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A characterization of
Banach-star-algebras
by numerical range

Brailey Sims

It is known that in a B#*-algebra every self-adjoint element is
hermitian. We give an elementary proof that this condition

characterizes B*-algebras among Banach*-algebras.

By A we mean a complex Banach*-algebra with a one, e , where
llell = L . Following F.F. Bonsall [2] we define the algebra numerical
range of an element q € A by V(a) = {f(a) : f € D(e)} , where D(e)

is the set of normalised states of A , that is
Dle) = {f € 4* : fle) = ifll = 1} .

We say that an element h € A is self-adjoint if h = h* , and following
G. Lumer [3] we say that h is hermitian if V(h) € R . Furthermore we

call h positive hermitian if V(h) < [0, =)

G. tumer [3] has proved that in a B*-algebra every self-adjoint
element-is hermitian. By improving a result of |. Vidav [§], T.W. Paimer
[4] has shown that this property characterizes B*-algebras among

Banach*-algebras.

The aim of this paper is:to furnish a simpler proof of Palmer's

result. More precisely we establish the following theorem.
THEOREM A. 4 <s a B*-algebra if and only if every self-adjoint
Received 22 October 1970. The author thanks Dr J.R. Giles under whose

supervision this work was done towards a doctoral thesis at the University

of Newcastle, New South Wales.
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element of A 1s hermitian.

Palmer actually shows that a Banach algebra in which every element a
has a decomposition ¢ = u + zv , wvhere u and v are hermitian, is a
B*-algebra. However in this case a » aq* = u -~ 7v defines an involution
[§, Hilfssatz 2c] for which every self-adjoint element is hermitian, as in

Theorem A.
A.M. Sinclair [7] has proved the remarkable equality
(a) v(k) = {i4|| , for all hermitian % € 4 .

Using this we show that every self-adjoint element is hermitian if and
only if the square of every self-adjoint element is positive hermitian.
This equivalence and Sinclair's result provide the essential techniques

for our proof.

It is well known [2] that the spectrum, o(a) of any element a , is

contained in the numerical range of that element. Defining the spectral

sup{|A] : A € o(a)} , and similarly the numerical
sup{|A] : X € V(a)} , we therefore obtain the

radius of a by v(a)

radius of a by w(a)

inequality
(v) v(a) =wla) , for all a € 4 .
H. Bohnenblust and S. Karltin [1, p. 129] have proved the following
inequality between the norm and the numerical radius.
1
(c) = llal] = w(a) =< |la]l , for all a € 4 .

We now investigate properties of A when every self-adjoint element

is hermitian.
LEMMA 1. If every self-adjoint element of A is hermitian, then:
(1) every hermitian element is self-adjoint;
(i) V(a*) = V(a) , for all a €4 ;
(iii) the imvolution * 1is continuous.

Proof. Take any f € D(e) and a € 4 , let a=u + iv ,

a* =u - 1iv (u, v self-adjoint) then

(i) if a is hermitian, f(a) = f(u) + if(v) € R , therefore
Fflv) =0, a1l f €ple) , so ww)=0 and hence by (c),
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v =0 and aq = u , which is self-adjoint;

(ii) fla*) = fu) - ifw) = Flu) + if@) = fla) € V(a) , therefore

V(a*) c V(a) and by symmetry V{(a*) = V(a) ;

(iii) from (ii) w(a) = w(a*) and consequently, by (c),
1 *
Ll < latl < elall . //
LEMMA 2. The self-adjoint elements of A are hermitian if and only

if the square of every self-adjoint element of A 1is positive hermitian.

Proof. Let the square of every self-adjoint element of 4 be
positive hermitian; then for any self-adjoint % € A and f € D(e) ,
f(r) = f(5(h+e)*~3h*-3e) . Therefore

f(n) = %f((h+e)2) - %f(hz) - % € R and so V(h)cC R,

Let every self-adjoint element be hermitian. Clearly we need only
consider self-adjoint h with v(k) =1 ; then, since w(k2) =1 , we
have o(h2) c [0, 1] . Hence o(e~h?) < [0, 1] and therefore

vie-h?) =1 . By (a) and (b), v(k) = w(k) for any self-adjoint k € A .
Hence it follows that for any f € D(e) ,

1 = f(h?) + fle-h?) = f(h?) + |f(e-h?)| = f(R?) + v(e-h?) = F(R?) + 1
and therefore f(h?) =0 . //

LEMMA 3. If every self-adjoint element of A is hermitian, then

lizilic#l) = blixz*|| for all x € A, (that is, A 1is an Arens*-algebral.

Proof. Let z=u+iv , x*=u - i (u, v self-adjoint); then
zx* + x*r = 2u¢ + 2v2 , For any f € D(e) , by Lemma 2, f(u?), f(v2) =20 ,
so we have 2f(u?), 2f(v?) = 2(f(u2)+f(v?)) = f(xx*+z*zr) and therefore

Zmax{w(u?), w(v?)} < wlzxt+ric) < wlzx*) + wlztx) .

wlzz*) = vixx*) = viz*x) = wlx*z)
and
w(u?) = v(u?) = v(u)? , (similarly for v) ,

by (a) and (5, Lemma 1.L4.17].
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Therefore,
(max{v(u), v(¥)})2 = v(zx*) = |zz?|| .
Further

el Nl = lhedl + fol

v(u) + v(v) < 2max{v(u), v(v)} ,

(Lemma 2 (4%)) therefore

A

T lellictl] = maxtv(u), v(©)})? .

Combining these inequalities we have,
llzilllz*l < bllez*] . /]

S. Shirali and W.M. Ford [6] have proved that A4 is symmetric, that
is, -1 ¢ o(xx*) for any x € A , provided o(h) € R for all self-adjoint
h € A . We show that when every self-adjoint element of A is hermitian,

their proof may be shortened, as in the following lemma.

