whose value
and meaning do not change throughout the paper. The corresponding clauses
should typically be ‘There is a finite positive constant C; such that’.

K., K,,..., denote finite positive constants whose value and meaning is only
unchanged in each single proof. It changes from one proof to the next.

Equations are numbered (1), (2), . . . in each proof.

[x; y] denotes the closed interval whose endpoints are x and y, where the order
of x and y is arbitrary, i.e. [x; y]=[y; x]. We extend this notation by analogy to
open and half-open intervals.

All maps under consideration are assumed to satisfy (H1) to (H4).

A maximal interval of monotonicity of " is called a homterval. The endpoints
of homtervals are either critical points of f", or 1 or f(1). (This definition does not
agree with [7] who requires monotonicity for all n.)

The letter z always denotes a pre-image of the critical point 0.
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LEMMA 2.1. The function lDf"IA% is convex on every homterval of f", forn =1,2,....

Proof. If f is €° then the concavity of |f| (i.e. (H2)) implies f"f' <0. This implies
that the Schwarzian derivative of f, defined as
2

Sf=ﬁ_§(f;) ’
fro2\f
satisfies Sf = 0. It then follows that S{f")=0 for all n =1 (cf. e.g. § 4 in [3]). From
the remarks on page 104 in [3] it is easy to see that thg same line of reasoning
applies if $'f <0 is replaced by the weaker convexity |f/| 2 if fe €. O
LEMMA 2.2. There are constants L >0 and U < such that

Le*<|f(0)-fO)|< U,
and

2Lt <|f' (Ol <2U]t|.

Proof. This follows at once from (H3). O

LEMMA 2.3. If xy >0 and |x —y| <3 max(|x|, |y]) then
ll_f’(x) -
f')t™ max (x[, [yl

This is the typical kind of basic estimate needed in proofs of existence of absolutely
continuous invariant measures.

lex—)’l

Proof. Recall that 0 is the critical point of f. For definiteness, we only consider the
case 0<x, y. If x <y we have, since f’ is Lipschitz,

If'(x)=f'(y)l lx -yl Ix—yl_

=K =K
£ ()] HEoN T Iyl
Now
lf' ) =1 () Ix ~yl
=K .
|£'(x)] * x|
But since |y — x| <3]y|, we find
=yl _[x =yl
x| = 3yl
and hence
If'0) =)l lx =yl
= ) 0
TR ]

COROLLARY 2.4. Assume f" is monotone on (x,y), and
£/ = )

If (x)]
If A= Z;:(: 8; <Ls for some universal constant Ls, then
Df"(x)
Df"(y)

<§; fori=0,...,n—-1.

exp (—L4A) = =exp (L4A).
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Proof. By the chain rule of differentiation
n—1 )
Df"(x)=TL F'(f (<))
je

=o' 1T {1-[1 —’}E?E’;Q] }

By lemma 2.3,
Df"(x) =t

- 1+A),
Dy~ A, (1+a)
with
|8,] <L38;.
The assertion follows from
exp (—2lx)<1l+x<exp(x|)  for|x]<3. O

LEMMA 2.5. If xy >0 then
[f)—fWI=Le(|f' O+ (y)Dlx —yl.

Proof. For definiteness assume 0 <x <y. Then

If)-fol={ Irolde

since f'(¢) #0if t #0, and O£ (x, y). Therefore, using lemma 2.2 twice, we find
y
£ ~f)=2L [ 1l a
=L(y*—x®) =L(x|+|yDly —x|

zz—Lﬁ(If’(y)IHf’(x)l)ly x| O

LEMMA 2.6. Assume that " is monotone on (x,y). Then

|f" ()= £ (y)| = |Df" )Df" (y) Jx — y .
Remark. The assumption of the lemma can be stated as follows. Assume x, y are
such that 0 f'((x, y)) for [=0,1,...,n—1.

This lemma is crucial and we shall use it quite often.

Proof. If either x or y is zero, the assertion is trivial. So we assume x, y # 0. Define
u(®)=Df" (0] .
By lemma 2.1, u is convex on (x, y). Hence there are two constants a, 8 such that
u(t)<=at+p8, whente(x,y),
u(x)=ax+p, u(y)=ay +8.
Therefore, assuming 0 <x <y for definiteness,

e -rol=[ rold=| g
x —y]

" (ax +B)ay +B)’
The result follows. O
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LEMMA 2.7. Assume |f"(1)|<e. Then
Cs+|log ¢
logL,—6
Proof. By the definition of L; and the chain rule of differentiation, we have
IDf"(D)}=L3.
By (H4), we have
IDf* "1 (1)|>C; exp[(n +1)6].
By lemma 2.2, and the assumption, we find
If(FrI<2UIf" (D] <2Uk.

Hence
LY =|Df*(D)| = DfF " )/f (£ (D)
S Ciexpl(n+1)9]
2Ue ’
so that

log (C1e®/2U) +|log ¢|
n> .

O
logL,—0

We approach now the first delicate estimate and we introduce some further notation.

We call z an n-pre-image of zero if f*(z) = 0. This definition is satisfactory, since
(H4.1) and (H1)-(H3) imply [3] that f has no stable periodic orbits, in particular
0 cannot be a periodic point.

We say x is n, e-close to z if

(1) 0gf((x;2) forl=0,1,...,n—1;

2) If"x)=e.

Observe that if x is n, e-close to z then f" is strictly monotone on (x; z). The
next result states that, if z is not too close to 0 and n is not too large, then |x —z|
is small if | f" (x)| is small. More precisely, we have:

PROPOSITION 2.8. For a > 0 sufficiently small, the following is true. Assume z is an
n-pre-image of zero and x, x' are n, a-close to z.

If
n<n, (i.e. a = exp (—n6/1000)) 1)
and
Iff(z))=a'™™  forp=0,1,...,n—nbk,
then
B‘—;‘F_l< )= f" (72, (2)

where T was defined above (3) on p. 16.

Remark. The condition on f”(z) can also be written as

lfp(z)l20n~p,a forp Sn—n;.
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Proof. We shall prove the following stronger statement by recursion:

b —x'|

2
(log |log a ) ) @)

<If" @)= exp (n e

||

which implies (2), since x, x’ are n, a-close to z and «a is small.

The bound on « will be adapted during the proof. We proceed by induction on
n, proving, for every n, first the case x' =z and then, by a verbatim repetition of
all parts of the proof but one, the general case, x' # z, x # z. All steps except the
one which is special for x’' = z are written for x’. We write y =f"(x), y'=f"(x’).

Case n = 1. By lemmas 2.2 and 2.5, we have, if x| <|x|,
Llx —x'|lx] = 3£ ()| lx = x| =Lg'|f(x) = f(x")]
=L f(x)—fxPQRa).

Using now that 0 has at most two pre-images, which are away from 0, and the
continuity of f’, we obtain for small «,

o L)t
|x|2|x |SL6i|rfli("x~)f( )f([x— : §|:|)2<|f(x)_f(xl)lf’ ®

as asserted.

Induction step from n—1 to n. Assume z,x,x’,n fulfil the assumptions of the
proposition. Then for every [, 1 <[/ <n, the quadruple

Za=f""2),  Xea=f"'(x),  xpa=fT'(),  n'=l
also fulfils the assumptions. Therefore the inductive hypothesis implies

/" ) =)
")l
On the other hand, lemma 2.6 implies
1)) = £ )
D (fENDF T (F I
If we use (4) with x' =z in corollary 2.4, we see that
IDFF () =D T (f@) exp (=sa™?),  2ss=n.
Repeating the argument with x’ and z, we get from (5),
If) = fEOI=If @) —F &) exp (s« ”?)/IDF ! (f(2)l,  1ss=n.  (6)
For the next argument we first assume nothing has been shown for n, and we show
a certain bound in the case x’' =z only. Then assuming the proposition has been

shown for n, x, and x' = z we show that the same bound holds for arbitrary x'.
Case x' =z. By lemma 2.5,

lx —z| < L&' f(x)~f)/If(2),

< x) - xH"? [=1,...,n—-1. (4)

If(x)—f(X')IS| 2=s=n. (5)

so that (6) implies
Ix —z| =L (x)—f* ()| exp (sa"*)/IDf*(z),  s=n. 7
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Case x' # z. Assume the conclusion of the proposition has been shown for x'=z
and n. By this inductive assumption,

|z|
and hence by lemma 2.3, |(f'(z)/f'(x)) - 1]=2L3a™? Combining this with lemma
2.5, we get

=Qa)’?,

lx —x'|=Le'|fx)=f&N/If @)1 f'(2)/f (x)]
=<2Ls'|f(x) = f&I/If (2)).
Thus we get again, from (6),
kx| <Lslf (&)~ (") exp (sa*)/IDf* 2)], s =n. (7)
The proof proceeds once again in parallel for x’ =z and x' # z.
Combining (7) with (H4), we get
e —x'|<|f"(x) - f" (x")|K1 exp [n(a™> - 6)]. (8)
Note now that
Kiexp[n(a”®-9)]<a™, )

provided « is small.
For later use we note the analogous bounds, valid for n <n,

exp (na™?) <2, exp (n/llog a|) < K. (10)
Coming back to (8), and using (9), we get
Ik —x'| <[ () =" (x a0 (11)

We shlall now prove (2') for cases of increasing complexity. The easiest case is
|z} = a5. Then, by (11),

k—x1_If @)=l

|z ||

<ly-yT

>

which is (2'). )
We now consider the case |z] <a®. Let p =1 be the smallest integer for which,
with a = [log |,

170 =fP ()= |f(2)l/a. (12)
Since f"(z) =0, we have p =n. Note that lemma 2.2 and |z| <at imply
O —f(2)] < Ua*<|f(2)|/a,

since |z| <at implies |f(z)|>3. Thus p > 1. We shall now bound | f*(0) - f*(z)| from
above. Using (12), we have for /=1,2,...,p—1,

IFO)~f@I=If'@)l/a,
and hence by lemma 2.3, since 0 ¢ (f'(O); f’(z)),
IFO-f"@)l=  sup  IFOIIf©)F(2)]
te(fO)f ()

=1+ Ls/a)lf FIF O ~F(2)).
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Using this inequality successively for all /, we get the desired bound

PO - @I=KEL VD (F(2))] 11~ f(2)]
<KsK2* DY (f(2)||2|* = KolzDfP (2), (13)

making use twice of lemma 2.2 and by (10). We now rewrite (7') as

Ix —x'] sz)lfp(X)—fp(X’)l IF7@l 1f0)=f°(2)]

lz| IfP () 1P~ (2) 1zDf"(z)|

Combining (13), (14) and (10), we get the following bounds, which are better than
using (9) only. Namely

x —X'lsKslf"(x)—f”(X')l

|z] [£7(0)—£%(2)|”

and (by (12)), when p <n,
lx = x| |f?(x) = £ ()
=K a.
2l T 1@

Note that just substituting the induction hypothesis in (16) will not suffice to get

(2') because of the factor a. We next bound [f*(x)—f"(x")| in terms of |y —y’|.
Applying (11) with n’' =n —p to f*(x), f*(x"), f°(z) we get

(14)

=L;exp (pa

whenp =n, (15)

(16)

£ () =P (x| <ly ~y'la o< |y ~y'[. (17)

We now combine the above bounds in several ways according to subcases of |z| < at
Case 1.p<n, |f"(z)]>a By (16) and (17),
lx —x'|
lz| . ‘
Case 2. p<n, ]fp(z)|<oﬁ [f°(0)]=2a*. Then we use (15) and (17) and
|f"(0)—f”(z)1>a- to get
|x —x'|
|z]
Case 3. p <n, |f"(z)|<a lf"(0)|<2a By lemma 2.7,
p>(Ko+5llogal)/(log L, —6).

=Ksly —y'I"°a/|f* ()| <ly =y

T s Kly —y'la <y —y ",

Now we use (16) and (2') and we get

e —x'| _

||

2
=[f* ) —f" (x| K—;exp[n—-p)goﬁl_lM].a
llog |

[n (log Jlog al)z],

=[f"(x)—f"(x") exp
llog a|

since

aK,<a’*= exp (2loga) <exp [5(log a)z].
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Case 4.p =n, |f"(0)] > Ksa'"®7?. Then, by (15),

|x|;|x |<K8|f (T;"—((f))l(x )|<a%f—12a1—flfn(x)_f,.(x,)r.
Case 5.p =n, |f"(0)| = Kza'"®"?. We show:
(5.1) n>nl.
(5.2) lzl<a'*7/2.