LEMMA 4. If every self-adjoint element of A is hermitian then A

18 symmetric.
Proof. For any f € D(e) , by Lemma 2,
flxx*) + flx*x) = 2f(u?2) + 2f(v2) 20 (u, v as in Lemma 3)

so f(xx*) =z -f(x*x) . Therefore if A =0 , A € o(x*x) = o(xzx*) there

exists f € D(e) such that f(zx*) = -X =0 . Hence

sup{f(xx*)} = -inf{} : X € o(xx*)}

sup{f(xx*)} = sup{X : X € o(xx*)} ,
otherwise, for a > [jxx*|] , we would have
w(ae+xx*) = sup{f(oe+axx*)} # sup{A : X € o(oetzz*)} = v(ae+xz*)

contradicting (a). Therefore sup{A : A € o(xx*)} = -inf{X : X € o(xx*)}
thus establishing the result of (6, Lemma 5]. The result now follows by
the reasoning of [6, Section 3, p. 278]. //

LEMMA 5. If every self-adjoint element of A 18 hermitian, then,

for an equivalent renorming, A 1is a B*-algebra.

Proof. From Lemmas 2 and 1 (iii), we have by [5, Theorem 4.7.3] that

https://doi.org/10.1017/50004972700046451 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046451

Banach-star-algebras 197

Flxx*) = 0 (f € D(e)) whenever of(xx*) c [0, ®) , but if -62 € o(xx*) ,
then -1 € O[G-Ix(é-lx)*] , contradicting Lemma 4., Therefore f(xx*) =0 ,

for all f € D(e) , in which case the Cauchy-Schwartz inequality,
|Flay*)|? = flax*)f(yy*) , holds [5, 4.5 (2)]. Using this and (a) it is
easily verified that Hxﬂg = |jzx*]] = w(xz?*) = sup{flax*) : f € D(e)} is a

norm on A satisfying Hng = Hxx*“o . But

ezl = £ lelllztl = £ e izl®

by Lemmas 3 and 1 (4¢i%); also,

et < lzlilic*] < ellxll? ,
by Lemma 1 (ZZZ). So

1 -2 3

= 2 <

5 e 2l = llzll) = eZlizll
that is || “o and | || are equivalent. !/

COROLLARY 5.1. The two norms of Lemma 5 agree on the self-adjoint

elements.

Lemma 5 also follows from a result of B. Yood [9, Theorem 2.7]. For
if every self-adjoint element h of A 1is hermitian, then its spectrum
is real and by (a) ||| = v(k) . However, because of the additive
properties of the numerical range we have been able to give a more concise

and revealing proof.

We now introduce the following Lemma, which is implicit in the work
of Paimer [4].

LEMMA 6. If A <8 a B*-algebra in an equivalent norm || “o s such
that for all self-adjoint elements h of A, |l = Hh”o , then A 1ig a
B*-algebra in the given norm.

Proof. Since A with || ”o is a B*-algebra, by [4, Lemma 1] its

unit ball, B, = {x ea: Hm“o < 1} is the closed convex hull of the set

of elements of the form exp(Zh) , where h is hermitian. By [8§,

Hilfssatz 1], Jlexp(Zh)]l =1 so B, < B , that is flell = HxHo , for all
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x € A ; therefore |zx*|| < |lxllllx*]] < Hx"oﬂx*ﬂo = Hxx*”o = flxzx*|| and so
A with }} | is a B#*-algebra. //

Combining Lemma 6 with Lemma 5 and Corollary 5.1 we obtain the

sufficiency in Theorem A. Necessity follows from [3, Lemma 20].

As in [10, Corollary 1] Theorem A can be stated in the apparently

stronger form:

THEOREM Al, A4 <is a B*-algebra if and only if the set of hermitian

self-adjoint elements of A <is dense in the set of self-adjoint elements.

Since the set of self-adjoint elements is closed in 4 , it is

sufficient to establish the following lemma.

LEMMA 7. The set of hermitian elements.of A 1is closed.

Proof. Let {hn} be any sequence converging to A , with
V(hn) C R, for all n . For any € > 0 there exists N so that
th—hn <€ whenever n =N . If X € V(h) then A = f(h) for some
fenle) . Let A =f(r) forall n, then
]An—kl = lf(hn—h)l = th—h“ =g for n=2 N . So XA is the limit of a
sequence of real numbers and therefore A is real. //

[Added 16 November 1970]. We give an example to show that

If every hermitian element-is self-adjoint, then A £s not

necessarily a B*-algebra even under equivalent renorming.
Let X = Z: and take 4 = L(X) , all the 2 x 2 matrices with

complex entries.

If a= [211 alz] is such that V(a) € R , then it is well known
az1 az»2

(2] that f'x(a.'x:) € R for all x € X with |zl = 1 and all f:z: € X* such
that fx(x) =fl =1 . Let z =(1, 0) ; then fp = (1, 0) and so
fx(ax) ¢ R implies that a;; € R . Similarly aj,; € R .

Now choose « = (1, A) for any complex A where O < IAI <1 . Then

= (1, 0) , flax) =a;; + a12A € R and therefore a), = 0 . Similarly

i

x
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ay =0 . It follows that a € 4 is hermitian if and only if

a = [g g] for a, B €R .

Define the involution %+ on A4 by

ay) appl|* ayy -azi

Qz} adz2 -Q12 a2

then every hermitian element is self-adjoint (but not conversely):

However * is not proper (that is aa* = 0 does not imply a = 0) ; for
example take g = [S é] ; and so A cannot be a B*-algebra for any norm.
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