Therefore this case will not occur and the proposition is proved.
Proof of (5.1). By lemma 2.7,

3
Cg—logK8+(1——22)|loga|

> =nl. 18
" logL1—0 " ( )

We define L, = Cg—log K.
Note that n., = 0(|log a|), since we are assuming 7 <3.
Proof of (5.2). By (18) and lemma 2.2, we get
IDf" " (D =1Df" (V/f (" (0)
=C; exp (n0)/K10a<1%T
—47-1

=K« >

by the definition of 7, see page 16. We now bound z. By lemma 2.2, we see that
1
2P <FI1-f(2)]

=|f"(2)=-f"OV/IDf* )]
for some t €[f(z), 1]. Applying corollary 2.4 to ¢ and f(z), and using (12),
P =P F@I<IfH0) - @< 2)]/ a,

forp=0,1,...,n -2, we see that

|z <Kl f*(0)/Df" " (f(2))]
Re-applying corollary 2.4 to 1 and f(z), we see that

|2 <K |f"(0)/Df" (D)
SK13a1—%7+1+4T <a2+2T/4.

We have discussed all cases and have thus proved the proposition. ]

COROLLARY 2.9. Under the assumptions of proposition 2.8 we have the bound
Df" (x)
Df"(z)
Proof. This is, apart from converting e*® to 1+28 in bounds when & is small, a

direct reformulation of the steps of the proof of proposition 2.8 leading to the
equations 2.8.4, 2.8.5 and 2.8.6. O

— 1‘ <ina™?.

The next lemma treats the exceptional case of proposition 2.8. It shows that if > is
small, then so are x and x’.
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LeEMMA 2.10. Assume that z is an n-pre-image of zero and x, x' .are n, a-close to
Z, e =n>nl.

If
IfP@)|>a'™™  forp=1,...,n—nl
but
IZISalﬂ-
then
lx]<2a™" and Ix'|<2a™".

Proof. We rely heavily on the proof of proposition 2.8. Note that the condition
|z]>a'*" was only used in case 5 at the end of the proof. Hence 2.8.7 holds, and

we have
x| =<lx - z|+|z],
If" ()~ f"(2)| /3
x~z|=L;—————exp(na”
<221, exp(na”-nlg)=a'",
Gy
by the definition of 7 and n_. The proof for x' is the same. O

Our next result complements proposition 2.8 in that it again gives bounds on
Ix —x'| in terms of |f"(x)—f"(x")|, but this time for n =n,. In this case we have to
assume that the orbit of z does not come close to zero too fast. We shall see later
that this requirement is implied essentially by (H4) for a vast majority of homtervals.

PROPOSITION 2.11. Assume z is arn n-pre-image of 0 and x, x' are n, a-close to z,

a small.
If
If' ) >0nta  forl=n—nl, (1)
then
x —x'| <Colf"(x)~f" (x")| exp (-n8/2) )
Proof. Consider first the case n <n,. Then corollary 2.9 leads to the conclusion that
IDf" (x)Df" (x)ft = exp (—na"*)|Df" (2). 3)
Lety=f"(x), y'=f"(x'); by lemma 2.6 and (3),
lv = y'|=IDf" )Df" (x)ilx — x| @)
=exp (—na"*)|Df" (2)|}x — x'. (5)

From (H4), we have |Df"(z)|> C exp (n8), so that (5) implies

lx—x'|=Ci'ly~y'lexp[-n(8 —~a”*]< Cily —y'| exp (—n6/2),

which is (2).
Assume next that we have shown the assertion for all numbers upton —1,n =n,.
We proceed inductively to n.
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If z, x, x' satisfy the assumptions of the proposition for n, then f(z), f(x), f(x')
satisfy it for n — 1. Namely (1) becomes
@) >0nta  forl=n-nl, (6)
which means
I FEN>0n-1-ka  fork=(n—-1)—n.
Hence (2), for n — 1, implies
|fx)—f(x")| < Caly —y'| exp (—(n —1)6/2). N
By lemma 2.2, |f'(w)| >2L|w| and since x, x' must have the same sign,
|f(x)—f(x')|>2Lj |lw|dw =Llx x| 8)
Combining (7) and (8) we get
Ik —x'| <Kaly —y'F exp (~n/4).

By (1), we have |z|> exp (—n8/20), so that

x —x' 1
l IZI I<K2'Y _y'l2 €xXp (—no/s)-
We proceed now with the case x'=z, and deal below with x’'#2z. For
j=0,...,n—n, we find as above
N g .
If(—x),'-f—(ﬂl<Kzly —y'[? exp[—(n —j)8/5] 9)
If' ()|
and
j s NN 1
WP F 0 ety — yf exp [—(n —)6/51. ©)
I/ (2)l
Using (9) in lemma 2.3 we see that
f(f () 1 . .
—— >exp {—KsaZexp[—(n—j)8/5]}, =0,...,n —Na
iyl P i-Kaatexpln = !

Hence, we have from corollary 2.9,

Df"(x) _ Df"=(f" "=(x))Df" " (x)
Df"(z)l  IDf=(f*""(z))Df" "= (2)
= exp (—naa™’*) exp [—K;ﬁ "Y " exp (—p0/5)] >1 (10)
p=0

provided « is small. Applying again lemma 2.6, and (10), we see that
|f*(x) " @)= Df" (0)Df " (2)flx — 2]
=3Df" (2)||x —z. (11)
From (H4), we then find
lx —z|=4CT’ |[f"(x)—f"(z)| exp (—n8). (12)
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This completes the proof when x'=z. If x'#z, we proceed to (9'). From the
inductively proved eq. (2) for n and x’ = z we have

fix) If (x)—f(2)] .
. =1 - 2 fi<n-—
o= el HEr T (13)
so that (9') implies
) =f (') <2K,ly —y'| exp [-(n —)8/5]. (9"

L (ol
Thus we get as before:
lf" )= =Df" ()l |x —x'|/4
={Df"(z)llx —x'|/16, (11')
by (10). The desired inequality (2) now follows from (H4). O

Our next lemma deals with the situation where an orbit comes close to f(1). We
describe the general picture (cf. figure 1). Assume f” is monotone on [f(1), x], and

IF"F=a, |f" ()| =a.

f,, fn\~l
e\ ,
L /
/
\f /]
fi1) x w oz fi1) 0
fix)
FIGURE 1
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Note that we do not assume there is a y with f"(y) =0 in [f(1), x]. Consider the
maximal connected component of f~" " V([—a, a ]) containing f*(1), call it J. Assume
furthermore " is monotone on J and denote the endpoints of J by w and f(x).
Letz =f " ""0)nJ.
LEMMA 2.12. Under the above assumptions, the following holds:

(1) if the above situation applies, then n >n;

(2) if n < n, then |x —f(1)|<=a**™ for some universal constant n > 0.

Remark. If we were only to use the quadratic nature of f near x =0 then we would
get [x —f(1)]=a”. Thus the lemma states that |f(1) —x| is very short compared to
Tt
Proof. By lemma 2.7, and the definition of n,,
+
~ C8 “Og 2 | >pn'

logL,—9 ' M
if a is small.
We use (H4) and (1) to get
. IDf*"*(1)] _ Cyrexp[(n+2)8]
Df"*'(1)|= — =
IDf* (L) ()l 2Ua
=Ko '™, (2)

for some n; >0.
The general assumptions of the lemma imply that there is a >0 such that
400, £) =[£(1), x]. By lemma 2.2,

tzs%ll—f(t)l. (3)

We now apply lemma 2.6 to f"*|isu.1;. Its conditions are fulfilled since f" is
monotone on [f(1), x] (or else we apply lemma 2.10 directly). Hence
LN =f0l=L7 D" (ODF (F0)
AfT0) = £ 0). )
Next we apply corollary 2.9, to f"”ll[w,f(x)]. Its conditions are fulfilled. Note that
n <n,. Hence

D NPM) |y e
D (fGy) 1T
Therefore
__ D) DT PO
TDFTN) DFTT(FO(FO) (x)
=Kqexp (naa™), (5)
by the continuity of the derivative and since f(¢) and x are away from O.
Combining (3), (4), (5), we get, by (2)

0

1
tZSZKlef"+1(1)l_1 . If"(f(l)) —fn(x)|5K6a1+n‘a_

The result follows. O
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The next proposition deals with the difference of reciprocals of derivatives, and
this will of course be crucial to the study of the continuity of A,.

PROPOSITION 2.13. Let z be an n-pre-image of 0 and assume x and x' are n, a-close
toz. If |f°(z)|>0n-pa for p<n—nl, then

If"(x)—f"(x')l'”_

I 11 IS "
IDf"(x)| |Df"(x")| IDf" (x))]

Proof. The assumptions imply that Df" (x) and Df" (x') have the same sign. Therefore

l 1 N 1 _ 1 I _Df"(x) @)
IDf" ()| IDf" ("1 IDf" (x)| Df"(x")I’
We rewrite
Df"(x) =t f(f (x) 3
Df"(x')_,-l;lo{1+(f’(fi(x')) 1)} (3)

In order to apply lemma 2.3, we bound [ (x)—F (x"1/f (x). We have, for n —j <n,,
by proposition 2.8,

f’: (x)

()
and applying (4) and proposition 2.8,

IF )= x| o [ ) = (x)]

U2 J -1 g/ JA

ol e )
<a”P|f" () —f ()" (5)

If 0 ~F)

. 1+a7?) @
ey are)

=1

If n —j =n,, then by prop. 2.11 and the bound on f"(z),
') ') =f'(2)|
f'(z) If' ()]
=1-Ca exp[—(n—j)8/2]exp[(n —/)8/5]1>(1+a™H). (6)
Combining (6) with prop. 2.11, we get
If () =f ()] f/z)lff(x)—f’(x')l

=1-

: 1 :
T ]
<Cy(1+a?)|f"(x)—f"(x")| exp [-(n —[)6/2) exp [(n —/)6/5]
<a’|f"(x) = f* ()} exp [(n ~[)8/5]. (7
Now applying lemma 2.3 to (3), (5) and (7), we get
Df"(x) "t '
Df"(x) iIJO (1+4),
with A; small, so that
£ — . <Df."(’x)<"'1 .
,Elo exp (-2|A)= D)~ ,~I=]o exp (14,]),
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with

n—1 n-1

Tlals T -

j=0 j=n—n,+1

+ 31 0= o’ exp [~(n =/)6/5)
iz
<a™Mf" ()= @O

Since e* <1+ 2x for small x >0, the result follows. ]

3. The invariant measure near the critical point
In this section we are going to prove theorems 1.2 and 1.3. We use extensively the
interplay between orbits getting close to 0, 1 or (1), and those orbits never getting
close to these points. The first case will be called singular, the second case regular.
We proceed now to the detailed definitions. These definitions will only be used in
this section.

Let J be a maximal connected component of f " ([—&,e]), € >0 small. The
interval J will be called m, e-regular if

(R1) 0g¢f*J) fork=0,1,...,m—1,
(R2) 1¢J,

(R3) f(1)eJ,

(R4) Let{z}=f""(0)nJ. Then

I 2O forj=0,1,...,m—n..

Remark. Conditions (R1), (R2), (R3) imply that ™|, is strictly monotone and maps
onto [—e, e]. Thus (R4) makes sense (see figure 2).
If J is m, e-regular, then f(J) is m — 1, e-regular. If J is m, e-regular, we call any
subset of J m, e-regular.

Assume now J is not m, e-regular, but f(J) is m — 1, e-regular. Then we call J
m, e-singular (and only then). Since J is a maximal connected component of
" ([—e, €], we must have:

Either (S1) f(l)eJ
or (S2) f(HgJandf "(O)NJ#J,andz=f "(0)nJ
satisfies |z| <o, (and thus m =n_).

Note that these are the only two possibilities for singularity to occur. For if 1eJ

then f(1) € f(J) which means that f(J) is not regular, and similarly when 0 € J. (We
have included the cases (R2) and (R1) for k =0, 1, for convenience of formulation

in the definition of m, ¢ -regularity.)
We now define sets H, . which are similar to the sets E . ,, F .., G, introduced
in section 1.

Definition. Hy, = {x € Q|x is k, e-singular and If" x)=e}
We have now the following interesting relations between the set H, . and small
intervals around 0.
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'

7 Y, i-—H—E—F 7 7

f(1) 0 1

FIGURE 2. Regular and non-regular sets: ll regular; &, non-regular.

LEMMA 3.1, If 0<g <egy then

1) H,.=Jifk<n_;

2) Hee<f'dyllyl=e" " Holyllyl<2e™ ) ifne <k <n.;

(3) He.<f({ylly|=exp (—k8/30)u{y|ly| < exp (—k8/30)} if k =n..
Proof. Assume x € H, . and assume it is k, e-singular because of (S§1). The set of
all such x forms a maximal interval J of f""([—s, €]), namely the one containing
f(1). Suppose J =[f(1),t]. If k <n. we apply lemma 2.12. Then we see that we
must have had k =n_ and

lf(1)—t|<e®*™.

On the other hand, [f(1), (] is an image under f° of an interval [0, ¢'], which by
lemma 2.2 and the boundedness away from zero of f' near 1 implies the assertions
(1), (2) when (S1) applies.

Still in the case when (S1) applies, but when k& =n,, we apply proposition 2.11 to
f""l[ 2):f)- 1ts hypotheses are fulfilled by the construction of H, .. Hence

(1)~ f(1)| <2C,¢ exp (—k6/2)
s0, by the fact that f’ is bounded away from zero near f(1),
[f(1) =] =K,e exp (—k6/2).
The set of ¢ satisfying this inequality is contained in
f*Qyllyl = exp (=k6/30)}.
This ends the analysis of the case when (S1) applies.
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Case (S2) can only occur for k =n .. Since f k(z)=0, and by the definition of H,,
every point x € H, . has the following property: f(x) is k — 1, e-close to f(z). Thus
we can apply prop. 2.11. (Strictly speaking, we have not proved it for k =n, —1,
but the extension to this case is obvious by a slight redefinition of n..) Hence

|[f(z)—f(x)| =< Cae exp (—k8/2), whenk =n, —1.

The case n, =k =n_ is covered by lemma 2.10.
Since x and z have the same sign, we find, using lemma 2.2,

xl=lx =zl +lz| =L Hf ()~ f)F +]2]
<K exp (—k6/4) +exp (—k6/20).

The assertion of the lemma is proved. O

We now split f"(y) as follows. Define

L= Hare), K
In fact, by lemma 3.1

0,...,n.

FLy)=  ifn—-k<nl
In words, #"2(y) are those x for which f"(x)= y, and "~ K(x) is k,e- singular. By
lemma 3.1, we can write

o =emo( U #20), (1)

k=n—-ng
with R, . (y) disjoint from the ${")(y). We could also write
R (y)={x|f"(x)=y,andfork =0,...,n, f“(x)isn—k, e-regular}.

Note that if x € &, . (y) then x is n,e-close to a unique z for which f"(z) =0, and
this z satisfies

lfk(2)|>0'n—k,s fork=n—n..

We now define the regular part of h,, for [y|<e by

1
huey)= Y =m
XERp(y) IDf (x)l
In the sequel, a denotes a sufficiently small number.

LEMMA 3.2. If 0<|n|<a/2 and 0 <e <a, then

[ mezor-nizy +midy <kl
yl<a/2

Proof. By lemma 2.13 and the definition of R, . (y),

lhf(y) =t (y +m)l <3n|" R (y).
But

0=h™(y)=hy(y) and j haly) dy <2.
lyl<a/2

The result follows. 0
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THEOREM 3.3 (= theorem 1.2). If a is sufficiently small, if 0<e <a/4 and 0<o <
a/4, then

[I ) dy 4@+ o/a).
yi<o
Proof. Set
p0=] hH)as
For 0 <t <a/2 we have

0= h::f(y)dy+j R (y) dy
lyl=t/2

t/2=<|y|=<t

=2J'I~ RiE(y) dy +J (e (y) —huz(y —t/2)]dy

vi<it/2 t/2<y<t
+j (R (y) — hIE(y +1/2)] dy.
—t/2>y>—t

Thus, by lemma 3.2,
p()=2p(t/2)~2(¢/2)",
i.e.
p(t/2)=<3p(t)+(1/2)"*,
orif 27 la =g <27,
plo)=3pQRa)+a™
<ip(do)+3QRa)*+5™*
-...

1 k 4 ¥ S 53
=—=<pRc)+a™" Y 274
2 i=0

<2+ /(1-27%)

20 .,
<==+0o™*. 4, as asserted. O
o

THEOREM 3.4 (=theorem 1.3). For ¢ >0 sufficiently small we have:

_[ ha(y)dy =™
lyl<e

Proof. If A denotes Lebesgue measure and E is a measurable set, then it is well
known that

[ moyay=[ mray=[ ay=rg@),
E F~UE) fE)
Hence, by the discussion on p.33, eq. (1)

J _mmays] wzerays £ aoE. @

k=n,
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We now bound |, #.(y) dy by recursion.
By lemma 3.1, since H, . = & for p <n., we have for p <n.,

J. hy,(y)dy = hi(y)dy<e™,
lyl<e lyl<e

provided ¢ is sufficiently small, by theorem 3.3.
Hence the theorem is proved for n <n.. Assume now it has been shown for
some n —1=n.—1. We proceed to n. By (2), lemma 3.1 and theorem 3.3,

j hdy=e”+ T ALF "] =Kie )]
lylse

nez=k=n,-2

+ X AWkl =Ky exp (—k6/30)].

=n,~

We have used the fact that if E is a small interval E = {x}|x| <&} then
fPE) = x| <3K18),

for some K; which depends only on f (use lemma 2.2).
Hence, recursively, we get, for small ¢,
ALf"{lyl=eDl=e"*+2llog e| - (1000/8)e 1/40+7/40
+ Y 2K 1% exp (—7k6/800)

k=(999/0)|log ¢|

<g7P+g7 /080 L K exp (—Soar|log £])

<g /40

This completes the proof. O

4. Absolute continuity
This section is devoted to the proof of theorem 1.4, see § 1 for the definitions. We
start with a few preliminary estimates.

LEMMA 4.1. Let z be a q-pre-image of zero and assume f" is monotone on [f(1), z].
Then
|f(1)—z| = C4 exp (—2n6/3).

Note. We may assume q <n.
Proof. By lemma 2.6,
(D) ~z|<|f OIIDF(FANDF )] . (1)

On the other hand, by lemmas 2.2 and 2.6 and the monotonicity of f" | 1).z1
I OI=L7Ne 2 - 1

=@/ - IDF P ANDF A, )
providedq <n —1. The case ¢ = n — 1 is an easy variant of (2) and is left to the reader.
Case 1.|f***(1)| s exp (—2n6/3). Then, by (1) and (H4)

|f(1)~z| < K3 exp (—2n6/3) exp (—q8) = C4 exp (—2n6/3).
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Case 2. |f*"'(1)| >exp (—2n6/3).
Then we combine (1), (2) with (H4) and lemma 2.2 to get

If(1) = z| = KJDF (FQ))DF (2)Df (21D~ (1)
QA NP )R

1o pa+1 1 ‘21‘ o B !
=K1'il(f’:T((1))%'IDf"<z)Df" 20D ()
=K, exp (n8/3)exp (—q6/2) exp[—(n —q —2)8/2] exp [—(n — 1)8/2]
= Cyexp (—2n6/3). O
LEMMA 4.2. For sufficiently small €, if f™ is monotone on [f(1), x] and n <7|log EI%
and
[f* 7P (x)]| >exp (—Ilogsl%) forp=0,1,...,n
and
IO =)l <e,
then

() —x|=exp (~Jlog e ).
Proof. For all 0=/ =n, lemma 2.2 and the assumption of the lemma imply
|F/(f' ()| =K exp (—[log e ).
Therefore
|Df" (x)|=exp (—2|log e l%n) =exp (—14|log e I%)
By (H4),
IDf" (f(1))| = C1 exp (n6),
so that by (H1), (H2) and the theory of the Schwarzian derivative (see e.g. [3, § 4]),
|Df" (£)| = exp (~14]log ¢ ')
for all t € [f(1), x]. Thus
|f(1)=x|=e exp (14]log e |) < exp (-[log e '),
for £ <eo. O
CoROLLARY 4.3 If " is monotone on [f(1), x] and
IfP ) =pnpe and | (D)—f"x)|<e
then
[f(1)=x|=<pn-pe for0=p=n.
Proof. Combine lemmas 4.1, 4.2 and the definition of p,,. cf. pagel7. O

Our next lemma shows that for n >7|logs|%, either homtervals are close to the
boundary of ) or the derivative of f* on that homterval is relatively large in its
middle part.

Let{z,; z,]be amaximal interval of monotonicity of f* and assume z,, z, € {f(1), 1}.
Then we have

fz1)=f"z2)=0, withqy,q.<n,
and we assume ¢, = q; (in fact equality cannot occur). Assume x €[z, z2].
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LEMMA 4.4. Assume the above situation applies for x, zy, z;, n. There is an e4>0
such that if e <eo and if
[P () > Pnpe forp=0,1,...,n—1,
then the following tl's true: 1
(1) ifn>|logel|? and q2=q,+4|log £|*/0 then
IDf" ' (f'(x))| = exp ((n ~1)8/2~ log £ 'Cs)
forl=qu; X ,
(2) ifn>|loge|* and q,>q.+4|log e[*/6 then
If(1)=f""*(x)| = Cs exp [—(n —q1)6/3].
Proof. From (H2) and the theory of functions with negative Schwarzian derivative

we have
[Df*(x)| = min {|Df**(z1)], IDf*(22)}
and also
IDf= N ) = min {|DF% 7)), IDF T (M (2]
and

IDf =% (% (x))| = min {Df" =T (D), 1D (D))}
since f4 %! (z1) = f2*(2,) = 1. Write
Li=sup L)l
By (H4), .
n—ay-1 pay-a _ DR
Dy ) = | R
=Ky exp[(n—q—1DOILT ™",
and similarly
Df*%(z,)
Df"(f"(z2))
and, using (H4) and f%(z,) =0,
IDF" N (f 7 (2,)) = Cy exp [(q2— q1)8). 1)
Combining these six bounds, we get
IDf" () = IDF (x)F (fH (e NDF=" NN (27 (x))
FRENDFET (T ()
=Ksexp (@10)L1 " exp[(g2—q1—1)6]
cexp[(n —q2— DIILT - |F (O (F2). ()
Using the condition |f”(x)|>p,-,. and lemma 2.2, we find
|Df" (x)] = |Ke exp (10)K 7" po_gy.ePnay.c
=Ky exp (2n6/3)K "% exp (—n6/10)
=exp (n6/2).

IDf"(z,)| = =K;exp (q20)L7'97,
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This proves (1) for [ =0. For [ >0, the result can be read off different variants of
€q. (2). The most pessimistic estimate is
IDf* ()] = Ko exp [(n = DOIK 1 prt-qy.cPn-t-aze
=Ksexp[(n— 1)0]1(',‘3“ ik exp [—(n —-18/10],
from which the assertion follows. )
Proof of (2) when q2>n —4|log e|/6. Let y € [f**'(z,), 1]. Since f* is monotone
on[zy, z2], f2" %' is monotone on [ f*(z,), 1], since 1 = f**!(z,). The hypotheses
of lemma 2.6 are thus fulfilled for f%~*"" and hence, using eq. (1) we find
1-yl=1-f""(z2)
<2|Df T O)DFR T (1 (2,))] 2
=K1 exp[—(q2—q1)8]= K1 exp[—(n —q1)8/3],
since g2 —q1 > 1 —qa. .
Proof of (2) when q2=<n —4|log £/>/6. In this case, we note that

[FQ)~f5"2)| = f(1) - f1"2(2y))
and the assertion follows at once from lemma 4.1. |

In the next theorem we use the definitions from § 1.
THEOREM 4.5 (=theorem 1.4(1)). For 0<g <go, we have for all y eR,

|hR. (y)—hR (y +€)| = Cre (AR (y)+ AR (y +¢)]
+he (y)+hi.(y+e).

Proof. The main ingredient of the proof is the following analysis of distances of
pre-images. Write y' =y +¢. Consider f" and let H =[z,, z,} be a homterval. Let

x=f"()nH, x'=f"(y)nH.

(There is at most one x and one x'.) There is now a large variety of possibilities:

(P1) There is no x and no x'. Then the homterval H does not contribute to
either A2 (y) or hE.(y").

(P2) There is an x but no x’ (or an x’ but no x which is totally analogous). We
shall show that Q:,e(x) =1, so that this contribution to hf,s(y) is bounded by the
corresponding term in A n . (y).

(P3) Both x and x' are present, but Qr.(x)=1 and QX.(x')=0 (or vice-versa,
being handled analogously). Then we show that Q7 .(x) = Qr .(x') =1 and argue as
in the case (P2).

(P4) Both x and x' are present and Qr.(x) = QX (x') = 1. Then we shall argue that

IDf" ()| = IDf" (x')] Y = Cre™(Df" (x)| ' +IDF" (<) 7V).
This clearly proves the proposition.

Analysis of (P2). If y €} but y’'& (), then either |y —f(1)|<e or |y —1|<e so that
QT .(x)=1 for all xef "(y). So the assertion is shown in this case. Consider now
the homterval H =[z,, z;]and assume y,y'€e Qandf "(y)nH =xbutf "(y')nH =
&. Then there is a smallest n=p >0 such that f" " (y)nf°(H)=f"(x) and
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Py )Y ff(H)=U # &. The set U has the property
A H) =3,
while
fHUPENATHH) =7 (%),
The only way in which this can happen is that f°(x) lies to the right of f2(1) while
U lies to the left of f(1), if f>(1) <0 (and conversely if f>(1) > 0).

Using the fact that f°(H) is a homterval, one easily derives that a boundary point
of f°7!(H) lies between f° '(x) and f(1). If this boundary point is f(1) then f*°**
is monotone on [f(1), f°~'(x)] and hence corollary 4.3 implies |1 =" (x)| =< pn—p.e»
thus Q7,(x)=1.

Since f°(H) is a homterval, we see that no point other than f(1) could be a left
boundary point of f°(H). Thus all cases are covered.

Analysis of (P3). Since Q5.(x")=0, we have f’(x')e G._, for some p and/or
f"(x"Ye Eg, and/or f*(x)e E1, and/or f"(x')e Fg ;.

The second and third cases are handled easily, since, e.g. f"(x')€ E;; means
y'€ E$., and hence |y —y’| < implies y € E§ 3, hence Q. .(y)=1. If f*(x") e F§,
then

ly'~1]<exp (~llog e |*)

and hence

ly—1l=e+ly'~1|<3 exp (-Jlog ¢ "),
i.e. y € Fp3. So we now assume

y' =f"(x') EE(E),l UE'f,l uFS,l.
Let p be the largest value for which f°(x')e G,—p,1 and write u =f"(x), u'=f"(x").
Case 1. n—p=<T|log eI%. By (H2), and the theory of Schwarzian derivative, since
f"7F has no critical point in (u; u"), we have for all te (u; u")
lf (O = pr-ic = exp (—|log 8|%), I=0,...,n~p- 1f

since this condition is fulfilled for u and u’ by the choice of p. By lemma 2.2, this

implies
IF(f ()| =K exp (—[log e ]}),
and hence .
IDF* ™" ()| = K, exp(~Tllog e [Fllog & | K T2 =",
Thus

lu —w|=ly~y'/ int IDf*(@)

te(u;u
=eKsexp (loge |§) =<exp (—jlog e I%).

Since |u'~1]=<p,—p,., we find ju —1]|<(yo+ 1)pn_p. fOr a suitable y, and hence
Qie(x) =1 as asserted.

Case 2. n —p >7|log el%, and f"° has a critical point z, in (f(1), ), (see Figure 3).
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FIGURE 3

Suppose f*(z1) =f%(z,) =0, where z, is the other end of the homterval of f"°
containing u and u’. We distinguish two subcases. Note that n —p >q,, q-.

Case 2a. [q1—q|=4|loge I%/G. In this case lemma 4.4 applies and we get
IDf" P (t)| = exp [(n —p)6/2 — Csllog £ I°],

for all t € (u, u’), hence
lu—u'l=ly—y'l/ inf ) IDf" P ()]

te(u;u’
< &K exp [Csllog e — (n —p)0/2]=<pop..
Thus we find
= l=1f1)—ul<|f()—u'|+|u'—ul
= (1 +70)pn—p,s
ie Q1. (x)=1.
Case 2b. |q1—q2|>4|log eI%/O. If n—p—q,>7|log €|%, then (assuming q, <q, for
definiteness), we have by lemma 4.4,
[fD) =) =Csexp[—(n —p —q1)0/31<pnp-a,...
Ifn—-p—qi=Tlloge l%, then from

4 1
n-p-di>4:=q1>y llog € *

we find by lemma 4.4
|F(1)~F"()] = Cs exp (lIog € [) = pu—p g, e
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Thus | f(1) = f*7(x)| < pn—p_q,.. in both cases and hence
Qr.x)=1
as before.
Case 3.n—p>Tlloge l% and f" " has no critical point in (f(1), u). Then lemma 4.1
implies
|f(1)—f"(w)| <exp[—(n —p)8/3]=pn-p.

ie. Qr.(x)=1.
This completes the analysis of (P3).
Analysis of (P4). It is in this case that strong cancellations occur for |[Df"(x)|™* -
IDf" (x")] ™.

Assume first n <7|log e I%. Foreveryt € (x; x") we have, since Qf.z,x(x) = Qfe(x’) =1
and since (x; x’) contains no critical point of f",

If'Ol=ps. forl=1,...,n.

Hence

n—[—

1 1
IDf =K 11 ple >exp[-14(2 —Dllog e

Thus |f'(x) ~f'(x")| =|y ~ y'| exp (14[log £ ) = and

If () —f (x")]
If ()]

We can now repeat the end of the proof of proposition 2.11:

<eiexp (logel?)=<e?. (1)

Df"(x)| 1 f'(fj(x))_
‘Df" ol = I (e 1)}
By lemma 2.3 and (1),
Df ()| "
e L Sl
with |A;| = L¢3, so that
S U _IDf" ()]
|Df"(x)| |Df" (x| |Df"(x)| IDf" (x")|
1 1 1
Sm(exp [(1+yg)e3log e|]—1),

from which the assertion folllows.
Next assume n = 7|log £|>. We must have

4 1
qu—q1|$5llogsl3,

since otherwise lemma 4.4.2 implies Qf,s(x) =0 or Qf,g(x’) =0. But then lemma
4.4.1 implies

D"~ (f ()| = exp[(n ~1)8/2—Cs| log e}, fori=0,...,q.
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Thus, as before, we find

{ Lot 1 1
‘L(T;,—;{)’(x—)‘s.e exp[(n —1)8/20+|log e[~ (n —1)8/2+ Cs|log £]°]

Se%exp [—(n —D86/3]. (1)

for [=0,...,q,. We next show that n —q, <7|log el%. If we assume the contrary,
then lemma 4.4.1 implies

IDF" " (f (1)) = Ky exp [(n —q1)8/2 —|log e PCs1 - |f/(£1(x))
=exp[(n —q1)6/3 —|log £[’Ks],

since |f'(x)| > pp-q,.c. Therefore, by lemma 2.6

A C 5 CY I
o S

<exp (Kellog e[) exp [~(n —41)8/3]=pn-1-a,.
Thus Qf, (x)=0, a contradiction. Now if [ < g;, we have

£ ()] = pa_se Zexp (—|log e ),

1ol =<

and
IDF" ! (f'(x))| = exp [-2(n — Dlog e [*]=exp [~ 14[log & |* ]
This implies by lemma 2.6,
£ )= F ) = @) =) - IDF P aDF (7 ()
=e¢ exp (14]log e lg),

and hence
') =f' el _ s
———————=¢ exp (15|log [°). 2
Combining (1), (2) and corollary 2.4, we get
Df"(x)
= 1+4,
Df"(x")
with [A|<exp (e ‘%) —1, from which the assertion follows. O

LEMMA 4.6 (=theorem 4.4.2),
[ h3eay=[ L) dy <exp(-liogel,
R R
Proof. The first inequality is an obvious consequence of
1-0R.00)=07 (x).
Now, as in the proof of theorem 3.4,

n

[rrorav=3

p=0 J‘If(l)—ylstl‘*vo)pn—p‘:

+f ho)dy+ [ ) dy.
yeE( 1 VF(,y yeEj{ 1

R pe(y)dy
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The last two integrals are bounded by e%, by a direct application of the definition
of h,, forn =0, 1.
Since the set {y||f(1)—y|=(1+ yo)pi_m} is contained in the second image of

4 ={YIIY| SKlpél*‘p,e}i
we have

oy (y) dy < [ ho_p_2(y) dy

7/80
= sz n—-p—2,es

J’If(l)—y|5(1+~/o)ﬂnAp,:

by theorem 3.4, if n —p =2. Hence the assertion follows, since for j =0, 1, 2

_1
I h,(}’) dy <eg 1000’
1F(D)—yl=(1+vo)pj.e

by inspection. O

Appendix
We show here that, in the case of unimodal maps, the conditions of Misiurewicz’
theorem [7] imply (H4). His conditions are (H1)-(H3) and

(M) The orbit of the critical point avoids a neighbourhood of the critical point.
To be specific, let us assume that |f"(1)]>A >0 for all n =0.

LEMMA A.1. There is an & > 0 such that for every |x| <« there is an n = n(x) for which

2
() 1Df" ()] > exp (n8/3);

G 17 wl>3,

Proof. It is obvious from Misiurewicz’ work that (H1)-(H3) and (M) imply (H4.1),
(see theorem 1.3 in [7]). We shall work with a constant n >0 to be fixed later.
Define n = n(x) to be the smallest integer for which |f" (1) —f"(f(x))| > n. Then, for
0=j<n we have
O =F e _
— o =7/A, (1)
| (1)]
and choosing n small, lemma 2.3 implies
Df"(f(x))
Dfn—l(l)
Moreover, since |f" (1) ="' (f(x))| =n we have
If"(x)|>A-Km>A/2 (which is (ii))
and thus eq. (2) implies

exp (—Kinn)= =exp (Kinn). )

Df"(f(x))
Df"(1)
The argument leading to (3) can be repeated for every t €[ f(x), 1] and we get

Df"(t)
Df"(1)

K;? exp (—Kmqn) = =Kz exp (Kinn). 3)

K3' exp (-Kinn) =< =Kjexp (Kinn). (4)
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From (4) and (H4.1), we deduce
IDf" (1)| > K4 exp [n(6 —nK1)]. (5)
We next show n =n(x) is large. From |f" (1) —f"(f(x))| >n we deduce
[1-f(x) Sup IDf™ (1) > m,

so that (4) implies
[1—f(x)|>Ksn exp (-Kmn)|Df" ()|
By lemma 2.2, we find

|x|>n?Ke exp (—K1mn/2)|Df" (1)] . (6)
Again by lemma 2.2, |f'(x)| > K5|x], so that by (H4.1), (4) and (6),
IDf"*1(x)| = |£ )l IDF" (F(x))| = n*Ks exp [n(8/2— Ksm)). (7

On the other hand, |f’| is bounded (by L1). So we get:
n=|f"(fx)-f1)= [Sfl(llzu IDF* ()] 11— f(x)| =LK 1€,
and hence

n=n(x)>Ky,log(n/e),
provided n >¢ >0, n is small and ¢ is small relative to n. Substituting into (7), we
can show that for small ¢/7

‘T]%Kg exp[n(8/2—-Kom)] >% exp (n6/3)

from which (i) follows. ]

LEMMA A.2. Let ¢ be defined as in lemma A.l. There exists an N, and an a > 1
such that
{)if |x|>¢& and |f"(x)|<¢€ for n <N, then

IDf" (x)|>A/2;
(i) if |x|>¢€ and |f (x)|>¢€ forallj<n,n =N, then

IDf" ()| > "

Proof. By the aforementioned Misiurewicz’ result, there is an N, such that if
I (x)|>e foreveryj=N,,
then lDfNE (x)]>v >1. Now (ii) is an easy consequence of (i). Write
n=gN. +r, O0=<r<N,,
then
IDf" (x)| = y*IDf" (f*™ () = yA/2.

Adapting the constants, the assertion (ii) follows.

We now prove (i}. Let z; and z, be the pre-images of zero of order less than
n closest to x, for which z; <x <z,. By the conditions (H1)-(H3) we have

IDf" )| =IDf"*(x)]  fortelzy,x],

(or for ¢ €[x, z2], being handled analogously).
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On the other hand,
A—e=|f"(z1)—f"(x)|

< sup |Df"(t)|]z1—x|

telz1.x]
=|Df"(x)],
since x and z, are on the same side of zero. Therefore |Df" (x)| > A/2. The proof
is complete. O
THEOREM A.3. If f satisfies (H1)-(H3) and (M), then there are constants Ca, € and
p > 1 such that for all x for which |f"(x)| <e we have
|Df" (x)|>Cap”.
Remark. This is stronger than (H4.2).
Proof. Define two increasing sequences:
O=mo<ni<mi<n,<m<---<m<my=n
with |f™(x)| =e,
If(x)|>e  form; <j<mni.i,

and m; —n; =n(f"(x)) defined by lemma A.1. (The discussion when we ‘stop’ with
n; is similar.) Now we find

l
IDf" ()] = 1 IDF™ " (FDf™ ™= (f ™= (x)l

and each of these factors satisfies, by our previous estimates,

IDF™ (Y D™ (T (x)
a""v'""“A/Z if ni—m;_1 ZNE

A A/2 ifn,-—mi_1<NE

mei_mi—l’
where p is defined by
p =min (a, exp (6/4), exp [K13/(log [n/e|N.)]) > 1.

We have used lemma A.1, from which

22 exp [(m; —n;)6/3]- {

m; —n; >0Ollog n/e|.
This completes the proof. O
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